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The difficulty in the extrapolation or interpolation in energy of the phase shifts deduced
from electron-atom scattering data stems from the presence of an effective one-body long-
range potential U(r). U(r) has its origin in the static and dynamic polarizabilities of the
atom, assumed to have a spherically symmetric ground state, and gives rise to an unusual
and rapidly varying energy dependence.

The usual effective-range theory is inapplicable, but a modified effective-range theory
(MERT) exists in which the effect of U(r) is taken into account exactly for arbitrarily strong
(but specified) U(r). The applicability of MERT has previously been limited to U(r) suffi-
ciently weak for the Born approximation to be adequate (because of the unavailability of numer-
ical values for the long-range functions necessary for the analysis). We here tabulate these
functions for the case in which U(r) -- 2 nle /r, where nq is the atomic electric dipole polar-
izability. The functions have been tabulated in terms of dimensionless parameters over a
range of values of angular momentum I, a&, and wave number k such that the entire elastic
region for almost all atoms can be covered. The only interpolation necessary is that over k.
A study of the e H and e+H I = 0 phase shifts provides an illustration of the application of
the tables.

1. INTRODUCTION

In the presence of the effective long-range po-
tentials which have their origin in the static and
dynamic polarizability of the atom, the phase
shifts in the low-energy scattering of electrons
or positrons by spherically symmetric atoms or
ions can vary very rapidly with energy. It is
therefore difficult to extrapolate or interpolate ex-
perimental data in a study of phase shifts as func-
tions of the energy unless one explicitly extracts
long- range contributions.

More precisely, it is known that the usual effec-
tive-range theory is not applicable in the presence
of long-range forces, ' and a modified effective-
range theory (MERT) exists'~' for which the con-
tributions of the long-range interactions can be
extracted for the long-range interactions assumed
to be known. The emphasis of the modified theory
was on the contribution which varies as a,/r,
where a, is the electric dipole polarizability and
r is the electron-atom separation, but the treat-
ment is reasonably general. ' %ith the long-range
interaction effects extracted, the residual con-
tribution, that due to short-range forces, is a. rel-
atively slowly varying function of the energy, and
it becomes much easier to extrapolate and inter-
polate experimentally determined partial cross
sections.

The original formulation'~' was completely gen-
eral, but explicit (approximate) forms for the ex-
traction of long-range effects were given only for

the case for which long-range effects are small.
These forms have been used in a number of de-
tailed analyses'~' and have served as checks and
guidelines in any number of other calculations.
The approximate forms are convenient, but for
large values of a„ low energies, and low angular
momenta, they can be quite inaccurate. A precise
formulation of the numerical problem of extracting
all long-range effects was given not only for neu-
tral-atom targets' but for ionic targets. ' To use
this formulation, one must know three sets of func-
tions, p(k), C(k), and k(k), where p is the phase
shift due to the long-range interaction alone, and
C and h areanalogsof thefunction C and h which
occur in effective-range theory for the basic long-
range problem, Coulomb scattering. Tables which
determine p, C, and h have now been prepared
for the neutral-atom case for the long-range inter-
action of the form —i~~,e'/r4, as functions of the
energy, of e„and of the orbital angular momen-
tum. As a matter of practice, though not of prin-
ciple, the point at which the long-range interaction
is truncated, to avoid a singularity at the origin,
is a matter of some importance and will be elabo-
rated upon.

The essential result of I is that the introduction
of the functionse p(k), C (k), and h(k), defined com-
pletely in terms of a one-body long-range potential
scattering problem, enables us to construct a func-
tion

F (k ) =C (k)k cot5(k)+k(k)
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which is analytic in k'. Here 5(k) is defined by

(1.2)

where q (k}is the actual phase shift for the scat-
tering process under consideration. The analysis
will be useful for cases for which the expansion'

F (k ) = —(I/A )+ „.rak2—+Pr ~k&+ ~ ~ ~

is rapidly convergent. The essential content of the
present paper is the presentation of extensive
tables which, with the help of a simple scaling
procedure, determine the long-range functions
for essentially aQ elastic electron or positron
scattering problems for neutral spherically sym-
metric atoms with electric dipole polarizability
a, for which 1ga,/a, '&10'. We will also illustrate
the use of the tables for extrapolation and inter-
polation of data, by an analysis of the low-energy
elastic scattering of electrons and positrons by
hydrogen atoms.

The formal analysis can be given in quite gen-
eral terms, but numerical results can only be ob-
tained for concrete assumptions about the long-
range effective interaction U(r) To .begin, we
assume that the asymptotic form of U(r) is given
by

(1.4)

with corrections which fall off faster than any
power of 1/r. [The term in I/r', which has its
origins in nonadiabatic terms' (whose numerical
coefficient is known exactly for hydrogen and
approximately for a number of other atoms} and
in the adiabatic electric quadrupole polarizability
can often be adequately taken into account in the
Born approximation. ] Though not a matter of
principle [except for L =0 for which U(r) cannot
be extended into the origin], the details of the
modification of U(r) to avoid a singularity at the
origin are in practice a matter of great importance.
In the calculation here, as ultimately in I, we use
a simple truncation with

with long-range interactions, such as the fact that
k2J +1 coty is not an analytic function of k', have
their origin in effects from arbitrarily great dis-
tances. It follows that, formally, we will have
extracted out long-range "peculiarities" even if we
choose d to be extremely large. A very large d
is nevertheless not usually a good choice unless z,
is very small, for the range of convergence of
F(k') may well decrease with increasing d, with

the coefficients in the expansion very large, since
we have a situation in which the "short-range"
interaction V extends out to the large distance d.

In the usual effective-range theory, one obtains
useful results if the analog F(k') of the F (k') of
Eq. (1.3) is rapidly convergent or, by inverting
the analog of Eq. (1.3), if 1/F(k') is rapidly
convergent. In the present modified effective-
range theory we have not two possibilities but two
continua of possibilities; useful results are ob-
tained if, for any d, F (k') or 1/F (k') is rapidly
convergent.

2. NUMERICAL EVALUATION OF THE
LONG-RANGE FUNCTIONS

The true scattering problem is formally defined
by the equivalent one-body Schrodinger equation

;[V( ) v] -0') 4=o

(2. I)

where the entire complexity of the problem is
buried in the energy-dependent nonlocal inter-
action V. The decomposition into U and V is not
unique, except asymptotically. (V is known only
in a formal sense, but by definition V is a short-
range interaction. ) The long-range functions can
be determined' from a knowledge of the regular
and irregular solutions, f (k, r} and g(k, r), re-
spectively, of Eq. (2. 1) with V omitted. It will be
useful to repeat the definitions given in I. To
begin, f is uniquely defined by the boundary con-
ditions

U(r)=0, r&d; U(r)= — 2''/r', r&d. (1.5)
f(k, 0)=0;

f (k, r) - sin(kr —
& Lv+ p), r -~, (2. 2a)

The choice of d will be discussed in considerable
detail later. For the moment, we restrict our-
selves to two remarks about the choice of d. First,
we have some feeling for the distance at which the
effective interaction is closely approximated by
the 1/r' interaction, and we therefore know
"physically" what a reasonable choice for d is.
Nevertheless, it will not be necessary to pre-
determine d. One can simply try a number of
values of d and see which gives the best results.
Second, we note that the "peculiarities" associated

g(k, r)-cos(kr —
& Lv+ p), r-~.

With U(r) = 0 for r & d, we define C (k) by the re-
lationship

f(k, r)=C(k)kryo (kr), r&d (2. 2b)

p(k) is simultaneously determined. Then g(k, r)
is uniquely determined by the boundary condition



I.P NG RANGE CONTRIBUTIONS TO E I.EC TRON-ATOM SCATTERING

and E (k) by
k~ (kr)

g(k, r) = — + E (k)krj (kr),
C (k) L

(2. 3)

Finally h (k} is defined by

h(k)=k C (k)E (k}—lim [k C(k)E(k)] .
(2.4)

Specializing now to the case where U(r) is given

by EII. (l. 5), let us set x =kr and introduce P
through

in a, range for which the extrapolated quantxtxes
do not depend on it. This is the ultimate criteri-
on governing the choice for d, an equivalent cri-
terion; namely that of the straightness of the ex-
trapolation curve is considered in Sec. 4 below.
If experimental values of q are known for speci-
fied values of k, the values of the long-range func-
tions at the corresponding values of Pk can be ob-
tained by interpolating the tabulated values or di-
rectly from Figs. 1 to 4.

The functions p(k) and C (k) are determined
by integrating f (k, v ) from d to a large radius ft
with slope and value at d determined from the func-
tion

f (k, r)/C (k) = kyat (kr) .
P' = n,me'/ff 2 = (r,/a, .

Then we have the dimensionless form

(2. 5)
The contribution due to the region from R to ~ is
estimated in the Born approximation, and con-
vergence is tested by comparing results obtained

P~ s(x —ad) —1) l40
C2

120

3OO- {L=I)

x(f,g) =0,
(4.0)

(3 6)

20

4)

~~4
(3.2)

(3.6)
(4.0)

where S is the unit step function. This shows
that the dimensionless long-range functions de-
pend only on two dimensionless quantities which
are most conveniently taken to be Pk and P/d.
The functions will be determined for a series of
values of Pk and P/d. In an application P will
be specified and d will be chosen to have a value
roughly that to be expected on physical grounds
and such that P/d is one of the values for which
the functions are tabulated. (One should also do
the calculation for neighboring values of d to
verify that the results are effectively independent
of d, since a proper value of d is one which lies

Pk
I 2 3 4

I

(3.2)

(2.4 j

6
C'

(L=I) ( I.2)

(2 0)

(I.e)

I 0)
2 3 4Bk 2 3 4

FIG. 2. Plots of p, C, and Z as functions of Pk, for
various values of P/d (the values in parentheses), for
L=1. The Born approximation for p, the dashed line,
is for the choice d=O.
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FIG. 1. Plots of p, C, and Z as functions of Pk, for
various values of P/d (the values in parentheses), for
L=O.

FIG. 3. Same caption as for Fig. 2, but for I = 2

rather than L=1.
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by definition. We define a scattering length A'
associated with U(r) as given by E(I. (1.5), so
that we have
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(4 OI

(2.4)

RN)

6. (3.2)
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2 3 4
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4
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p- —kA' (mod w) for k - 0 .

A =A'+ C '(0)A . (2. 7)

3. TABLES OF THE LONG-RANGE
FUNCTIONS

Finally, on letting k approach zero in E(ls. (1.1),
(l. 2), and (1.3), we obtain the relationship

FIG. 4. Same caption as for Fig. 2, but for L = 3

rather than L=1.

for several values of R. (The details may be
found in the Ph. D. dissertation referred to in the
footnote denoted by t. ) E (k) is then obtained by
integrating g(k, r) inward from R, using the values
for p and Q corrected for the contribution from
R to ~, with the convergence of E tested by ex-
amining its dependence on R. Checks on the re-
sults are made by comparison with the Born-
approximation results for small values of P/d.
(Appendix A contains a discussion of the Born
approximation and of its expansion in powers of
P' to give an alternate derivation of the MERT
expansion"' in P'. ) It is also found that p is
monotonic in the potential, increasing as d is de-
creased or as P is increased, as it should. The
ability to reproduce the known results for e+ scat-
tering by atomic hydrogen, as discussed in Sec.
4, provides still another check.

By means of convergence and mesh-size studies
the results obtained can be estimated to be ac-
curate to at least 0.01% over the range of Pk, P /d,
and L considered.

For long-range forces, most of the quantities
that appear in the usual effective-range theory
that are appropriate to short-range forces do not
even exist. '~' In particular, if U(r) vanishes as
1/r', all of the effective ranges r„and all of
the scattering lengths A but that associated with
L=0, are infinite. It will be of interest, for L =0,
to find the connection between A and A. Note that
A represents the zero-energy asymptotic relative
amplitude of irregular and regular free solutions
while A represents the zero-energy asymptotic
relative amplitude of irregular and regular solu-
tions associated with the 1/r' potential.

We note first that h (0) = 0 and, excluding the
possibility of a zero-energy bound state, that
8 (0)0 ~. Furthermore, we have

The numerical results are presented in Tables
I-IV and Figs. 1-4. The computations were per-
formed on the New York University CDC-6600.
For purposes of interpolation, the values are given
to more figures than might otherwise appear to be
necessary. Rather than tabulating p, C, and h,
we give p, C', and Z, where

Z(k)= (Pk)
' -E(k)C(k), (3.1)

since the latter functions are more closely related
to the functions which appear in E(I. (1.1). [The
Z (k) defined by E(I. (3. 1) differs by a factor of
(p/a, )2~+1 from the Z (k) defined in the thesis
referred to in the reference denoted by g. $ Fur-
thermore, Z(k) is dimensionless whereas h (k) is
not. If we absorb Z (0)/p2L +1 into the definition
of the constant term in the expansion in powers of
k', which is a slight computational saving, we
have, replacing P(k') by F'(k'),

F'(k') =-C'(k) k cot5(k)+ p""
=- (1/A')+-.' r, k'+Pr, 'k'+". , (3.2)

where —(1/A ') =——(1/A )+Z (0)/P . (3.3)

A. Scope of the Tables

Very small values of d can be expected to lead
to poor convergence of (3.2), for since the true

lf () (k) is known for a given I, for a number of
values of 4, the quantities A' and r, and perhaps
P can be determined. This in turn determines
))(k) down to k=0.

Note that in the tables we do not utilize any ab-
solute definitions of p, that is, we ignore multiples
of g, restricting p to lie between —

& m and+ & m.
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effective interaction does not have a I/r' compo-
nent for small r, the choice of a U(r) which does
have the 1/r' component for small r leads to a V
which has a strong compensating I/r' component
for small r. The effects of V will then be to give
a rather rapid energy dependence to 6(k). We
have therefore chosen our maximum value of P/d
to be 4. 0, so that d can be as small as -

& a, for
a small polarizability such as n, /a, ' =a2 (that of
hydrogen), and as large as 5a, for a large polar-
izability of a,/a, ' =400. (The best choice of d
can be expected to increase with P, for a highly
polarizable system will not generate a simple
I/r' dependence except for large r. ) On the other
hand, the smallest value of P/d, for which the
functions are tabulated, has been determined by
the criterion that the Born approximation be ac-
curate to better than 1% for L =0 and L =1 and to
better than 3% for L «2, for almost the entire
range of Pk, and never be much worse than that.
For smaller values of P/d than those used here,
the functions can rather easily be obtained nu-
merically by evaluating the Born integrals of
Appendix A. For values of kd sufficiently small
such that the expansions of jL and nL are valid,
one may directly use the expansions provided in
Appendix A. In this domain, however, the orig-
jnal MERT expansjon'~ jn P js valjd.

The range of Pk over which the functions are
tabulated has been chosen to be 0 ~ Pk ~ 4. 0, with
intervals chosen for convenience in interpolation.
The maximum value of Pk includes the entire elas-
tic region for almost all atomic species. Large
values of P correspond generally to atoms with
low-lying excited states, and we are concerned
with elastic scattering. This leads to a reduction
of the variation, from atom to atom, of the max-
imum value of Pk required, and makes advanta-
geous the choice of Pk as one of the two dimension-
less parameters in terms of which the data are
presented.

If we use Eq. (3. 2) rather than its inverse, we
must [because of the presence of cot6(k)] choose
d such that q(k) C p(k) (mod v) within the range of
interest in k. " It follows that q(k) and p(k) must
have, very roughly, the same k dependence within
this range of interest. We see here again that the
choice of 4 must bear some relation to the physical
situation, lest V be so strongly attractive or re-
pulsive that g(k) —p(k) varies by v or more over
the range of interest in k. We can go further, for,
in the case of electron scattering, V will be at-
tractive, at least for small r, w~d we therefore ex-
pect g to be greater than p, or 5 to be positive.
By the same argument, we expect 5 to be negative
for positron scattering. These expectations on
the phase shifts lead to expectations on the most
appropriate values of d. In any case, the values
of P/d for which the functions have been tabulated
are spaced so that one may examine the expansion

tanp= —P'k f [j '(k )/rr'] dr.

(By the Born approximation we will mean the
same integral but with limits 0 to ~. ) We took
this to imply that for L«4, q may be safely re-
garded as being equal to p, and thus in turn equal
to the Born integral and to the Born approximation
to within a few percent. In other words, short-
range effects become negligible for L «4 in the
range of P/d considered and the Born approxima, -
tion'

tanp = —,
'

w(Pk) '(L+ —,')(L+ -.' )(L, ——,
'

) (3.4)

should be adequate. It must be emphasized that
we can tolerate a reasonable error in the use of
(3.4) since contributions from L ~ 4 are already
small compared with contributions from smaller
values of L. We therefore terminated our tabu-
lations with L =3.

B. General Description of Results

The general properties of the long-range func-
tions are much more easily deduced from the
figures than from the tables. The monotonicity
of p for fixed k as a function of P/d, commented
on earlier, is readily apparent. Note that for
L =0, one bound state is introduced for some
value of P/d between 1.4 and 1.6; the curves
for p(k) for P/d =3. 6 and 4. 0 exhibit a Ramsauer-
Townsend-like behavior.

For L =1 a bound state is introduced for some

for several cutoff distances d.
As L increases, the Born approximation becomes

increasingly valid for p and C but not for E nor
for Z. The Born approximation is nevertheless
valid for large L in the sense that the functions

p, g, and Z that appear (explicitly or implicitly)
in Eq. (3.2) can be replaced by their Born approxi-
mations, because for large L, the effect of Z be-
comes negligible. That is, though Z itself is in-
creasing, and is not adequately given by the Born
approximation, Z does not increase as rapidly as
the cot5 term and can be neglected. The rapid
rise in cot5 follows from the fact that 5 vanishes
as k2L+1. [6 is not simply the phase shift asso-
ciated with a short-range potential, but the phase
shift associated with a short-range potential in
the presence of a long-range potential which we
have assumed vanishes as I/r'. That 6neverthe-
less vanishes as k2L+1 follows from Eq. (3. 2)
and the fact that C and Z approach constants as
k-O. ]

It was found for L =3 that for the entire range
of P/d considered, p was independent of d to within
5% or else p was adequately given by the Born
integral
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/(k, r)=C (k)kr, (3. 6)

while for r large but fixed, i. e. , r-~, k-0,
kr 0, E—q. (2. 2a) gives

f(k, ~)-+I, (3. 6)

since p(0) = —,
' v(mod v) for a zero-energy bound

state. Since f (k, r) must be of the form of a func-
tion of r multiplied by a function of k for k suffi-
ciently small, it follows from (3. 6) and (3.6) that
C (k)k approaches a constant, that is, that C (k)
diverges as 1/k for the L = 0, E= 0 bound state.

Concerning the function Z, one notes that espe-
cially for large L and small values of P/d its
behavior becomes quite wild as I3k becomes ap-
preciable. However, fortunately, it is exactly in
this region that its magnitude relative to that of
t„"'k L+1 cot5 becomes negligible, as discussed
earlier.

value of P/d between 2. 6 and 3. 2. For L &0, we
have also plotted the first term in the Born ex-
pansion for p, given in Eq. (3.4). (Note inciden-
tally that p is the only long-range function for
which the Born approximation has a limit as d- 0.)

One must of course be careful in the use of the
tables or figures in regions in which the long-range
functions vary rapidly, and in particular in regions
of a singularity. We concentrate on the I =0 case
because it is the most important and also the sim-
plest to treat. We note that C (0) =~ for values of

tl and d for which p(0) is an odd multiple of —,
'

m,

i. e. , for which U(y) supports a bound state of
zero energy. To understand this, we note that
for L=O and k very small, we have, from Eq.
(2. 2b),

through terms of order P'. The present study
should be illuminating nevertheless, largely be-
cause it very clearly exhibits the influence of the
choice of d on the analysis, and the accuracy of
the variational calculation" enables one to study
small effects.

There are three separate problems: singlet
e H, triplet e H, and e H scattering. The cor-
responding phase shifts will be denoted by q~,
q ~, and q+, respectively. The values of p and of
the three phase shifts of Schwartz are plotted in
Fig. 5. Using the known values of q for each case,
and the calculated long-range functions (which are
the same for all three cases), we plot F'(k2), the
left-hand side of Eq. (3. 2), as a function of (kao)'
for a number of values of d. " The most desirable
choice of d, which may or may not be possible, is
one for which the curve obtained is effectively a
straight line, i.e. , for mhich we obtain good con-
vergence using only the first two terms on the
(far) right-hand side of Eq. (3. 2). It would of
course be perfectly possible to obtain useful pre-
dictions, given enough data, if we could match the
curve to a parabola or higher-order polynomial
in k'.

A. Singlet e H L = 0 Scattering

A plot of the left-hand side of (3.2) versus (ka, )'
for various values of d is given in Fig. 6. Even
for d =~ Ifor which p=k =0, 6 =q, C =1, and we
return to the usual (unmodified) effective-range
theory], we obtain essentially a, straight line ex-
cept in the immediate neighborhood of k = 0, where

4. AN ILLUSTRATIVE EXAMPLE

Although there is every reason to believe that
accurate experimental data mill be abundantly
forthcoming in the near future, there seems,
apart possibly from some rare-gas cases, to be
very little accurate data now available on low-
energy differential cross sections for electron
scattering by neutral spherically symmetric
atoms. We will therefore use the theoretically
determined data for the L = 0 phase shifts for e
scattering by hydrogen atoms at energies from
zero up to the threshold for excitation for e H

and up to the threshold for pick up for e H. A
number of reliable calculations exist; the very
best is probably the variational calculation of
Schwartz. "

The effects of lang-range forces are significant
but not dramatic for hydrogen, for o. ,/a, ' =a2- rep-
resents a rather small polarizability. The ef-
fects have in fact been treated adequately4 by the
explicit approximations which include effects

0.4

IIS 0.2

Q. l

Yl+
I I

02 04 06
(«o)

0.2 2 0,6
(I&o )

FIG. 5. The dashed curves represent plots of the
three phase shifts g (e H scattering), g~ (e H singletscat-
tering), and qt &e H triplet scattering), as functions
of (tap) . The solid curves represent plots of the long-

2

range phase shift p as a function of (hap) fol various2

choices of the cutoff distance d (the values in square
hrackets); p is the same for all three cases.



126 BERGER, SNODGRASS, AND SPRUC H 185

r oc o4, oe
{ka )

oj
(DJ FIG. 6. Plot of the ana-

lytic function F'(k ), de-
fined by Eq. (3.2), as a
function of (kao), for vari-
ous choices of d (the values
in square brackets), for
electron-hydrogen singlet
scattering.

a straight line is an example of the situation dis-
cussed earlier in which long-range effects have
been formally extracted but for which a simple
expansion will not work. The curve for large d
really does have a straight-line behavior for ex-
tremely small (kao} . The curvature as (kao)2
becomes a little larger results from V, and the
straight-line behavior for larger values of (kao}'
is the usual behavior for a short-range potential
when the effective-range approximation is adequate.
The two straight-line segments of the curve for
large d thus have different origins, and the linear
extrapolation of the short-range (large k) segment
leads to incorrect predictions for q(k) for small
k.

an expanded curve shows a slight curvature. (This
effect will be more clearly exhibited in the trip-
let case to be treated next. ) Even for d as large
as 10a„we obtain an effectively straight line
which reproduces Schwartz's results to within the
accuracy of those results, i.e. , we adequately
account for the long-range polarization effects.
For smaller values of d, d= 2. 5a„ the curve re-
mains straight for small ka„but begins to curve
over for larger values of ka, . The curving over
becomes more pronounced as d is reduced still
further. We are here seeing the effect described
in Sec. 1, in which we are decomposing V+ U in
such a way that U is overly attractive and there-
fore, to compensate, V is overly repulsive for
small r. V therefore generates a rapidly varying
energy dependence.

Note that the better choices of d are those for
which q& p, in agreement with the expectation
that V is basically attractive.

B. Triplet e H L = 0 Scattering

+
C. e H L = 0 Scattering

This is a more revealing case than the previous
two since g becomes negative. The expansion of
k coty will of course not converge beyond the point
at which g passes through zero. Indeed the k coty
curve shown in Fig. 8 is not well approximated by
a straight line for any reasonable range of values
of (ka, }2. Referring to Fig. 5 we note that the
curve for g crosses any curve for p for which
d &3a, at a value of (ka, )' smaller than the value
at which g assumes the value zero. It follows
that for d ~ 3a, the region of convergence of the
function F'(k') is even smaller than the region of
convergence of k coty. It seems reasonable to
choose d such that q & p, since F'(k') will then
have an increased range of convergence. Further-
more, we expect V to be repulsive, at least for
small x, and this also leads us to expect a good
choice of d to be one for which g & p. Indeed we
see from Fig. 8 that for d=a„ for which p is

This case is more interesting from our point
of view since long-range effects are more signifi-
cant, the curvature near k =0 in the curve k coty
(which corresponds to d = a&) being much more
pronounced. (See Fig. 'I. ) The curve is not now
so straight for d as large as 10a„but we get an
excellent straight line for all values of d in the
range l. 5 & d/ao & 6. Thus we were given data
at only 3 points, the third point to check consis-
tency, at say ka, =0. 4, 0. 5, and 0. 6, we could
predict q(k) clear down to ka, =0. Once again the
curves for small d begin to curve over for large
(ka, )' though it is not as clear as on Fig. 6 since
we do not in Fig. 7 include as large values of
(kao) . However, since qf &q and since the cur-
vature becomes transparent for p approximating q,
it will not happen in the triplet case until smaller
values of d are chosen than those for which it
happened in the singlet case.

The fact that the choice d =1Gao does not lead to

Ql

(k oo)

FIG. 7. Same caption as for Fig. 6, but for e
triplet rather than e H singlet scattering.
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From Eq. (1.1), we have the exact relation

-2 2I. +1
tang = (F-k)ta~+C k

(F k) C 2k2I'+ 1 tanp
(Al)

The long-range functions can be obtained directly
from the integral equations given in the Appendix
of l. Using Eti. (1.5), we have

-2-

(ka )

0.2 0.4
t'(.o)

0)

sinp = (P '/k) f r 'j f (k, r) dr,

C =cosp —(P'/k) f r 4nf (k, r)dr,

E =sinp —(P'/k) fr 'ng(k, r)dr,

(A2 a)

(A2b)

(A2c)

where all the integrals are from d to ~ and where
j =- krj I (kr) and n =krnI (—kr). Introducing the sym-
bol

(e H)

Li.o) I(G, H) = f [G (x)H (x)/x'] dx, (A3)

FIG. 8. Same caption as for Fig. 6, but for e H
+

scattering rather than e H singlet scattering.

substantially bigger than g, a fairly good straight
line is obtained.

In this example, it seems that there is not too
much advantage to plotting 1/F'(k') rather than
E'(k'), though one does at least convert the singu-
lar curves to nonsingular curves.

5. DISCUSSION

The approximate forms of MERT, expansions in
powers of k and of ink, are valid for k "sufficiently
small, "or, to be a little less imprecise, for 1/k
large compared with any of the characteristic
lengths for the scattering problem, including P, d,
and the scattering length. The severe limitation
on k thereby introduced for large values of P is
eliminated by the present approach; Pk can be
arbitrarily large. Note too that the expansion of
P (k') involves a smaller number of terms to a
given power of k than does the expansion of tang.

APPENDIX A

where G and H are arbitrary, we find in the Born
approximation, that is, dropping terms of order

tanp = (Pk}'I(j,j },
C = 1 —{Pk)'I(j,n),

(A4a)

(A4b)

E = —sinp+(Pk)'I(n, n). (A4c)

+ f '
q (x) dx +f q(x) dx,

0

and using the expansion of the integrals in Eqs.
(A4), we obtain

(kd)2L
—1

bbbb = (bb) (b(L) —*
(A6a)

The integrals I are all finite, with an integrand
q(x) which has a known expansion for 0 (x (x,
for some x,. We denote the closed form by q(x),
and its expansion by q+(x)+q (x), where q (x) and
q (x) are the partial sums over negative and
positive powers of x, respectively. Writing

I= f '[q(x) —q (x)] dx —f q (x)dxX0 kd

In this appendix we give a derivation of MERT
in closed form, good to order P', which is some-
what simpler than previous derivations in that it
does not require a knowledge of the properties of
Mathieu functions nor of the theory of asymptotic
expansions. Furthermore, for I.)0 our result is
a slight improvement over the original result in
that it gives explicitly an additional term in the
expansion in k.

C = 1 + (P/d ) /2 {2I,+ 1)

—2f) (L)(Pk)' ln(kd) + 0(k' P ')

E = —tanp+ (Pk)'
2L +3

.D(u(b. )- —,b(.— ~ )) .b(, )

(A6b)

(A6c)
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where

b(L}—= [(2L+3)(2L+ 1)(2L —1)] ', (A7a)

tanr} = wk(L)(pk)'

2L+1 d P - (P/d)
(2L —l)B(+L) 2L + 1

B(~L}-=[(2L~ 1)(!]',
D(L); (2L —3))!(2L —1})!/(2L+ 1), (A7c)

+ O [k In(kd)],

and tant} = —kA* ——,
' p(Pk)'

for L &0, (A10)

(2n —1))!=(2 /w"')r(n+-, ')

and, in particular, (- 1))!=1 and (-3))! = —1.
After some straightforward algebra, one finds,
using the Kronecker 5 function HALO,

—4 (Pk)2Ak ln(kd ) +O(k2), for L = 0,

where A*, defined by

A* -=A [1+(Pld)'] —(P'/d),

(All)

(A12)

k =D(L)(Pk) /d

+6 [- (Pk)'d '+0(k')]+0(P', k'). (A8)

differs from A by terms of order P'. V'e can
rewrite Eq. (All) as

To complete the analysis, we expand the de-
nominator of Eq. (Al) and find

2L+1-2
tang =tanp+(k C /F)

x [1+(8+k tanp)/F] +0(p ), (A9)

a relationship valid to all orders in k. Making use
of Eqs. (A6) and expanding in powers of k, we obtain

k cott) = —1/A —mp'k/3A'

+4p'k'ln(kd)/3A+0(k'p'}. (A13)

The above approach can obviously be readily
adapted to yield similar formulas for any long-
range interaction. Note that the cutoff parame-
ter d appears explicitly in the formulas just de-
rived. To understand this, recall that we have
assumed a range of k such that Ad «1.
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