
PHYSICAL RE VI EW VOLUME 184, NUMBER 1 5 AUGUST 1969

Some Critical Properties of Ornstein-Zernike Systems*

G. Stell
Department of Mechanics, State University of Negro Fork, Stony Brook, ¹wYork 11790

(Received 24 February 1969)

A study is made of some critical properties of systems that satisfy the Ornstein-Zernike
(OZ) condition that the direct correlation function c(r) behaves like —(kT) times the pair
potential V(r) for r such that V(r) «kT, even at the critical point. It is pointed out that a
number of models of interest that satisfy this condition exist. The relationship (and great
difference) between the implication of this condition and the results of the van der Waals-
Bragg-Williams-%cise approach is clarified, and it is noted that in systems satisfying the OZ

condition both %idom s homogeneity condition and Kadanoff's scaling hypothesis can be vio-
lated, although a self-similarity condition is in general satisfied. The importance of the
subtle interplay between small ( rl and large I r I correlations, which is lost in both the mean
field and scaling picture, is discussed.

1. INTRODUCTION

In this article we examine some of the critical
properties of systems that satisfy the Ornstein-
Zernike' condition that the direct correlation func-
tion c(r) behaves like —V(rj/kT [V(r) =pair poten-
tial, k= Boltzmann's constant, and T =tempera-
ture] for r(= Ir I) such that V(r)/kT « 1, even at
the critical point. ' We shall call such systems
Ornstein-Zernike (OZ) systems. Here we shall
investigate only systems with short-range inter-
action potentials; in another article' potentials
that fa11 off like an inverse power of r will be con-
sidered. For reasons of technical convenience we
shall focus most of our attention upon lattice sys-
tems rather than continuum fluids.

Although the two-dimensional Ising model with
nearest neighbor V(r) is not an OZ system, and
real three-dimensional fluids do not behave near
the critical point like OZ systems either, we feel
that there is still much to be learned from a gen-
eral study of OZ systems. Several models that
are exactly soluble prove to be OZ systems; the
spherical model4& ' with any V(r) is one such mod-
el, as is the one-dimensional Ising model with
nearest-neighbor interactions in the absence of a
magnetic field. ' Moreover, we have elsewhere'
found strong evidence that when V(r) -r d o for
r -~ with d= dimension and 0& o& d/2, a fluid or
Ising system in any dimension is an OZ system.
In addition, a. number of important approximations,
such as the Percus-Yevick (PY) approximation,
satisfy the OZ hypothesis.

Over and above our general goal of gaining more
insight into the features that are common to the
behavior of all such OZ systems, we have several
specific objectives in this article. The first one
concerns the relative status of various "classical"
assumptions. There appears to be considerable
confusion in the current literature, not all of it

terminological, concerning the relationship be-
tween the OZ hypothesis and the van der Waals-
Bragg-Williams-Weiss approach, which we shall
refer to as the mean-field approach. In the course
of this paper we attempt to clarify this relation-
ship, and to distinguish between the results of the
OZ and mean-field assumptions. To illustrate
the great difference between them that we find in
Secs. 4 and 5, we remark here that under condi-
tions satisfied when V(r) is of short range, OZ
lattice systems undergo no phase transitions for
d& 3, while the mean-field theories predict such
a transition. To give another example, we find
that for a 3- d OZ lattice system with short-range
interactions, certain simple conditions on c(r)
imply that the critical exponent 5 used to describe
the shape of the critical isotherm must be 5,
whereas in the mean-field theory, |I is 3. [For
comparison, we note that the assumption of ana-
lyticity of the free energy as a function of density
p and temperature T in the one-phase region
around the critical point (Tc, p ) implies only that
3 is some odd integer. ']

Our second objective is to call attention to the
breakdown of both Widom's homogeneity condition'
and Kadanoff's scaling hypothesis' that we find
occurring in an OZ system. The breakdown of
homogeneity is not serious —first because it oc-
curs only in a certain borderline case and second
because it is of such a form that a closely related
and useful condition of self-similarity is still
preserved even on this borderline. The break-
down of scaling is not a borderline matter, how-
ever. For OZ systems it is complete when the
dimension is sufficiently high —d& 4 for short-
ranged potentials. In this connection our work
reveals two aspects of critical correlations that
are left out of the scaling hypothesis. First we
find exquisite sensitivity of thermodynamic prop-
erties to a certain interplay between the nature
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of the correlations among particles or sites that
are close together and the behavior of the corre-
lations among widely separated particles or sites.
It is precisely this interplay —the influence of
small-r correlation on large-r correlation and
vice versa —that is responsible for the difference
between the OZ results and the mean-field results.
No accomodation for this interplay is made in
either the mean field or the sealing theory, and
one of our objectives here is to show just how im-
portant an ingredient has been left out of a theory
when this interplay is disregarded. Another as-
pect of correlation that we consider provides us
with an alternative to Kadanoff's hypothesis' that
the domain of validity of the scaling theory rapidly
shrinks as d increases, but always exists in a
neighborhood of the critical point. Kadanoff's
idea is appealing and plausible and is supported in
spirit —although not in a direct technical way —by
the findings of Hemmer, Kac, and Uhlenbeck, '
who discovered that for a potential parametrized
by a range parameter y, there is an anomalous
critical region that shrinks to a point as y-0 in
a one-dimensional system. Since the limit y-0
is in some respects similar to the limit d- ~,
Kadanoff's view would fit in nicely with this result
if there were no evidence of the abrupt disappear-
ance rather than the shrinking of the domain of
validity of scaling theory as d increases. In an
OZ system, however, we find just such a disap-
pearance as a result of the competition between
two terms in the correlation function.

2. FORMAL RELATIONS

The pair correlation function h(r) and the OZ
direct correlation function c(r) are related to one
another by the equation

h(r) = c(r) + p fc(R —r)h(R)dR . (2.1)

Here p is the expected number density of the sys-
tem, which we assume to be uniform and infinite
in volume, and h(r) =g(r) —1 where g(r) is the
radial distribution function or its lattice-system
analog. To make contact with the notation fre-
quently used to describe lattice-gas correlations,
we can let 7' be the occupation variable which takes
the values 0 or 1. Then for a lattice gas in which
the volume per site is v, we have

of the spherical model, 7; can take any value
(rather than just 0 or 1) with equal a prion prob-
ability, but it is still subject to the "spherical"
constraint that implies that ([2(rf —~) & must equal
one, i. e. , that g(r) = 0 when r = 0.

For simplicity we shall set v, =1 and work only
with simple cubic lattices. The Fourier transform
of a function f (r) can then be written

y(k)=g f(r)e" ", (2.3)

where the summation is over all d-dimensional
vectors with integer components; r= (al, . . ., ad).
We also have

y(r) = (2v) fj(k)e (2.4)

f (r) = (2)v) ff (k)e dk, (2.6)

where the integrations in (2.5) and (2.6) extend
over all of space. Regardless of whether we are
considering (2.3) and (2,4) or (2.5) or (2.6), Eq.
(2.1) assumes a particularly simple form in h

space

h(k ) = c(k)/[I - pc(k )],
which can also be written

I+ph(k)=[I-pc(k)] '.

(2.Va)

(2.7b)

We note that in the continuum case the Dirac delta
function rather than 5p 0 is the transform of 1.
The functions h(k ) and h(r) are often denoted as
G(k ) and G(r) in the literature, and 1+ph(k ) is
sometimes denoted as S(k) or y(k), while p+p'h(k
has been sometimes written as P, (k) and F, tk ).
Here we shall use j(k) for I+ph(k) and h(r) for
its inverse transform.

It is convenient to break up c(r ) into its value
c, at the origin and the function c'(r), where

where the integration extends from —n' to m for
each of the d components of the vector h = (xl, . ..,
xd).

In the case of the continuum fluid we have instead

f (h) = ff (r)e' d r, (2.5)

and

(vv&= (pv )'g(r,..),+pv 6i j 0 ij Oij'
(2.2) c'(r ) = c(r ), for r o0

(v.v. &- (r. &(v. &=(pv )'h(r )+ pv &..' j= 0'6 oe
where 5ij is the Kronecker delta and pv0 is the ex-
pected fraction of occupied lattice sites. In the
lattice-system case integrals over volume as in
(2.1) are to be interpreted as sums over lattice
sites, or equivalently, over cells of volume v0,
each cell containing one lattice site. In the case

=0

c(r )=c'(r )+ c 6-
0 r, 0'

for r =0,

because we ean then write

(2. 6)
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= fz —[c'(k)/." (0)]f-

P(k)-P(0) -'
c'(0) (2.9)

"-i- pc(0) = }t(0)-', (2.io}

where P is the pressure and p the chemical po-
tential.

In investigating the critical behavior of a sys-
tem it is convenient to define a set of critical in-
dices or exponents. For example, it appears that
we can describe the shape of the critical isotherm
near the critical point in terms of the index 5 by
writing'4

P —P -p, —p Ip —p I sgnlp —p I;
C c c c

T=T
~ p~pc c

(2. ii)

The subscript c here and throughout this article
refers to values at the critical point.

Similarly along the critical isochore, T «Tc,
we assume

where )+ I =z =(1 —pc, )/pc '(0). Since y(0) =1 —p,
k integration puts (2. 9) into the same form as the
saddle-point equation for the spherical modeVy ';
by writing it we have cast the lattice-gas problem
into the form of a saddle-point problem even
though there is initially no saddle-point determina-
tion to be made. Equation (2.9) facilitates con-
tact and comparison with much work that has al-
ready been done for the spherical, "' mean-spher-
ical, "y "and Gaussian' models.

For models that are most closely related to real
physical systems, " the functions c(0) and X(0)
are related to thermodynamical properties
through fluctuation relations such that

or D is not a constant but is a term of order less
than any positive power and greater than any neg-
ative power of T —Tc, such as const (ln) T —Tc [ ).

We can also describe the most important features
of the correlations by means of exponents. We
introduce q by assuming that h(r) is of the form

h(r)-f (K,r)/r, for r»1.d- 2+71 (2.16)

—K = lim sup(lnh(r)/r). (2.is)

One would expect that near the critical point ~, ~x:~

whenever the latter exists and our computations
show this is tr'ue in an OZ system, in agreement
with the work of Fisher and Burford. It is con-
venient to describe the behavior of Ky by defining
v and e such that

V
IT —T I, for p=p

1 c C

(2.19)

Here ~, is an inverse correlation length, which
can be defined for both continuum and lattice sys-
tems by setting

(2.IV }

where ~, is the coefficient of k' in the expansion
of }t(k ) ' in powers of k = Ik I:

I/}f(k ) = }f(0) '(I+A, k' —A4k~+ ~ ).
In the case of a simple cubic lattice this means
that A, is the second spherical moment of }f(r)
over 2d times the zeroth moment, If(0). As noted
by Fisher and Burford, "for lattice systems &,
is angle-independent but the higher coefficients
A4, etc. , depend upon k/k.

In the special case of an h(r) that vanishes faster
than any power of r, x can also be defined by the
equation

dP dp.—=p—IT —T I; p=p, T-T .y.
dp dp c ' c' c' (2.i2)

- Ip —p I

C
for T= T

c

and along the coexistence curve we write

ip- p i-tT- T i; (T, p)-(T, p ).p
c C C C

(2.12)

From Eg. (2.10), assumption (2.16), and the added
assumption that h(r) remains finite for all r, we
can conclude quite generally that

The specific heat Cy can be described by the in-
dex n for T «Tc:

(kT} dP/dp -Kg, as K 0

so that

(2.2o)

C - IT —T I; T-T, p=pc C C
(2.14)

but sometimes it is useful to assume the more
specific form

C -a+aIT-T I+ ~ "+BIT-T I ~+ "
V C c

(2.15)

where the last term is associated with a singular
part of C&, in which either o. is not an integer

y= (2 —n)~, (6-1)= (2 —n}z. (2.21)

As can be seen from the definitions of the critical
exponents, the case Tc=0 requires special treat-
ment, since T —Tc and T then behave in the same
way as the critical point is approached.

3. OZ ASSUMPTION

OZ reached a number of conclusions concerning
correlations in a system in which the interparti-
cle potential V(r) vanished for all r greater than
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V(r) = q(r)+ w(r),

where q(r) = ~, for y & o,

=0, for r &0;

w(r)=0, for r &g.

(3.3a)

(s. sb)

In the special case of a nearest-neighbor inter-
action, (3.1) implies that (2.9) reduces to

d'

pcly(k) = [z —2 Q cosx, ] ',
j=1

z=(1-pco)/pcl k=(xl "'x ),d

(3.4)

some R. Their treatment rests upon a heuristic
argument that can not easily be given a precise
quantitative form, especially when applied to a
model in which there is no R such that V(r) = 0 for
r&R. Nevertheless most of the obscurity in the
work of OZ lies in the justification of their basic
assumption concerning c(r) rather than in its in-
terpretation. The assumption itself is consistent
with the following statement, which we shall take
as our starting point:

In general, c(r) =- V(r)/kT for r
such that V(r) «kT; in particular c(r)
=0 for r & R, if V(r) = 0 for r & R. (3.1)

This is a strong form of the OZ hypothesis. A
weaker assertion is that:

When V(r)= 0 for r& R, or when V(r)
is short ranged in the sense that all its
special moments exist, c(r) will also
be short ranged in the same sense,
even at the critical point. (3.2)

This is also consistent with the OZ argument
and, as has been pointed out by others, for short
ranged V(r) both forms of the OZ hypothesis im-
pose a very strong set of restrictions on critical
behavior. Because of its more specific nature
(3.1) is a more convenient form of the OZ hypoth-
esis for us to work with in this paper.

We note that (3.1) does not completely determine
c(r) for v& R. In fact, for any potential with a
hard core of diameter 0, the structure of Eq.
(2.1) is such that" the requirement that g(r) = 0
inside the core completely determines c(r) for
x &o' when c(r) is given for r& o.

For the lattice gas, the "core" is the result of
the exclusion of multiple occupancy of a site,
or —to use language that does less violence to
the concept of freely moving particles of a fluid
—of a cell indexed by the vector r. It is unlikely
that OZ were aware of this restriction on c(r) for
r &o when c(r) is given for r& o, but nevertheless
they were careful to point out that the determina-
tion of the precise value of c(r) for r& R remained
for them an unsolved problem.

When treating a potential V(r) with a core it is
often convenient to break V(r) into a core part
plus the rest:

For completeness we note some simple results
for two OZ models of interest. For the nearest-
neighbor one-dimensional lattice gas at p = —,',
Percus' found

2+f 1/2co= —
(1 ) /

—1, ci=f/(1+f) (3.7)

where 1+f= exp[- w(1)/kT]. For p g —,', c(r) is
still short ranged in the sense of having an expo-
nential decay and thus satisfies (3.1) but not (3.2).

For the spherical model of a lattice gas it can
be immediately verified that

c(r) = - V(r)/kT, for WrO

regardless of the potential or of p.

(3.S)

4. MEAN-FIELD ASSUMPTION

For our purposes it is important to be able to
characterize the mean-field theory in terms of
c(r). The basis of the mean-field theory is an
assumption equivalent to the statement that if the
potential of a system is a sum of q(r) and w(r) as
in (3.3), then the thermodynamic effect of the
term w(r) can be added to that of the q(r) in the
form of an expression involving only w(r) and the
thermodynamics that describe the system when
w(r) —=0. The possible presence of a "cross term"
manifesting the influence of q(r) on the change in
the thermodynamics when w(r) is introduced is
neglected. As was pointed out by Boltzmann, "
one expects to come closest to realizing this van
der Waals-type assumption when w(r) is weak and
long ranged. Expressing these ideas in terms of
c(r), we might hope to recover the mean-field re-
sult by first obtaining the c(r) for the system in
which w(r) =0 and then assuming that the change
in c(r) that comes of adding the w(r) to q(r) will
depend entirely on w(r) rather than on both w(r)
and q(r). On the basis of (3.1) we can further ex-
pect to have, for a weak long-range w(r),

c(r) = co(r) —w(r)/kT, (4.1)

where here and below the superscript zero refers
to the quantity that is found for a given p and T
when w(r)—= 0. According to Boltzmann's reason-
ing, Eq. (4.1) should yield the mean-field result
of van der Waals when applied to a Quid, or the
Bragg-Williams-Weiss results when applied to

where c, denotes c(r) at x= 1.
The inverse transform of the right-hand side of

(3.4) has been exhaustively studied and tabulated. "
When w(r) = 0 in (3.3), (3.1) further implies that
we have simply

pj(k) = 1/(1 —pc, ), (s.5)

but g(r) = 0 at r = 0 implies that y (r) = 1 —p at r = 0
so that (3.5) yields in the lattice-gas case

1 —pea = 1/p(1 —p) or co = —1/(1 —p). (3.5)
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a lattice system. This is easily seen to be the
case —when use is made of Eq. (2.10), Eq. (4.1)
immediately yields

dP/dp = (dP/dp) + pw(0), (4.2a}

P'/kT =p/(1 pb), — (4.3)

where 2b is the volume of a d-dimensional sphere
with radius 0', 2b=2c for 4=1, 2b=~mo for d=3.
In the lattice-gas case we can immediately assess
(dP/dp)0 from (2.10) and (3.6). In all dimensions
it is given by

(dP/dp)o/kT = 1/(1 —p), (4.4)

which yields the Bragg-Williams-Weiss equation
of state when used in (4.2).

Equation (4.2) is applicable only to a system in
a single phase and must be supplemented by a
further prescription, such as Maxwell's construc-
tion, in order to yield a coexistence curve and a
two-phase region.

It is a simple matter to verify that if (dP/dp)'
is given by either (4.2) or by any reasonable es-
timate of its continuum analog, including that
determined by (4.3), then a critical point at Tc&0
exists for all d, with

y=1 (4.5)

in (2.11) and (2.12), respectively.
It can also be verified in a straightforward way

that the use of Maxwell's construction with (4.2)
and a reasonable P' yields

p=—1 (4.6}

in (2.13) while the specific heat proves to be of
the form given by (2.14) and (2.15) with

e=0, D=O. (4.7)

Equation (4.1) also completely determines an h(r}
when c'(r) is given, and we can thus also obtain
g, v, and ~, as we show in the next section. Be-
fore passing on to Sec. 5, we note the following

which becomes after integration with respect to p

P = P'+ —,
' p'cu(0). (4.2b)

Equation (4.2) has the form derived by van der
Waals, although in his original derivation" the
constant in the second term of (4.2a) was not
clearly identified with ~(0). However, in the de-
rivation given by Boltzmann" this identification
is clear.

Van der Waals also considered a method for
obtaining successively better and better approxi-
mations to P' for a hard-sphere system and
Boltzmann further developed systematic and exact
procedures for accomplishing this, but for com-
putational purposes van der Waals and his con-
temporaries often used the simple approximation"
suggested by van der Waals

5. OZ RESULTS FOR A
NEAREST-NEIGHBOR POTENTIAL

We note from the form of (2.9) that the T and p
dependence of pc'(0)}((k) is contained entirely in
the quantity z when (4.8) is satisfied. We also
see from (3.4) that in the nearest-neighbor case,
this is true as long as c(r)= 0 for r& 1, even if
the stronger assumption that c, = —w/kT is not
satisfied. In the nearest-neighbor case, (2.1'I)
can be re-expressed as

(5.1)x,' -(I -pc, —2dpc, )/pc„
and we find that z, exactly satisfies (2.18), since
the large r form of the pc, y(r) given by (3.4) is

(d —2)/2
(x r} K „ (x r)

pc, Ii(r) =
d/2 d 2-

(2v) r
(5.2}

when K„(x) is the Bessel function of imaginary
argument, such that as x-~,

K (x)- (v/2x)" e

Comparing this result with (2.18) we see that we
can drop the subscript on Ky We also note that

q=0. (5.3)

For fixed r, (either r lor r»1) w-e find that
pc,}I(r}always has an asymptotic expansion that
can be written as

two points. Firstly, the mean-field equation of
state is insensitive to the form of the potential.
As long as zv(0) exists, it is cu(0) that determines
the nature of the critical behavior in the mean-
field approximation, whether w(r) is zero for
large r or not. Secondly, there is no guarantee
that h(r)+ 1 defined by (2.1) and (4.1) will be zero
for r &c. The weaker and longer ranged w(r) is,
the smaller this h(r)+ 1 is likely to be for r & o,
since in the limit of a u(r) that is zero at any r,
we would expect c'(r) to coincide for r & o with
the c(r) that results when w(r) is added to q(r).
For an arbitrary w(r), however, we must expect
the condition h(r) = —1 for r &cr to be violated,
The result of this violation is a measure of the
importance of the subtle interplay between the
correlations over large distances and those over
small distances, and we shall find that the effects
of this interplay on critical behavior can be im-
mense. We shall study these effects in a lattice
system by comparing the use of the mean-field
c(r):

c(r) = —w(r}/kT, for r& 0, (4.8)

co = —1/(1 —p), (4.9a)

with the use of the same c(r) for r& 0, but with

c, such that h(0) = —1. (4.9b)
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pc, y(r) =f,(r)+f, (r)» +f,(r)»
2 d-2

d —2
+f, (r)» ln»+ ~ ~ ~, (s.4)

U = —,
'
p[u (0)+Q~(r)h(r }]. (5.5)

Using (2.19), we see that (5.5) implies for p =pc
and T Tc

where f, (r) and f, (r} are not zero for r= 0 or r= 1
and f3(r) is zero when and only when d is odd, for
all r. The unexhibitied terms are always domin-
ated by the presence of at least one of the terms
shown. From (2.10), (5.2), and (5.4}we see that
(dP/dp) ' can -~ only if » -0; thus only if » -0
can we have a critical point at which dP/dp = 0.
For d ~3, the right-hand side of (5.4} remains
finite as» -0 and (2.20) and (2.21) immediately
follow. For d = 1 and d = 2, however, the question
is more subtle since for any fixed r, pc, g(r) will
go to infinity as» -0, and only if either c, or h(r)
become infinite is consistency maintained in these
dimensions. For the lattice gas and similar mod-
els the result h(r)- ~ for fixed r represents un-
acceptable behavior of h(r), and for any such mod-
el that is an OZ system c, must become infinite
for d = 1 and d = 2 in the nearest-neighbor case.
When c, is given by a relationship such as (3.7)
or (4.8) this means that T must be zero in order
for x to be zero. In this section we have as yet
said nothing that involves the difference between
(4.9a) and (4.9b), but from the above remarks we
must conclude that the mean-field theory, for
which Tc &0, can only be consistent with the un-
acceptable result that h(r) —~ for fixed r as» -0.
This is a mell-known catastrophe that occurs in
the mean-field theory. However the OZ theory is
in no obvious way inconsistent with alternative
possibility that there is no critical point at T w0

so that the only possible critical temperature is
zero in one or tmo dimensions. The difference
in these alternatives resides wholly in the differ-
ence between (4.9a) and (4.9b}.

The exceptional behavior of c, that occurs in the
OZ theory for d=1 and d= 2 entails special anal-
ysis and for the remainder of this work we shall
restrict our comments to the case of a c, that
remains finite at the critical point and hence to
the case of d ~3. Since (5.1) precludes the pos-
sibility that c, -0, we assume that c, -v for
small v.

We can determine the behavior of C~ by using
(5.4) for r = 1, since the configurational internal
energy is given by

for d=3,

v = 2 (1 —~) for d ~ 4,

and from (2.21) and (5.3)

y=2(1 —a), for d=3,

y=1 —e, for d ~4.

(s. 8)

(5.9)

Note that for d = 3 we have another dilemma in the
mean-field theory, since the values o = 0 and y= 1
noted in Sec. 4 are inconsistent with (5.9).

To determine the value of y in the OZ theory
when (4.9b) rather than (4.9a) is used, we consider
(5.4) at r= 0. We have

c,p(1 —p)= [c,p(1- p)] +O(»')

+ 0(» )+ 80(» jn»). (5.10)

Letting p ~c=+p, l~p I =~, and 1 c1c ~c1
me find

p '(&c ) —c M' —hc M'
c 1 1c 1

= 0(» )+ 0(» )+ 80(» ln»). (5.11)2 d-2 d-2

If we also assume (4.8), then —&cl= Pu1 - Pcwl
= wi&P, where we have written I/kT as P to dis-
tinguish it from the critical exponent P. We shall
treat the case of —c, = Pre, first, coming back to
the more general (2.9) later. We can drop the
term &c,M' on the left-hand side of (5.11)as» -0
and we find

—p 'w n P+P w M =0(»)c 1 c 1
for d=3

=0(»'In»), for d= 4

= 0(»'), for d&4. (5.12)

From this we can read off the values of v, f, 5,
and y:

v=1 for d= 3

v= —,
' for d &4

& =2 for d= 3

&=1 for d ~4

y=2 for d= 3

y=1 for d ~4
(5. 13)

6=5 for d= 3

5=3.for d ~4.

8 = 1, for even d

=0, for odd d. {s.7)

We are interested in 4T-O.
term is dominant, while if d =4, the last term dom-
inates. For d ~ 5 the first term dominates. Thus
we can identify v —1 with the —n of (2.14) when
d=3 and 2v-1 with —e when d ~4:

C -0( 2~ 1) o( T{d 2 ~ 1)

+ 80(C T Ink T),

where me have set 4T = T —Tc and where

(s.s)

Note that for d= 3, both y and 5 are different than
in the mean-field theory.

A special remark must be made concerning d= 4,
since one does not find that ~ is asymptotically
proportional to 4T or M' in that case as v -0, be-
cause of the presence of the ln» in {5.12). One
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still has (2.19) and (5.6}if one defines asymptotic
order as indicated in footnote 14, but one will not
find

C ~ const+ ink T (5.14)

as &T-O for p= pc. Instead one finds

C ~ const+ (1/lnh T),
V

(5.15)

so that C~ remains finite at the critical point for
P = 4 despite the appearance of the inc.

Because of the inn we do not have homogeneity
Of z as a function of &P or &T and M' for d =4,
as we do for d 44, but we still have self-similarity
of curves of constant x in the (hP, M'} or (&T, M')
planes. This suggests that the conjectured homo-
geneity of x, which we have noted elsewhere" is
equivalent to the homogeneity condition conjectured
by Widom, ' should be weakened to a conjecture
concerning the self-similarity of curves of con-
stant z (and hence of constant compressibility or
susceptibility�}.

From (5.8) and (5.13) we find a = 0 for all d ~ 3.
Furthermore, by matching terms in (2.15) and
(5.6) we find that when d ~ 3,

p(p, T) —V(p, , T)

p —p c

1 Pdp(n, T)~
P —P dn

Pc

p
x2(n T}dn,

p p
c

(5.21)

can be used for T & Tc to determine a coexistence
curve by means of Maxwell's rule or the condition
that

is consistent with the results of scaling theory,
although scaling theory does not appear to give a
clear means of deciding between 0. = 0 and a = 2 —dv

when 0.,&0.
We have still to investigate the critical exponent

P under the assumptions (4.8) and (4.9b). For
d& 4, the determination of p is straightforward,
since the expression for

~-(p 'w &P-P w M')"' (s.20}
c 1 c 1

which follows from (5.12), and the related ex-
pression for the chemical potential,

ynv —1=0, (5.16) g(p +M, T)=p(p -M, T).c c
where m = minimum of d- 2 and 2, in agreement
with (5.13}, and that whenever a singular term
in (2.15) appears,

(d —rn)v —1= —a
S

(5.17)

Q =2 —dV
S t (5.18).

where an integer a signifies that no singularity
appears unless the condition for the presence of
a lnAT term

d-2=2j, j=1, .. . , (5.19)

is also satisfied.
From our discussion we can see at this point

that some of the scaling relations that involve
dimensionality explicitly are not satisfied when
(4.8) and (4.9b) are assumed. For example we
see from (5.3) and (5.13) that the relation

g = 2 —d(5 —1)/(5+1)

For d= 3, no singularity appears. For odd d& 4,
e~ is an integer plus —,

' while for even d ~4, +~ is
an integer but the term const4T +s lnb. T always
appears. We can summarize the relation between
as and v by eliminating I in (5.16}and (5.17) to
get

We have

2Pw M' —p2w
c 1 c 1

(s.23)

in the critical region. The critical exponent P
is given by

(s.24)

and the dome of metastability in the (p, P ) plane
can be reasonably identified with the locus of
points at which z = 0.

For d =3, all of this is changed. When we use
Eqs. (5. 12) and (5. 21) we find instead

p(p, T}—p(p, , T) - w 'p 46P'
hp 1 c

+ —'P so 'p '2 PM'+ —'P '$g 'M
c 1 c c 1

p(p, T) —p(p, , T) P, Iwl I

M~+ p ~gg b P,hp 3 c 1
(s.22)

so the coexistence curve is given by the equation

is not satisfied for d & 4 whereas we see that the
relation derived by us previously (for a non-OZ
system), " 2[p 4gt}2+ 2P p 2gPM2+ &

P 2M4]
1 c c c c

(s. 2s)

2)=maximum of 0 and 2 —d(5-1)/(5+1),
remains trivially valid. On the other hand (5.18)

There is no real value of nP for which p(p +M, T)
= p, (pc —M, T) according to (5.25). Thus we can-
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6. GENERALIZATIONS OF THE PRECEDING
RESULTS

The preceding analysis was centered on the
lattice-gas case in which (4.8) and (4.Sb) were
assumed to hold. These equations involve a
stronger assumption than (3. 1), however, which
implies in the nearest-neighbor case only that

c, is such that h(0) = —1,

c, is undetermined,

c(r) =0, for r&1.
(6.1)

On the basis of (6. 1), our previous analysis is
unchanged through Eq. (5.3) but to go further we
must examine what can be said about the tempera-
ture and density dependence of c,. Here the in-
variance of e, under the interchange of p and
2pc —p which follows directly from the hole-
particle symmetry of a lattice gas enters strongly
It implies that c, is an even function of 4p.

If we further assume that c, must be analytic
in P and p about (Pc, pc), then c, must be of the
form

not find a coexistence curve by means of the ana-
lytic continuation of our expression for v or p, in-
to the subcritical region, and there appears to be
no natural alternative to such continuation that
suggests itself as a means of locating the co-
existence curve.

This is somewhat surprising because the spheri-
cal model, which is an OZ system, has a coexis-
tence curve such that P = —,

' when d =3 (as well as
when d ~ 4). However, as indicated in footnote
13, Eq. (2. 7) does not have its normal status in
the case of this model. Our computation suggests
that OZ systems in which Eq. (2. 7) does have its
usual status may not exist for d =3 when the po-
tential is of short range. It further suggests that
for d =3 and short range V(r), approximations
that satisfy the OZ condition, such as the PY
approximation, may be associated with patho-
logical subcritical behavior of the compressi-
bility when that quantity is obtained from h(r)
thru Eqs. (2. 7) and (2. 10).

The borderline case of d =4 is complicated by
the appearance of the It' lnit in (5.4) and we forego
its analysis here.

different (for example, when d = 3, then e = 4)
while Pc'a & c1c would lead to unaccePtable nega-
tive or imaginary values of a when 4P = 0.

Another departure from (4. 8) can be attained by
relaxing the requirements of analyticity at (Pe, pc).
For example, if &c, were a homogeneous function
of M and (d T)"/s of degree P, then when M=0,
(5.11) would yield p = e for d =3 and p = 2e for
d & 4. When 4 T = 0, (5.11) would yield e & 2 for
d=3 and e &1 for d&4, which would imply 5+5
for d = 3 and 5 & 3 for d & 4, with v not subject to
any obvious constraints. Thus it appears that for
d =3 an approximation could be constructed that
has values of v, e, y, and 5 that are very close to
those actually observed in the Ising model. For
example, by settiag 4c, to a function that be-
comes, for small M and b, T,

hc, = [constM" +const (hT)']' ', (6.3)

we would have v = 8, e = 2, y =~, 5 = 5. However,
there appears to be no way of changing o =0 and
certainly no way of changing the p =0 by means
of a judicious choice of c,. Moreover, a more
thorough investigation of the approximation that
such a choice of b c, defines would have to be made
before it is clear that it is free of serious incon-
sistencies and that it can be associated mith a
reasonable coexistence curve by means of the
condition g(pc+M, T) = g(pc —M, T).

U we do not restrict our attention to the nearest-
neighbor case we would still expect to find the
same kinds of results as long as we continue to
look at short-range potentials all of whose mo-
ments exist. Equation (4.8) can be used as it
stands and Eqs. (6.2) and (6.3) can also be used
if they are taken to hold for any r e0. When (4.8)
is used, computations can still be done explicitly
in the case of certain potentials (such as the
Green's function" for the lattice analog of the
Helmholtz equation) that lend themselves to the
necessary manipulations.

If we consider potentials that are of the form
—1/rd+ o for large r, the results are quite dif-
ferent. Joyce' has treated the case of such po-
tentials in great detail for the spherical model,
and we show in a separate article that most of
his results are valid for any OZ system. For ex-
ample, it can be shown that assuming (4.9),

c =c +a M+5(n. p)+ ~ ~ ~ .
1 1c (6.2)

d —s
h(r )- const/r (6.4)

Assuming b &0, which is reasonable, then there
are three distinct possibilities, depending upon
the relative values of pc'a and c1c. If pc'«c1c,
as would be the case of c, were essentially inde-
pendent of p, all the critical exponents found in
Sec. 5 would remain unchanged. In contrast, the
very special p dependence of c, represented by
pc'a =c1c mould result in some exponents that are

h(r)--Psu(r)[}t(0)]', as r-~, (6.5)

rather than (5.2).
This brings up a point concerning terminology

that is a source of ambiguity in the literature.
The result (5.2) is often referred to as the OZ

at the critical point, where s = minimum of 2 and
cr, while off the critical point,
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result irrespective of the potential whereas the
results consistent with (2.1) and (4.'3) are very
much dependent upon the form of V(r), as (6.4}
and (6.5) indicate. Moreover, in a quantum sys-
tem it is an effective potential —the actual pair
potential modified by quantum effects —that must
be considered rather than the potential itself if
one wishes to apply the reasoning of Ornstein and
Zernike; for example, for a Bose gas in its
ground state one expects" Veff(r) - I/r' and hence,
according to (3.1) one must expect c(r)-1/r'
rather than c(r) -0 for large r.

The full generalization of the results of Sec. 5

to a fluid presents technical difficulties associated
with the extended repulsive core characteristic
of any reasonable intermolecular potential, but
certain of the preceding results appear to gener-
alize without difficulty. In particular, assuming
(3.1}, we expect to again find (5.2) for all v, x- ~,
and (5.4) for a fixed r as v -0. This is consistent
with the general observation based on (2.9) that
when (4.8) is used the case of a w(r) extending
over arbitrarily many lattice sites cannot be es-
sentially different from the nearest-neighbor case
as long as all the moments of w(r) exist. If is

also supported by the following more specific
argument. Except for small r, we expect h(r)
to behave like the solution

(sr) E (zr)/2s r (6.6)(d —2)/2 d/2 d- 2

of the Helmholtz equation

&'h(r) —~'a(r) = 0,

but for fixed r and s -0, (6.6) behaves precisely
like the right-hand side of (5.4),

O(1)+ 0(~ )+ O(~ )+ eO(a Ina),

just as the transform of (3.4) does.
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The cross section for positronium formation by positron collisions in hydrogen is calculated
from equations of three-particle scattering. We find o = 1.45 mao at the peak, about 25% higher
than the Born approximation value, but at high energies our value is lower. Comparison with

other calculations is also reported.

The problem of positronium formation by scat-
tering positrons in atomic hydrogen is often con-
sidered theoretically. The process may have
some astrophysical significance. Experiments
have not yet been attempted in atomic hydrogen.
The reported theoretical calculations, however,
do not agree very well among themselves, empha-
sizing the difficulty of making reliable approxi-
mations in rearrangement collisions.

The first cross-section calculation performed
by Massey and Mohr' used the Born approximation.
Both the incoming positron and the outgoing posi-
tronium were represented by plane waves. The
cross section of positronium (both ortho and para
types) formation rises rapidly from the threshold
6. 8 eV of the positron energy to a maximum p
-4. 5 ma, ' at about 14 eV and then falls away. Above
10.2 eV there are other inelastic processes, which
we shaQ not consider, and which will compete with
positronium formation in any experiment. Hence
the most important point in the cross section is
the position and value of the maximum quite close
to the threshold. As an improvement of the in-
coming positron wave function, Massey and Mohr
computed the s-wave phase shift approximately,
and thereby obtained total production cross
section lower by afactor of 2. Cheshire' has em-
ployed the impulse approximation and obtained the
peak value of the cross section to be ten times
higher than the Born value. Bransden and Jundi'
investigated the first two partial waves. They
found that without polarization the p wave cross
section was much larger than the s wave, but with
polarization correction the situation reversed. In

absolute magnitude the cross section was not very
different from the Born term. They did not find
out how many partial waves were contributing
appreciably at any energy. Recently Fels and
Mittleman' considered the problem. They took
account of the polarization of hydrogen and posi-
tronium through phenomenological potentials. Re-
taining only four partial waves, of which l =1 was
dominant, they obtained a cross section 40 times
below the value of Massey and Mohr. The precise
form of the polarization potentials near the origin
did not affect the result. However, there are
several points unclear in the calculation. The
cross section at the peak is 0. 06ma, , while out
of the four partial waves the supposedly dominant
l = 1 partial wave gives a contribution 0. 02 7Mp „
the l =0 partial wave being extremely small. More
recently, T. Roy and J. Das' calculated the posi-
tronium formation cross section in positron-hy-
drogen collisions in the lowest-order approxima-
tion from a field theory point of view for bound
states in quantum electrodynamics. It turns out
that their final result is completely equivalent to
a straightforward stripping calculation given in
Appendix I. However, this stripping calculation is
open to criticism, and the calculations of Roy and
Das are also subject to the same.

Positron scattering from hydrogen is a three-
body problem and should be handled, in principle,
by the rigorous three-body equations of Faddeev. '
We hope to report on a calculation along this line
later. Here we present a calculation based on
standard equations of the scattering theory devel-
oped in Newton's book. ' These equations can of


