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In an experiment performed at Columbia University's Nevis cyclotron, we studied the reactions (1)
~ p+e++e and (2}~ +p ~ n+e++e for ~ at rest. Using a system of counters and spark chambers,

we selected pairs with an opening angle near 120'. Ke analyzed the invariant-mass spectrum of the pairs
(1) in 2200 H decays and (2} in 400 radiative captures. For the ~ form-factor slope, we find
a= {+0.01+0.11)/nt, &. We obtain the charged-pion form-factor slope for time like momentum transfers of
the order of m . Our result for the pion charge radius is r (1.9 F with a 90% confidence level.

1. INTRODUCTION

~ROM the capture of ~ mesons at rest in liquid
hydrogen, we observed two processes: the produc-

tion of a Dalitz pair in xo decay,

have been published. All the predictions agree on a
small positive value of a in the range of 0.02 to 0.05
m '. In particular, the assumption of p dominance
gives as a form factor P (x) the p propagator

e++e +y,
and the internal conversion of the p ray in radiative
capture,

m +P —+ n+e++e . (2)

Process (1) can be described by the Feynman graph
of Fig. j.. The form factor for the vertex xoyy, called
the electromagnetic form factor of the x', is a function
F(x) of the virtual photon mass squared, that is of the
invariant mass squared x of the electron-positron
pair. P(x) appears as a factor in the amplitude of the
Dalitz decay (1);LI'(x)]' is the factor in the x distribu-
tion of the pairs. It has been pointed out' that, for
values of x of the order of m ', the form factor could
produce observable deviations of the x spectrum from
the distribution predicted on a purely electrodynamic
basis. ~' We use the normalization P (0)= 1. The nearest
singularities in the form factor I'(x) are associated with
multipion intermediate states. Because we are dwell

below the threshold for these, a erst-order approxima-
tion,

P(x) = I+ax,
is st.cient, ' and the form-factor slope a is the param-
eter to be measured.

Several theoretical estimates of u, based on disper-
sion relations ' or on the vector-dominance model,
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e +P ~ e +n+x+, (3)

which can be considered as the photoproduction of a
m+ by a spacelike virtual photon. Therefore, processes
(2) and (3) are complementary in the sense that both
yield information on the same form factors but in
opposite ranges of x. While the resonance ~'3~~* gives
a dominant contribution to the electroproduction
process (3), it does not contribute at all to our radiative
capture process, because the m. is captured in )99%%uq
of the cases in the S wave. '0 The relevant form factor
here is, besides the rather well-known nucleon form
factors, the electromagnetic form factor Ii (x) of the
charged pion, ""which describes a mmy vertex. Again
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corresponding to a slope a=0.03 m . Samios and
Kobrak' measured u in two independent experiments
with hydrogen bubble chambers. Both experiments
gave large negative values of a. Even though the ex-
perimental errors were large, the results were in sub-
stantial disagreement with the theory. This situation
was the main reason for doing the present experiment,
which employs a diRerent technique.

The radiative-capture process (2) can be described
by the graph of Fig. 2 with a virtual photon of time-
like four-momentum, corresponding to a positive
invariant mass x for the pair. The same graph describes
the related process
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FIG. 1. Diagram for the decay
m'~ e++e +y.
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its e8ects appear in the x spectrum of the pair in
radiative capture (2), but in a more intricate way
than I'(x) in Dalitz decay (1). In the range of x&~m, 2

we can again use a one-parameter description of the form
factor,

F (x) =1+bx.
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FIG. 2 ~ Diagram for the radiative
capture m. +P —+ n+e++e .

e+

As for the 1r', the p-dominance model predicts for the
form-factor slope the value b=0.03 m ' associated
with the p propagator.

Measurements of F exist for the region of spacelike
momentum transfers, by m+ electroproduction"' and

by 1I--He scattering. ""However, there were no pre-
vious results for timelike momentum transfers until
the recent experiments produced m+m pairs with e+e

colliding beams. ""These experiments scanned the
region of the p resonance, while our radiative capture
process explores the region x~&m '. The two bubble-
chamber experiments quoted above 9 could not give
information on Ii, because they were not sensitive
enough to the contribution of longitudinally polarized
photons to the graph of Fig. 2. It has been shown"
that the pion form factor does not affect the dominant
transverse photon contribution.

The present experiment, with the number of events
substantially smaller than the aggregate of the bubble-
chamber experiments, is nevertheless more sensitive to
form-factor sects, both in channel one and in channel
two. This has been accomplished essentially by the
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FIG. 3. Angular distribution of Dalitz pairs in 7r decay (solid line),
and of the mean value of x'.

selection of electron-positron pairs with an opening
angle near 120', by means of a counter and spark-
chamber system. In fact, in both channels the large
values of x, for which the form factor can deviate
appreciably from unity, are possible only with large-
angle pairs. In particular, for the Dalitz decay of the
s (1) the total x distribution on the pairs is sharply
peaked for x near zero. By our selection of events with
large opening angle we change the shape of the observed
x spectrum. Whatever the shape of this spectrum, the
minimum statistical error in an estimate of a is given by
g (X(x'), )

—'~' for a sample of X events. Figure 3
shows the dependence of (x'), on the selected opening
angle 8, together with the angular distribution. With
increasing opening angle there is a signi6caat rise of
(x'), and a steady drop in rate. In order to maximize
the statistical accuracy we would like the biggest
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FIG. 4. Layout of the experiment on the cyclotron Soor.
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Fic. 5. Schematic dia-
gram of target and de-
tectors.
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possible opening angle. Because of the experimental
requirements of defining the vertex and of observing
the y ray, we choose an angle of 120'.

Similarly, for the radiative capture reaction (2) the
ratio of longitudinal to transverse contribution is
enhanced by a factor of 8 for our selected pair opening
angle. At the same time our choice of large x increases
the sensitivity to any deviation of form factor F from
1 and therefore our sensitivity to its slope b.

2. EXPERIMENTAL DETAILS

The layout of the experiment and the arrangement
of the target and detectors are shown in Figs. 4 and 5.
A 150-MeV/c beam, produced at Columbia University's
Nevis Cyclotron, is de6ned by a beam telescope,
moderated in an absorber, and stopped in a liquid-
bydrogen target. Part of the moderator is a 5-cm-thick
water Cerenkov counter which rejects electrons with
92% efliciency. Figure 6 shows the target, a thin-walled
Mylar cylinder, 10 cm in diameter. Viewing the target
are two scintillation-counter telescopes whose axes
de6ne an angle of 120'. The aperture of each electron
telescope is 1.5% of the sphere. An event trigger is
de6ned as a m stop in coincidence with a charged
particle in each electron telescope.

The trigger 6res thin-plate spark chambers which
record electron trajectories. Behind each telescope is a
large sodium iodide crystal scintillator, 22 cm in diam-
eter and 22 cm long. These total absorption spectrom-
eters measure the electron and positron energy; their
pulse heights are digitized by two 400-channel
R. I. D. I.. analyzers gated by the event trigger. The

resolution curve of the spectrometers is plotted in Fig. 7.
Opposite the electron telescopes is a large lead-plate
spark chamber that converts a fraction of the y's from
~' decay (1). The size of the plates is 60X90X0.1 cm;
the total depth of the chamber is 3.5 radiation lengths.

The entire information on each event is photographed
on 35-mm 61m. The total number of pions stopped in
the target is 1.3X10".With a stop rate of 104/sec we
have an event trigger about once per minute. Of our
22 000 photographs about one-third are associated with
real events (1) or (2).

In between events both analyzers store p-energy
spectra from the dominant reactions xo —&y+y and
~ +p~ n+y. To get a trigger associated with these
y's we convert them in thin lead sheets mounted in
front of counters 6 and 8 (Fig. 5). Spark-chamber,
counter, and coincidence-circuit e%ciencies are mea-
sured periodically, and the gain of the phototubes is
adjusted once a day.

We spent a total of 12 weeks on the cyclotron Boor.
Of this time slightly less than half was used to produce
events.

3. ANALYSIS

The kinematical variables describing the final state
in reaction (1) or (2) are the invariant mass squared of
the electron-positron pair x and the energy partition
y=(E+—E )/~p+ —p ~

in the c.m. system. For the
Dalitz decay (1) all information on the form factor is
contained in the spectrum of x alone, since LF(x)j'
appears simply as a factor in the pair distribution. For
the radiative capture (2) this is not true. However, for
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1'ro. 6. Construction of the hy&tn&gen
target.
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l'rc. 7. Resolution function of the sodium iodide crystal spectrom-
eter obtained experimentally.

Fro. 8. Histogram of the total energy of the charged pair for a
sample of pictures, with no cuts.
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our experimental events, selected in a sma11 range,
of pair opening angles, the two variables x and Y
are strongly correlated. Thus, we may again obtain all
the information we are interested in from the one-
dimensional spectrum of x.

The 6rst step of the analysis is the geometric recon-
struction, with a rejection of all events with the vertex
of the pair outside of a fiducial region in the target or
with a poor vertex definition.

Kinematical reconstruction follows. As we already
pointed out, the spectrometer gain (channels/MeV) is
calibrated from the & spectra stored in each analyzer.
Energies of the electrons are reconstructed taking into
account the energy losses.

The third step is the separation of m' decays from
the radiative-capture events and of both from any
kind of background. This is accomplished by taking
appropriate cuts in the E&,t,=8++8 spectrum and in
the distribution of the predicted cosine of the angle &

between the total momentum of the pair and the p ray
from m —& e e+y, as calculated from the measured
electron variables E+, E, and 8. In the E&,~ spectrum
the processes (1) and (2) produce two district peaks
(Fig. 8), while the main contamination, stars from
capture in carbon, is limited to the very low total
energy region. The distribution of the calculated cos&
has a peak near the value —1 for genuine mo decays,
while it is essentiaHy fjat between plus and minus
in6nity both for carbon-associated stars and for radia-
tive-capture events (Fig. 9). After our cuts there re-
mains in our sample of ~' decays a contamination of
(1.9&0.3)% from radiative capture and (9.1&1.2)%
from carbon. stars. This background can be completely
suppressed if we require the observation of the real p ray
in the y-conversion spark chamber. The residual con-
tamination of x decay events in our sample of radiative
captures is (11.2&0.2)%. Other contamination sources
were carefully considered and were found to be neg-
ligible. Out of 10 000 events that passed the geometric
reconstruction we get 2200 xo decays (of which 997

have a converted y) and 800 radiative-capture events.
The sample of the latter is further reduced by a cut on
the individual energies measured. This cut is necessary
because of uncertainties in a saturation effect of the
phototubes looking at the NaI crystal; the saturation
gives a nonlinear response in the region of very high
energies. After this cut we remain with 400 pairs from
the radiative-capture reaction.

At this point we construct an experimental x spectrum
for both channels (1) and (2). As a function of the
measured variables, x is given by x 2E+E (1—cos8).
Then we confront the experimental spectrum with the
theoretical one. The latter is obtained by a Monte
Carlo calculation, which, starting from the theoretical
distribution" including form-factor effects, simulates
the entire experiment by generating pseudoevents. To
these we apply the same analysis procedure as to the
experimental events. To the theoretical spectra we add
a contribution for our remaining backgrounds; we also
estimate radiative-correction efI'ects.

4. RESULTS

A. ~0 Form Factor

The distribution of pairs from Dalitz decay (1) can be
written in terms of the m form-factor slope u:

f(x,a) = fo(x) (1+ax)s—fo(x) (1+2ax) .

%e see that both the event rate and the shape of the
spectrum are dependent on the form factor. Further-
more, it is clear that rate and spectrum shape contain
orthogonal information.

Now the systematic errors in determining the spec-
trum shape are associated with the uncertainty in the
energy scale which leaves the absolute-rate determina-
tion essentially unaffected. The systematic errors of c
in the rate measurement are because of the error in
determining the absolute efFiciency of our apparatus,
which does not aGect at all the shape of the spectrum.
Therefore, we choose to obtain c separately from the
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observed rate of events and from the observed shape
of the normalized spectrum. Thus, we have in fact
two completely independent measurements; the two
determinations of a, starting with orthogonal data, are
not coupled by systematic errors either. In comparing
the two values we have an internal check of the experi-
ment. Because the results are consistent, we can com-
bine them to obtain the form-factor slope corresponding
to the totality of our information.

For the estimate of a from the spectrum shape we use
the maximum-likelihood method. We obtain

a,p„„„——(—0.10&0.09)/m 6',

where the error is purely statistical. It is defined as the
half-width of the interval of u at whose extremes the
logarithm of the likelihood function has decreased by
0.5 from its maximum values. To obtain a from the
absolute rate we compare directly the observed number
of pairs in the x channel with the expected number
calculated by the Monte Carlo method. The result is

a„„=(0.11&0.07)/m ~,

with the error again only statistical.
The systematic errors in the experiment are due to

the uncertainties in the parameters describing the
apparatus. These parameters were obtained by measure-
ments during our runs; each of these measurements has
an experimental error.

For the spectrum shape the energy scale and the
resolution function are both obtained from the
spectra mentioned in Sec. 2. In particular, we get our
gain from the position of the 129-MeV y peak from
radiative capture and the edges of the p spectrum for
2r ~ yy. Our experimental error in this determination
is ~0.3 MeV. The resolution function, obtained from
the same spectra, also has an experimental error. These
errors, together with the statistical error of our theoret-
ical spectrum (obtained from a finite number of Monte
Carlo events) give a systematic error, random in
origin, of

hospectrum= ~0 13/~~~.

What we call the systematic error in the rate de-
termination is the uncertainty in the expected number
of events. This number is given by the product of the
event rate per stop (from our Monte Carlo calculation),
the number of x stops in hydrogen, and the efficiency
of our apparatus (scintillation-counter, spark-chamber,
camera efliciencies). Associated with the first we have
the statistical error of our Monte Carlo events; the
number of stops and all eSciencies were measured
directly, and each of these measurements had a finite
statistical error. The total uncertainty in the expected
rate, entirely statistical in origin, is &5%, which
translates to a systematic error on the form-factor
slope of

ba,»= &0.12/m o',
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the uncertainty in background subtraction being
negligible.

The fact that our two values of u have opposite signs
is not, we think, disquieting, for these independent
results agree within their total errors. We can combine
them by taking their weighted average.

For the final error on the result we must combine the
statistical and systematic errors of our measurements.
Our systematic errors are in fact random or statistical
in origin, and, furthermore, they are completely un-
correlated, as are our statistical errors. Therefore, we
fulfill the conditions for adding all our errors in quadra-
ture, a procedure which would not be justified for every
kind of systematic error. We get

a = (+0.01&0.11)/m, &,

where the purely statistical error is &0.05/m &.

The agreement between experimental and theoretical
distributions (Fig. 10) is checked by a X test. We find
&'=13.5 for 10 degrees of freedom, corresponding to a
20% confidence level. As a confirmation on our result,
we repeat the estimate using only x' events with ob-
served y's in the lead spark chamber. We obtain, from
997 events, entirely free of background,

a, = (—0.03~0.09)/m, o'.

This is completely consistent with the result based on
the total sample of 2200 events.

B. Charged Pion Form Factor

Analyzing the pairs from radiative capture (2), we
can again get independent estimates of the charged-
pion form-factor slope b from the spectrum shape and
from the absolute rate. For the spectrum shape we
use the minimum X' method and get

f.„,„„=(0.55~0.go)/m. ~,
where the error is purely statistical, defined as the
half-width of the interval at whose extremes the X' is

0 0,2 0A La @S 10 0 02 0g 0' gg

X IN UNITS OF MggP X IN UNITS QF jNylg~

I' IG. 10. (a) Theoretical distribution of the invariant mass
squared x, obtained for our apparatus with m form-factor slopes
a= —0.2, 0 and +0.2. (b) Histrogam of x for our 6nal sample of
m' decay events, with background subtracted, and the theoretical
distribution obtained for our apparatus, with slope a=+0.01.
The two curves are drawn with equal areas.



1362 DEVONS, AE M ETH Y, 3 ASSI M —SA BAT) D l CAPUA, AN D LANZARA 184

TABLE I. Available information on the 7rs form-factor slope.

100 100-

Determination
form- Errors

factor slope Statistical Total

50 50

Theory, p exchange~
Theory, subtracted dispersion

relationb
Samios, H~ bubble chamber'
Kobrak, H2 bubble chamber '
This experiment

a =+0.032
e =+0.046

a = —0.24
a = —0.15
a=+0.01

~0.12 +0.16
&0.10
a0.05 wo. &1

02 0.4 0.6 0.8 1.0 0 0.2 Q.4 0,5 0.8 1.0
X IM UNITS OF M~- X IN UNITS OF IN~-

FIG. 11. Ca) Theoretical distribution of the invariant mass
squared x obtained for our apparatus with 1r form-factor slopes
b= —0.5, 0 and +0.5. (b) Histogram of x for our Gnal sample of
radiative capture events and the theoretical distribution ob-
tained for our apparatus, with a slope b= —0.17. The two curves
are drawn with equal areas.

equal to its minimum value plus one. From the absolute
rate we get, by direct comparison with the Monte
Carlo calculation,

b „=(—0.35&0.29)/m ~,

where the error is statistical.
The systematic error for the spectrum, due essentially

to energy-scale uncertainties, is

bbspectrum= ~0 2/mw

For the rate we again have uncertainties in the efFiciency
that give

bb „=&0.3/m ~.

Following exactly our arguments in the case of the xo
form factor, we combine the two results, with

b = (—0.17a0.37)/m. ",
where the combined statistical error is ~0.28/'m —.

The comparison of the observed spectrum shape with
the theroetical one, calculated for b = —0.17 (Fig. 11),
gives &'= 10.6 for 6ve degrees of freedom, corresponding
to a 6.5%% con6dence level.

& Reference V.
b Reference 6.
e Reference 8.
& Reference 9.
e The result of Kobrak is given as the slope of the form-factor squares,

2a —0.3&0.2. The error quoted is statistical only, not defined as a
standard error. No estimate of systematic errors is given.

A very substantial improvement in accuracy —which
is likely to be governed, as in this experiment, by
systematic rather than statistical factors —would be
necessary to make detailed tests of particular theories.
At this level even the question of radiative corrections
would need reexamination. For the same purpose, the
study of the reaction

e++ e—~ 7I-0+y

with the new' storage-ring machines might also be
promising.

The only previous knowledge about the charged-pion
form-factor slope b was based on measurements of I"
in the region of spacelike momentum transfers. The
electroproduction experiments" ' are consistent both
with the equality Ii =Gz~, that is r =0.81 F for the
pion charge radius, and with the p-dominance model,
that is r =0.63 F. A recent x-He scattering experi-
ment" gives a pion radius r„=2.96&0.43 F. Our result,
b= (—0.17&0.37)/m ~, for the sope of F at small
timelike momentum transfers, gives for the radius an
upper limit of 1.9 F with a 90% con6dence level.
Clearly much better measurements are needed even for
deciding the simple question of the charge radius.

New important sources of information on F at large
timelike momenta are the e+e storage rings, which have
already yielded some very interesting results. ""

5. CONCLUSIONS

We summarize the available information on the x'
form-factor slope a in Table I. Our experiment does
not conhrm the previously reported large negative
values of the form-factor slope and has a somewhat
improved associated error. The combined value of the
slope obtained by the bubble-chamber experiments was—0.j.8. This was dificult to reconcile with a credible
model of the interaction. Our form-factor slope agrees
with the theoretical expectation.
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