
P H YS I CAL R EVI EW VOLUME 184, NUMBER 5 25 AUGUST 1969
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The leading Veneziano terms for low-energy m-N scattering are studied. It is found that they do not
provide an acceptable model for low-energy scattering.

" 'X this paper, we study a Veneziano representation'
- - for pion-nucleon scattering at low energies. The
leading Veneziano terms for this process, consisting of
a degenerate p ftraje-ctory in the t channel, and 2U,
hq, and Ã~ trajectories in the s and I channels, have
been written down and studied by Igi.' There are several
reasons for reinvestigating this problem. First, Igi
has not studied the low-energy behavior of this model in
su%.cient detail; in particular, the 5-wave scattering
lengths and the various resonance widths can be com-
puted and compared with experiment. Second, a con-
sistent treatment of this amplitude necessarily requires
the baryon trajectories X, ~&, and ~V~ to be degenerate.
This degeneracy must be taken seriously for low-energy
calculations. Finally, in view of the degenerate baryon
trajectories, we use a different parametrization of the
m-E amplitude than that of Igi.'

The necessity of taking degenerate baryon trajectories
in the amplitude written by Igi' is seen as follows:
Consider the nucleon trajectory n& (s). The Veneziano
amplitude has simple poles when n~ (s) =

2 and
n~ (s)= —', . Isospin symmetry requires the residues of
these poles to vanish in the T= ~ channels (T= isospin).
There exist similar constraints for the other baryon tra-
jectories; for instance, the pole resulting from nz&(s) = ~

should exist in the T= 2, but not in the T= 2 channel.
All these requirements cannot be simultaneously
satisfied unless the baryon trajectories are degenerate':
n~ (s)n~, (s)=n~, (s) How g. ood is a model with de-
generate baryon trajectories? If we fix the linear trajec-
tory by the nucleon mass and a universal slope of
0.86/(BeV)', we get n(s) = —0.26+0.86s. This trajec-
tory then predicts the mass of the (J~= ~+, T= —,') and
(J"=$, T= ~) isobars to be 1.43 BeV. Experimentally,
these masses are 1.24 and 1.52 BeV, respectively. ' Thus,
the predicted mass values look acceptable.

The Veneziano form of the m-X scattering amplitude

*Research supported in part by the U. S. Atomic Energy
Commission, under contract No. AT(11-1)-427.

)Research supported by the National Science Foundation
under the University Science Development Program.' G. Veneziano, Nuovo Cimento 57A, 190 (1968).' K. Igi, Phys. Letters 288, 330 (1968).' This is reminiscent of the situation found in meson trajectories.
See K. Kawarabayashi, S. Kitakado, and D. H. Yabuki, Phys.
Letters 28B, 432 (1969); C. Lovelace, ibid. 2SB, 264 (1968).

4 N. Barash-Schmidt, A. Barbaro-Galtieri, L. R. Price, A. H.
Rosenfeld, P. Soding, C. G. Kohl, M. Roos, and G. Conforto, Rev.
Mod. Phys. 41, 109 (1969).

with a degenerate baryon trajectory is written below:

A & '(s, t) =P,LC(1 —n(t), ', -ns—(s))
—C(1—n(t), 2 n&—(u))7, (1)

8( &(s,t)=Pgt B(1—n(t), -', —ns(s))
+&(1—n(t), 2

—ns(tt))7
+p,2~(-,' —n~(s), ,' n—,—(N)), (2)

A &+&(s,t) =P LC(1—n(t), ,' nB(—s)—)
+C(1—n( t), —,

' —n, (u))7
+ p,C(-', —n (s), —,

' —ns( )), (3)
&'+'(s t) =p L&(1—n(t) -' —ns(s))

—&(1—(t), l- .(N))7 (4)

In the above, nz(s) is the degenerate baryon trajectory
with mixed isospin and parity, n(t) is the degenerate
p ftrajector-y, and p; (i=1, 2, . . .,6) are constant
parameters. B(x,y) is the Euler function I'(x)F(y)/
F(x+y), and C(x,y)=F(x)I'(y)/F(x+y —1). A+(s, t,l)
and J3+(s,t,u) are the usual invariant functions of s-X
scattering. To determine the six unknown parameters
above, we proceed as follows: First, the T= ~ partner
of the nucleon (the resonance with J~= ~+ and isospin
2, degenerate in mass with the nucleon) is ehminated,
as there seems to be no experimental evidence for this
particle. This gives'

ps= p2+pa

Similarly, the T= 2 partner of the (J~= —',+, T=-', )
resonance is decoupled from the amplitude. Ke get

2p|+p4 ps (m
'—m—) (p——6+2p2 —2p3) . (6)

In Eq. (6), m' and m are the masses of the (J~= 2+,
T=—', ) resonance and the nucleon, respectively. Equality
of the slopes of the baryon and meson trajectories has
been used in deriving Eq. (6). Three more parameters
can be Axed by extrapolation to the nucleon and
p-meson poles. For the p-exchange Born term, we neglect
the magnetic-moment-type coupling ofp to the nucleons,
and assume further that p is universally coupled to the
isospin current. ' The residue of the p pole is now given
by a single constant g&, which is related to the p width;
experimentally, gP/4m=2. Extrapolating amplitudes

~ Note that the parity partner of the nucleon is absent from
Eqs. (1)-(4).' See, for instance, E. Abers and C. Zemach, Phys. Rev. 131,
2305 (1963).
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(1)—(4) to the p pole, we obtain

Pg
——0 Pg

—— gP—b/16rr. (7)

Similarly, extrapolation to the nucleon pole yields

ps g'b/——4rr . (8)

In the above, b (=0.86 (BeV) 2) is the universal slope
of the Regge trajectories, and g is the usual pion-
nucleon coupling constant, g2/4x'~14. 4. Finally, we

require the amplitude to satisfy the hypothesis of
the partially conserved axial-vector current consistency
condition of Adler~:

2 &+'(m' p' m') = g'/4rrm.

From Eqs. (3) and (9) we get'

2P4+P5 ——g~/4rrm.

Equations (5)—(8) and (10) completely fix the parame-
ters P; (i=1, 2, . . .,6), and hence the s-1V scattering
amplitude. This amplitude now makes the following
predictions:

(1) The decav width of the (Jp=-,'+, T=-,') reson-
ance to the m-E channel is given by

(3) The s-1V amplitude predicts the existence of

five additional resonances at 1.43 BeV, with quantum
numbers (1'~=-,', T=-', ), and j~=-,'~ in both T= —',

and T=-', . Of these, the isobar with (J'~=2+, T= —', )
turns out to have a partial width of 203 MeV and, hence,
may be identified with the P» (Roper) resonance s.t
1.46 BeV.4 Similarly, the isobar with (J~=$, T= 2)
has a calculated partial width of 40 MeV and may be
identified with the D33 resonance at 1.67 BeV.4 No S~3
resonance (J~=-',+, T=2) is observed at this energy.
As for the rest, S~j and S~3 resonances are experimentally
observed at 1.53 and 1.63 BeV, but the calculated partia
widths turn out to be absurdly large (=2 BeV).

(4) Finally, the S-wave scattering lengths are cal-
culated. Once again, these depend on the choice of m*

(see above). For m '= 1.24 BeV (as observed), we get,
in units of the pion mass,

a~/2= 0.33' ', a3/Q 0 04@

while for m'=1.43 (as given by linear trajectory), we

get
a&/2= 0.36' ', a3/Q ——0.01@

Ex erimental values for these are'I'= (q "/m") (8'+m) (m' —m)b(g'/4r+gP/8s) . (11)

In the above, q
* and E ' are the c.m. momentum and the

nucleon energy at the position of the (JP=2+, T=-', )
resonance. There now exists an inherent ambiguity in
making numerical predictions, depending on whether
one used for m' the experimental value (1.24 BeV) or
the value (1.43 BeV) given by the linear degenerate
baryon trajectory, in calculating the kinematic factors
occurring in Eq. (11).We obtain I'= 360 MeV (60 MeV)
corresponding to the input m'= 1.43 (1.24) BeV.
Experimentally, I' is known to be 120 MeV. 4

(2) The partial width of the (J =3s, T=2) reso-
nance to the m-)V system turns out to be negative,

I'= —(2q "/3m *)(E'—m) (g2/4vr+gP/kr), (12)

in serious conflict with the unitarity condition. 9
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a~ 2' I'=0.178@,
—' a3 P I'= —0.087p—'

To summarize, only the S-wave scattering lengths
and some of the isobar widths are of the right order.
For the S~~ and S~3 resonances, the calculated widths
are wrong by an order of magnitude, and for D33, the
width is negative, in blatant conflict with unitarity.
Hence, we conclude that the leading Veneziano terms
do not provide an acceptable model for low-energy
m--E scattering. " %hether one can construct a more
realistic amplitude by the inclusion of further (non-
eading) terms remains to be seen.
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"We have also attempted a different parametrization of the
amplitude. Now, instead of Eq. (7) which was obtained by ex-
trapolation to the p pole, we obtain two linear constraints, by
eliminating the "undesired" resonances (J =+~, T= ~) and
(J =$+, T=$). However, this solution leads to a negative value
for gP.


