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We develop a Reggeized model for the 3-to-3 amplitude, using group-theoretical variables. The triple-
Regge vertex is defined by the asymptotic form of the amplitude. We show that the Veneziano model has

the asympotic form predicted by our model.

I. INTRODUCTION

INCE practical scattering experiments generally
have only two particles in the initial state, theoret-
ical physicists have focused most of their attention on
such reactions. From a broad theoretical point of view,
on the other hand, there is no reason to exclude pro-
cesses with more than two particles in the initial state.
Indeed, both crossing and unitarity imply that an
understanding of processes with two particles in the
initial state is intimately related to more general
processes.

The usefulness of Regge-pole expansions for the
description of the asymptotic behavior of the 2-to-n
amplitude is well known. Expressions for the amplitude
in terms of group-theoretical variables have been
particularly convenient for the formulation of the
Regge-pole hypothesis. Such variables were first intro-
duced by Toller! for the 2-to-2 amplitude, and were
extended to the general 2-to-» amplitude by Bali,
Chew, and Pignotti.? The resulting expression for the
2-to-n amplitude can be schematically represented by a
tree diagram. The diagram has n-+2 external lines,
n—1 internal lines, two vertices with two external lines
and one internal line, and #—2 vertices with one ex-
ternal line and two internal lines. In the asymptotic
region, each internal line corresponds to the exchange
of a Regge pole, and a vertex function is associated with
each vertex in the diagram.

For the general m-to-n amplitude, more complicated
tree diagrams can be drawn; diagrams containing
vertices with three internal lines are possible. Recently,
Toller® has suggested a particular set of variables for an
arbitrary tree diagram, his objective being an amplitude
free of kinematic singularities and constraints.

In this paper, we extend the Regge-pole hypothesis
to the tree diagram with one three-internal-line vertex
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Fi1G. 1. Tree diagram with no three-internal-line
vertex for the 3-to-3 amplitude.
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for the 3-to-3 amplitude. This is the simplest tree
diagram containing a vertex with three internal lines.
In Sec. IT we define a set of variables for the 3-to-3
amplitude; these variables are more similar to those
used by Bali, Chew, and Pignotti? than to the new
Toller variables.? We believe that the Regge analysis is
more transparent in our variables. In Sec. III we relate
our variables to the invariants, and in Sec. IV we define
an asymptotic region of the variables and extend the
Regge-pole hypothesis to the description of the ampli-
tude in this region. The triple-Regge vertex is defined
by the asymptotic behavior. In Sec. V we study the
3-to-3 amplitude in the narrow-resonance (Veneziano)
approximation and find that it Reggeizes in the ex-
pected manner.

II. DEFINITION OF VARIABLES FOR THE
3-to-3 AMPLITUDE

Let us consider the process A;4+B;+C;— A;
+Bs+Cy. For this process there are two possible tree
diagrams, which are shown in Figs. 1 and 2.

The analysis associated with Fig. 1 is very similar to
the usual multi-Regge analysis for the 2-to-4 amplitude
and is not expected to yield any essentially new informa-
tion, whereas the analysis of Fig. 2 is more complicated
and contains the concept of a triple-Regge vertex.
Therefore, in the following we confine our attention to
the tree diagram of Fig. 2.

For simplicity, we assume that all the particles are
spinless and that they all have the same mass m. We
adopt the convention that incoming particles have
positive energies, whereas outgoing particles have
negative energies.

We define Qx by

Qx=pix+prx (X=4,B,C). (2.1)

Energy-momentum conservation can be written as

Q4+0Qs+Qc=0. (2.2)
Pia \/ Pia
‘QA F16. 2. Tree diagram with one
A three-internal-line vertex for the
Pig /,Q’ N Qe 3-to-3 amplitude.
e B A3
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Since Q4 is a spacelike vector, there is a Lorentz frame
in which Q4 points in the positive z direction. To specify
this frame further, we require the three-vector p;4 to
point in the z direction. Let this frame be called “frame
a,.”” Four-vectors in this frame have a superscript a,.
Equation (2.1) completely determines p;4°?, p74°, and
Qa®r:

Pia®= [(m2_4ltA)II2, 07 O) %(—tA)llz:I)
prafr= [— (mz'_%tA)lﬂ: 01 0: %(_tfi)llz:l)
QAGP: [0; O) 07 (—tA)”z:I'

We define frames 4, and ¢, in an analogous manner.
Thus,

(2.3a)

PiBbp: [(mz—%tB)”z: Oy 0; %(_tB)”zj)

prabr=[—(m*—§tp)'", 0, 0, 3(—15)"], (2.3b)
QBbp: [0’ 0) 0; ('_13)1/2];
and
P-'c"= [(mz_i_tC)llz) 07 01 %(—tC)IﬂJ)
P/Cc’= [_ (m2—%t0)112’ 0) 07 %(—10)“2] ’ (23C)

QC'cP: [07 0: 07 (—10)112:]-

Since Q4 is spacelike, there is a frame in which Q4
and Qg are of the form

de [O) 07 0: (—tA)lm] ’
QB= [u>v)0)w] ’

where 12— =g+ w? and w= (—14)"2(—Q4-Q5). Using
(2.2), we can write

wr—1?=3(—14)"N(ta,\lB)lc),
where
Axy,2) =22+ 2+ 22— 2xy—2x2—2yz.  (2.4)

Since 14 <0, A(t4,!p,tc) and 42— have the same sign.

If u?—1?>0, there is a frame, designated by a,, in
which Q4 points in the positive z direction, and only the
z and ¢ components of Qp are nonzero. If u2—12<0,
there is a frame, designated by a,/, in which Q4 points
in the positive z direction, only the x and z components
of Qp are nonzero, and the x component of Qp is
greater than zero.

Therefore, we have two cases to consider. The two
cases are distinguished by the sign of A(f4,t5,tc). We
note that a different choice of variables, e.g., the new
variables of Toller,® would allow us to unify the two
cases. However, a judicious parametrization of Toller’s
variables is a nontrivial problem.

Case 1: \(ta,tp,tc)>0. We have completely deter-
mined Q4°, and Qp° is determined by (2.2) up to the
sign of the / component. We have

QAar= [0’ 07 07 (_ZA)”z]y (253')
Q=% (—ta) [N (t,tp,tc), 0, 0, tat+1is—1c],
Q=3 (—t)WP[FNP2(L4,tp,lc), 0, 0, tattc—1ts].

By application of a z boost of magnitude ¢,;, where

Sil’lhq.b= + (lAtB)"l/z)\llz (tA,tB,lc) ’ (268,)
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to the frame a,, we arrive at a frame called b,, in which

Qabr=3(—1tp) V2 [FN2(14,t5,tc) ,0, 0, ta+tp—1c],

QBbr= [0’ 07 0, (_13)1/2]7

Qcbr=3(—1tp)P[£N2(l4,5,lc), 0, O, ta+tc—14].
(2.5b)

Similarly, by an application of a z boost of magnitude
@be, Where

sinhgs.= F 5 (¢plc)2N2(L 4,85, tc) , (2.6b)

to the frame b,, we arrive at a frame which we call ¢,.
In this frame

Qacr=3(—1c)2[£N2(14,t5,tc), 0, 0, ta+tc—1g],
Qpr=3(—te) V2 [FN2(t4,t8,)lc), 0, 0, tz+tc—14],

Qctr= [07 0,0, (_10)1/2]- (2.5C)
A 2 boost of magnitude g.., where
sinhgeo=TF3(Lalc) V2NV (L4,t8,0c) , (2.6c)

applied to frame c,, takes us back to frame a,.

Frame X, is related to frame X, by a Lorentz trans-
formation gx which preserves QxX*=Qx%r, i.e., an
element of the three-dimensional Lorentz group. We
may parametrize gx by a rotation through an angle ux
around the z axis, a boost of magnitude ¢x in the x
direction, and a final rotation around the z axis through
an angle vx. Therefore, we have

gx=R.(vx)Bx(x)R.(ux) (X=a,b,c).

The set {f4,v4,8aska,lB, VB, blinle, Ve, et} 1S our set
of Toller variables for the case in which A(¢4,f5,t¢)>0.
Of course, the amplitude can depend upon only eight
independent variables. We show below how to eliminate
four of the above variables; but it will be convenient
in Sec. IV to express the amplitude as a function of
all 12 variables.

Frame @, has been specified only up to an arbitrary
rotation about the z axis. A redefinition of frame a, by
an arbitrary angle ¢ is equivalent to replacing p, by
ta+¢. Therefore, the amplitude must be left invariant
by the transformation u, — wa+¢, i.e., it is independent
of u. (a kinematical dependence on p, would appear if
particle A; or particle A; had spin). Similarly, the
amplitude cannot depend upon us or uc.

Frame a, is also specified only up to an arbitrary z
rotation, and redefinition of this frame by an arbitrary
angle ¢ is equivalent to the following change of vari-
ables: v, — v,+9, voe— vs+¢, and v.— v.+¢. This
implies that the amplitude can depend upon v, »s,
and v, only in the combinations w,s, wsc, and w.,, where

(2.8)

Clearly, wss+wpctwe,=0. Therefore, the amplitude
depends upon only eight independent variables.

2.7

Wab= Vq— Vp, €tcC.



1734 MICHAEL N.

Case II: N(ta,ts,tc)<0. Equation (2.2) completely
determines Q4%, Q5%’, and Qc¢®’. We have

QA“"= [0’ 07 0) (_tA)”2] )

Q%' =3(—14)7V2{0, [—A(lasts,tc) %, 0, tatis—lc},

Qcar'= %(_IA)—IH{O’ —_ [—)\(tA,tB,tc)]l/2, 0, tattc—tg}.
(2.9a)

A rotation about the y axis through an angle 6.,
where

sinf,p=—3(tatp) 2L —N(ta,tm,tc) 12,

2.10a
coslas=3(tats) 2 (ta+ts—1ic), ( )

carries us from frame a,’ to frame b,’. A rotation about
the y axis through an angle 8., where

sin05c= —%(tBtc)—”z[—)\(tA,tB,tc)]Uz ,

2.10b
cospe=3% (ttc) V2 (tp+te—1t4), ( )

carries us from frame b,’ to frame c,’. A rotation about
the y axis through an angle 6.,, where

Sinoca = % (lAtC)_UZI:_ A (tAJtB)tC) :]1/2 ’

2.10c
Cosoca = %(tAtC)—lm(tA_}‘tC_ tB) ) ( )

carries us from frame ¢,” back to frame a,’.
In frame b,

Qab'=3(—1t5)2{0, —[=N(ta,l5,lc) IV, 0, tatts—ic},
QBbr’: [07 0: O, (_13)1/2])
chr;=%(_t3)_1/2{07 [—)‘(tA,tB:tC)]”z: 0: tB+tC'_tA} .
(2.9b)
In frame c,/,

QAt"=%(_lC)-l/2{O: [—'A(tAth;tC)]”z) O) tA+tC_tB} ’
QBcr’= %(_tc)_lﬂ{o: - [_A(tA)tBth)]llzs 0; tB+lC_tA} ’
QCC',= [0! 0: 0) (_tC)”z]- (29C)

Frame X, is related to frame X , by an element of the
three-dimensional Lorentz group, denoted by gx’:

gx'=R.(vx")B:({x)R:(ux") (X=a,b,¢). (2.11)

The set {tAyva’)gﬂaI)ﬂa,th,Vb,yg‘b,y#blth,Vc/,g‘c,yﬂc’} is our
set of variables for A(f4,!s,tc)<0. As in case I, the
amplitude cannot depend upon u,’, us’, or .. The
removal of the fourth dependent variable is more com-
plicated, however. It arises from the fact that frame a,’
is defined up to an arbitrary y boost. A redefinition of
frame a,” by a boost of magnitude y amounts to the
following transformation of variables:

cosh{x’ — cosh{x"’= cosh{x’ coshy
+sinh{ x’ sinhy sinvx’,
cosvx’ — cosvx”’ =sinh{x’ cosvx’/sinh{x”’,
sinvx’ — sinvx’’= (cosh{x’ sinhy
+sinh{x’ coshn sinvx’)/sinh{ x",
(X=a,b,c).

(2.12)
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Therefore, the amplitude must be left invariant by the
transformation (2.12).

The inelegance of (2.12) arises from our parametriza-
tion of gx’. A different parametrization can lead to a
simpler expression of the covariance condition. For
example, the parametrization

gX’=Bu(7)X)Bx(7X)RZ(0X) (X=d, bs C)y (213)

replaces (2.12) by the statement that the amplitude
depends upon 74, 75, and 7. only in the combinations
8ab, Obc, and .o = — 8,5— 85, Where

5;j= Ni—"n;. (214)

However, the parametrization (2.11) is more suitable
for the analysis of Sec. IV than is (2.13).

III. EXPRESSION OF THE INVARIANTS IN
TERMS OF OUR VARIABLES

Case I: N(ta,tp,tc)>0. In frame a,, Qp is given by
Q%= L(g,")Qs%. Using (2.3a), (2.5a), and (2.7), we
can calculate (p;a+Qg)% The result is

(piat0p)=m*+3(ts+tc—14)

= (F—m2/t4) VN2 (14, ,tc) coshia. (3.1)

We can express (pis+Qc¢)? and (pic+Qa)? by cyclic
permutations of (4,B,C) in Eq. (3.1).

Inframea,, p;pisgiven by p;p*»= L(gs"¢as"'gs) pin®e.
Using (2.3a), (2.3b), (2.6a), and (2.7), we can calculate
(piatpip)?. The result is

(piatpin)=2m*—3(ta+ts—1c)
=£3 cosha (—1a) 72 (m*—514) "INV (La,t k)
F3 coshfy (—18)712(m2—1t5) 2NV2 (14, p,1c)
+ (tatg)™2 cosh{r cosh{s
X (m—5t4)"2(m?—1tp)"2(ta+te—1c)
—2 sinh{, sinh{p coswap (m2— 31 4) V2 (m2—%t5)12.
(3.2)

We can express (pia+psp)? by changing the sign of
(m*—%t5)"? in (3.2); (psra+piz)? by changing the sign
of (m*—%t4)"2; and (pra+ ps5)? by changing the signs
of both (m?—%t4)"? and (m?—%t5)2. Expressions for
the other two-particle invariants can be obtained by
cyclic permutations of (4,B,C). All other invariants
can easily be expressed in terms of the two-particle
invariants.

We note that the invariants depend upon v,, vs,
and ». only in the combinations wes, wse, and w.., and
that no invariant depends upon w,, us, or ue.

Case I1: N(ta,lp,tc)<0. The calculation of the in-
variants is similar to case 1. The results are

(piatQp)=m>+3(ts+tc—14)

—sinh{,’ cosva’ (2 —m2/L) P [ —\(ta,lslc) ]2 (3.3)
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and

(piatpis)?=2m>—%(ta+ts—tc)
+2(m*—3t4)"? (m*—tp)"*{cosh{ s’ coshgs’
—sinh{,’ sinh{ [ (cosv,’ cosvy’)
X3(tat) 2 (ta+te—1c)
+sinv,’ sinvy’) J}+3[—A(la,ts,tc) ]2
X[(—tp)™2(m2—%1p)V2 sinh{,’ cosvy’

— (—t4)12(m2—%t4)Y2 sinh{,’ cosva’].  (3.4)

Other invariants can be expressed by appropriate sign
changes and permutations of (4,B,C) in (3.3) and (3.4).

We note that the invariants do not depend upon u,/,
wy’, or u;/ and that they are left unchanged by the
transformation (2.12).

IV. ASYMPTOTIC BEHAVIOR OF THE AMPLI-
TUDE AND DEFINITION OF THE
TRIPLE-REGGE VERTEX

Case I: N(ta,tB,tc)>0. Let the amplitude be written
as f(ta,8a,tB,g0s0c,8:). We can expand its dependence on
g. in terms of its projection onto the unitary irreducible
representations of the three-dimensional Lorentz group.
We write this projection as

f""‘l (tA’tBng)tC)gc) = /dgae_imvadmnl (g‘a)e_im‘a

Xf(tA:ga)tB:gb)tC;g¢) ) (41)

where e=™d,,,}({)e~** is a unitary irreducible repre-
sentation of the three-dimensional Lorentz group. The
inverse formula for the amplitude is given by

f(tA:ga;tBygb)tC>gc)

= X

m, n=—00

eimvafm" (tA:g‘ath:gb;tC)gc)e‘n“a ) (42)
where

Smn(tas8art B,gnote,8e)

ERC ) & |
i f 415
1/2—iw  tanml

X fmn'(ta,tB,gvsbc,gc) Fdiscrete terms.  (4.3)
The functions @m.! can easily be related to dm,’.!

If we assume that fn,!is meromorphic in the / plane,
the leading term in the asymptotic expansion of fmn
is controlled by the position a(t4) and the residue of the
leading pole in fua!. If we assume that the residues are
factorizable, we have

fmn (tA,g‘a:lB:gb;tC)gc) ;'_/’; Pn (tA) (COShfa)“(")

Xpm (lA,tB,gb,lc,gc) . (448.)

TRIPLE-REGGE VERTEX
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The expression for the full amplitude is

f(tA:ga)lB)gh[C)gc) hﬁ ¢(ZA,Fa> (COSh{a)a(u)

X¢ (tA) ”tl;lB;gbthygc) ) (4.4b)
with
¢(tA;Il-a) = Z AL (tA) ’ (45&)
and

¢ (tAy Vath)gb)tC;gc) = Z eimvapm (tA 713’gb7t0)g°) . (4'5b)
m=—o0

Since the amplitude cannot depend upon ., we have
pa(ta)=p(t4)dno and
f(ta,8a,tB,8u0,1c,8e) o p(t4) (coshgg)* 0

X¢ (tA; Va,lB:gbatC)gc) . (44C)

We repeat the above analysis for the dependence of
& (ta,vastn,gB,tc,g:) on gs and g.. The final result is

f(ta,gait,gnite,ge) r\-g;_; p(ta)p(tB)p(tc)
X (cosh{,)*t4) (cosh{ )8 (cosh{ ;)= e

qu(tA:Va)tBbe:tC’)vc) . (4'6)

The triple-Regge vertex ¢(i,va,ls,vulc,v.) for the
case A (24,tp,lc)>01s defined by Eq. (4.6). Remembering
the dependence of the amplitude on »,, vs, and v, we
can write

¢(t4,va,t3,vb,tc,uc)=¢(tA,tB,tc,wab,wbc). (47)
In terms of invariants, Eq. (4.6) is of the form
f(tA7tB,tC;sa,sb)sc,Sab;sbc,sca)
~g(ta)g(ts)g(te) [sa| *to) [sy| =48 [5.] 20
X V(tAththyKab,Kbc,Kca) ) (48)

as [Sa|, [sv], |sc] = o with ke, kpe, Koo fixed, where

Sa=(piat08)?, sv=(pis+0c)?, (4.9)
se=(pic+0Q4)?,
Sav=(piatpsn)?, Sve=(pin+psc)?, (4.10)
Sca= (Pic'{'—PfA)?y
and
Kabzsasb/sab; Kbc=5bsc/5bc, (411)

Kca=scsa/sca-

Case I1: N(ta,ts,tc)<0. The analysis of f(ta,8. ¢,
gv'\lc,gc") proceeds in the same way as in case I. The
final result for the asymptotic behavior of the ampli-
tude is

f(lA!ga,)tB7gb”tC:g0’) N’ P(tA)P(lB)P(lC)
$a’ . $b" e/

X (cosh{a")* 4 (cosh{ ) (B (coshg o) ()

Xd)l(tA-:VaI)tB:VbI;tC',Vc') . (4.12)
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Equation (4.12) defines the triple-Regge vertex
&' (ta,va ts,vi \te,v.’) for case II. Equation (4.12) must
be left invariant by transformation (2.12). Asymptoti-
cally, (2.12) becomes

cosh¢x’ — cosh{x’’= cosh{ x’ (coshn+sinhy sinvx’),
cosvx’ — cosvx’’
=cosvx’/coshn+sinhy sinvx’,
sinvx’ — sinvx”’
= sinhg+ coshy sinvx’/coshn+sinhy sinvy’.

(4.13)

This implies that the triple-Regge vertex must satisfy
the condition

@' (ta,va \tB,vs’ e, ve") = coshn+sinhy siny,”)*(¢4)
X (coshn+sinhn siny,’)*¢8)
X (coshn+sinhy siny,")*te)
X' (ta,va ts,v8" toyv.”)  (4.14)
for arbitrary #.
The covariance condition (4.14) of the triple-Regge
vertex assumes a simpler form when we express our
results in terms of the parametrization (2.13). For

this purpose we need the relation between the two
parametrizations:

cosh{ x’=coshyx coshnx,

cosvx’=sinhyx/sinh{x’, (4.15)
sinyx’= coshyx sinhpnx/sinh{x’.
In the asymptotic region (4.15) becomes
cosh{ x’~coshyx coshnx,
cosvx’~ (coshnx)™, (4.16)

sinvx’~tanhnx.
The asymptotic behavior of the amplitude is given by
J(ta,8a' 1 5,gv" kesge’) =" p(ta)p(t8)p(tc)
Ya, b, Yo

X (coshry,)=(4) (coshry,)*(!®) (coshy, )2t

X¢" (td,t&tc:nd)nb)nc) ] (4-17)

where
& (ta,tyleyMasneyne) =" (Lastsytc,0ab,06c) . (4.18)

In terms of invariants, Eq. (4.12) is also of the form
(4.8), except at the isolated points cosv,’=0, cosvs’'=0,
or cosv,’=0.

V. ASYMPTOTIC FORM OF THE AMPLITUDE
IN THE NARROW-RESONANCE
APPROXIMATION

An explicit expression for the six-line connected part
in the narrow resonance approximation has been given

MICHAEL N.
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by Chan.* In our notation, this expression is
1
f=/ dulduﬂua ul—l"“(‘A)uz—l—a('B)u3—1—a(tC)
0
X (1 _.ul)—l"'a('ub) (1 ._u2)—1—¢!(3b) (1 _us)—l-a(abc)
X[:l _.ul(l _uz)]a(’ab)ﬁ(tB)"a(lu)
X[1—u;(1 _uz)]ﬂ(ﬂbc)'hl(tB)—a(ac)
X[l _—.ulua(l _uz)]“(%)*i-d(sa)—a (8ca)—a(tB) , (5.1)

where a(s)=a+bs.

The asymptotic form of this expression as |sa/, |ss],
|sc] = o with ke, Kac, kea fixed, is given by
F~ (—54)2 () (—5p)2 B (— 5 ) t0)

X G(LastybeyKabykborkea)

(5.2)

where

G(tA,lB,tC,Kab,Kbc,Kca) = pa(ta)+a(tB)talic)

0
X/ d1)1d‘1)2d1)3 vl—l—a(tA)v2—-l—a(tB)v3—1—a(tc)
0
179102 vv3 V301
Xexp| —v1—va—v3+—| —+—+—) |. (5.3)
Kab Kbe Keca

Comparing (5.2) with (4.8), we see that the asymp-
totic behavior of the amplitude in the narrow-resonance
approximation is correctly predicted by the group-
theoretical arguments of the preceding sections.

VI. CONCLUSION

We have extended the Regge-pole hypothesis to the
3-to-3 amplitude. From the point of view discussed
here, our hypothesis is as plausible as previous Regge-
pole hypotheses. The concept of a triple-Regge vertex
arises naturally in our considerations. We have seen
that the narrow resonance approximation of the 3-to-3
amplitude Reggeizes in the predicted manner, lending
credibility to our hypothesis. The considerations dis-
cussed here can evidently be extended to an arbitrary
process.
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