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tend to appear cumbersome and inconvenient for practi-
cal applications. In practice, however, only the first
few terms in the summations will be signi6cant. The
number of these terms will clearly vary with the dis-
tance and temperature range under consideration and
also with the convergence pattern of the coefficients' in
the series.

(5) The results of the present investigation give a

more comprehensive and unified picture of some aspects
of the charge-screening problem in an electron gas than
has yet been presented. They should be extremely
useful in a wide range of problems, particularly those
where elementary asymptotic field, such as the Friedel
wiggle, are being employed. They should also serve as a
useful first approximation in more sophisticated treat-
ments of long-range charge screening in an electron gas.
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The specific heats of n-type bismuth telluride with carrier concentrations ranging between 2.2)&10'8 and
8.3)&10"cm 3, p-type Bi2Tee with a carrier concentration of 1.3)&10' cm ', and bismuth selenide have been
measured from 1.3 to 90'K. At low temperatures, there are measurable differences in the electronic specific
heat of n-type Bi2Te3 as a function of carrier concentration. These differences can be explained on the basis
of a conduction band consisting of six ellipsoidal minima and an additional heavy-mass band lying approxi-
mately 30 meV above them. The electronic specific heat of P-type Bi2Te3 is consistent with a six-ellipsoid
model. For both n- and p-type Bi2Te3, as well as Bi&See, departure of the lattice specific heat from the Debye
T' approximation begins well below the lowest temperatures measured. The extrapolated Debye tempera-
ture at absolute zero is (162+3)'K for BisTee, which agrees well with the value of (165&2)'K obtained from
the low-temperature elastic constants. Bi2Se3 has been found to have a limiting Debye temperature of
(182+3)'K.

I. INTRODUCTION

ITHIN the last ten years, a significant amount
of progress has been made towards an under-

standing of the transport properties of Bi~Te3 in terms
of an ellipsoidal multivalley model for its conduction
and valence bands. '' Recent de Bass—van Alphen
studies, ' 4 together with related transport measurements
on e-type Bi2Te3,' have led to the postulates of an

* Work supported by the Air Force Once of Scientific Research,
Offi.ce of Aerospace Research, U. S. Air Force Grant No. AF-
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' H. J. Goldsmid, J. Appl. Phys. Suppl. 32, 2198 (1961).
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additional heavy-mass low-mobility conduction band
lying at a slightly higher energy than the ellipsoidal
minima. The existence of such a band can be checked
directly by examining the behavior of the electronic
specific heat. Although specific-heat measurements have
been made previously on Bi2Te3, none have been
obtained for e-type material and indeed the electronic
specific heat of p-type Bi~Tes appears to be in serious
disagreement with that calculated from the results of
de Haas —van Alphen (dHvA) measurements. This
work then is primarily concerned with an experimental
determination of the specific heat of e-type Bi&Te3 to
deduce information concerning the second band, and
with a remeasurement of the electronic heat capacity of
p-type material. Of interest, too, is the limiting Debye
temperature 0'e, which can be compared with 0's calcu-
lated from elastic constants, and the variation of the
lattice heat capacity with temperature and doping irn-
purities. The specific heat of bismuth selenide has also
been measured to observe the difference in lattice heat
capacity caused by the substitution of selenium for
tellurium.

6, 26 (1959); P, A„Walker, Proc. Phys. Soc. (London) 76, 113
(1960).
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zk~'(3/ z)'I' msA m*
+i/sT
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In the latter equation, e is the number of carriers per
cm', A the atomic weight, p the mass density, neo the
free-electron mass, and m* the carrier eRective mass. In
units of mJ mole ' deg ', the coefficient y can be
written as

y = (1.609X 10 ') (A/p) (m*/ms)m'". (3)

The band structure of many semiconductors is best
described by a multivalley model having equivalent
conduction-band minima, symmetrically arranged in
the Brillouin zone such that they can be transformed
one into another under the symmetry operations of the
crystal. For ellipsoidal minima, the band energy
referred to a valley minimum can be expanded in terms
of the wave vector k, also referred to the minimum, as

E(k) = ( /k2 om)(rrttkt'+ot22ks +rr33ks'+2otrsklk2

+2o.»k,k&+2o.stkskt) ) (&)

where the components of k refer to the crystal axes and
the e;; represent components of the inverse effective-
mass tensor. Each of these ellipsoids contributes equally
to the heat capacity according to Eq. (3), so that if I&

is written for the carrier concentration per ellipsoid
and s for the number of ellipsoids, then the specific
heat per ellipsoid is

C,&/s= (1.609X10 ) (A/p) (m*/ms)e(fsT, (5)

with the eRective-mass ratio taken as

m*/ms ——(det(n() 'Is. (6)

Since the ellipsoids are equivalent, the carrier concen-
tration per ellipsoid is Nt=n/s and hence the total
molar electronic heat capacity becomes

C.t=(1.609&(10 ')(A/p)( m*/m)ss" es' 1sT (7)

in units of mJ mole ' deg '.
Assuming no nuclear contribution, the total heat

capacity near absolute zero, where the Debye approxi-
mation holds, is given by

The values of y and O~p can be obtained in the usual way
by a least-squares Qt of a straight line to experimentally

II. THEORY

A. Electronic Specific Heat

The electronic heat capacity of a degenerate electron
gas is given by the expression

Cet yT 3z'kgjg. (Ep)T, (1)

where g, (Es) is the density of states at the Fermi level.
Substitution of the value of g, (Es) for a spherical,
parabolic band gives

Te {I)
8i
Te (2}
Te (2}
Bi
Te (I)
8i

(a}
Fro. 1. (a) Schematic representation of the rhombohedral

unit cell for Bi2Te3 showing the binary, bisectrix and trigonal axes
OX, OF, and OZ; (b) arrangement of atoms within the unit cell.

determined values of C/T versus T' at sufEciently low
temperature. Clearly, p is the intercept at T=O and
P/O~ss is the sloPe of this line.

B. Symmetry and Chemical Bonding

BisTes has a rhombohedral unit cell (space group
23m) with a single threefold (trigonal) rotation axis,
a center of sylnmetry and, in addition, three twofold
axes normal to three reQection planes containing the
trigonal axis. The unit cell is shown in Fig. 1(a), where
Z is the trigonal axis. The atoms are arranged in layers
perpendicular to the trigonal axis with each layer
containing atoms of one kind only. The order of the
layers is shown in Fig. 1(b). The indexing of the tel-
lurium atom distinguishes between the two possible
arrangements of neighboring atoms. It has been
proposed' that within each quintet unit shown in brack-
ets —Bi—Te (2)—LTe (2)—Bi—Te (1)—Bi—Te (2)j-
Te(2)—,valence forces bind the atoms together; but
the bonds between the quintets are essentially due to
weak van der Waals forces, which explains the layerlike
cleavage characteristic for Bi2Te3. Departure from the
Debye T' behavior could occur in this situation with a
possible' 8 T' dependence, associated with an eRective
two-dimensional lattice, appearing at moderately low
temperatures.

6 J. R. Drabble and C. H. L. Goodman, J. Chem. Phys. Solids
5, 142 {1958).' E. S. Itskevich and P. G. Strelkov, Zh. Eksperim. i Teor. Fiz.
32, 467 (1957) (English transl. : Soviet Phys. —JETP 5, 394
(1957)j.

I. M. Lifshitz, Zh. Eksperim. i Teor. Fiz. 22, 471, 475 (1952).
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Trigonal TABLE I. Mass parameters for the representative ellipseid of
Bi2Te3 and the average effective mass m*.

Carrier type

n type~ 34.6
p typeb 20.8

~22

4.35
2.80

6.86
4.65

O'23

1.53—1.05

m'/rlo

0.101
0.159

Bisectrix

a See Ref. 4.
b See Ref. 11.

Fro. 2. Brillouin zone for Bi2Teq showing the location of the
symmetry points. The scale of the drawing has been exaggerated
along FZ for purposes of clarity.

Figure 2 shows the Brillouin zone of Bi2Te3,' clearly
it is highly compressed in the direction parallel to the
trigonal axis because of the large c/u ratio. This com-
pression of the zone, as well as the highly anisotropic
bonding, restricts the validity of the Debye approxi-
mation for the lattice specific heat to temperatures
only a few tenths of a degree above absolute zero.

C. Band Structure (n-Type)

Experiments' ' dealing with the transport properties
of bismuth telluride and recent dHvA measurements' '
have established the validity of a six-ellipsoid multi-
valley conduction-band model for n-type Bi2Te3 at
low carrier concentrations. Two axes of each ellipsoid
lie in the mirror planes. With this position of the valleys,
two of the off-diagonal terms n;; of Eq. (4) must be
zero and the conduction-band energy referred to the
valley minimum for a representative ellipsoid is

E(k) = (k /2mp) (niiki +nppks +n33kp +2n33kpk3) ) (9)

where the indices 1, 2, and 3 represent the binary,
bisectrix, and trigonal axes, respectively. The ellipsoids
are thought to lie near the points D in the Brillouin
zone. Recent pseudopotential calculations" tend to
conGrm this assignment. Table I shows the experi-
mental values of 0.;; obtained from dHvA data. For
n-type Bi2Te3, these parameters are essentially in-
dependent of carrier concentration in the range 9&(10'—
2.4X10" cm '. The corresponding value of average
effective mass calculated from Eq. (6) is m*=0.101mp.

The carrier density n~ in the conduction band, as
measured by the dHvA effect, can be computed from
the ellipsoid volume given by Eq. (9) assuming that
there are six minima. Its variation with the total
number of carriers n~ is shown in Fig. 3. Here n~ is
determined from the two independent Hall coefhcients
p~23 and p321. These coeKcients should saturate to the
same value in the high-Geld limit, where co7)&1, co

=eH/m*e being the cyclotron frequency and r the

9R. B. Mallinson, J. A. Rayne, and R. W. Ure, Jr., Phys.
Letters 19, 545 (1965)."F Borghese an. d E. Donato, Nnovo Cirnento 53, 283 (1968).

scattering time As can be seen in Fig 4 this behavior
was observed in some samples. In other cases, however,
the convergence is not complete, owing presumably to
specimen inhomogeneity. For this case, an average of
the two coefficients at high magnetic Geld is tat.en.
The limiting Hall constant XII and the carrier concen-
tration are related by

0

0

Hh0

E

O

I

10
I

l5
I

20
I

25
n„(io"cm ')

FIG. 3. Dependence of eE, the carrier concentration derived
from dHvA data, on n~ the carrier concentration determined
from the limiting high-field Hall coeKcient at 4.2'K. The full
line is the relation e~=nII, while the dashed curve is a least-
squares Gt to the data for high carrier density assuming a parabolic
second band.

From Fig. 3, it can be seen that for low carrier
densities the experimental points lie on the straight
line corresponding to nII ——nE. However, for carrier
concentrations exceeding n~ =4.4)&10"cm—', n~ begins
to fall below the total number of carriers, the difference
between nz and n~ becoming quite pronounced as n~
continues to increase. To explain these data, it has been
proposed' 4 that a second band with high effective mass
and low mobility must be located approximately 30
meV above the conduction-band minima of the Grst
band. As the total number of carriers nII exceeds some
fixed carrier concentration 33, determined by AE (the
energy separation between the bottom of the ellipsoid
valleys of the first band and the bottom of the second
band), electrons also begin to fill this second band and
the Fermi energy, and hence nz, increases more slowly
as a function of n~. The low mobility and high effective
mass of these second band electrons are such that these
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TABLE II. The average carrier concentration n, and the varia-
tion of e along the length of the parent ingot for each specific-heat
sample. The value of n is obtained from R measured at 77'K
and 6 kG with H perpendicular to the cleavage plane.

20—

lO

Type of
Sample doping

1 n-type
iodine

Subspecimen
carrier

density n
(cm ')

X1018
3.6

ng
(average)

(cm ')
nav

(cm ')

2.7X10" 2.2&0.5X10"' 4

0
2 n type

iodine
1.84X10» 2.7X10»
2.76
3.00
3.03

1.6+0.4X10'8 '

6.8X10» 3.9+2X10»13.6X10»
7.30
4.77
6.32
1.84

3 n type
tellurium

.8

.6—
t I I I

4 6 8 IO

~~(lO'acm ~)

l

20 40
8 3X10%b 8 ~3X10206.8X102o b

8.4
9.3
8.7

4 n-type
iodine

2.0X10»5 P type 1.68 X10»
1.76
1.98
2.44 mental data above e~——4&(10' to an expression of

the form
a Computed from ng (average) and Fig. 5.
b Measured only at room temperature. (err nor)'I'=—bmrr'I' a—

FxG. 5. Variation of n~ measured at 4.2'K and 28 kG with
the value of n~, the carrier density measured at 77'K with a

1 3~0 2X10» a perpendicular field of 6 kG.

carriers can contribute to the measured Hall voltage and
yet apparently produce no observable dHvA signal be-
low 30 kG. This signal, whose amplitude is proportional
to a damping factor exp) —2m knee(T+T*)/ehH jwith
T* associated with the broadening of the Landau
levels, should be detectable, however, at much higher
magnetic fields.

The second band parameters m2*, AE, and e, together
with the shape of the dashed curve in Fig. 3 have been
calculated by a least-squares fit of the dHvA experi-

This relation is derived on the assumption of a parabolic
second band with the constants a and b related to the
above parameters by

b = (ms*/mr*s'~'), a= L(vis*/mo)/EsjhE,
I = (a/b)'I',

where Es= (sn'")'" (h'/2s mo). With mr* ——0.101ms, s=6
for the first band, and ED=3.62X10 "meV cm', the
parameters of the second band are found from Eqs.
(11) and (12) to be mze=1.49mo, DE=29.3 meV, and
+&=4 4y10&8 cm 3

2.2

2.0—
I

O

oE

O

O l.6
0
0

l.4

l.2

12 l6 2Q

Applied Field (kG)

I

24

FIG. 4. Typical Hall data for n-type Bi&Te3 showing the varia-
tion of p123 and p312 with field at both nitrogen and helium tem-
peratures. The carrier concentration obtained from the limiting
high-Geld Hall constant at 4.2'K is 3.7&(10"cm '.

D. Band Structure (p-Type)

A six-ellipsoid model has been found to 6t the dHvA
data" for p-type Bi~Tes, the general shape of the
representative ellipsoid being the same as for e-type
Inaterial. The relevant effective-mass parameters n;;,
which are listed in Table I, give an effective mass
m*=0.16mo. There is considerable disagreement be-
tween this value and an effective mass of m*=0.47mo
computed from earlier" electronic specjLGc-heat measure-
ments. No indication of a second band has been found.

III. EXPERIMENT

A. Samples

All samples have been prepared from 99.999% pure
starting materials using a horizontal loaded-zone

"L. R. Testardi, P. J. Stiles, and E. Burstein, Solid State
Commun. 1, 28 (1963).

'I E. S. Itskevich, Zh. Ehsperim. i Teor. Fiz. 38, 331 (1960)
)English transl. :Soviet Phys. —JETP ll, 23S (1960)7.



1050 SHOEM AKE, RAYNE, AN D URE 185

360

340

D

0

a) 320

300—

I

20

Present data

40 60

Temperature ('K )

80 IOO

dicular to the cleavage plane have been taken on these
samples at 77'K in a magnetic 6eld intensity of 6 kG.
For n~ less than 4.0X10" cm 3, the average carrier
concentration is calculated using the smooth curve of
Fig. 5. This curve has been obtained from an in-
dependent series of experiments, taken both at liquid-
nitrogen and liquid-helium temperatures, as a function
of magnetic 6eld. The carrier density n for sample
No. 3 lies beyond the limits of the curve and has been
calculated as the average of ts~ and n~~ (magnetic Geld
parallel to the cleavage plane) measured at 11 kG and
77'K. Sample No. 4 has only been measured at room
temperature. A summary of the carrier concentrations
for each of the samples is given in Table II.

Frc. 6. Variation with temperature of the Debye 0 for copper
as obtained in this work and in previous experiments.

technique. In this technique, a molten zone whose
composition is different from the composition of the
solid is passed along the length of a solid bar. The ingots
were 10 in. long with a cross section that is roughly
a half circle of —,'in. diam. The ingots were polycrystal-
line with three to six crystals running along the length.
The individual grains were large enough that single-
crystal Hall samples could be cut from the ingots.

One Bi~Tes crystal (sample No. 5) was grown from a
stoichiometric melt; as expected, it is p type. e-type
material can be made by doping the molten zone with
either a foreign impurity such as iodine or with excess
tellurium. Iodine-doped crystals are heavily cornpen-
sated, so tellurium-doped crystals are used for measure-
ments, such as the dHvA e6ect, which require high
mobility at low temperatures. However, it is dificult
to grow ingots with uniform carrier concentration from
excess tellurium melts. The reason for this is that the
melt must contain 63—65 at. % tellurium in order to
obtain n-type material. The carrier concentration in
the solid increases with an increasing excess of tellurium
in the melt. Since the solid on both sides of the molten
zone has a composition very close to 60 at. % tellurium,
the composition of the melt and therefore the carrier
concentration in the growing crystal changes with un-
avoidable changes in the length of the molten zone.
In the case of crystals grown from iodine-doped melts,
the iodine concentrations in the liquid and the melt are
more nearly equal so the melt composition does not
change as rapidly with changes in the length of the
molten zone. Three n-type crystals were made with
iodine doping, and one was grown from an excess
tellurium melt to check whether there were any
differences.

Each ingot was cut into three or four 2-in. pieces
which were used for the speci6c-heat measurements.
Smaller samples for Hall-effect measurements were
cut between the larger pieces in order to determine the
carrier concentration and homogeneity. Hall data,
giving EL and hence n~, with the magnetic 6eld perpen-

logT~ a+b logR——+c(logR)', (13)

so as to produce deviation plots of (T T~) versus TR-.

For the lowest range between 1.2 and 4.2'K, the
thermometer has been calibrated against the 1958
He4 vapor pressure scale with an error of less than
0.0005'K. For temperatures between 4.2 and 28'K, the
calibration is traceable to a gas thermometer with an
estimated error of less than 0.001—0.005'K. Between
28 and 100'K, the thermometer has been calibrated
against an NBS platinum resistance standard to
generate a table of resistance versus temperature
spaced approximately every 0.5'K. A Legendre poly-
nomial interpolation scheme using this table is then
employed to find actual temperatures.

IV. RESULTS

A. Copper

To check the performance of the calorimeter, a
specimen of high-purity copper has been measured
over the entire temperature range of interest. This
sample, weighing 135.4 g, has been prepared by vacuum
fusion of 99.999+% pure copper obtained from the
American Smelting and Refining Company. A least-
squares fit of the data below 4.2'K gives values of
y=0.700+0.006 mJ mole ' deg and 0's ——342&3'K,
which compare favorably with those obtained by other

'I F. D. Manchester, Can. J. Phys. 37, 989 (1959).

B. Apparatus

A standard calorimeter, based on a design by Man-
chester" incorporating a mechanical heat switch, has
been used in this work. Temperatures are measured
with a calibrated, CryoCal Inc. four-terminal, en-
capsulated germanium resistor. This unit is contained,
together with the heater, in a copper-beryllium housing
which clamps on to the sample holder. The tempera-
ture range between 1.2 and 28'K is divided into three
separate calibration regions. In each region the resist-
ance-versus-temperature relation is fitted to an ex-
pression of the form
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Fin. 7. Plot of C/T versus T' for I-type
iodine-doped Bi2Te3 with varying carrier
concentrations. The full line is a poly-
nomial Gt to the data for the lowest
carrier concentration, constrained to pass
through the computed value of V„f at
T'=0. The dashed lines are its to the
data for higher carrier densities assuming
the same lattice heat capacity as for the
reference sample.
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I
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0.5
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workers. ' The quoted uncertainties represent random
errors plus systematic errors estimated to be approxi-
mately 0.5%. Good agreement with previous work's's
for temperatures above 4'K has also been obtained, as
shown in the plot of 0 versus T in Fig. 6.

to the total heat capacity below 1.5'K for a Bi2Te3
sample, dropping off to 20% at 2.5'K and 10% at
4.2'K. An uncertainty of 1% in C,ss, therefore, gives as
much as 0.7% uncertainty in the specific heat of
Bi2Tea at the lowest temperatures.

B. Addendum

The addendum consists of the aluminum sample
holder and copper-beryllium clamp containing the
heater and thermometer. Its heat capacity, C,~~, has
been measured to 1% accuracy below 4.2'K and a
table of C,dd versus temperature constructed for
interpolation. Although kept as small as possible, the
addendum contributes in some cases as much as 40%

"D. W. Osborne, H. E. Flotow, and J. Schreiner, Rev. Sci.
Instr. BS, 159 (1967).

"D.L. Martin, Phys. Rev. 141, 141 (1966).
"W. F. Giauque and P. F. Meads, J. Am. Chem. Soc. 63,

1897 (1941).

C. Bismuth Telluride

Five diferent samples of Bi2Te3 have been measured
between 1.35 and 4.2'K, the results of these measure-
ments at the lowest temperatures being shown in Figs.
7—9. Figure 10 gives the variation of O~ with tempera-
ture for the sample with the lowest carrier density.
This curve represents the lattice specific heat of Bi2Te3,
in general, provided the impurity dopants do not
alter appreciably the characteristics of the lattice, as
seems reasonable. The type and number of carriers of
each sample has been given previously in Table II.

Lattice specific heat. At the lowest temperatures
measured, there is obvious departure from a straight
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Fza. 10. Temperature variation of Debye 0 for Bi2 Te3. The
inset shows the behavior near absolute zero and the corresponding
value of O&0" obtained from elastic data.

0.5

0

FIG. 8. Plot of C/T versus T~ for I-type telluriuur-doped Bi2Te3
with a carrier concentration of 3.9)&1019 cm '. The dashed line
is the corresponding plot for the reference sample.

line predicted by Eq. (8) for the (7T-versus-T' plots
given in Figs. 7—9. Because the lattice heat capacity
deviates significantly from T' behavior even above

3.0

2.5

2.0

E
O
O

E I.5
O
L

E

I-
o l.0

0.5

0

Fxo. 9. Plot of C/T versus T for stoichiometric p-type Bi2Tee
with a carrier concentration of 3.5)(101I' cm '. The dashed line
is the corresponding plot for the reference sample.

1.3'K, it is not possible to obtain accurate values of
Os and 7 from a least-squares-fitting procedure, owing
to the large T' term. The limiting Debye temperature
Op can be computed, however, from the slope of the
extrapolated linear region of the curve for the sample
with the lowest carrier concentration. Since the six-
ellipsoid model is valid in this case, the intercept at
T'=0 can be calculated from Eq. (7) using the ap-
propriate carrier concentration and effective mass.
This procedure gives a value 0's ——162&2'K, the errors
arising primarily from estimating the behavior of the
curve near absolute zero. This compares very well
with the value O~s" ——165&2'K obtained from the
elastic constants'~ of Si2Te3 extrapolated to absolute
zero.

Two other specific-heat measurements at low tem-
peratures have been published' "for bismuth telluride.
It is interesting to note that both investigators claim a
linear T' behavior below 2.3'K with Debye tempera-
tures of 145'K and 155.5~3'K, respectively. These
values are quite low compared with 0's" and it appears
that they are in error, perhaps due to an incorrect
calculation of the speci6c heats of the addenda used
in the experiments. It would indeed be surprising if the
Debye theory were to hold for Bi2Te3 up to 2.3'K,
considering the large elastic anisotropy and the shape
of the Brillouin zone discussed previously. Bismuth, "
for example, with similar anisotropy exhibits obvious
departure from a T' lattice specific heat even below
1'K. Arsenic and antimony" also show noncubic
lattice speci6c-heat behavior below 3'K, which is
attributed to soft modes in the vibrational spectrum.

The lattice speci6c heats of samples 1, 2, and 5 have
been measured up to 90'K and differ from one another
by less than 1%over the entire temperature range, well
within experimental scatter and error. Thus no measur-
able change in the lattice heat capacity is observed due

~7 J.Jenkins (private communication).
's

¹ E. Phillips, Phys. Rev. 118, 644 (1960).
's H. V. Culhert, Phys. Rev. 157, 560 (1967).
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TAnLE III. h(C/T) for each sample of Bi&Te& relative to sample of lowest carrier density.
The values of hv„&, are computed from Eqs. (7), (14), and (16).

Sample

Carrier
concentration

(cm ')

2.17X10»
e type

Number
of bands

one

(mJ g-at. ' deg~)
Expt Calc

v
(mJ g-at. ' deg ')

Expt Calc

0.014&0.001

1 61X101~
e type

3.9X10»
e type

8.3X10'0
e type

1.27X10'~

p type

3 5X10'9'

one
two

one
two

one
two

one

one

0.085+0.02

0.130+0.02

0.30+0.1

0.052+0.025

0.013~0.02
0.108+0.02

0.023~0.006
0.158+0.03

0.089~0.015
0.42 +0.06

0.099+0.02

0.144+0.02

0.314+0.1

0.066+0.025

0.17 +0.08

0.027~0.001
0.122+0.02

0.037&0.005
0.172&0.03

0.103~0.015
0.434&0.06

0.040&0.005

0.055&0.005

See Ref. 12.

to doping. The lattice heat capacity has been calculated
by subtracting the electronic term pT, insignificant
above 3'K, from the total heat capacity corrected from
constant pressure to constant volume using the Nernst-
Lindeman relation C„—C„=AC~'T. A is taken to be
3.54&&10 ' mJ g-at. ' and is computed at 100'K. The
variation of 0& with T, shown in Fig. 10, is computed
from the relation C~,~t, ,«= fn(T/0™),where fn(T/0') is
the usual Debye function of the reduced temperature
T/Q~. There is reasonable agreement with the results of
Itskevich" for p-type bismuth telluride.

Electronic specific heat. As pointed out earlier, there
exist large uncertainties in the coefficient y of the
electronic heat capacity, when the data are fit by a
least-squares method to an expression of the form
C/T=y+PT'+8T4. However, as can be seen from Figs.
7—9, the curves of C/T versus T for the samples are
essentially parallel over the entire temperature range
shown. The differences h(C/T) can therefore reasonably
be attributed to the differences in y associated with the
number of carriers in each sample, since as has been
noted previously the lattice heat capacity is not
affected measurably by the type and degree of doping.
Thus while the absolute values of y cannot be measured
accurately, the electronic behavior of the additional
carriers in samples 2, 3, 4, and 5 compared to the
reference sample No. 1 can be obtained from the
equation

where the index i refers to samples 2, 3, 4, or 5 and C
is the total heat capacity. The lattice heat capacities
are essentially equal and hence their diBerence in Eq.
(14) is zero.

To obtain hy for each of the samples, the experi-
mental specific-heat points of the reference sample in
the temperature range up to T'=5 have been fitted to a

T~ polynomial to give the smooth curve of Fig. 7. The
curve is adjusted so that it has an intercept at T'=0
equal to the calculated value y„&=0.014 mJ g-at. '
deg '. From the individual experimental points of a
given sample, corresponding values of (C/T), .r taken
from this smooth curve have been subtracted and the
differences subjected to a least-squares analysis based on
an equation of the form, for the ith experimental point,

(C;—C„r)=AC=Ay~T. (15)

The curves drawn through the experimental points
of samples 2, 3, and 5 are the results of this procedure
with each curve having the same limiting slope and
hence the same Debye temperature 0'e. The heat
capacity of sample 4 cannot be Gtted to the above
expression for AC, since h(C/T) varies from 0.3 to
0.4 mJ g-at ' deg ' between Ts=2 and Ts=5, owing
probably to the large impurity concentration which
signihcantly alters the lattice specific heat.

The resulting experimental values of hy for e-type
Bi2Te3 appear in Table III, together with predictions
of Ay and y based on both a single-band and a two-band
model to be discussed in Sec. V. For sample No. 4 the
value of Ay is taken at the lowest temperature measured;
its limiting value at T'=0 will certainly be less. Also
given for completeness in Table III are hy and y for
p-type Bi~Tes. The limits of error associated with the
experimental values of b,v, except for sample 4 as
discussed above, have been assigned on the basis of a
1'Po experimental error in the heat capacity of each
sample at 1.5'K. This error is due primarily to the
accuracy in the measurement of AT, the error intro-
duced by the large contribution of the addenda being
approximately the same for all samples and hence
eliminated in Ay. An additional 0.005 m J g-at. ' deg '
error is included for the p-type sample, as a consequence
of the greater scatter and fewer number of data points.



1054 SHOEMAKE, RAYNE, AN D URE

3.0

2.5—

2.0—

I

E
O
O

I.5
O
L

E

I.O
C3

0.5

00

Big Seg

——Big Tey

Ta (oK)2

l

/

test the validity of each of the two models. The results
are summarized in Table III.

A. Single-Band Model

The coefficient y for each sample has been calculated,
using Eq. (7), from the appropriate (tt- or p-type) six-
ellipsoid model with the eRective mass given in Table I,
the carrier concentration n taken from Table II, and
the number of ellipsoids equal to six. The values
y„i„associated with a single-band model, are given in
Table III with the assigned error limits based on the
accuracy of I, for each sample. For the p-type sample
a larger error is quoted, due to a somewhat less reliable
effective mass calculated from the p-type mass param-
eters in Table I. With y„i.=0.014 mJ g-at. ' deg ' for
the reference sample, Eq. (14) gives Ay„i, for each of
the samples. For the e-type specimens, a comparison
between hy„~, and Dy, p~ clearly shows a large disagree-
ment with the single-band model, which accounts for
less than 20% of the additional electronic heat capacity
measured for samples 2 and 3.

B. Two-Band Model
Fio. 11.Plot of C/T versus T' for Bi&Se& with a carrier concen-

tration of 2)&10'~ cm '. The dashed line is the corresponding plot
for the reference sample of Bi2Te3.

D. Bismuth Selenide

A single stoichiometric sample of high-purity Bi2Se3
weighing 226.5 g, has been prepared in the same
manner as BisTes, using 99.999% pure starting ma-
terials. Data for its low-temperature specific heat are
given graphically in Fig. 11; its characteristic Debye
temperature 0' between 0 and 90'K is shown in Fig. 12.

Clearly, the departure from T' behavior at the
lowest temperatures measured, while not as pro-
nounced as in the case of Bi2Te3, does not allow an
accurate computation of y and 0'e using a curve-fitting
technique. As before, the curve must be extrapolated
to T'=0 to obtain the limiting Debye temperature of
O~, = 182~3'K. The intercept at absolute zero indicates
a very small electronic heat capacity of less than 0.01
mJ g-at. ' deg ', which agrees with a value of 0.006
m J g-at. ' deg ' estimated from a single-ellipsoid
model, for an eR'ective mass" of 0.10mo and the average
carrier concentration of 2&(10" cm '.

V. INTERPRETATION OF RESULTS

This discrepancy is removed if the existence of the
second band, described previously, is assumed. The
electronic heat capacity becomes the sum of two terms
of the form given by Eq. (7), one representing the first
band contribution and the second the higher band
contribution. Thus, the total electronic specilc heat is

c,t =XI sistsniits+ ssstsnsi IT—
(nt, nt,

(16)

where m~* and m~*, s~ and s2, and e~ and e2 represent
the eRective mass, number of ellipsoids, and carrier
concentrations for the first and second bands, respec-
tively. The carrier density m& is given by ez in Fig. 3,
while m2 is just the diRerence between the total carrier
density +II and e&. As discussed earlier, the eRective
masses are, respectively, m&* ——0.101mo and m&* ——1.49mo.
The constant E is equal to 3.239X10 ' for C,& expressed
in units of mJ g-at. ' deg '. The values of y„i, and
imp„&, calculated from Eq. (16), assuming that the
carriers in the second band are contained in a single
ellipsoid (i.e., ss ——1), are given in Table III. The limits
of error are based on the accuracy of the average
carrier concentration n, , a 20% uncertainty in ttts*,

The single-band and two-band models fog Bi2Te3, as
discussed previously, can be used to compute the
electronic heat capacity and the diRerence in y among
the individual samples measured. These values Ay„i„
when compared with the experimental values hp p$

)~~~'Calculated from the data of I. M. Tsidil'kovskii, Thermo-
magnetic Egects in Semicondnctors (Infosearch, London, 1962).

Material
Lattice parameter Rhombohedral

uo(x) angle o.
Molecular

weight

Bi2Te3
Bi2Se3

10.473
9.841

24'i0'
24'16'

800.8
654.8

TABLE IV. Lattice parameters and molecular
weights of Bi2Tee and Bi2Se3.
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TABLE V. The high- and low-temperature limiting Debye
temperature of Bi2Te3 and Bi2Se~ and the dependence of O~o/0&„
on the mass ratio (3f„/M0)'~'.

Material 0~0('K) Q~„('K) Q~0/p~„(M „/Mo)'~' (Q~o/Q~„) (3E„/Mo) '~'

Bi2Te3 162 153 1.06 0.972
Bi2Se3 182 200 0.908 0.896

1.09
1.01

and the accuracy of the curve in Fig. 3 above all
=4X10"cm ' used to compute e~ and e2. Within the
combined errors, there is agreement between Ap p$

and Ay..l. for a two-band model. The fact that the
experimental values of Ay for samples 2 and 3 are
approximately 0.025 m J g-at. ' deg 'below the values
predicted by the two-band model is perhaps suggestive
of a systematic error in the specific heat of the reference
sample or a choice of m2* which is too high. The former
is not likely since the data are reproducible and the same
systematic errors appear in the heat-capacity measure-
ments of each sample, thus tending to cancel when ~y
is computed. Furthermore, Ay for the p-type material
is found to be larger than its corresponding ~y„l,
discussed below. The greatest uncertainty comes, most
likely, in the determination of m2* from the least-
squares-fitting procedure used for the determination
of the dashed curve in Fig. 3. Indeed, if the second
band were to begin filling at mII ——3.5)(10' cm ', rather
than at 4.4X10'8 cm ' (as is possible considering the
scatter in the dHvA data of Fig. 3), the effective mass
m~* ~ould be lowered to 1.2mp and hy„l, would agree
completely with dy, „~&. It is also of interest to note
that a difference in specific heat between samples 2 and
3, independent of sample 1, gives Ay of 0.010 and 0.050
mJ g-at. ' deg ' for a single-band and two-band calcu-
lation, respectively. This figure, when compared with
the experimental value of 0.045 mJ g-at. ' deg ', gives
more support for the existence of the second conduction
band.

The specific heat of the high carrier density specimen,

sample No. 4, also suggests a high mass second band
even though a good comparison cannot be made with
the other e-type samples because of the variation of

pt, with temperature due to the large degree of
doping. The experimental value of Ay=0.30&0.1 mJ
g-at. ' deg ', at the lowest temperature measured,
compares reasonably well with the second band result
of 0.42&0.06 mJ g-at. ' deg ', which has been com-
puted from an extrapolation of the curve in Fig. 3 to
m~=8.3)&10" cm '. The substantial limits of error
associated with the first band result of Ay=0.089
&0.015 mJ g-at. ' deg ', as well as the second band
value, is due to the large uncertainty in the carrier
concentration of sample 4. An additional error, from
the extrapolation in Fig. 3, is also introduced in the
second band calculation.
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I'IG. 12. Temperature variation of 0 for Bi2Se3, the inset
shows the behavior near absolute zero.

D. Lattice Behavior

The substitution of selenium for tellurium signifi-
cantly changes the lattice heat capacity and, as ex-
pected, raises the Debye temperature. At the lowest
temperatures, O~ can be shown to vary as

00 EC('"0 "'M '"—— (17)

where Qp is the atomic volume, M the molecular mass,
E a constant, and Cl an average of the elastic constants.
Since the rhombohedral angles of the unit cells given
in Table IV for the two semiconductors are almost
identical, Qo'~' can be replaced in Eq. (17) by ao'" in
computing the ratio of the limiting Debye temperature
of Bi2Se3 to Bi2Te3. This ratio is computed to be
1.08(Cs;,s„/Cs;,T.,)'". A comparison with the experi-
mental value of 1.12~0.04 indicates that the elastic
constants of Bi2Se~ do not diBer appreciably from those
Of B12Te3.

While O~p' depends on the inverse of the mass Mp
=23I~+33f2 with M~ the gram atomic mass of bismuth

C. P-Type Bi&Tea

A six-ellipsoid model using an effective mass m*
=0.159@&0 for the p-type sample gives an electronic
term y=0.040&0.005 rnj g-at. ' deg ', which is in
reasonable agreement with the experimental value of
0.066&0.025 mJ g-at. ' deg ' considering the large
error limits of each value. In view of this agreement,
the six-ellipsoid model for p-type bismuth telluride
appears to be correct. One other independent specific-
heat measurement" of p-type Bi~Te3, mentioned pre-
viously in connection with the lattice specific heat,
gives a value of p equal to 0.17&0.08 mJ g-at. ' deg '.
This result is certainly incorrect, since it disagrees with
the calculated y well outside the combined limits of
error. An additional reference, ' cited earlier, finds no
measurable electronic contribution, but neither the
carrier type nor concentration is stated for the sample
used.
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and M2 of tellurium or selenium, the square of the
high-temperature limiting Debye temperature 0~„, is
inversely proportional to a reduced mass, i.e.,

2 3 1
2

Mg Mg M„

The ratios 0~0/O~„and (M„/Mo)'" for both Bi2Tea and
Bi~Se3 are given in Table V. In the last column of this
table is the product of (0'0/O~„)(M„/Mo) '". These
two numbers, which represent the constants of propor-
tionality between 0~0 and Mo '" and between O~„and
M„'", depend upon the interatomic forces in the
crystal. They are approximately equal, thus suggesting
that the interatomic forces are nearly the same for
both semiconductors (in agreement with the approxi-
mate equality of the elastic constants stated above)
and that the greater part in the change of 0'0/0 in
going from Te to Se is due to the change in mass of one
constituent.

VI. CONCLUSIONS

The specific heats of p-type and n-type bismuth
telluride have been measured over the temperature
range of 1.4—90'K. These measurements show that the
lattice specific heats of the moderately doped m-type
samples are essentially independent of the type and
amount of dopant. For all carrier concentrations, the
departure from the Debye T' approximation begins
well below the lowest experimental points measured
near 1.4'K. This behavior is the result of the highly

anisotropic nature of bismuth telluride, its compressed
Brillouin zone and the existence of weak interlayer
binding forces. The limiting Debye temperature 0'0
found from these heat-capacity measurements is in
good agreement with 0'0 calculated from the elastic
constants. Furthermore, the substitution of the lighter
element selenium for tellurium raises the Debye
temperature roughly in proportion to the square root
of the ratio of the heavier to the lighter mass. This
result implies similar elastic constants and interatomic
forces for Bi2Te3 and Bi2Se3.

The electronic specific heat of bismuth telluride has
been shown to be dependent upon the type and number
of carriers in the usual way but for n-type material with
carrier concentrations exceeding 5 &(10" cm ', the
electronic contribution can only be explained on the
basis of the existence of an additional heavy-mass
conduction band whose minimum lies approximately
30 meV above the minima of the lower six-ellipsoid
conduction valleys. Such a heavy-mass band, postulated
originally to explain the concentration dependence of
the dHvA effect in Bi2Te3, is therefore directly con-
firmed by these measurements.
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Greens-function techniques are applied to the investigation of phonon-assisted optical absorption in
semiconductors. Different processes involved in phonon-assisted absorption are found, corresponding to
different second-order diagrams in the expansion of the polarization function. Agreement is reached between
the present theory and conventional perturbation theory. Some possible refinements are discussed.

I. INTRODUCTION

1

�~OPTICAL

absorption by valence-band electrons in
pure germanium for "direct" and "indirect"

transitions to the conduction band has been calculated
by Hall, Bardeen, and Blatt. ' The direct transitions
involve only the processes in which a valence-band
electron absorbs a photon with momentum q and

' L. H. Hall, J. Bardeen, and F. J. Blatt, Phys. Rev. 95, 559
(1954).

energy coo to reach the conduction band. Because of the
multivalley conduction-band structure of germanium,
with consideration of only the direct transitions, the
threshold absorption frequency should be larger than
the energy gap between the two bands, which is defined
as measured from the top of the valence band to the
bottom of the valleys in the conduction band. The in-
direct phonon-assisted transitions are considered to
take place through a virtual state which may be re-
garded as very short-lived. Energy is not conserved in


