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The low-energy theorem for Compton scattering on arbitrary spin targets is derived. Knowledge of the
Born term of the amplitude, which is calculated explicitly, enables us to prove Singh’s lemma, which allows
us to calculate the threshold value of the amplitude from the gauge condition. Every multipole moment
of the target is written down explicitly in terms of the low-energy limit of the amplitude. Up to linear
order in photon energy w, this theorem becomes a generalization to arbitrary spin of the theorem derived
by Low and by Gell-Mann and Goldberger. To describe the spin-nonflip amplitude up to order w? we need
two structure-dependent parameters in addition to the charge and magnetic moment.

I. INTRODUCTION AND SUMMARY

HE low-energy theorem for Compton scattering

was first derived by Low! and by Gell-Mann

and Goldberger? who expressed the zero-energy limit

of the Compton scattering amplitude of a spin-} par-

ticle up to linear order in photon energy in terms of

the charge and magnetic moment of the particle. The

assumptions used in the derivation were the following:

(i) The target is stable, and (ii) there is no virtual

photon in intermediate states. The derivation does not
depend on the internal structure of the target.

The theorem was extended to higher spin targets by
Pais® and Bardakci and Pagels.* They showed the exis-
tence of a low-energy theorem which relates each multi-
pole moment of the target to the low-energy limit of
the amplitude. It has also been shown that to describe
the amplitude of spin-} particles up to w? (w=photon
energy) it is necessary to introduce two structure-
dependent parameters, electric and magnetic polari-
zability, in addition to the multipole moments.®:

In this paper we reexamine the low-energy theorem
for an arbitrary spin target. We use Low’s method.’?
Each multipole moment of the target is given explicitly.
If we restrict ourselves to linear order in w, we obtain
the total expression of the amplitude for all s (s=target
spin), which is a generalization of the low-energy
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theorem of Low and Gell-Mann and Goldberger
(s=1%).12 It is also shown that the electric and magnetic
polarizabilities are sufficient to determine the spin-
nonflip amplitude of an arbitrary spin target up to
order w?®. To describe the total amplitude to this order,
we need two more parameters besides these.

The Compton scattering amplitude, written in the
form

4
2 oMy, (1.1)
1

Boy=

satisfies the gauge-invariance condition

3 3

2 ki'Miy=—i0'My and 3 EM = —ioM ., (1.2)

i=1 =1
where €, and k,= (k,iw) [¢,” and k,’= (k',ie’)] are the
polarization vector and the four-momentum of the
incident (outgoing) photon. Each equation of (1.2)
implies the other by time-reversal invariance. We choose
the Coulomb gauge, so that only M ;; (4, 7=1, 2, 3) enter
the cross-section formula. The proof of the theorem
consists of showing that the excited intermediate states’
contribution to the right-hand side of (1.2) is vanishingly
small compared with the unexcited states’ contribution
at w=0. This has first been proved by Singh8 and then
by Bell,® and it is called Singh’s lemma.

As will be discussed in Sec. IV, we prove Singh’s
lemma as follows: First we calculate the Born term
explicitly. Using the expression of the Born term in
M 4, we find that it dominates the excited-state con-
tribution to M 4, at w= 0 as the photon mass approaches
zero.

Furthermore we see in Sec. IV that the Born-term
contribution to

3
Z ki,Mi#
i=1
is higher in w than its contribution to w'M,. Therefore,
combined with Singh’s lemma, we can write (1.2) in
the form
3

kilMiu! excited = _l.w/Mu l Born atw =() , (1.3)
1

1=

8 V. Singh, Phys. Rev. Letters 19, 730 (1967).

? J. S. Bell, Nuovo Cimento 52A, 635 (1967).
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i.e., the linear combination of M;, on the left-hand
side is given by the right-hand side, which is known.
There are some amplitudes on the left-hand side of
(1.3) which @ priori are of lower order in w than the
right-hand side. Such terms must vanish.!

The calculation of the Born term of a general spin
target is given in Sec. III. Various properties of the
electromagnetic multipole moments are given in Ap-
pendix B. Another important problem is to know the
kinematical structure of the amplitude. All the kine-
matical singularities and zeros should be removed
before we take the low-energy limit. This is done for
the amplitude which is irreducible under spatial ro-
tations. We study the analyticity of this amplitude in
w in the Breit frame and the analyticity in ¢ (the mo-
mentum transfer squared) in the c.m. frame. Combin-
ing these we find that the kinematical singularities in
both variables can be removed from the amplitude in
a simple way. We discuss this in Appendix A.

II. KINEMATICS
A. Irreducible Tensor Amplitudes
We define the 7" amplitude by
(o'm’; K'8'| T | pm; k)
1 4

" (2m)3 (e )12 2 eulk'B)eu(kB) Mnuimi(p,Q) (2.1)

and

Moiryim(2,0) = / dt eio=(prm’ | TGiy(—3), 7,(3)

3
+i6(ix4)[ Ju(—1x), B-A v(%x)} [pm), (2.2)

X4

where j.(x) is the electromagnetic current density
which satisfies [J4,(x)= j.(x), with 4,(x), the electro-
magnetic vector potential, and

0=3(k+Fk). (2.3)

p and 7 are the momentum and the z component of the
spin of the target in the initial state. 8 denotes the
helicity of the incident photon. Corresponding quantities
of the particles in the final state are indicated by primes.

In order to discuss the low-energy phenomena we
use amplitudes which are irreducible with respect to
spatial rotations:

s u Ky 1 v 1
M a;m(p,Q) =22 (— l)s—m( ’ >< >
—m T m/\a o b

X(_l)u_,( “

-T O

J
M>5JM("”)(P,Q)- (2.4)

Here we introduce the spherical notation j,(x), js(x).

10This was also derived by A. Pais, Ref. 3, for a particular
case, i.e., A3(0)=0 in this paper.
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The indices ¢ and b take on the values 0 and 1, and
are related to the Cartesian ones i=1, 2, 3 by

Ja (V) =FA/N2)[j1(x)xijs(x)], jor(x)= js(x). (2.5)
We will also use the notation
Ju=a(x)=1jo(x), (2.6)

with a=0, to represent the time component of the cur-
rent density. This component transforms as a scalar
under spatial rotations, and it should be distinguished
from the third space component j)(x). In (2.5)

( N u s)

, etc.
—-m T m
are the Wigner 3-j symbols. In particular we denote the
amplitude whose 2 axis is chosen along p by F sy 2 (k,1),
where k= |k|. In terms of this invariant amplitude, the

differential cross section in the laboratory system is
given by

do w2

a2 (4r) Mo

s 7 s)(s J s
b L e
ur s ul ' s wu;
(uf u j)(u,— u j><v u J)(v’ u J’)
X
7 7 W/ \1ri 7' —9/\o —1r M/\o’ ' M’
Xpujffpu,'ngmr,v’c’(Gl)FJJI(“P)(kl,[)FJ'jI’(ulvl)*(kl,[) )
(2.7)

where the summation should be taken over all repeated

{ u js u" ]
f

is the Wigner 6-j symbol,
pu;™ (Pufrf)

is the statistical tensor describing the spin configuration
of the initial- (final) state target and is defined by

(m’|pslm)=(—1)>

, R U; S
xS o (" s, )
—m Ti

uiTi m

(M+wi—w)’) - (274+1)

where p; (ps) is the density matrix of particle spin
components in the initial state. §(6;) contains all the
photon polarization dependence and is a function of the
scattering angle 6, between the photons,

gvu.v'a’(01)= Z . (a’lpf[6/><ﬁlplla>

aa’BB’aa’

Xea(K'8)er(kB)ew k', —a')er (k, —a)

1 1 »nn/1 1 o
><< )( ) 2.9)
a b o/\d b o
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In the following, we use the Breit frame rather than
the laboratory frame. This is the frame which is speci-
fied by

p'+p=0. (2.10)
Equations (2.3) and (2.10) show that
k'=Q+p, k=Q—p, and o'=w, (2.11)
which also implies
p-Q=0 (2.12)

B. Invariant Amplitudes and Their
Kinematical Properties

We define the amplitude M, (p,Q) by

M (p,Q) = (2u+1)
R u s
XX (—1)"’”'< , )Mmr,‘;m,(p,Q). (2.13)
mm! —m' T m

This amplitude satisfies the following symmetry proper-
ties:

Under space reflection,

M, (p,Q)= £uM 7 (—p, —Q),
&= —1, if one of u or » is the time component

=1 otherwise. (2.14)
Under time reversal,
M@ (p,Q)= (=DM, " (p, —Q). (2.15)

Under crossing,
M@0 (0,Q; @)=M, " (p, —Q; —w), (2.16)

where the change of the sign of the energy component is
written explicitly. In terms of the invariant amplitude
Fru®(k,1), these relations are:

space reflection,

Fru @ (k)= (—1)7-MF; _y @) (k1), (2.17)
time reversal,

Fya @0 (k)= (—1)+HME o) (k) (2.18)
and crossing,

Fra @ (k,t)= (= 1) MF ;5 @0 (k1) (2.19)

respectively. By expanding M ,,"(p,Q) in powers of
k, we find from (2.15) and (2.16)
M ,,"(p,Q)=even (odd) power series

of & if = even (odd). (2.20)

In order to see more details, we expand the amplitude
in terms of the harmonic polynomials of k’ and k:

@ . L J
gJM(ur)(p,Q) = Z kH—L( >
1,L=0 ls Ls M

XY ()Y L2o(B) Hy o (Ryt).  (2.21)
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Vu,(F') is the spherical harmonic function whose argu-
ments are the polar and azimuthal angles of %/, the
unit vector parallel to k. H 7,1, (k,f) is an invariant
function of £ and ¢. The space-reflection invariance
(2.14) imposes

I+ L=even (2.22)

in (2.21). Combining this and (2.20) with the triangle
condition /4-L>J due to the 3-; symbol in (2.21), we
find

gJM(uv)(p’Q),\,kJ+eJ+eu

at small values of &, where

(2.23)

e;=0 or 1 corresponding to x=even or odd. (2.24)

Since this is the consequence of purely kinematical
requirements, we expect that we can divide the ampli-
tude by the power of £ given in (2.23), without intro-
ducing any kinematical singularities at k=0.

The argument in Appendix A shows that the ampli-
tude Fya®*)(,t) is regular at k=0 (except for a pos-
sible dynamical singularity) after the factor

(sing)en (2.25)

is removed, where 6 is the photon scattering angle.

In addition to Fsi®?(k,t), we introduce another
invariant amplitude Gy ®*’(k,1), which we will use to
derive the low-energy theorem. This amplitude is
specified by taking the z axis along k, so that it is related
to F (k) by

Gru@ (k) =3 Frar @ (k,Dda’ v (—0). (2.26)
T

Here dau is the usual d function representing a
rotation around the y axis; © is the angle between p
and k and is related to 6 by

0=1(0+1). (2.27)

To find the kinematical singularities of Gy (k,t) we
first show that H;.; in (2.21) is free of kinematical
singularities. If we put p along the z axis in (2.21) and
use Y”,(k/)= Yu,(’n'—e, O), YLL,(k)= YLL,(0,0), we
obtain the expression for Fsar(k,l):

Frat” (kyt)
L L JN\yI L JN\yI L J
A A G (Y
lLJ’ l3 L3 M l3 L3 M/\0O 0 O
24+1)Q2L1)(J' —M) 172 27 +1
x(—l)‘“a[( +D@L1)( )] +
(') 4r

X Py M(cosO)H 7,1, (k). (2.28)

Py M(cos ©) is the associated Legendre function. In

(2.28),
1 L J
0 0 o)
00 0
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unless I4L+J’ is even, and so the condition (2.22)
demands that J’ is even. In this case P;¥(cos O) is
proportional to cos © sin ©=1 sind, if M is odd, and
its remaining factor is a polynomial function of cos?©
=3(1—cosf). For M even, P;*(cos®) is just a
polynomial function of cos?©0 (or cosf). Thus
P yiy(cos©) is proportional to the factor (2.27) which
contains all kinematical singularities of F s “?)(k,1).
Since cosf is a linear function of ¢,

t= —2k?(1—cosb) , (2.29)

a polynomial in it does not introduce any kinematical
singularities. Therefore we conclude that H ;.;1,®*(k,t)
is a kinematical singularity-free amplitude.

The amplitude G ®“?(k,f) is obtained from (2.21)
by choosing the z axis along k:

® ! L J
Gonmthr= £, )
l

,L=0 -M 0 M
1rQH1)QL+1)(I—M) 1]1/2
E[ (+Mm)!

PiM(cos 0)H 1,V (k).  (2.30)

Pip(cos 6) is again proportional to (2.27) multiplied
by a polynomial function of cosé (or f). Combining
this with (2.23), we define the regularized amplitude
GJM<"")(k,l) by

Gra w0 (k1) = kI =cs=eu(sin 0)~*MG , 9(E,f) , (2.31)

which does not have kinematical singularities or zeros
atk=0.

III. BORN TERM

The Born term has to be known up to the required
order in % in order to obtain the low-energy limit of
the amplitude. We compute it explicitly in the Breit
frame. The Born term, which is defined as the term due
to the unexcited intermediate state in the Low equation,
is given by

Mm’u;mv(p,Q) l Born

Rm’p;mv y Rm’v;mﬂ y T
=i< ®Q) ® Q))y o
wtwp

Ww—wp
where

R u;mi(9,Q)
=2 (—pm'| ju(0)|Qn)(Qn| j.(0) | pm) (3.2)
and >, denotes summation over the spin component
of the intermediate state. w, is given by
wp= E(Q)—E(p)= (M>+ Q)12 —(M>+p?)12.  (3.3)

We denote the Lorentz transformation with velocity
p/E(p) by A(p); then each vertex function in (3.2) is
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written in the form
(—pm’| ju(0)|Qn)={m’ | A~ (—p) ju(0)A(Q) [ )
=2 Auw(p, —¢)(m’ ] R(¢)jw(O)AC)RW) [n), (3.4)
u'
where |m) denotes the state of one particle at rest. By
choosing the z and x axes along p and Q, we can replace
A(p)A(Q) by the successive operations of the Lorentz

transformation A({) along the z axis and two rotations
R(¢) and R(Y) around the y axis:

A(P)AQ)= R($)AC)RW). 3.5)

A, (p, —¢) is the matrix element describing the Lorentz
transformation A(p) after the spatial rotation around
the y axis by the angle —¢. The velocity of the Lorentz
transformation tanh{ is given by

(tanh {)?=1—M*/E*(p)E*(Q), (3.6)
whereas the magnitudes of the rotations are given by
cos¢=|p| E(Q)/M? sinh ¢, cosy= |p|/M sinh¢. (3.7)

We define the electromagnetic multipole moment
TJ“ byll

(m’| 1a(0)A(S) | m)
-3 (—1)m’( C S)m (3.8)
—m’

J=la| a m
and

(m"| A() ja(0) | m)

® AR J s\_
-2 o Vo,
J=|a| —m a m

The expression for the Born term (3.1) becomes

Mm’n;mv(p,Q) | Born
s u s 1 (—1)
=iy (—1)*—'"’( , )[ - ]
u,T —m’ v m/lw—w, otw,
XRuw™"(p,Q),

R,™(p,Q) =% Auw(p, —)A w (=D, ®)Muwranvs

s U s s Ji1 s
X(2u+1)(—1)‘—"( , )( o >
—m' r m/\—m' o n

A Jz
(
—-n b
an’n(’)l:z(d’“l_\b)] TJla?Jsb,
where 7,, is defined by
Iu(®) =2 Muaja(2).

(3.9)

A
)da,a(h)(d,)db, b(J‘z)( _¢)
m

(3.10)

L. Durand, III, P. C. DeCelles, and R. B. Marr, Phys. Rev.
126, 1882 (1962).
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We now consider the threshold behavior of the Born
term. w,, defined by (3.3), behaves as

wp~ (k% cosd)/2M at k=0, (3.11)
so that the singular factor of (3.9) becomes
1 (—1)» 2w,  cosf
- n == 2~ﬂ_’ if # is even
w—w wWTWw wWr—w
? ? ? (3.12)
2w 2
= ~— if % is odd.

wr—wy? W

The polynomial expansion of R,,®”(p,Q) [similar to
(2.21) and (2.14)] shows that R4;;®“7(p,Q) and
Ry ™" (p,Q) behaves as ~k*+ev—1 and ~k**eu respec-
tively, or as higher powers of £ at £~0. In order that
M., @™ (p,Q) | Born satisfies (2.20), however, we have to
have the following behavior:

Rw(ur)(p’Q),\,ku-l-eu’ = 1~4 (313)

and
M40 (p,Q) | Bora~k¥, n=1~4. (3.14)

If the mass of the photon is finite, say m,, we obtain
from (3.12)

M4# (ur)(p,Q) [BornNku(k/m7)2-¢u' (315)

This result will be used for the proof of Singh’s lemma.

IV. GAUGE INVARIANCE

The gauge-invariance condition (1.2) can be rewritten
by using the irreducible tensor amplitude in the follow-
ing form:

1
> k:(

1 u v J
Y=o Yoru0,0)
a o b —r o M
=wM ™7 (p,Q) (4.1)
b=(0), (&), u=0,1,2---2s.

It is easy to prove the following relation using
the current conservation equation

2wt (B —1)u(p’] 7.(0)[p)=0:

3 k7
R 4;mi(p,Q) =1 = —Rmi:mi(p,Q) .

=1 Wy

4.2)

Because of (3.11), we can see that the Born-term con-
tribution to the right-hand side of (4.1) is smaller than
its contribution to the right-hand side by the factor
k/M.

Since the right-hand member of (4.1) behaves as
~kutlat k~0, somust the left-hand member. When the
photon mass is finite, the behavior of the Born term on
the right-hand side changes to (3.15), whereas the be-
havior of the left-hand side is unchanged (i.e., k1),
This demands that the right-hand side of (4.1) also

S. SAITO
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has to behave as
wM 5,7 (p,Q)~mk«+' orhigher order of £ at k=0,
b=(0), (). (4.3)

As m, approaches zero, a singularity appears at k=0
which suppresses the extra k*—°+ power of the Born
term. We assume that the amplitude is a regular
function of m, around m,=0, so that the behavior
(4.3), after the singular term is subtracted, does not
change when we take the m,— 0 limit. Taking (2.20)
into account we finally conclude that

Mob(uf)(p,Q) ' excited’\'ku+2’ b= (O)’ (:*:)' (44)

A similar discussion shows that (4.4) is true for 8= 0 too.
This proves Singh’s lemma, which claims that
M 5@ (p,Q) | excitea can be ignored compared with the
Born term (3.14) as far as terms of order k*.

V. LOW-ENERGY THEOREMS

According to the results discussed in the previous
section, we can write (4.1) in the form

/1 v 1 u v J
zh(, L)L)
a o b —r o M
XEFJM(“")(P,Q) ! exciced_—"Mob(uT)(p;Q) lBorn,
b=(0), (&), #=0,1,2--:25,

(5.1)

up to order k% The space-reflection and time-reversal
invariances show that there are 2#4-2 (2u) independent
equations in (5.1) corresponding to b= (0), (+) and
7=0,1---2%(r=1,2---u) for u even (odd). On the other
hand, the number of independent F i ™) (p,Q) in
order k*, after (2.14) and (2.15) are taken into account,
is 3u+1, (3u) for # even (odd). Therefore (5.1) de-
termines the values of Fyar ) (p, Q)| excitea(S =12, u—1,
u—2) of order k* leaving #—1 (%) functions of % even
(odd) undetermined.

A. Low-Energy Theorem of Order k*?

There are terms on the left-hand side of (5.1) which
behave as ~k*~% at k=~0. Such terms should vanish
since the right-hand side behaves as ~k* (3.14). Thus,
we obtain

1 /1 201 u 2 u—2
kv2 a o b —7r o M

XF w2, @2 (p,Q)=0 (5.2)

at £=0. In particular
F00??(p,Q)=0

(1/k2)F 2242 (p,Q)=0 at k=0.
Equation (5.3) has been also derived by Pais,

(5.3)
and

(5.4)
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B. Low-Energy Theorem of Multipole Moments

Instead of (5.1), we use the gauge-invariance con-
dition in the form

. /1 v 1 u v J
sl Yo ()
a o b -7 o M

XF 7 (p,Q) [ excited =M 00" (p,Q) | Born
u=0,1---2s

(5.5)

which is obtained by combining two equations of (1.2)
and also by using the results obtained in Sec. IV. In
order to separate the 2“-pole moment from the others on
the right-hand side of (5.5), we choose the z axis along
k and put 7=wu. The appropriate invariant amplitude
in this case is Gy 7 (k,f). Calculating the Born term
explicitly from (3.9) and (3.10), we obtain

_ 2uQu—1) 2
G o4 T '
{ +[5(2u+3)(u+1)] }

cosf
[(3Q2u+1)]2
sin26

(a1 Qut1)]

3(2u—1)71/2
+[“j| Gu,u-l(z)} +
5(2u+3)
u—1

1 1/2
X {_Gu—l,u—l(l)_{-[ } 6u—1,u—1(2)l
V3 S(u+1)

25+1)(2u) ! 42
=iw cosf (sin 0)“iQu (5.6)
2uy! M

{«/%)a.u_lm

sin2@

20QQu+1)12

for u even and

u_l 1/2
{\/%Gu—l,u—l(l)+|: :‘ Gu—l,u—l‘”]
S(u+1)

[(u—1) ]
——————(sin )1
2%(u—1)!

2(2u+-1)1/2

=2i(2541)12

S+1 1/2 e
XK ) R st ut D@ —ut )]

u+1
1 1(;1 e> ] .
X e U— --
2u—1M\s M Rt 5.7

for # odd. The superscript (%) of G,y ®® is omitted
because « is fixed. 9, and 9N, are the electric and mag-
netic 2*-pole moments defined by

T0= (25+1)12k49,

and

T = —[1/s(s+1)(2s+ 1) ] 2ku00,,

e= ,%0

(5.8)
and

and w=91, (5.9)
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are the total charge and the total magnetic dipole
moment. If we use the invariant amplitude H ;, ;1 “*)(k,?)
related to Gya ™ (k,f) by (2.30), we can take the 6
dependence into account explicitly and obtain

(20)'2H ;00,0 O+ —————H ;0,0
2(u+1)1/2

4u—3[‘ 2u—1 1z
- ] Hu;u,O(z)
2 Ls(ut1)2ut3)

— —4ri[ QuA1)6u(2s+1)]2 -Afl.cg (5.10)
and
2u—1 U2
Hu;u—1,1(1)+3[—'—:| Hu;u—l,l(z)
5Qu+3)
(u+1)Qu+1)7'2
+|:——~] [Hu-—l;u—l.l(l)
(u—1)(2u—1)
3(u—1)712
+[ ] Hu—l;u—l,l(Z)}=O (5.11)
S(u+1)

for even u, and

3(u—1)7H
Hu—l;u—l.l(l)+[ ] Hu—l;u—l.l(2)
S(u+1)

u(dur—1)7121r s+1 2 e
=8i1r[ ] l: ] —N,
u—1 su+1)d M

su[3(2s+u+1)(2s —u+1)]2

N P
2u—1 ;_E Q’u_li (5:12)

for odd u. The values of H ;1 should be evaluated at
k=0. Equations (5.10) and (5.12) are the low-energy
theorems for the electric and magnetic 2“-pole moments,
respectively. The =2 case was derived by Pais? and
by Bardakci and Pagels.* Equation (5.11) is a new type
of low-energy theorem which does not depend on the
static moments.

C. Low-Energy Theorem of the Total Amplitude
From (5.6) and (5.7), we immediately obtain

GOO(OO) (O;O) l excited = —1[3(28+ 1)]1/262/M (5'13)
and

GOO(] 1)(0,0) [ excited
2(s+1)(2s+1)712 1 e
='3[———] —<2ﬂ—s—> (5.14)
s M M

corresponding to #=0 and »= 1. Equations (2.23) and
(5.3) show that these are only the amplitudes which
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are left in the complete expression of the amplitude up
to linear order in £ besides the Born terms. Adding the
Born terms calculated from (3.9) and (3.10), we arrive
at the following:

4

Z 6y(k,,.8/) EV(k,ﬂ)Mm’n: mV(p;Q)

Boy=1

e2 e €
=i—(£'~e)ﬁm/m+_(2“_s_~>k(8/><€)'Sm'm
M M M

e k) (XK — (¢ ) (eXK) T Suim
kM

(5.15)

where

2
—:—[@'xk')x<e+k>]sm,m+o<k2> ,
s
s 1 s
(Smm)r= (‘1)‘_"’( , ),
—-m T m
e=e¢(k,B), and &'=e(k’,3).

This is the generalization of the low-energy theorem of
Low and Gell-Mann and Goldberger!? to the arbitrary
spin case.

[(~er1)~(€25+1):|”2

VI. LOW-ENERGY THEOREM OF HIGHER ORDER

In order to determine the amplitude up to order k2,
we have to consider its dependence on the internal
structure of the target, as was discussed in Sec. IV.
We will show in the present section that two parameters,
in addition to the static multipole moments, determine
the spin-nonflip part of the amplitude completely up to
this order, for arbitrary spin.

The spin-nonflip amplitude can be written in terms of
the notation defined by (2.13)

M ;) (p,Q)= 8,4 (k)+ (kik;+k k';)C+F ik;D
—[2i/2s+1)1[kikf — (K -k)é;;,18, (6.1)

which satisfies space reflection, time reversal, and cross-
ing symmetry. The gauge-invariance condition demands

3
> kiRM 9 (p,Q) = (k- k)A (k) +2k2(k’-K)C+E4D

%,7=1
= —k"M“(“")(p,Q) . (62)

The excited-state contribution to M 4% can be speci-
fied by the electric polarizability « 2 as

i
M (00) exci =—(k’- . o

4499(p,Q) | excited (23+1)1/2(k k)a 6.3)
The Born term is calculated from (3.9)

MM(OO)(p,Q) |Born= _i(23+1)1/2
k2 e?
Xcosﬁ(l—— sin?0—1(r2 k2>—+0 kY, (64
o SRR )0, (64)

12 A. M. Baldin, Nucl. Phys. 18, 310 (1960). See also the paper
by A. Klein in Ref. 2.
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where (r.?) is the mean-square radius of the charge.
(See Appendix B.) Substituting (6.4) and (6.3) into
(6.2) we find

D=0, (6.5)

because all terms in (6.2) except D are proportional to
cosf. For the spin-3 case, (6.5) was proved by Singh.!®

From the transversality condition of the photon
we see that C does not appear in the amplitude
D&M, If we define the modified electric
polarizability & by

a=a—i(2s+1)12C+(e¥/M){r2)5(2s+1), (6.6)
we can write the spin-nonflip amplitude in the form

3

2 &'e;M i (p,Q)

1,7=1

1 k2 (2s41)e?
= l:(l _ sin“’())——————— 2k2&] CaD)
(2s+1)12 4M2 M

7
@s1)e

This formula contains another parameter §, which is
called the magnetic polarizability of the target,'? and
cannot be determined from (6.2).

As was shown in Sec. V, Eq. (5.1) determines six amp-
litudes among seven independent ones F ;i ™ (p,Q),
to order k% for #=2. Other amplitudes, which can con-
tribute to this order, were shown to vanish at 2=0 in
(5.4). Therefore, to determine the total amplitude up to
order k%, we have to introduce two more parameters
which specify one of the amplitudes F;x®? corre-
sponding to the terms proportional to k2 and k2 cosf.
This is the generalization of the low-energy theorem of
k? order®® to the arbitrary spin case.

(&'XK)- (eXk)B+O(kY). (6.7)

ACKNOWLEDGMENTS

I would like to thank Professor B. Sakita for sug-
gesting this problem and for much helpful advice and
encouragement during the period of this work. I also
wish to thank Professor C. J. Goebel for many illumin-
ating discussions and his careful reading of this paper.

APPENDIX A: KINEMATICAL SINGULARITIES

We discuss the kinematical singularities of the invari-
ant amplitudes F; ?(k,f) in the Breit frame. Since

(A1)

in this frame, the s dependence of the M function is
contained only in €@= in (2.2). Equations (2.3), (2.10),
and (2.11) show that

[Q =[((s—M2)*+st)/(AM>—1)]2,  (A2)

and therefore the kinematical singularities in s can
13V, Singh, Phys. Rev. 165, 1532 (1968).

t= —4p®
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enter only through odd powers of |Q|. This is equiva-
lent to stating that the amplitude has the kinematical
singularity given by (A2) if it is an odd function under
the change of Q to —Q. When p lies along 2 and Q
along £, (2.14) and (2.15) show that

Frau @ (p, —Q)=(—1)MF ;2. (p,Q)
= (—I)MFJM(“")(k,l).
From this we see that

Fra®?)(k,0) is an even (odd) power function of |Q|
if M is even (odd). (A3)

From (2.1) and (2.4), and by using
ea(k'8") en(kB) = Z;, e (8)er ()

T—0 T+
Xda'a(1)< 2 )db’b(1)< 2 ] (A4)

where €)(8)=3(8%1), €0y(8)=0, we can see that
(A3) implies that

(—pm'; K'B'| T|pm; kB) is an even (odd) power function
of |Q| if m'—m is even (odd). (AS5)

The kinematical singularities in ¢ are known for the
helicity amplitude in the c.m. frame. The 7' amplitude
(2.1) is related to the helicity amplitude in the c.m.
frame by

(=P K| T s W)= X (1) d,y (=)

Xdpm @ (X){—=Pomap’; Ke.o.'B'| T | Po.m.p; KomB), (A6)

where p (p') is the helicity of the initial- (final) state
target in the c.m. frame, and pe.m., ke.m., etc., denote the
three-momentum of the corresponding particles in this
frame.!* X is the Wigner rotation angle which specifies
the Lorentz transformation from the Breit frame to the
cm. frame along the « axis; its magnitude is given by

s+M* [pl  2M]|Q|
cos X= —, sinX= . (AT)
s—M* E(p) s—M?

This angle X is exactly the same angle which appears in
the crossing matrix from the s-channel c.m. helicity
amplitude to the ¢-channel one.!s If we define the ampli-
tude 7" by

<—pc.m.PI; kc.m.,ﬁ,, T, Pe.m.p; kﬂc.m)E (Sin%as)‘)"—)‘l
X (cos38:) M N T g ps(st),  (A8)
where 0, is the scattering angle in the c.m. frame, and
N=p'—f, \=p—8, (A9)

14 M. Jacob and G. C. Wick, Ann. Phys. (N. Y.) 7, 404 (1959).
(1;6:{). L. Trueman and G. C. Wick, Ann. Phys. (N. Y.) 26, 322
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this amplitude is kinematical singularity free in 2.16 6, is
given by

cos 30,= 2| Q| E(p)/(s—M*)
=[(s—M?)?—st]12/(s—M?)

sin 36,=2(v/s)|p|/(s—M*) = (—st)'*/(s—M?). (A10)

Substituting (A8) into (A6), and using (A7) and (A10),
we see that the factor

(=1 d o O (=X)d yrn @ (X) (s71/2 5ind 6,) VM
X (coszf,) MM (Al1)

is proportional to | Q| !™—I. This is the only kinematical
singularity in s which can be involved in the 7" ampli-
tude, as can be seen in (AS). Thus the amplitude
(V$)WMT g ,6(s,t) is kinematical singularity free
in s as well as t. Equation (A11) contains all kinematical
singularities of the 7" amplitude.

The kinematical singularities of (A11) in ¢ come from
odd powers of |p| and E(p)= (M2—1t)!/2, after those
singularities coming from odd powers of |Q| are re-
moved. Equations (A7), (A9), and (A10) show that
(A11) is an even (odd) function of E(p) for integer spin
targets, and is an odd (even) function for half-integer-
spin targets when (A11) is an even (odd) function of
|p|. The change of |p| to —|p| in (A11) is equivalent
to changing the signs of m and =’ in (All). Since
(—pm'; K'8'|T|pm; kB) changes to (—p, —m'; k']
T|p—m; kB), and e.(k'8’) e»(kB) in (A4) changes to
e_a(k’'8’) e_s(kB) when |p| is replaced by —|p|, we can
see from the definition (2.1) that

F 3“9 (k,f) is an even (odd) function of |p|

if M is even (odd). (A12)
If we ignore the kinematical singularity (M2—21f)1/2
which exists only in the amplitude of a half-integer-
spin target, we can conclude from (A12) and (A3)

that F ®*)(k,t) is kinematical singularity-free in s and
¢t around k=0 after the factor

(Ipl [Q])e¥ « (sin g)e,

is removed.
APPENDIX B: PROPERTIES OF THE
MULTIPOLE MOMENTS

From the definition of the multipole moment (3.8),
we have

7
e G
X(m'| ja(0)A() [m). (B1)
Writing A(¢) in the form
AQ)=e K, (B2)

18 M. Gell-Mann, M. L. Goldberger, F. E. Low, E. Marx, and
F. Zachariasen, Phys. Rev. 133, B145 (1964).
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where ¢ is given by (3.6) and K, denotes the generator
of the boost along the z axis, we obtain

0 _g- n
Trr=02J+1) 2 (=0 2 (==
n=J n! m,m’

(7 Yolisok . @9

Since ¢ « k/M for small values of k,

Tyox(k/M) at k=0. (B4)
Space reflection shows that
(m’| ja(0)K."|m)=F (—=1)*(m'| ja(0)K."|m),
upper sign for a= (0), () (B5)

lower sign for a=0.

After the transformation ¥'=e~i*/vP, where P is the
space reflection and J, is the generator of a rotation
around the y axis, we obtain

(m'| ja(0)e~%Kz| m)y= (—1)m'—mta

X(=m'| j—a(0)e~%%e| —m). (B6)
As a result of this, we get
Tyo=(—1)7T,e. (B7)

We use the time-reversal result
(m'| oy (0)e=%Ke| my= — (—1)m'—m
X{(=m'| jy(0)e**%s| —m)* (BS)
in order to relate 7, to 7°. Since both 7, (0) and K,
are invariant under an arbitrary space rotation around

the z axis, m’=m. By a comparison between (B6) and
(B8), we get the following relation:

(m| j 0 (0)e*Ke| m)y= —(m|e=%Kej(0y(0)[m). (BY)
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In terms of the multipole moment, this is equivalent to

sinh{
IO =—q,°,

r (B10)
14-cosh¢

Since K, commutes with j4,(0), 7,¥=7;&),
whereas (B9) shows that

T, 0= — 7,0, (B11)

which also implies that 7,°= 7.

In order to relate the multipole moment defined by
(B1) to the conventional one, we calculate (B1) for
spin % by using the Pauli and Dirac form factors F; and
F, defined by

(0’| 7u(0) | p)=a(p") Lev.F 1 (0" —p")
—#aF((0'—p))ow(p’ — 1), Ju(p), (B12)

where %(p) is the usual Dirac spinor, x4 is the anomalous
magnetic moment, and o,,= (1/27) (v,y, —7Y»v.). Substi-
tution of (B12) into (B1) gives us

To"=V2(e—3(r.)k’)+O(k*),

71 = —(vV6)uk+0(k*), (B14)

where p=e/2M+p4 is the total magnetic dipole mo-
ment. The mean-square radius of the charge (r.2) is
the one defined by!?

(B13)
and

dFy 3 3ua
(rd)=—6—F—F—. (B15)
dk? AM? M

Equations (B13) and (B14) hold for the arbitrary spin
case if V2 and 4/6 in these formulas are replaced by
(2s+1)'2 and [(s+1)(2s+1)/5]'/2, respectively.

17F. J. Ernst, R. G. Sachs, and K. C. Wali, Phys. Rev. 119,
1105 (1960).



