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Magneto-elastic effects recently included in theoretical studies of spin-wave spectra of heavy rare-earth
metals have suggested that millimeter ferromagnetic-resonance {FMR) results in terbium metal should be
reinvestigated. We present data here from a new, detailed study of FMR in single-crystal terbium metal.
The data extend over a wider temperature range (13—240 K) than was previously reported, and at frequencies
of 98 to 121 0Hz. Angular studies were also made. The high-frequency FMR data are qualitatively the same
as those reported earlier, and agree qualitatively with theoretical calculations from the model which assumes
that elastic strains are "frozen" at the equilibrium {i.e., no spin-wave) configuration. Quantitative fitting of
the theory to the data requires values of the anisotropy and magneto-elastic constants that are in reasonable
agreement with the results of other studies. Our values are PRS= —18 K/atom and D&= 1.7 K/atom. The
present paper provides a solution to the puzzling discrepancy which has existed for several years between our
earlier high-frequency FMR results and Cooper s theoretical predictions.

I. INTRODUCTION

ECENTLY, magneto-elastic effects have been
included in the Hamiltonian for the heavy rare-

earth metals in a theoretical investigation by Cooper. '
A discussion was given of the puzzling discrepancy
among several experiments involving magnetic anisot-
ropy in Tb metal. The dependence of resonance field
on temperature predicted by Cooper did not agree
qualitatively with earlier 3-mm ferromagnetic-reso-
nance (FMR) studies on Tb.2 This disagreement
suggested that a new FMR study of Tb might help
clarify the situation.

Here we present data from such a new, detailed
study of FMR in single-crystal terbium metal, ex-
tending over a wider temperature range (13—240K)
than was previously reported. The present data also
cover a wider range of frequencies, with resonances
observed from 98 to 121 GHz. We also compare our
data with Cooper's theory, which includes magneto-
elastic effects.

II. THEORY

Cooper has thoroughly treated the tempera, ture a,nd
field dependence of ferromagnetic resonance in the heavy
rare earths. ' We will here sketch only the ma, in points
leading to the results that we need to interpret our data, .

First, the Hamiltonian for the spins in the absence of
a magneto-elastic interaction and in the absence of an
external field is

SC= —P J,,S,"S,—P {P,S,; ,'P,6—

P66 are anisotropy constants, and 5 is the total (spin
+orbital) angular momentum. The Holstein-Primakoff
approximation gives a spin-wave dispersion

her(q) =S '{f—2PgS'+25'J(0) —25'J(q) —6P '5']
X L25'J(0) —25'J(q) —36P '5']) '", (2)

where the J(q) are the Fourier coeKcients of J;,.
The microwave fields couple with spin waves for

/I 1/5, where 8 is the penetration depth of the micro-
wave 6elds into the metal (8 10 ' m) and q at the
edge of the Brillouin zone is 10' m '. We are thus
measuring co(0) to a good approximation.

The temperature dependence of the anisotropy
constants is given by the theory of Callen and Callen'
asI/+q/~PS '(0 (T))], where / is the order of the anisot-

ropy, 1&+1/2 is the hyperbolic Bessel func tion of the
order /+2 divided by that of order 2, 2 ' is the inverse
Langevin function, and a(T) is the ratio of the mag-
netization at temperature T to that at T=O. We found
that using the low-temperature approximation for I5/2
gave considerably difFerent values for the resonance
field than dia the true values of I~/2, so the latter were
used exclusively in the computations.

Thus we a,rrive at

her(0) = /t( 2P SI.///// 6I'6—"'5"Igg)/-o)— .

X ( 36P6'5"Ig;&/2/o—)]"', (3)

where it is understood that co(0) stands for co(q=0) at
temperature T and, where appropriate, at applied field
H. In the presence of a magnetic field applied along a
hard axis this becomes

where J;; is the exchange coupling constant, I'. and
* Work performed in the Ames Laboratory of the U. S. Atomic

Fnergy Commission, Contribution No. 2508.
'B. R. Cooper, Phys. Rev. 169, 281 (1968); in 5't&lid Stale

Physics, edited by F. Seitz and D. Turnbull (Acadenlic Press Inc. ,
New York, 1968), Vol. 21.' J. L. Stanford and R. C. Young, Phys. Rev. 157, 245 (1967).

As)(0) = [( 2P~SI;/~//r+6P6'5'I/3/g/a+ —g//sH)

X (36P//'5'I, 3/2//r+g//, //H)]'/', (4)

where g is the Lande factor and p~ is the Bohr magneton.
This equation is valid if the field is sufhcient to align
the magnetization along the hard axis, i.e., since P6 &0,
v e re~quire that the second factor under the radical be

3 E. Callen and H. B. Callen, Phys. Rev. 139, A455 (1965).
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positive. Notice at this point that by applying a field
in the hard direction we can lower the spin-wave gap
from its value in zero field. In fact, we can reduce it to
zero for II= 36—P5'S'I~3/5/IT//Ig Resonance occurs
when the experimental frequency co,&= co(0).

Now, when magneto-elastic coupling between spin
and lattice is taken into account, two more terms are
added to the spin Hamiltonian: BC~ and K.~~, where
3C~ is the elastic energy associated with the strains and
X~ is the interaction between spins and strains. The
equilibrium configuration of the strains for a given
magnetization is found by minimizing the free energy
with respect to the strains.

The question that arises at this point is: What
happens to the strains in the presence of a spin wave?
Do they follow the instantaneous direction of mag-
netization (thus keeping the magneto-elastic energy
at a minimum), or do the strains remain frozen at their
equilibrium value while the magnetization changes?
The latter is the "frozen lattice" model proposed by
Turov and Shavrov. 4 Both cases are treated quanti-
tatively by Cooper.

In the first case, since the lowest-order magneto-
elastic energy has cylindrical symmetry, there is no
first-order contribution to the spin-wave gap. Treating
the magneto-elastic energy to second order gives a
term having hexagonal symmetry, but with a tempera-
ture dependence different from that of the crystal field
anisotropy term P6'. The resulting expression for the
spin-wave energy is

M (0)= (f 2P5SI5/5//T+6 —(P5'S'I)3/5/IT

+&~5/ J9/5/~)+ g/ BH]p6(P55S5Ii5/5/~

+CI5/, I5/5/IT)+g////II])'", (5)

where C is a magneto-elastic constant evaluated by
Cooper' as approximately —0.16 K/atom, which is
comparable to P6'. Since the magnetostriction mea-
surements include the effects of both P6' and C, Cooper
has calculated the spin-wave spectrum for two extreme
cases: all hexagonal anisotropy due to P6', C=0
("unstrained hexagonal anisotropy"), and all hexagonal
anisotropy due to C, P5' 0("hexagonal aniso——tropy
due to strain"). The temperature dependence of these
two cases is not very different, and both show a rise in
resonance field at low temperature.

Ke now consider the case of the elastic strains frozen
at the equilibrium position. Here the lowest-order
niagneto-elastic energy does not vanish, and its effect
on the spin-wave energy as calculated by Cooper' is

/ted(Q) = ( $ 2P5SI5/5//T+6P5 —S Iq5/5//T

+g/5T/II+ D (I5/5) /0j[36P5 S Iy5/5//T'
+g"II+2D (~...) /-])", (6)

where 2DT=4.35 K/atom (Cooper's evaluation from

4 E. A. Turov and V. C. Shavrov, Fiz. Tverd. Tela 7, 217 (1965)
LLnglish transl. : Soviet Phys. —Solid State 7, 166 (1965)j.

other data). What is significant here is the positive
sign of DT. If ~36P5'S5~ &2DT, then the spin-wave

energy cannot be reduced by an external field along a
hard direction, as was the case when D&=0. The reso-
nance field as a function of temperature will show a
monotonic decrease with decreasing temperature until
it is impossible to satisfy the resonance condition.
Experimentally, this is what we observe in Tb at high
microwave frequencies, except that below about 4 kOe
the field is insufficient to align the domains, and no
resonance is seen. (We do not know how to calculate
the effect on microwave absorption of a multidomain
specimen. )

III. EXPERIMENTAL PROCEDURES

The experimental configuration was the same as that
described in Ref. 2: disk-shaped sample with (0001]
normal. The applied magnetic field H lay in the plane
of the disk and, except for the angular and polarization
studies, was along a hard direction of magnetization
(u axis) and perpendicular to the microwave magnetic
field. The high-frequency experimental apparatus is
essentially the same as that reported earlier. One
exception is that much of the present data were ob-
tained with a "magic T" instead of a directional coupler
used in the microwave spectrometer. This resulted in
enhanced signal-to-noise quality of the data. At the
higher frequencies, 108—121 GHz, a Phillips klystron
was used. Typical power outputs v'ere a few milliwatts.
Mounting the temperature-measuring thermocouple
closer to the sample cavity resulted in more accurate
determination of sample temperatures. One fixed tem-
perature, that of a dry-ice —acetone mixture, was em-
ployed to provide a fixed point in the region of large
temperature dependence of resonance field. In this
instance we could be sure that the sample and sample-
holder were at a uniform temperature, and the good
agreement of the data taken at this temperature and
in this manner with those taken the usual way (small
heat leak to liquid nitrogen or helium bath) assured us
that there was no large unknown thermal gradient
between sample and temperature-monitoring device.

One of the samples used is the same as reported in
Ref. 2. It was reelectropolished several times during
the course of the experiment. No change in resonance
behavior was noted. Another crystal, having a residual
resistivity ratio of approximately 50, twice that of the
original sample, was prepared. It had a diameter of
5.9 mm and thickness of 0.8 mm, compared with 9.5
and 2.3 mm, respectively, for the first sample. After
studying the temperature dependence of the resonance
at 98.2 GHz in this specimen, its thickness was further
reduced by abrasion and electropolishing to 0.4 rnm,
and the microwave resonance studied again. within
the scatter of the data, the resonance field at a given
temperature was found to be independent of sample
thickness.
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In the earlier experiment, the sample was glued from
the back to the cavity tuning mechanism (see Fig. 2
of Ref. 2). For most of the present high-frequency
investigation, the front of the sample was held against
a concentric ring which was fastened to the tuning
mechanism. This change in mounting allowed the
sample to constrict (due to magnetostriction) without
appreciably changing the resonant frequency of the
cavity. This was less important with the thinner
samples, and they were mounted in the manner de-
scribed in Ref. 2.

The polarization study was carried out by rotating
the dc magnetic field in the plane of the specimen,
while keeping the microwave polarization constant.
At temperatures above 170 K no shift in peak position
was observed, indicating the validity of this procedure.
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IV. RESULTS AND DISCUSSION

Figure 1 shows tracings of representative experi-
mental curves in the 2.5—3-mm region. The temperature
dependence of the fields at which absorption maxima
occur is given in Fig. 2. Cooper has predicted the
dependence of resonance field on temperature for Tb
metal at 100 6Hz for the three cases previously dis-
cussed, namely, unstrained hexagonal anisotropy,
hexagonal anisotropy due to strain, and the frozen-
lattice model. These are shown as curves A—C, re-
spectively. The solid line is our calculation from
Cooper's expression for the frozen-lattice case, but
with parameters fitted at two points on the experi-
mental curve. These fitted values were (in Cooper's
notation) I'25= —18 K/atom and D&=1.7 K/atom,
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I'IG. 1. Tracings of experimental curves of microwave power
absorption versus applied magnetic field. FI,f is perpendicular to
the applied field FF, both lying in the plane of the sample. The
scales for the various curves are not all the same. The absolute
magnitude of the absorption is a few percent, after enhancement
by the cavity Q of 1000—2000.

or, using Rhine and Clark's notation, E =3.1&&108

erg/cc and D&= 7.3X 10' erg/cc. '
Marsh and Sievers' have measured the spin-wave

energy gap in polycrystalline Tb as a function of
temperature by means of far-infrared absorption. Their
data are also consistent with the frozen-lattice model.
They assume a value for the axial anisotropy of

FIG. 2. Plot of the field values of absorp-
tion peaks versus sample temperature.
Theoretical curves as follows: A, un-
strained hexagonal anisotropy; 8, hex-
agonal anisotropy due to strain; C, frozen-
lattice model; D, frozen-lattice model
with fitted parameters. Curves A and 8
calculated by Cooper for f=100 6Hz;
curves C and D calculated by present
authors for f=98.2 6Hz. The triangles
represent absorption maxima believed to
be associated with the onset of magneto-
strictian.
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"' J. J. Rhyne afid A. K. Clark, J. Appl. Phys. 38, 1379 (1967).
"' H. S. Marsh and A. J. Sievers, J. Appl. Phys. 40, 1%3 (1969).
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E 2=4.5X10s erg/cc, taken from magnetization data
of Rhyne et al. ,' and determine D»= 8.3X10' erg/cc.

A word should be said about the method used to
calculate the solid line in Fig. 2. Using expression (6),
taken from Cooper's paper, the resonance field value
was calculated' for various values of the magnetization.
Then the magnetization data of Hegland er, al. for
Tb were used to find the temperature at which this
magnetization is achieved in an effective field equal to
the applied field reduced by the demagnetizing field
for the particular sample in question. A linear inter-
polation between adjacent temperatures in Hegland's
data was used.

The triangles in Fig. 2 represent absorption maxima
which we believe to be associated with the onset of
magnetostriction in our crystal. The temperature
dependence of the field values of this structure cor-
relates well with magnetostriction data of Rhyne and
I.egvold' which were taken on one of the Tb disks
used in our experiment. The resonance line was fol-
lowed down in temperature until, between 160 and
170 K, it disappeared below the magnetostriction-onset
structure at approximately 4 kOe. The resonance line
was never observed to rise above this structure in the
temperature range 13—160 K. The trailing (high-field)
edge of the large linewidth was observed to decrease
in field as the temperature was lowered in the range
below 160 K, even though the absorption peak itself
was not observed. (Evidently it would occur at a field
value below that necessary for the onset of magneto-
striction. ) All our resonances were observed in fields
higher than the magnetostriction-onset field. It is not
clear to us how to apply the theory to a multidomain
sample, as is the case below the onset of magneto-
striction. For this reason, in plotting theoretical curves,
we have not plotted any points below about 4 kOe,
approximately the field at which domain alignment
occurs. "

Angular studies near the lowest temperatures for
which the absorption peak can be directly observed
revealed no hexagonal anisotropy within the scatter of
the experimental data; the resonance field wa, s found
to be independent of the field direction in the basal
plane.

The "jump" in the resonance field at T, reported
previously' was not observed in the present investi-
gation. The 19 kOe temperature-independent line also

' J. J. Rhyne, S. Foner, E. J. McXifF, Jr., and R. Doclo, J.
Appl. Phys. 39, 892 (1968).

'The 6rst factor under the radical in Eq. (6) should read
H+4rM instead of H, because of high-frequency demagnetizing
eRects. There should also be a term, omitted from our calculations,
to account for static demagnetizing effects. For our samples this
term introduces a correction small compared with the scatter in
the data.' D. E. Hegland, S. Legvold, and F. H. Spedding, Phys. Rev.
131, 158 (1963).

'" J. J. Rhyne and S. Legvold, Phys. Rev. 138, A507 (1965).
"As pointed out above, for a single-domain sample the frozen-

lattice theory predicts the existence of a temperature below which
the resonance condition can not be met at any value of 6eld.

was not observed, confirming our earlier suspicion'
that it was not related to a bulk phenomenon. Better
positioning of the thermocouple which measures the
sample temperature has led to more accurate H-, versus-
T data for temperatures above T& than were previously
reported. We believe, however, that some of the data
scatter is still due to differences between sample tem-
perature and the monitored temperature.

The linewidths are characteristically very broad
(5—10 kOe), similar to our earlier results and to the
large linewidths observed by Rossol and Jones" at 38
GHz in Dy.

Polarization studies showed that the amplitude of
the absorption peak varies as the square of the sine
of the angle between II,g and H~„ the expected de-
pendence for spin-wave excitations.

For the samples of diferent thickness which were
used in this experiment, the resonance field at a given
temperature was independent of thickness, within the
scatter of the data. The only change with thickness
which would be predicted on the basis of the theory
is due to a change in the demagnetizing fields inside the
sample. The effect on the II-versus-T curve is small,
and much less than the scatter of the data, . The field
at which magnetostriction onset occurred was some-
v hat lower for the thinner samples.

The resonance field at fixed temperature was found
to increase with increasing frequency in the range
studied, 98—121 GHz. Values of resonance field at 190 K
were measured over the frequency range. Scatter in
the data was too great to determine a power-law
dependence, but it was consistent with II ~co'.

V. SUMMARY AND CONCLUSIONS

The results of a careful study of the microwave
power absorption at A, =2.5—3 mm in single crystals of
high-purity Tb metal have been presented. The in-
vestigation included a wider temperature range than
previously reported, a study of the e6ect of different
sample thicknesses, and angular studies where the
applied field was rota, ted in the basal plane of the sample.
Polarization studies confirmed tha, t the amplitude of
the absorption peaks obeyed the dependence expected
for spin-wave excita, tion.

The temperature dependence of the resonance field
at 98.2 GHz was compared with the theory of Cooper
for hexagonal anisotropy due to strain and for the case
of unstrained hexagonal anisotropy. The experimental
data fail to exhibit the rise of resonance field at low
temperature required by either theory. " The calcu-
"F. C. Rossol and R. V. Jones, J. Appl. Phys. 37, 1227 (1966).
"We should stress that in order to match the value of Ace(0)

found at 90 K in Tb by neutron scattering, for the calculations
omitting frozen-lattice effects, Cooper had to adopt a value
36P6'S'= —12.55 K, i.e., about 3.7 times the experimental static
value. Curves A and B of our Fig. 2 are then Cooper's calculated
curves on this basis. On the other hand, when frozen-lattice effects
were included, Cooper could closely fit the neutron scattering
value of Aced(0) using the various independently measUred experi-
mental anisotropy and elastic constants.



lations were then pcrfornsed using Cooper's theory for
the frozen-lattice model. 4ood qualit. ative agreement
between theory and experiment resulted. Quantitative
agreement is obtained if the values F25= —18 E'/atom
and D~=1.7 E/ato'm are chosen for the twofold
anisotropy" and magneto-elastic constants.

i4 This value appears to be in satisfactory agreement with the
neutron diffraction results of H. Bjerrum Miler, J. C. Gylden
Houmann, and A. R. Mackintosh LPhys. Rev. Letters 19, 312
(1967)j, for F25.

In conclusion, we believe that this paper reconciles
the earlier discrepancy between experiment and theory
for ferromagnetic resonance in Tb at high microwave
frequencies.
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Wte outline a method for rigorously calculating the time-dependent as well as the static thermal properties
of localized spin systems from those of an ordinary many-boson system. Our method retains the advantages
of both the Holstein-Primakoff and the Dyson-Maleev transformations without having their main dis-
advantages. The spin operators and the boson Hamiltonian are all finite series in the boson creation and
annihilation operators. Our boson Hamiltonian is Hermitian. This method establishes a rigorous cor-
respondence between the thermal properties of the spin-& isotropic Heisenberg model and those of a hard-
core boson system with only two-body interactions.

1. INTRODUCTION

HE methods available for the calculation of the
thermodynamic properties of spin systems do not,

as yet, seem to be as advanced as the methods" already
developed for treating the thermodynamic properties
of many-body systems of bosons or fermions. The
reason for this is that the spin-operator commutation
rules are more complicated than the boson or fermion
commutation rules. In two famous papers in 1956,3

Dyson used the idea of establishing a correspondence
between a given spin system and a boson system, which
then could be used to calculate thermodynamic proper-
ties of spin systems if the corresponding properties of
the boson system could be calculated. He then pro-
ceeded to use this correspondence to calculate some of
the static (nontime-dependent) properties of the Heisen-
berg ferromagnet.

Dyson's work was later extended in an eBort to cal-
culate the spin Green's functions which would, of
course, give one a means of calculating the time-depen-

* Research sponsored by the U. S. Atomic Energy Commission
under contract with Union Carbide Corporation.

f Visiting scientist from Kernforschungsanlage Julich, Germany.
'A. A. Abrikosov, L. P. Gor'kov, and I. K. Dzyaloshinskii,

Methods of centum Field Theory in Statistical I'hysics (Prentice-
Hall Inc. , Englewood Clips, N. J., 1963).

~ L. KadanoB and G. Baym, Quantum Statistic, al Mechanics (K.
A. Benjamin Inc. , ¹wYork, 1962).

~ F. J. Dyson, Phys. Rev. 102, 1217 (1956); 102, 1230 (1956).

dent as well as the static thermodynamic properties of
spin systems. '

This approach, however, is only one of several that
have been attempted. The usual starting point with
these theories is to establish a transformation from the
spin operators to a set of boson operators, the two most
often used being the Dyson —Maleev' and the Holstein-
Primako87 transformations. The Dyson —Maleev trans-
formation leads to a "boson system" described by a
non-Hermitian "Hamiltonian. " The Holstein —Primak-
off transformation leads to a boson system with a
Hermitian Hamiltonian which is an infinite series in the
boson operators. The objections to using these transfor-
mations are obvious.

The object of this paper is to present a theory
whereby the time-dependent as well as the static proper-
ties of a spin system could, in principle, be calculated by
means of the application of ordinary many-body boson
theory to a system of bosons described by a finite-series
Hermitian Hamiltonian. The procedure we have in
mind is the following: In order to calculate a given ther-
modynamic property of the spin system one must, in
general, calculate some kind of time-dependent correl. a-

4 R. A. Tahir-Kheli and D. ter Haar, Phys. Rev. 127, 95 (1962).' R. Silberglitt and A. B. Harris, Phys. Rev. 174, 640 (1968).
'S. V. Maleev, Zh. Eksperim. i Teor. Fiz. 33, 1010 (1957)

t English transl. :Soviet Phys. —JKTP 6, 776 (1958)g.'T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1941).


