PHYSICAL REVIEW VOLUME

184,

NUMBER 5 25 AUGUST 1969

Feynman-Like Diagrams Compatible with Duality. I. Planar Diagrams*
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We propose a perturbative approach in which the Veneziano representation plays the role of a Born
term. We interpret Veneziano’s formula as describing only the contribution of one-particle intermediate
states. We then add to it the contribution of many-particle intermediate states by means of Feynman-like
diagrams. The rules for writing the integrals corresponding to any planar diagram are given. Crossing
symmetry, duality, and Reggeization are explicitly taken into account. We find the asymptotic behavior
of each Feynman-like diagram. We sum them and prove that the whole amplitude has Regge behavior.
The new trajectory, however, is no longer linear, and it incorporates correctly the elastic unitarity constraint.
We argue that this approach will ultimately provide a framework in which generalized unitarity (in Cut-

kosky’s sense) can be imposed.

I. INTRODUCTION

CCORDING to the recent phenomenological
studies of hadronic reactions, most of the known
hadrons lie on straight-line Regge trajectories and play
a more or less equivalent role! in nature. The validity
of duality? in hadronic reactions also becomes more and
more convincing experimentally. Therefore, we try to
make a dynamical theory of hadrons that incorporates
Regge behavior and duality as first principles, and that
treats all hadrons in an equivalent “democratic” way.?
In the usual field-theoretic perturbative approach,
one ascribes a field for a hadron in the same way as for
a lepton; one is then led to consider some hadrons as
elementary while others (necessarily those with high
spin) are composite. In that formulation one has to add
the two separate Feynman diagrams for the s-channel
and /-channel elementary-particle exchange, so that it
is impossible to incorporate duality with this approach.
A way out of this difficulty, within field theory, may be
to consider a kind of field-theoretical quark model
where the fundamental fields do not correspond to any
observable particle. However, the present-day field
theory is powerless to provide quantitative results with
this model. Because of these difficulties, another
opposite approach has been proposed: The analytic
S matrix in which one tries to avoid field concepts and
toformulate the theory entirely in terms of on-the-mass-
shell matrix elements.*
Our approach lies between these two extremes. We
try to build a perturbative series in which the Veneziano

*Work supported in part by the University of Wisconsin
Research Committee, with funds granted by the Wisconsin Alumni
Research Foundation, and in part by the U. S. Atomic Energy
Commission under Contract No. AT (11-1)-881, C00-224,

! See, for instance, V. Barger and D. Cline, Phenomenological
Theories of High Energy Scattering (W. A. Benjamin, Inc., New
York, to be published).

?R. Dolen, D. Horn, and C. Schmid, Phys. Rev. 166,1768
(1968); C. Schmid, Phys. Rev. Letters 20, 689 (1968); G. F. Chew
and A. Pignotti, ibid. 20, 1078 (1968); for experimental evidence
of duality, see C. Schmid, CERN Report No. TH960; H. Harari,
Ref. 19; V. Barger, Phys. Rev. 179, 1371 (1969); V. Barger and
D. Cline (unpublished).

8 G. F. Chew, Comments Nucl. Particle Phys. 1, 187 (1967).

4 G. F. Chew, The Analytic S-Matriz (W. A. Benjamin, Inc.,
New York, 1966); Ref. 7.
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representation plays the role of a Born approximation.®
In higher-order terms, we include the contribution of
many-particle intermediate states in a way similar to
the usual perturbation theory, i.e., we write Feynman-
like diagrams in which closed loops are to be included.
Nevertheless, in our approach the elementary entity
that propagates off the mass shell is a tower of hadrons,
as required to get superconvergence and duality.®

Our approach stems from the observation that
Veneziano-like formulas violate unitarity in a way
similar to that in which the Born approximation does
in the usual Feynman-Dyson theory. Thus, we expect
in this manner to be able to build a model such that, in
addition to all the properties satisfied by Veneziano’s
representation, it complies also with unitarity.

Notice, however, the altogether different situation
that we face here with respect to the usual field theory.
We do not have any Lagrangian from which to derive
the rules to write the scattering amplitude. On the other
hand, we have the new principle of duality which has
to be taken into account.

In this paper, we try to show how the multiparticle
intermediate state can be described by Feynman-like
amplitudes. We require the same duality property that
appeared in the Veneziano formula for every four-point
part of a diagram, and we show how crossing symmetry
and Regge behavior can be kept. Although our ultimate
purpose is to impose unitarity, we do not discuss it in
general here. We calculate the asymptotic behavior of
each diagram, then sum them and thus show that we
recover Regge behavior. Now, however, the trajectory
function has an imaginary part incorporating correctly
quasielastic unitarity.

In Sec. II, we discuss the graphical interpretation of
duality, which is indispensable in writing the scattering
amplitude. In Sec. ITI, we discuss the method of writing
the scattering amplitudes and establish the relevant
rules.In Sec.IV, we investigate the high-energy behavior
of the four-point amplitudes which are constructed

® G. Veneziano, Nuovo Cimento 574, 190 (1968).

¢H. R. Rubinstein, A. Schwimmer, G. Veneziano, and M. A.
Virasoro, Phys. Rev. Letters 21, 491 (1968); P. G. O. Freund, ibid.
20, 235 (1968).
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F16. 1. Duality connected diagrams in the Veneziano
amplitude.

using the rules. It will be shown that the sum of the
leading planar graphs with loops has Regge behavior.

II. DUALITY AND ITS GRAPHICAL
INTERPRETATION

In this paper, we restrict ourselves to the consider-
ation of planar graphs, and for simplicity we take as an
example the four-point function. The Born term is the
Veneziano formula in which we keep only the s- and
t-channel resonances in a dual way; i.e., summing over
poles in the s channel reproduces the formula and is
equivalent to the sum of {-channel poles (see Fig. 1).
The formula is conveniently represented by the integral

1
/ dx x—a@=1(1 — )01 2.1)
0

where a(s) is the Regge trajectory function, which is
assumed to be a linear function of s. In this expression
the poles in the s and ¢ channels appear as a result of
integration over x near x~0 and x~ 1, respectively.

In order to clarify the meaning of duality, we consider
next the box diagram of Fig. 2 and apply duality to
each internal line; i.e., we replace lines in one channel
by the corresponding ones in the crossed channel. In
this way we find a certain number of Feynman diagrams
(Fig. 3) that are connected with the box of Fig. 2. In
the usual approach one should add them. Here we want
all of them to be described by a single expression: An
integral where the different propagators of the different
diagrams appear as a result of integration over a certain
region just as in the Veneziano form (2.1).

Writing the so-called dual diagrams of the usual
perturbation theory [for instance, Fig. 5(a) is the dual
diagram of the box],” one can easily show that all
diagrams connected by duality are described by
different triangulations of a single skeleton: a deform-

1 P 2

F16. 2. Definitions of
external momenta.
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7For the definition of dual diagrams in usual perturbation
theory, see R. J. Eden et al., The Analytic S-Matrix (Cambridge
University Press, New York, 1966).
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Fic. 3. Examples of Feynman diagrams connected by duality
with the box of Fig. 2.

able polygon defined by the external momenta as sides
of the polygon and internal points which correspond to
closed loops. We call duality diagrams those skeletons
that are in one-to-one correspondence with the integrals
to be added (Figs. 4 and 5). All possible propagators
correspond to all possible lines that we can draw be-
tween any two points of the duality diagram. Two lines
that cross correspond to channels where we cannot
simultaneously find resonances; they have the same
connection that the s-¢ channels have in the Veneziano
formula. These lines can easily be seen in the duality
diagram as diagonals of a quadrilateral which corre-
sponds to a four-point-function part of the correspond-
ing Feynman diagram. Feynman diagrams connected
by duality can also be obtained from Fig. 6(a) through
simple topological deformations, as shown in detail in
Figs. 6(a)-6(d).® However, this description does not
look so useful as the one of Fig. 4.

III. RULES FOR MATRIX ELEMENTS
We begin by writing the amplitude

ﬁ dx'ﬁ [yj(xl' . .xm)]—l—a(sj)_

=1 =1

3.1)

The number 7 of independent variables is equal to the
number of internal lines of a given Feynman diagram,
or, equivalently, equal to the number of internal lines
of a possible triangulation of the duality diagram.

Fic. 4. Duality diagrams

that are in one-to-one corre-

2 spondence with the integrals
to be added.

8 H. Harari [Phys. Rev. Letters 22, 562 (1968)] and J. L. Rosner
[4bid. 22, 689 (1969)] have considered similar diagrams, but where
the quantity that propagates is an internal quantum number.
We thank Dr. Rosner for interesting discussions concerning this
point.
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Fi1c. 5. Examples of dual diagrams for the one-loop diagram
and its variations.

All & factors yj(x:1---x.) correspond to all possible
propagators. Each y; corresponds to a line in the duality
diagram that joins pairs of points. Since there may be
double poles in a certain variable [e.g., Fig. 3(f)], more
than one y; with the same exponent may appear. They
correspond in the duality diagram to topologically
inequivalent lines that join the same two points. Since a
variable, say, y, corresponds to a line in the diagram,
we simply call it the line y.

Let us consider a pair of lines, say, x and y, which are
connected by duality. As explained in Sec. II, they are
the diagonals of a quadrilateral (see Fig. 7). If all the
sides of the quadrilateral correspond to external scalar
particles on the mass shell, the relation of x and y
should be reduced to Veneziano’s: y=1—x. Now
we make the natural hypothesis that even off the
mass shell ¥ is a function only of x and the variables
a1, @3, a3, a4, which correspond to four sides of the
rectangle y= f(x; a1,a2,83,a4).

One of the justifications of this hypothesis is due to
the N-point generalization of Veneziano’s formula.® In

F16. 6. Another way of getting the diagrams connected by duality.

® K. Bardakci and H. Ruegg, Phys. Letters 28B, 342 (1968);
M. A. Virasoro, Phys. Rev. Letters 22, 37 (1969); C. J. Goebel
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F16. 7. A part of the duality
diagram. Line y is determined
by a1, a2, as, a4, and x.

fact, as shown in Appendix A, the N-point function can
be constructed once the function f is known. The
function f must satisfy the requirements of duality
that can be stated as the condition that y must go to 1
whenever any variable, say, z, that corresponds to a
crossing line goes to 0. If z is not x, it must cross at
least one side line, so that when z— 0 some of the a’s
must go to 1. The eight-point function® provides us
with an adequate expression for f. While the explicit
expression for f may be obtained, we prefer to give it
as an implicit function

1 — X003 1 —X003A210 4
y= ) 3.2)
1 — XQ20i3a1 1— X020(3A 4
where
1—a; 1—aaix
A= _,
1 —Q2d1 1 —Qi2X
(3.3)
l—a; 1—azax
az= —

1-(1304 l—aax )
The following properties are proved in Appendix B:

J(%; 0102300) = f(x; asa3a201) = f(x; a2010405) , (3.4)

y= f(x; (11(12030»4) = x= f(y, (11(14(1302) . (35)

The same line may appear as a diagonal of different
quadrilaterals. For the prescription to be consistent, all
expressions obtained for the same line should be the
same. In Appendix B, we prove that this is, in fact,
the case.

We first choose 7 independent variables x;---x,
which correspond to a triangulation of the duality
diagram. Then we draw the dependent lines as diagonals
of quadrilaterals and obtain the corresponding de-

A )
Fic. 8. Diagram for the N-
loop amplitude. Most internal . . .
lines are omitted here. o
P2 Ps

and B. Sakita, sbid. 22, 257 (1969); H. M. Chan, Phys. Letters
28B, 485 (1969); S. T. Tsou, Z. Koba, and F. Nilssen, Niels Bohr
Institute report (unpublished).
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Fi1c. 9. A set of independent lines for the N-loop amplitude.
This is transformed into Fig. 10 by s ¢ interchange.

pendent variables using (3.2). We now iterate the
procedure, considering quadrilaterals such that one side
is a dependent variable; the diagonal will then cut two
independent lines, and so on. The game could go on
until all possible topologically different lines have been
drawn.

This number is infinite for all diagrams with more
than one loop, because of the fact that a line may
make an infinite number of circles around any pair of
loops without crossing itself. However, it may not be
necessary to include all the lines. To maintain duality,
we must include all the lines needed to construct the
triangulations corresponding to all Feynman diagrams
connected by duality. Crossing symmetry also puts
some restrictions on the number of lines. In our example
—the four-point function with spin-zero identical
external particles—crossing symmetry means s« ¢
symmetry (we are considering only planar diagrams).
This can be imposed most easily by requiring invariance
of the integrand with respect to the transformation
(see Fig. 8) p1%55 pu; p2 <5 ps. Since in this transforma-
tion a line from 0 to 1 goes into a line from 0 to 4, we
conclude that we need both of them to have crossing
symmetry.

Finally, we expect unitarity to impose severe con-
straints. From the limited point of view of this paper—
that is, with the idea of constructing a framework where
unitarity can ultimately be imposed—we try at this
point to leave as much freedom as possible. However,
we will show in the next sections how the imposition of
some kind of limited unitarity is possible and provides
further restrictions on the number of lines to be
included.

’
Yn W, 1 Ci

Fic. 10. Another set of independent lines for the N-loop function.
This is transformed into Fig. 9 by s & interchange.
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As a final step towards giving a complete expression
for the duality diagram with &V loops, we must calculate
the invariant volume elements of the integral to main-
tain the crossing symmetry. For the choice of variables
shown in Fig. 9, the integral volume element should be
invariant under the transformation (x,y,c) — (¢',y’,¢),
where («,y,¢’) are indicated in Fig. 10. Since the trans-
formation is self-invertible, i.e., xx'=gi(x,y,c) = %a
=g.(«,y',¢'), the invariant volume is given by the
square root of the Jacobian. An explicit calculation
shows that

N+1

IT {1 —cilaitaia) Faimi 1 P —daixi_1(1—c3)2)~1/2

=1
X{[1—=ci(ysityi—) Fyiyima P —4yipia(1—ci) 2y 12
3.6)

(Xo=xn11=Y0=yn41=0).

We can still multiply the whole integrand by an
arbitrary function, provided this function is symmetric
with respect to the previous transformation
(x,9,¢) = (2’ ,y’,c’). However, once more we expect
unitarity to make some restrictions on this arbitrari-
ness, as will be borne out subsequently.

Example: box diagram. Here we apply the preceding
rules to construct the box diagram. Let us first choose
as independent variables the x; shown in Fig. 11. The
dependent lines z; can be written at once from the
prescription of the previous section:

1 —Xi 1 —XiXi—1%i41

2 =f(x.~; x.~_100x,-+1) = (37)

1—xiwin 1—xxip

In the second step, the y;; can be written, for instance,
y4s=f(x4;x2230x1).

Replacing z;, we obtain

1—x3xs 1 —x304201%0

Va3 = (38)

1—xswaxs 1—x3x4xs

Finally, the #; lines can be considered. Notice that
these lines correspond to no dynamical variable. It con-
tributes a factor that is a function only of the x;. The
exponent is —a(0) —1, where « is a trajectory with the
quantum numbers of the vacuum. To compute it we
have to extend the prescription, because only in a
generalized sense can we consider this line to be a
diagonal of a rectangle. Analogy suggests

ur= f(x3; X12924%1) . 3.9
The invariant metric is
I=[(1 =) (1 —2525) (1 —20324) (1 —2421) 1, (3.10)

and the arbitrary function may be, for instance,
(1—w1xox5%,) ™, because this is zero when all other
variables are indeterminate.
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IV. HIGH-ENERGY BEHAVIOR OF ELASTIC
SCATTERING AMPLITUDE

In this section, we calculate the asymptotic behavior
of the N-loop amplitude. Our purpose is to find out
how the sum of all terms goes at high energy. We
suppose that the leading asymptotic behavior of the
sum will be given by summing the leading asymptotic
behavior of each term.!?

A. Integral Representation of N-Loop Function

To obtain the high-energy behavior, it is convenient
to choose a set of independent variables (x;,y:,2:) in the
integral representation different from those of the
preceding section (x;,y:,¢:). The new set of variables is
shown in Fig. 12(a), and is obtained from the old set
by the transformation

2= f(ci; yiyi—r%io1%:) 4.1)
with the Jacobian
N+1 |9zt
gn=1I |—| (4.2)
i=1 | dc¢;

where xo=%yo=%nx+1=yn+1=0. The explicit form of the
Jacobian is rather complicated, but the following
asymptotic form is useful later:

N (1=x:)*(1—y:)?

(4.3)
=1 (1=wiy)?

In— as z;—0.

The Feynman diagram which should be associated
with Fig. 12(a) is shown in Fig. 12(b), which is of course
equivalent to the N-ladder diagram or its various
variations, as discussed before.

In the following, we assume that all external particles
are scalar, with a common mass m. In terms of
p1,p2,P3,p4, the invariant variables s and ¢ can be
expressed as

s=(pa—pa)?, 1=(p1—ps).

For convenience we choose p;=0. To write the integral,
it is convenient to introduce a notation for the products
of all variables that correspond to the same Regge
trajectory (i.e., those that have the same exponent).
Let us denote by AJ, AJ, BJ, BJ, and XJK
(J,K=1---N) the product of all variables, dependent
as well as independent, that correspond to lines con-
necting the loop momentum k; with the points of
momentum p,, ps, p1, p3, and kx, respectively. Let us
further denote by Cy the products of those between
p2 and p4, and by Dy the products of those between p;
and p;.

Then the integral representation of the N-loop

R 1f° (;ompare with the calculations done with ladder diagrams,
ef. 7.
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FiG. 11. Diagram for the box diagram; ys; is the self-energy
correction to an external particle, and #; is a tadpole line.

amplitude Iy is given by

1

N
Iy=(—ig)¥+ / I ds / dXdVdZ g
J=1 0

XGn(XVZ)Dys(prph)—1
X (I 4 22D (GkrpH=1) (] A W) (k—pH~1)
J J

X (I By’ (G=p0d=1)(T] B~ (%s—pa)-1)
J J

XC (@01 [] Xy O(ks—kg)H—1)
J<K

(4.4)

where a;;, a®)) and «;¢7) are Regge trajectories in
(pi—p;)?, (ks—kk)?, and (ky—p.)?, respectively. X, V¥,

(a)

s
(b)
F1c. 12. (a) A set of independent lines (x:,y:,2:) for the N-loop
function. (b) Feynman diagram associated with (a).
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Fi16. 13. Lines included in the N-loop amplitude. 4,B;- - -
sent products of all possible lines from ks to pz,p1- - .

repre-

and Z stand for sets of variables x;- - -y, y1- - -yw, and
21+ Zy41. The function Gy is a regular function at
2;~0. The invariant volume Vy obtained in Sec. III
and dependent variables which correspond to the
self-energy diagrams are implicitly included in Gy.1!
To make integrations with respect to ks, we rewrite
the integrand of (4.4) in an exponential form (we take

do/di=1):
GyDy—0-1 exp(F), (4.5)

where

F= —Z [(k,}—pg)2 In4 J+(k1—p4)2 lnfi,;
J
+Z (kJ_kK)z lnXJK+(kJ—p1)2 InB;
K

+(ks—15)? InBy]— (pr—pa)2 InCx, (4.6)
Gr=(~ig)V*1gn
XGn(II By (] By’ ©-1)
J J

X( H XJK—a(JK)(O)—l)(HAJ—-agl(O)—l)

J<K J

X(HAJ—a4J(0)—1)CN—a24(0)—l. .7
J

The expression (4.6) is further rearranged to a
compact form:

F=—(k,Ak)+2(a k) — p22(bw+cn)
—‘P12 ln(IJI BJ) —P32 ln(H BJ)
= —47.. Asks?+(a,A™'a) —s(bn+cw)

— 12 In( IJI By)—ps?In( IJI B;), (4.8)

where we have introduced a Hermitian N X N matrix A

1t The constant g2 is the normalization factor of 7, (Veneziano
amplitude). The normalization of I is determined in such a way
that it reduces to (/¢)¥*! when lines x; and y are put on the mass
shell of the lowest recurrence of a;7.
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and two N-dimensional vectors k and a:

A=(asx), . (4.9)
asr=In(4;4;BsB; KI}J Xsx), (4.10)
ajk=—InX;x, K#J

k={ks}, J=1,---,N
a={—(p2In4;4p InB;+p;1nB,)}, (4.11)
J=1,--- N
and
bv=In(4:---An), cn=InCy. (4.12)

In going from the first line to the second in (4.8), we
have diagonalized A; A; are the eigenvalues of A, and
{ks} represents the stationary vector of the bilinear
form F.

Substituting (4.8) into (4.5), and performing the
integration over ks, we obtain

’i N A1
Iy =<——> / aXdvdz
27['2 0

1 2
XDN-cua(t)—lGN< >
det|A|

Xexp[—sF(XYZ)—H(XYZ)], (4.13)
where
F(XYZ)
-1
= L1Csx[Ind s In(4 xBxB
detlA[{JZ.Kz sk[Ind s In(4 x BxBk)
+lnAK ln(A JBJBJ)]
—[ll’l(Al . AN)+1nCN] det]AI } , (4148.)
H(XYZ)
¢ _
= CksInB;InB
det|A] & Crv InBrinBr
2[CJK ].n(BJBJ) ln(BKBK)
—m
det|A]
- lnBJ lnBJ
([ BB | £ b
J J In(BsBy)

as z;—0 (4.14b)

and Cyx is the cofactor of the matrix A. Notice that to
integrate over k; we first perform a Wick rotation so
that k2 becomes negative definite.!?

12 We have performed this rotation formally without taking into
account any possible contribution from [k¢|= . One of us
(M.A.V.) thanks S. Fubini for interesting discussions concerning
this point.
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Equation (4.14a) can be further simplified:
-1
det|A|

F(nyaZ)= { Z CsrarxInd s
L

K, J

- Z Ind4;Cyx Indg
J, K

—[In(4;- - - Ax)+InCx] det|A|}

(X In4,CsxIndg

J,K

T det|A]

+InCy det]A[), (4.14c)

where we have used

ln(AKBKBK) =Z aLK—lnfiK .
L

A careful investigation of (4.14b) leads us to the
following graphical rules that allow us to write at once
the expression for the coefficients of the different
invariants in the exponent.!?

We consider the diagram drawn in Fig. 13. To write
det|A|, we proceed in the following way: We consider
a subset of lines of Fig. 13 such that (i) Either among
themselves or when considered together with the
external momenta, no closed loop can be formed; and
(ii) it is a maximal set with property (i)—that is, if we
add any new line to the set we violate (i).

Then each subset so constructed contributes to
det|A] a term equal to the product of all logarithms of
the variables corresponding to lines included in the
subset. The complete expression for det|A| arises from
adding all possible products corresponding to all
possible sets of lines.

To construct the numerator in the exponent, we
proceed similarly: (i) We consider a set of internal lines
such that when considered together with some external
lines they form a closed loop. (ii) We then add to this
set all possible lines such that no new loop is formed,
and (iii) such that if any new line is added, then (ii) is
violated.

Each set so constructed contributes to the coefficient
of the square of the sum of external momenta which
were needed to form the loop. Its contribution equals,
as before, the product of the logarithms of all lines
included in the set. The sign of this contribution is
always negative, so that an over-all minus sign is
present in the exponent.

This construction still does not include the contribu-
tion of the lines corresponding to poles in s, ¢, or any
other invariant that is not a function of the loop
momenta.

13 These rules are similar to the Symanzik rules for Feynman
diagrams [Progr. Theoret. Phys. (Kyoto) 20, 690 (1958)7; C. S.
Lam and J. P. Lebrun, Nuovo Cimento 59A, 397 (1969).
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B. Asymptotic Form of N-Loop Diagram

Let us now consider the limit s— — in (4.13). We
know the integral in terms of the 4,4 ,B;Bs and X &
because of the rules of Sec. IV A. We must now express
these variables in terms of the Z,X,¥. From the explicit
expression (4.14a) for F(X,V,Z), or from the rules we
have given, it is obvious at once that F is a negative
definite quantity. Therefore the behavior of the integral
at s— — oo will be given by that region of integration
where F(X,V,Z)=0. In particular, when one of the z;
variables is equal to zero, because of duality at least
one of the variables included in any set of lines that go
from p, to p4 is 1, ie., its logarithm is zero. Since
F(X,Y,Z) is equal to the sum of products of logarithms
of the variables that complete at least one uncut path
from p, to ps, F(X,YV,Z) is equal to zero when any
2;=0. That is, we have

F(X,Y,2)=—z1 sy fn(X, V)4 .

Therefore the high-energy contribution comes from the
region where at least one of the z is zero. We expand the
whole integrand around that point and keep only the
first term.!* Then we have

(4.15)

N
F(X,¥,2)=—(a-avp) [T flaeryn)+---,  (416a)
J=1

where

fley) = [x(l—y)2+y(1—x)2

(1—2)*(1—y)*

In(xy)
The proof of (4.16a) and (4.16b) is given in Appendix C.
We are now ready to get the final formula for 7y in

the high-energy region. Substitution of (4.16) into (4.13)
leads us to

(1—=xy)?

] . (4.16b)

I gNt? /“ N (1=x)*(1—ys)?* dxsdys
N= —_—
@2m)Y¥ Jo T=t (1=xsy5)* In*(xsy0) 27 ¥

N+1

x H dZ;GN(X,Y) (zl. . 'ZN+I)—a13(l)—l

=1

Xexp[s(zr canvg) [T f(xr,y0)
J

Inxy Iny,
- (l——————l—al”)(O) Inx;+a3¢(0) lny_;)] .
7

In(xsys
(4.17)

14 The z; lines are not the only ones joining #; and p;. If we take
another set of » lines we can consider the contribution to the
integral from the region where these lines are zero. However, we
have been able to show that these new contributions can be con-
sistently regarded as nonleading contributions multiplying the
integrand by an appropriate function. It is an open question
whether this will be the case when unitarity is imposed.



1708

Re a (t)

—_— ———) —
v

a (o)

=

)2 t—

/(Iu,(o)lﬂo(o
3

F16. 14. Chew-Frautschi plots; the old a(f) and apew(f)
are illustrated.

In obtaining (4.17), we have used (4.3) and set 2; equal
to zero in the nonsingular factors in the integrand.
Then Gy turns out to be the product of the invariant
volume factor and the self-energy factor of x, and y,
lines, which can be taken as

N
Gy— II v(xs,y0),

as z;—0 (4.18)
J=1
with
(1=xy)™ /(1=x)(1 —y))—a(OJ—l
- e

Integration (4.17) over z; is easily performed by the
transformation from (z;- - -zx41) to

=212+
‘El: Zg

*ZN+1,

(4.20)

*ZN+1,

EN=2N41.

Using the well-known formula

1 EN t2 i3t
f ¢/ (Ex)dEx f f ¢()dk / 5 (80)dn
0 0 0 0

1 rt N
=\—'/0 Le(1)—g(®)]¥5(8)d¢,
we get

g2N+2 dedyJ

/ lH J(x7,y.)

\1(272)1\[ 0o v xXryJs

Inxs In
J ln(nyJ)
+a1(‘”(0) ]nx;-i—aa(*’)(O) 1ny,;>:|

1

dg(—Ing) Vom0

’ xexplst TT flery)], (4.21)

KIKKAWA, SAKITA, AND VIRASORO

184

where (1 =221 —)(x,9)
—x)2(1—v)2%(x,y
J(xy)= . (4.22)
(1—xy)? In*(xy)
The highest-power term of In’s in Iy is
2N+2
In— I‘(—a13(l)) [E(t) Ins Vsae(® | (4.23)

with

()= ( ) f f dxdy—ﬂtﬂxy)]alm

Inx Iny
XCXP(‘“l—*———ou(O) Inx—a3(0) 1ny> . (4.29)
n(xy

In (4.23) and (4.24) we have assumed that a;¢(0)
=a;(0) and a3“(0)=a3(0), for all J.

If «(0) and M in (4.19) are negative enough, the
expression (4.24) converges. For { going to —x, we
obtain (from x=1)

(1—y)a@-r—2
In?%y

X(1—x)=*®~1 exp[ —2¢(x—1)]

—a(0)—1

1 1
@) > — dxd
0 Mfo y

1
=—T(—a(0))
2m?

1(1—y)a®—2-2
X( —————~—y"°’(°) 1dy)(—l)"‘(‘”. (4.25)
In2y

C. Total Amplitude

The summation over the number of loops can easily
be taken in (4.23) to give the total amplitude

T= CP(—als(l))s"“‘(”‘“’zzm 5 (4.26)

where C is an over-all normalization constant.
The most interesting point about (4.26) is the Regge
behavior with a new trajectory

new(t) = a13()+ g2Z(8),

where Z(f) is given by (4.24). The analytic properties
of the trajectory a(f) can be seen from (4.24). Making
the transformation

(4.27)

Inx= -2, lny=—v1, (4.28)
we obtain
1 2 p= J(u,)
2 =——-/ / dudv——{ f(u,p) Jor®
272 o Jo u2y?
14 va1(0)+ua3(0)
Xexp( } . (4.29)
“+v Uy
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The Landau method tells us that the location of
singularities is at

t=[/(lax(0) D=V (|as(0) )T (4.30)

which are the threshold and the pseudothreshold of
two-particle states with the mass 4/(]|ai(0)|) and
v/ (|as(0)]), the firs tintercepts of the trajectories
(Fig. 14). (Note that we have taken do/dt=1.)

The new trajectory anew(f) approaches the straight
line o(f) asymptotically as |/] — because of Eq.
(4.25), if «(0) is negative.

V. DISCUSSION OF RESULTS

In this paper we have tried to build a framework in
which unitarity might be superimposed on an amplitude
which has the correct analyticity and crossing-symmetry
properties. As originally stressed by Mandelstam!® (and
more recently by Veneziano'®), the idea of building a
bootstrap of the hadrons on superconvergence in the
narrow-width approximation!® implicitly assumes that
unitarity corrections are small and that they will be
provided by a scheme of approximations where the
narrow-width solution will correspond to a zeroth-order
approximation. However, the way to impose unitarity
remained an open question. An on-the-mass-shell
approach has been tried by Veneziano.!” This method,
nevertheless, is not manifestly crossing-symmetric.
Therefore we cannot know @ priori whether in imposing
unitarity we are not losing crossing symmetry. It is
difficult to imagine a crossing-symmetric on-the-mass-
shell approach.

From a different viewpoint, i.e.,, trying to keep
crossing symmetry and duality in each step of approxi-
mation, we regard Veneziano’s formula as a Born term
and generate the higher-order approximations by means
of an off-the-mass-shell approach similar to the
Feynman-Dyson expression. However, we stress that
this is a rather unorthodox interpretation of Veneziano’s
formula. In fact, in our approach all the experimental
successes of Veneziano’s formula should be reproduced
only if the corrections (after renormalization) turn out
to be small. This is not evident a priori, given the fact
that the effective coupling constant is still the strong
coupling constant.

In particular, we now have a background, and only
if this background turns out to be small will we have
“duality” in the experimental sense that resonance
contributions dominate in the FESR.

16 S, Mandelstam, Phys. Rev. 166, 1539 (1968). The same kind
of approach (but without discussing unitarity) was proposed
independently by M. Ademollo, H. R. Rubinstein, G. Veneziano,
and M. A. Virasoro, Phys. Rev. Letters 19, 1402 (1967); Phys.
Rev. 176, 1904 (1968); and references therein.

16 G. Veneziano, in Proceedings of the Sixth Coral Gables Con-
ference on Symmetry Principles at High Energy (unpublished).

17 G. Veneziano, M.I.T. report (unpublished); see also P. G. O.
Freund, Phys. Rev. Letters 22, 565 (1969). Notice that we are not
ruling out the possibility of an on-the-mass-shell calculation once

we know that a crossing-symmetric theory compatible with duality
and unitarity exists.
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F1c. 15. Box diagram showing examples of lines to be added.

Although there is no experimental evidence as yet in
favor of our approach, we have the following rather
impressive theoretical evidence. We find that the model
is Reggeized, and furthermore that the output Regge
trajectory has the correct threshold behavior and
incorporates crossed-channel semielastic unitarity, at
infinite energy. The fact that it does not include multi-
resonance unitarity effects is just a result of keeping
only the leading contribution in s for each order. This is
equivalent to keeping all orders of g2lns, neglecting
lower orders in g2 alone. For this reason, we did not get
any correction to the Regge residue either.

Another feature of this model is the apparent absence
of cuts in the angular momentum plane. Although our
proof is not rigorous, a rough consideration of all
possible contributions to the asymptotic behavior
seems to indicate that they will essentially give more
corrections to the Regge-pole behavior. On the other
hand, we expect cuts from nonplanar graphs. The com-
plete Veneziano representation [including the (s,u)
term] has fixed poles at wrong-signature points. In
principle, these fixed poles could begin to move (as
happens with weak-interaction fixed poles). However,
Mandelstam!® has recently given convincing arguments
against such a possibility. As an immediate consequence,
cuts will appear imposed by unitarity.

An outstanding feature of the model is that there is
no place for the Pomeranchukon. The number of Regge
trajectories is “‘conserved” in the process of unitarizing
the amplitude. Consistently with Harari’s'® theory, we
have not included the Pomeranchukon in the Born
term; therefore we have not found any output contribu-
tion corresponding to it. We may conjecture that the
Pomeranchukon is a cut in the angular momentum
plane and so will appear when nonplanar graphs are
included.

Finally, we mention that internal quantum numbers
may be ascribed to the lines of Fig. 6. Then a very
interesting connection with Harari and Rosner’s®
graphical analysis of duality appears. In fact, it is our
feeling that if unitarity corrections turn out to be small,
this model will possibly become a relativistic justifica-
tion of the quark model.

Note. When this work was in an advanced stage of
preparation, we learned from Fubini and Veneziano

18 S. Mandelstam, Berkeley report (unpublished).
19 P. G. O. Freund, Ref. 6; H. Harari, Phys. Rev. Letters 20,
1385 (1968).
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that they were trying a program similar to the one
proposed here. They have written an integral expression
for the box diagram essentially equivalent to the one
written in Sec. III, and have proved several properties
about it. One of us (M. A. V.) thanks them for interest-
ing discussions.

Note added in proof. In collaboration with Veneziano
we have imposed factorization of the residues of reso-
nances that appear in the Feynman-like diagrams. We
assume that the same resonances necessitated to ensure
factorization for the N-point Born term? must appear
as intermediate states and with the same couplings.?!
For the case of the one-loop diagrams, our conclusions
are the following:

(a) The lines that we have previously included are
given correctly by our prescription.

(b) More lines have to be added corresponding to
lines crossing themselves, as shown in Fig. 15.

A line that turns around the loop % times is obtained
from the one that does not turn around by multiplying
the product of the x; that appear in the rational ex-
pression by n*= (J]1" x;)*. Furthermore, the exponent
is equal to the exponent of the original line minus k#n.

Example. In the example in Sec. III we have taken

< 1—x; l—xax2x4>""“_‘

1 —X3X2 1 —X3X4

for the Z; line, and now we multiply this by the follow-
ing factor:

< 1—xm 1 —xaxgxm)"’“—“*‘
1—x3x0m 1—2324n

It can easily be proven that these lines are never zero
in the range of integration. They do not correspond to
any propagator. That is the reason why we could not
discover them by duality considerations.

(c) Finally, a line that may be depicted by a circle
around the loop must be included (see Fig. 15, line w).
Its expression is

w=IT (1=,

=1

As is the case with the N-point function, no arbitrary
invariant function is allowed if we do not modify all
Born terms correspondingly.

With the inclusion of these lines, unitarity is pre-
sumably satisfied (to second order in the coupling
constant). Unfortunately the integrals turn out to be
divergent. We have not yet succeeded in renormalizing
out the divergences.

20S. Fubini and G. Veneziano, Nuovo Cimento (to be
published).

2 This problem has also been discussed independently by
K. Bardakci, M. B. Halpern, and J. A. Shapiro, Phys. Rev. (to
be published). They take the Ward-like identity into account.
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APPENDIX A: N-POINT GENERALIZATION
OF VENEZIANO FORMULA

In this appendix we prove that the prescription of
Sec. 111, when it is applied to the N-point tree diagram,
gives the usual expression.

As indicated in the corresponding dual diagram
(Fig. 16), we choose the lines y,,;= x; as the independent
variables. The lines that cross only one independent

Yi-l,i+k+ 1
Yi-1 14k +2
Xk

i+
1+ Yi+l,i+1
1+k+2
Xi

Xi-y

F16. 16. Independent lines x; and dependent lines y;.

line, say, x;, can be written by the prescription of setting
@1=2%x;_1, 2= Xi41, and a;=a,=0. We then have

1—x; 1=z axin
Yi-1,i41= )
1—xxi1 1—xxi1

(A1)

where we define xo=2x5=0. Now we prove by mathe-
matical induction that a line that crosses «;: « - x;1x can
be expressed by

1= - ik
Vitk+1,i-1=
L=y Xipadion

l—xi_lxi‘ * itk Xt k+1
X . (A2)

1= @i a¥iyra

We suppose this to be true for £ and we prove it for
k+1. For this purpose we consider the rectangle formed
by Zi—1, Yitktri-1, Yitktvitite (=0), Ziprso. Then the
prescription implies

I—dppiie 1 =Xy i00i 1%ipkyo
Vi-l,itk+2= ’ (A3)
—Xkpir10%i 11— X100y
where a is defined implicitly by
1—a 1—axi1%ite1
Viol,itkt1= (A4)
—axi1 1—axijra
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From (A2) and (A4) we obtain
A=K 0 Xtk

When this replacement is made in (A3), the theorem
follows. The formulas (A1) and (A2) agree with the
solution obtained in Ref. 9.

APPENDIX B: UNIQUENESS OF EXPRESSION
OBTAINED BY PRESCRIPTION
OF SEC. III

Let us suppose that a line can be regarded as the
diagonal of two different quadrilaterals. In Fig. 17,
¥ can be suggested as the diagonal of @,2:a3a4, dual to x,
or as the diagonal of a,a;'as’ay’, dual to 2'. In turn,
a/ and 2’ may be determined in terms of the same
variables that ¢; and x can depend on. Then we want
the same expression for y irrespective of the manner of
construction. To prove this, we first notice that the two

Fi1c. 17. Two possible ways
to determine the line y.

quadrilaterals, together with all the lines needed to
express y as a function of certain variables, are iso-
morphic to a corresponding set of lines appearing in a
certain N-point function. This is due to the fact that
the prescription of Sec. III specifies that the quadri-
lateral cannot enclose any loop. Thus, the loops being
external to the relevant part of the diagram, the latter
is topologically equivalent to a certain part of an
N-point function. Now we prove that the expressions
(A2) imply the prescription of Sec. III for any quadri-
laterals that one can imagine. Referring to Fig. 18, we

—,—
Sk
PRRRPR
! fos
1 // /
! Xy 4]
/ // /1: K+l
N _ :
/y /7 P :
/ 7 s :
/ // / -7 : 1
G2 | /. 4 -
/ / .
V8 .
///(/ .
L - — =™

Fi1c. 18. The line y as a function of a1, a3, a3, a4, and «.
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obtain the formula

1—xx1- - %, 1—xx1 X010
1—xx1- - x0a1 1—x21° - Xnae

1—x1~--xk l—xl---xkagx
az= )
1—x1"'xkdz 1—x1~-xkx

1—2kp1 - %0 1—2Xkp1" - Xn¥an

as=
1——xk+1- cXnl1 1—-xk+1- * XX

Identifying «;- - - x4 with as and %xy1° - - %4 With oy, we
recover the formula of Sec. III.

Finally, the symmetry properties [Egs. (3.4) and
(3.5)] are trivially proved from the symmetry properties
of the eight-point function.

APPENDIX C: PROOF OF (4.16)

Throughout this Appendix we assume that all z, are
small, so that in the following equations higher-order
terms of z’s are always disregarded. We first prove the
following four lemmas:

Lemma 1. The shortest line?? from the point % to
ky_11s given by

A=z)(A=ys-) A=x5)(1—y)

1—xs1ys

Xrra1=1 27,

1—xsys
J=12,...N+1 (C1)
where
X1,0=41, XN+1.N=1‘IN ’
%0="Yo=Xn41=YN+1=0.
Proof. The line X ;,;_; is determined from x;, s, 71,

¥s—-1, and z; (Fig. 19) by the use of the duality function
f introduced in (3.2):
Xr,0-1= f(zr; 25,0,y 1-1,%7-1) - (C2)

The power-series expansion of (C2) with respect to z;
leads us to (C1).

P‘ p3

F16. 19. The shortest line X, s as a function
of x7, ys, xs-1, Y71, and z;.

22 “Shortest line” is any line that does not cut any z; line twice.
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B P3

F16. 20. A nodeless line from K to J; Xgs.

Lemma 2. The line from K to J passing above all
points L (K> L>J), i.e., the line crossing xz, (K> L>J)
(Fig. 20), is given by

Xg. /=1

(—=xx)(1—yx)( ﬁ x.-(l—y.-)2>

1—xryx \i=-J+1 (1—w:y:)?

(A—=x)(A—ys)
X—————3s541 - -2g. (C3)
1—nyJ

Proof. This is proved by mathematical induction. The
formula (C2) is true for K=J+1 because of Lemma 1.
Let us assume (C2) to hold when J is J+1. Then
Xk,s) is expressed in terms of Xyy1,7, %7, ¥k, Xs41,
and Xg, ;1 (Fig. 20) as

X, s®= f(@rp1; Xrpr,0,20,06,X g, 741P) .

(CH

The right-hand side of (C4) is expanded in powers
around X;,5=1and Xk, s.1P=1 to be

aBxsi1
(1—aBxri1)?

where a and 3 are given by

1 A=Xr1.0)(1=Xg,ra1P), (C5)

1—a 1—ax_1+1XJ+1,J
xX5= ’ (C6)
l—axyp 1—aXyyrr
1-8 1-BxrpXk,sa1™P
XK= (C7)

1—Bxsy1 1—BXg 741D

Since (1"XJ+1‘J)(1_XK,J+1(+))=O(ZJ+1' . 'ZK), we
take the zeroth order in « and 8 of (C5). In (C6), be-
cause Xyp1,s—1 as 2541 —0 and x;71, a should

Fi6. 21. A shortest line with # nodes Xk, ;™.
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approach unity. The same is true for 8. Therefore the
substitution of X ;41,7 into (C5) gives

XJ+1
ﬁ(l —Xg,01)
—XJ+1

Xg /H=1—

(1=xr)(A=yr41) A—2xr)(1—ys)
X SJ+1.

1—xsi1y501 1—xrys

This proves (C3).
Lemma 3. The line from K to J passing under all

points L (K>L>J), i.e., the line crossing vy, (for all L
of K>L>J), is given by
X g, = {interchange of x;<>y;in (C3)}. (C8)

Proof. From the symmetry of the dual diagram and
Lemma 2, this is obvious.

Lemma 4. The shortest line?? from K to J crossing
xr, and yr (K>L,L'>J,and L#L’) is given by

(l—xx)(l—yx)/ xi(l_yi)2>
\iEC 1—x;y:

XK,J(C'C’) =1
1—xKyK

X( N i1 —'xi)’)(l —x5)(1—ys)
Ji€C’ 1—uxjy;

(C9)

2J41° .ZK’
1—xsys

where C (C’) are a class of lines ; (y;) which are crossed
by the line X g, ,:¢",

Proof. Equation (C9) is true for arbitrary K and J if
either the set C or C’ is “empty” due to Lemmas 2 and 3.
Let us call such aline the “nodeless” line. The line which
crosses some of X,z 1(K=L>J) n times is called the
line with # nodes. We assume that (C9) is true for the
line with #—1 nodes or less and for arbitrary K and J
(Fig. 21). Then we prove (C9) for the line with # nodes.

Let us consider a line Xg,;™ with # nodes, which
has the nth node between L+1 and L (K> L>J) (bold
line in Fig. 21). We want to determine Xk, ;™ from
@182a3a4 and X141, in Fig. 21. The lines ¢; and a; are
nodeless. The line a; (e¢,) goes from K to L (L+1),
crossing the same lines (x and y) that Xg,,™ does.
Therefore, a; (a,) has #—1 nodes (n—1 or n—2). Our
problem is to prove that

wra(1—yri1)?

XK_J(") =1—-4
(1—2r41y041)?
yr(l—xp)?
—Bzs--r2x (C10)
(1—2xryL)?
under the following assumptions:
1—x1)?
o= 1_3&
(1—=xryL)?
(1=xz)(1—=yL41)
X ZJ+1" " "8L+1, (Cll)

1=%r11yLn
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B(l—xb)(1°‘yL)

aQr=1— Z2J+1" * ‘2L, (C12)
1—xLyL
xr(l—yri1)?
aa=1—A—— "
(A—xr41yr1)?
(1=22)(1—y1)
X—————2141" " " 2K, (C13)
1—xryL
(1=2r41)(1=yz41)
ay=1—A4 2I+2° * ‘2K, (C14)
l—%rnyrn
and
(1=xr)(1—yL41)
Xrt1,L=
l—xl,+1y1,+1
(1=22)(1—y1)
X . (C15)
1—xryL

Here A and B are known functions of x; and y; from
(C9) for the n—1 nodes or less, factors which correspond
to lines from K to L+2 and from L—1 to J, respec-
tively. Using the duality function f, we write Xg,,™
in terms of @; and X 41,5, and expand it in powers
of (1—a,) and (1—ay):

Xk o™ =f(Xs41.0; 01,02,03,04)

~—

(1—a)(1—as). (C16)

(1—aB)?

Since the factor (1—a;)(1—ay) is of order zs41-- -2k,
we may take the limit as the z’s— 0 for o8/(1—af)2.
The explicit formulas of o and 8 are

a= 253/
{28+ (£6—Eubs—0Es)
F[4Esta0+ (80— Eaf3—085)2 —4E£0E:2]12}

ﬁ= (EB‘HS?y ElHEI)’

(C17)
(C18)
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where

ti=1—a; and 6=1—Xy41,s.

By careful consideration of the order of magnitude
of £ and 8, O(£3)~0(%49), etc., we can show that

A XL41, 6_)1: (Clg)
as the 2’s— 0.

Substitution of (C19), (C11), and (C14) into (C16)
leads us to (C10), which guarantees Lemma 4 for the
line with # nodes. Q.E.D.

Proof of (4.16). To prove (4.16), we first substitute
(C9) into (4.14a). Lines other than the shortest,?? which
cross a certain z; twice or more, can be disregarded in
the evaluation, because the shortest line is the higher
order in z;. Note that such a line has a structure like

1—0(zk- - -2:2- - -2541). The second term in (4.14a) is

—lnCN =21"*"ZNH1

N (xi(l — )2 +yi(1—x:)?
(1—xiye)?

The first term in (4.14a) is the sum of the following
terms:

). (C20)

=1

InX w412 InX 102y " InX 140

n(BnB1,) n(BrpBiny) - -In(BrBr,)

(C21)

The summation is taken over all possible L;’s and m
such that N+1>L,>L, > -->L;>0form=1,.. .,
N. Substituting (C9) into (C21), and replacing
In(BLB.) by In(xzyz), we write (4.14a) in terms
of xz, ¥z, and 2z.

Next we compare the result so obtained with

ﬁ (xJ(l =y ys(1—xs)?
J=1 (1—xsys)?
(1—=x,)(1 —yJ)?)
T T N,
In(xsys)

term by term. This proves (4.16). Q.E.D.



