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trajectory is involved. To accommodate this fact, a
multichannel scheme can be formulated in a straight-
forward manner. Ho~ever, in order to avoid the addi-
tional complications of the multichannel problem, we
have studied the hypothetical model of a single self-
bootstrapping Regge pole. Ke have solved our equation

approximately both at small and large negative t values.
It is found that the zero-energy intercept a(0) cannot
be 1 if the internal Regge coupling is strictly factorizable.
If additional structure for this coupling is allowed, the
intercept n(0) could in principle be unity. Further appli-
cations of our equation will be discussed elsewhere.
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We write Veneziano amplitudes for all reactions involving the ~copoA1 system, paying particular attention
to kinematical constraints arising from spin. The minimal Veneziano amplitude for A& —+ 3m is shown to
be dependent on two parameters, which may be related to the AIpx vertex. A discussion is given on how
examination of the Dalitz plot may resolve the theoretical confusion surrounding the A i.

KCENTI Y, Veneziano' has written down an
amplitude that satisfies all the postulates of

S-matrix theory except unitarity. A series of successful
applications'' has generated much optimism that the
Veneziano amplitude may be a decent first approxima-
tion to the real world. 4 Here we attempt to apply the
Veneziano-i. ovelace analysis to the ~pA1 system. Ke
consider all possible reactions involving s., co, p, 0 (the
daughter of p), A~, and the "heavy pion" r (the
daughter of A q), such as sp —+ s.p, s A —+ s.A, ~~ ~ s.A,
xo- —+mo. , mv ~ mr, err~00. , etc. Consistency may be
achieved by incorporating a sufhcient number of
"Veneziano terms, " and relations between coupling
constants are obtained. Unfortunately, these relations
generally involve the daughters.

It must be emphasized from the outset that the
isolated Veneziano model lacks predictive power be-
cause of the possibility of adding higher terms. Ke seek
to use a minimum number of terms to construct an
amplitude consistent with the correct Regge behavior
in all channels, the Adler consistency condition, current
algebra (where applicable), the appearance of poles
with appropriate residues, the absence of isospin ~&2
exotic resonances, and, in cases with spin, the con-
straints imposed by angular momentum conservation.
Apart from simplicity, there is nothing against "non-
minimal" terms; we speak of them often in this paper.

To avoid unnecessary complications, we take te =0
and degenerate trajectories p(s) =~(s) = (s+m')/2m',
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7r(s) =A(s) =s/2m', where the name of a particle de-
notes the trajectory to which it belongs (m=m, ).

Ke employ the notation

I'(m —x (s))I'(n —p (t))
x(m, a,n) =

I'(6—x(s) —p (t))

which behaves asymptotically as s&")+ ~ and t«')+" ~.
The residue of the leading pole x(s) =m [y(t) =n j is
a polynomial of order m+n It, in —t (in s).

I. n-(qp)n+(k) ~ n-(q, )A,+(e)p)

With &=II(s,t n)~(qq+qs)+K(s, t,l)ek, minimal
structure is

II=hg)(1, 2,2) +h2p(1, 2)1), (2)
K=k~(1,1,1)+ksp(1,2, 1)+ksp(2, 2, 1) +k4p(1, 2,2). (3)

For example, the hi term is necessary both for t —&~
before and for the correct residue on the s-channel p
pole, while the h2 term is necessary to accommodate
the t-channel p pole. In X, the k1 term alone appears
suKcient at 6rst sight. However, crossing symmetry
implies that hi=0 and relates k2, k3, and k4 to the two
truly independent parameters h1 and h2, which upon
going on the p pole are related to the two A jpx coupling
constants" by

ga/2m' =hs ———ks

' Our coupling constants are summarized by
Z =ge p„~m b8"2f +g„et g~8~po"au"B~m B~o

(aA„op~b~ —bA „p,ba~a"W)+X...~WW+gg. ,A „a~~~
+X«~rr +X, o'~ r +(X~~~/3l)ooo+g „e'b'p orb&I'&g,ob'p nrbgt'71 ~,aug „~A~ag.At'bp c

+ (two other pAA couplings) ~

6 The relation of our coupling constants to those of Gilman and
Harari is a=qgtm and b= ~gp+gl, For m =0, 1 (A ~~)= ~&'&

X {a'/42m) {1+{1/24)L1—3bm'/a+gab'm'ja'j). Note that a con-
trols the width unless bm' ja is very large; also note that the Gnite

correction factor to the vridth is as large as 1.6.
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—,'-gb =kg ——k4 ———-', kd.
(4)

Of the three Adler' points, (t=0, s=m~-") and (s=O,
t=tuz'), related by crossing, are satisfied because of
the mass relations, ' while (s=0, t=0) is satisfied by
crossing symmetry. By going on the r pole one obtains

2u+bets+4X, g~, /g =0 (5)

Comparison with experiment would be futile even if
and ga, could be determined (see below), since

the A~ decay involves interference between the pm

and Om modes. Rather, we insist that the spectrum of
theoretical values~'4 for (u, b) must be used as input
to a dynamical calculation of A&~3m. . Indeed, the
present Veneziano amplitude provides an example of
such, and it should be of great interest to attempt to
unravel the confused experimental and theoretical
situation. " For instance, the Dalitz plot for A~+ —+

x&+m2+x summed over the polarization of the A& may
be written as

Consider, for example, the p band, P(a, 0, s, t=tts')
~ (s+m')' and P(0, b, s, t=m') cc (s—ttt')', implying
rather diferent accumulation of events. We stress
that the values for a and b so obtained are the numbers
to be compared with the previous theoretical predic-
tions. A detailed numerical fit to what scarce (confused)
data are available to determine u and b will be presented
elsewhere.

II. ~ a~~'d
Writing i%=&x(0,1,1) and examining the At 7 7I

pole in the s channel and the o- pole in the t channel, we
easily obtain

4~a sr~ 2~ggm «~trtre 8 ~or gr2=gAnx =
nS2 m2 3 m2

Now an analysis' of m.m —+mw has already deter-
mined X„=-',gtrs (corresponding to 500 MeV for
the 0 width, and apparently in agreement with the
result from sum-rule saturation"'s). If one disregards
the large width of 0., one also finds

P(a,b,s, )fi p(1,2,1) i'dsdt, (6) I'(At —+ on) = (1/16v2) I'(p ~ x.rr) .

with s=(pt++p )' and t=( ps++p)'. Here, p(1,2, 1)
gives the expected features of a p-0 band at s=m2 and
at f= eP, and current-algebraic zeros at (s = t =0),
(s =ma', t=0), and (s=0, t=m~'), i.e., the three
corners of the triangular (for m =0) Dalitz region.
Indeed, the Veneziano amplitude as a more detailed
model goes beyond current algebra and predicts a
depletion of events along the line (one edge of Dalitz
region) s+f=2tn'. /With the "poetic license" already
issued by I.ovelace, 2 we understand that the trajectory
appearing here in p(1,2, 1) possesses a suitably adjusted
imaginary part to give the p band a finite width. ]
The function P(a,b,s,t)/as, depending on the ratio of b
to a, inQuences the shape of the Dalitz plot. To illus-
trate: For b=0 (we have taken rpr, =0), P(a,O,s, t)
~ (s+t)' while for a=O,

P( bO, s, t) rests (s+t)s 4m'st(s+t)+4s—'P.
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III. ~ ~+ —+ ~ c+

With iM=Pp(1, 1,1), we obtain

sgprw ~err /m'=ggpT1' 5(~IFT14ww/m'). (9)

Applying the threshold current-algebraic constraint
at k=0 yields

gg, =m'/27r f ',
which implies that

g'= (tts'/2f ') (g/3x) . (11)

(The result of assigning a universal p-coupling value to
g, differs by a factor of about 2.) It should be recalled
that from mm scattering we obtain

gs = (m'/2f ') (2/s-) and 2= g/3. (12)

If one should insist on true consistency, an extra
term could be added to the present amplitude, say,
P'p(1, 2, 1), which would lose the (undesirable)
prediction.

IV u (pt)0+(et, qt) ~ u (ps)0+(es, qs)

The invariant amplitude is"

tM =A (s, t u) etPesP+B(s, t,u) (etPesQ+esPetQ)
+C (s,t,u) etQerQ+D(s, t)u) ates. (13)

The residue of t-channel poles corresponding toJ =J& & is apolynomial ins of order J—2 in A, J—1
in B, and J in C and D. The residue of s-channel
poles corresponding to J~=J& ~~ is a polynomial in t
of order J in A, B, and C and of order J—1 in D; and,

"S.steinberg, Phys. Rev. 177, 2604 (1969).
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corresponding to J~=J(—)s+', a polynomial in t of
order J in A, 8, C, and D. Of course, these angular mo-
mentum statements are also reflected in the asymptotic
Regge behavior. '~

Here the co (we take m„=m, for simplicity), because
of its natural parity, behaves rather di6erently from
the Aq (and generally forms a disjoint problem until
we look at the t-channel p pole). Now, we have

ImD =xb (s—m, ')-'g 'm 't+s b(s m~—')a'

+ (t-channel poles), (14)

and immediately we need at least two Veneziano terms
to ensure the disappearance of the co pole at t =0 (note
that the daughter of the cv uncouples from xp scattering
by parity). This is merely a consequence of angular
momentum conservation in the forward direction for
helicity X=+1, and of m =m, . Furthermore, angular
momentum conservation in the forward direction for
helicity X=O requires all natural-parity mesons in
the s channel to uncouple"; i.e., in the combination
A (s, t=0) (s—m')' —m'D(s, t=0) there is no trace of the
entire ~ trajectory. The minimal structure consistent
with these kinematical constraints, current algebra, and
the prescribed Regge behavior turns out to be"

A =agr (0,2,2)+agr (1,3)3)+ago& (1,3,3)
+a4a) (1,3,2) (15)

and

D der(1, 2,1)+der(2,3,1)+dps (1,3,2)1d~(1,1,1)
+dyes (1,2,1)+d~ (1,2,2) +dgs) (1,3,2)

+dyer (1,3,3), (16)
where

g„'=gas = —16a4——(4/ m)d22= (4/m2) (2ds+3ds)
= —(4/3m, ') (d7+d g)

and
~e+gdv =O-

From A, one gets the relation '=b4/ gma2nd an-
other relation involving g„' (for what these are worth).
8 and C, if given in minimal structure, also yield
various (uninteresting) relations, which are in general
inconsistent, indicating that nonminimal terms must
be added. One may also contemplate the f and A2 poles
to obtain relations among coupling constants involving
these particles. However, in view of the necessity of
nonminimal terms, we would view such attempts with
suspicion.

"We follow the notation of, for example, V. De Alfaro, in
Proceedings of the VI Internationoje Universitatmochen fiir
Eernphysik-Schladmlng, 1967, edited by P. Urban (Springer-
Verlag, Vienna, 1968).' See, for example, S. steinberg, Ref. 16.

"After this work was completed, we learned that P. G. O.
Freund and E. Schonberg )Phys. Letters 288, 600 (1969)$ had
also remarked on the condition. for helicity X=~1. However
they did not take into account the condition for helicity ) =0.

Current algebra, which concerns only D, does not
yield any condition, since there are too many terms.
(Although minimality does not require both d4 and d5,
there is no reason to prefer one over the other. The co

terms uncouple at the current-algebraic threshold. )
We may recall that Gilman and Harari" and Frampton
and Taylor" have obtained one current-algebraic rela-
tion involving a, g, and f 2 by saturating a once-
subtracted dispersion relation for D with A ~ and co. Our
Veneziano amplitude D satisfies the same low-energy
current-algebraic constraint and high-energy behavior
as theirs, and thus serves as a model to illustrate the
(possible) importance of high-lying states.

Here the entire natural-parity sequence must dis-
appear for t=0 and helicity X =0. The minimal expres-
sion needed to enforce this is analogous to that in
Sec. IV, but requires co(1,4,3) and co(1,4,4) since the
p pole cannot appear in the t' channel.

VI. ~ (p&)A&+(e&, q&) ~ ~ (p2)Aq+(e2, q2)

There are fewer low-lying poles here than in xp
scattering. Nevertheless, most of the relations involve
the three pAA and the two O.AA coupling constants, and
are uninteresting. One exception is (a'+abm' 4b'm')—
+gg, 'm'=0, which follows from the minimal form
p(1,1,1) for C.'0 The current-algebraic restriction on the
forward-scattering amplitude concerns the D amplitude
and gives

a'+gg, ~~m, '=2m, '/7rf ',
which might be of interest were g,~~ determinable by
other means.

VIL CONCLUSION

In conclusion, because of the abundance of daughters,
the study of scattering involving the ~pA system in the
Veneziano framework does not prove to be particularly
fruitful in terms of predictions. We have shown how
some kinematical constraints may be incorporated. We
also like to view the Veneziano amplitude as a viable
alternative to saturation with a few low-lying poles,
as was done, for example, in the work of Gilman and
Harari. Finally, the minimal Veneziano amplitude for
A ~~ 3m is dependent on two parameters related to the
A pn. vertex.
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"If one combines this relation with those obtained in Secs. I
and II, one finds I'(A I ~ pal-)/F {p~ m.~) =0.4, 0.5, or 5.


