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Warped Feririi Surface in GaSb from Shubntkov-de Haas Measurements~t
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The frequencies of Shubnikov-de Haas oscillations in e-type tellurium-doped GaSb have been obtained as
a function of magnetic 6eld direction in samples with electron concentrations a =10'8 cm '. Field-modulation
and phase-sensitive detection techniques were employed in the measurements. A frequency anisotropy of

j.% has been unambiguously determined. These results are explained by the warping contribution to the
k =0 conduction-band energy expression derived by Kane using k- y perturbation theory. By 6tting the fre-
quency anisotropy to the theoretical prediction, it is found that the warping parameter J.—3II—X
= (11~2)k j2mo. A small (~2'Po) effective-mass anisotropy has been observed; the symmetry of the result
is predicted from the warpiug mode1, i.e., m*(111))m*(110))m*(100).

I. INTRODUCTION

I~RYSTAL—GROWTH technology yields homoge-
M neous single crystals of tellurium-doped e-type

GaSb with carrier concentrations only between ~10"
to 10'8 cm ~. Consequently, low-temperature galvano-
magnetic measurements on these crystals involve
carriers lying within a narrow energy range in the con-
duction band. For the concentrations 10'~—10's cm 3,

the 8-versus-k relation is no longer parabolic, and the
Fermi surface is expected to show departures from
spherical symmetry. Thus„reined measurements may
yield quite detailed information on the nature of the
carriers at the Fermi surface, and experimental results

may indeed serve as a test of E-versus-k theories. In
turn, parameters of bands that are far distant in energy
from the Fermi energy may be extracted from the data.

Because of the difhculty of making band-structure
calculations from first princip1es, it is desirable to
obtain information about band structure directly from
experiment. The h. y method is probably one of the
most important theoretical procedures for predicting
and analyzing experimental parameters of the energy-
band structures of semiconductors. Coupled with the
use of symmetry, lt shows that the barld structure ln
the vicinity of a point in k space depends on a sma11

number of parameters which may be determined by
experiment. In this paper, we use an energy expression
derived by the lt y method to obtain information about
the band structure of GaSb.

The Shubnikov-de Haas (SdH) effect provides a
sensitive method for examining details of the Fermi
surface of metals and semiconductors. In g-GaSb(Te),
observation of the Sdl eRect was erst reported by
Seeker and Fan. ' They ascribed the oscillatory behavior
to conduction by carriers in the k =0 minimum. Their
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' W'. M. Becker and H. Y.Fan, in Eroceed~egs of the INtereats'oral
Cogferegce og She Physics of Semicogdgctors, Paris, 1P64 (Duuod
Cie., Paris, 1965), p. 663.

observatlolls of the daIQplng of the oscillations wele
later shown' to be consistent with screening due to
carriers in nearby subsidiary minima lying along {111)
directions. Pep and Seeker' found a variation of the
cyclotron-resonance e6ective mass with concentration
from the analysis of the amplitude dependence of SdH
oscillations in the same material. The interpretation of
their results was based on Kane's "three-band approx-
imation'"; higher-band k y interactions were not
considered. The nonparabolicity predicted from Kane's
theory was shown to be in agreement with the experi-
mental results when bown values of the forbidden
band energy gap E„ the valence band spin-orbit
splitting energy 6, and a value of the momentum
matrix dement P consistent with values of this param-
eter found in other III-V compounds were employed in

the calculation. In this paper we report results which
indicate that the Fermi surface deviates from spherical
symmetry; these deviations cannot be explained
w&thout considerlIlg the higher-band lr p interactions.

Earlier we had reported the observation of beating
effects' in the SdH oscillations of n-GaSb(Te) and had

suggested that the beating eGects might be ascribed to
inversion asymmetry splitting of the k=0 conduction
band. This suggestion was based on the remarkable
similarity of our results to the observed beating sects
in HgSe' and on the theoretical arguments of Roth
et al. ' explaining the HgSe data. More recently, we have
reported that the SdH period exhibits a small, but
reproducible, angular anisotropy. This anisotropy is
consistent with a model of warping of the 0=0 conduc-
tion band. In this paper, the detailed experimental
results of our investigation are presented. The results
are then compared with SdH frequency and cyclotron-
resonance eR'ective-mass values predicted on the basis
of Kane's k y perturbation theory. This comparison

' J.E.Robinson and S. Rodriguez, Phys. Rev. 135, A779 (1964).' T.'Q. Yep and W. M. Becker, Phys. Rev. 144, 741 (1966).
4 E. O. Kane, J. Phys. Chem. Solids 1, 249 (1957).
f' D. G. Seiler and W. M. Seeker, Phys. Letters 26A, N (1967).' C. R. Whitsett, Phys. Rev. 138, A829 (j.965).
7L. M. Roth, S. H. Groves, and P. %. %yatt, Phys. Rev.

Letters 19, 576 (j.967).
D. G. Seiler and %'. M. Seeker, Bull. Am. Phys. Soc. 13,

1455 (1968).
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has enabled us to evaluate several of the higher-band
parameters. ONr investigation indicates that the observed

angular anisotropy can be explained by warping atone,
witltout recourse to consideration of ineersion asymmetry
splitting

In Sec. II we summarize various features of the band
structure of GaSb previously obtained by theoretical
calculations and by experimental measurements. We
present the theoretical expressions for the Sdl e6ect in
Sec. III A. Starting with an E-versus-k equation
involving nonparabolicity and warping, expressions for
the extremal cross-sectional area of the Fermi surface
and cyclotron-resonance effective mass are derived in
Secs. III 8 and III C. The experimental technique is
described in Sec. IV. Details of data reduction are
outlined in Sec. V. Finally, in Sec. VI, we present our
results and show that they may be predicted on the
basis of nonparabolicity and warping alone. In Appendix
A, several angular functions are evaluated for various
cases of interest. The values of the normalized coefB-
cients a4, b4, and c4 used in Kane's k y perturbation
theory are estimated in Appendix B. In Appendix C,
we evaluate the higher-band parameter A'.

II. GaSb BAND STRUCTURE

Cohen and Bergstresser' have calculated the energy-
band structure of GaSb using a local pseudopotential
model. More recently, Herman et al."carried out band-
structure calculations utilizing the empirically adjusted
OPW (orthogonalized plane-wave) method. Figure 1
shows the energy levels at the I' point for their model.
The lowest conduction band corresponds to antibonding
s states with symmetry type I'&. When the spin-orbit
interaction is included, the conduction band has F6
symmetry in the double group 1'&'. The valence band
has the symmetry given by bonding p functions and is
of the symmetry type F~5. Adding the spin-orbit
interaction removes the sixfold degeneracy at the F
point. The split-oB band with I'7 symmetry is separated
from the fourfold degenerate I'8 bands by the spin-orbit
splitting energy h. According to the calculations of
Herman et al. , the I'js conduction band is separated
from the top of the valence band by 3.35 eV, which
is somewhat smaller than the same band separation
calculated by Cohen and Bergstresser. More recent
estimates of the position of the I"~5 conduction band.
carried out by Zhang and Callaway" and by Higgin-
botham et al." are in fair agreement with the results
given in Ref. 10.

~ M. L. Cohen and T. K. Bergstresser, Phys. Rev. 141, 789
(1966).

'0 F. Herman, R. L. Kortum, C. D. Kuglin, J. P. Van Dyke,
and S. Skillman, to be published in 3IIethods ie ComPNtutioeal
I'hysics, edited by B. Adler, S. Fernbach, and M. Rotenberg
(Academic Press Inc., New York, 1968), Vol. 8."H. I. Zhang and J. Callaway (to be published).

~ C. Mf. Higginbotham, F. H. Pollak, and M. Cardona, in
Proeeedhrtgs of the Nsrtth Irtterrtottortot Cowferertce ots the Physses of
SenucoNCNctors, edited by S. M. Ryuhn (Nausea Publishing
House, Lenningrad, 1968).
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FIG. 1. Energy levels of GaSb at the F point according
to Herman et al. (Ref. 10).

III. THEORETICAL ANALYSIS

A. OsciHatory Magnetoresistance

With the application. of a magnetic Geld to a free-
electron system, the motion in a plane perpendicular
to the magnetic Geld becomes quantized and the
quasicontinuous distribution of energy levels ia the
conduction band is split into highly degenerate Landau-

"A. Sagar, Phys. Rev. 117, 93 (1960).
'4%. M. Becker, A. K. Ramdas, and H. Y. Fan, J. Appl. Phys.

Suppl. 32, 2094 (1961).
ss H. B.Harland and J.C. Woolley, Ca. J.Phys. 44, 2716 (1966).

The understanding of transport phenomena involves
knowledge of the features of the band structure at low
carrier energies. In n-GaSb a variety of experimental
determinations" "indicate that a two-conduction-band
model is necessary to interpret experimental results.
At low carrier concentrations and low temperatures,
electrical conduction is by carriers in a band with a
minimum at k=0. At higher temperatures and/or at
higher carrier concentrations, conduction by carriers
in germaniumliim subsidiary minima lying along (111)
directions must be considered. Estimates of the
energy separation between the k=0 minimum and the
(111) valley edges are of the order 0.08—0.095 eV at
4.2'K."~'5 The electron concentration corresponding
to the Fermi level position at the (111)band edge is
n 1.250(10"cm—'.

Sagar's" study of the pressure and temperature
dependence of the Hall coeQicient and conductivity in
GaSb indicated that the density-of-states ratio between
the (111)valleys and the b =0 minimum is of the order
40. Studies by Seeker, Ramdas, and Fan" on the
resistance, Hall coeKcient, magnetoresistance, and
optical absorption in crystals similar to those inves-
tigated by Sagar gave a density-of-states ratio as high
as 80. The consequence of the large density-of-states
ratio is that doping to high-impurity concentrations is
ineffective in raising the Fermi energy much more than
0.01 eV above the (111)valley edge.
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IIEMg) kgT ) (2)

where k~ is the Holtzmann constant and T is the
temperature; and

hc (+p )

where Ep is the Fermi energy. This last condition places
a limit on the maximum magnetic field beyond which

no further oscillations would be seen. Above this
limiting field, all the carriers are condensed into the
m=o Landau level.

The presence of a nonuniform distribution of ionized

impurities in a crystal produces a spatial variation of
the Fermi energy, and thus leads to a broadening of the
Landau levels. A fourth requirement for the observation
of oscillatory effects is that the Landau-level spacing
should be much greater than the inhomogeneity
broadening.

The period of oscillation I' is related to the extremal
cross-sectional area 0', of the Fermi surface by the
expression" P= 2o-e/ch n, (4)

where the quantities in Eq. (4) are given in MES units.
A theory for the transverse magnetoconductivity

oscillations for spherical energy surfaces has been given

by Adams and Holstein for both acoustical lattice
scattering and ionized impurity scattering. '7 Using their

theory, the oscillations in the transverse magnetoresist-
ance can be expressed to a good approximation by

Ap—=5v27r'kg
pp

m*c 'l' Z'

M 1/o ( 1)or
peIg 8

level subbands. For'each Landau level, the density of
states is infinite at the bottom of the subband. The
energy separation between the minima of adjacent
Landau levels is equal to the cyclotron-resonance
quantum of energy Aor„ the eth Landau level lies a
distance (n+ —',)h~, above the zero-field band edge,
where n takes on positive integer values including
zero. As the strength of the magnetic field increases,
the energy separation between Landau levels becomes
larger, so that these levels pass successively through
the Fermi level. As a result, oscillations in transport
properties (such as magnetoresista, nce and Hali effect)
occur which are periodic in reciprocal magnetic field.

The following conditions are necessary for the oscilla-
tory effects to be observed:

cocrh 1 )

where or, is the cyclotron-resonance frequency and r
is the carrier relaxation time;

where P=27rkrimoc/eh=1. 468&&10' 0/'K, m'=m*/mo
is the reduced effective mass, and g is the effective
spectroscopic splitting factor. Here, pp is the zero-field
resistivity, M denotes the Mth harmonic of the oscilla-
tions, and T' is the nonthermal broadening temperature.
The I' values determined from experiment may refIect
both collision broadening and inhomogeneity broaden-
ing."The term cos23f~m'g takes into account the spin
splitting of the Landau levels. "

In many instances, only the M = 1 term is significant,
since the higher harmonics (M) 1) are severely damped
at low fields. Thus, for most purposes

where
ap/po= Ar(B—)cos(2z/PB+ pp),

yg*c 'I' T e &
' 't'~ cos~xfm'g

Ar(B) =SV2ir'kii — P)
Pi,eh B'~' sinhDtTm'/Bj ~

+0= I (8)

Low-frequency field modulation modifies the usual
amplitude of the SdH oscillations by introducing a series
of terms involving Bessel functions. ""The observed
oscillatory signal can then be expressed as

Dp
2A r (B)(cos (2—ir/PB+ po) Po (n)

pp

+P (—1)"Jo„(n)cos2m~ot ]+sin(2o /PB+ &po)

n=l

XLQ (—1)"J,.+i(n)cos(2N+1)ootj}, (9)
nm

Dp/po= —2Ar(B)sin(2ir/PB+go) Ji(n), (10)

and detecting at the second harmonic yields

Ap/po
——+2A r(B)cos(27r/PB+ ooo) Jo(n) . (11)

The consequence of the Bessel-function modulation is

that it reduces the signal amplitude at high fields and

may introduce nodes at low fields, depending upon the
amplitude of 8~ relative to I'.

where n=27rBor/PB' and B~ is the amplitude of the
small ac magnetic field which varies at angular fre-

quency or. This series is reduced to a single term by
using a lock.-in amplifier detecting at a harmonic of the
modulation frequency. For example, detection at the
first harmonic of the modulation frequency reduces

Eq. (9) to

' K. F. Cuff, M. R. Ellett, and C. D. Kuglin, J. Appl. Phys.
Suppl. 32, 2179 {1961).

"M. H. Cohen and K. I. Blount, Phil. Mag. 5, 115 {1960).
~ A. Goldstein, S. J. Williamson, and S. Foner, Rev. Sci. Instr.

36, 1356 (1965).
2'B. L. Booth, Ph, D. thesis, Northwestern University, 1967

{unpublished).

e ~~r'~'~ cos(2irM/PB ,' r) cis-,'oMo 'mg-—x, (&)
sinh (MP Tm'/B)

'6 J. M. Ziman, E&lectrons and I'honons (Oxford University
Press, New York, 1960), p. 523.

"E.N. Adams and T. D. Holstein, J. Phys. Chem. Solids 10,
254 (1959).
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u = 1+ u4oA '+b4'iV+c4'J. ',

e= (b4o—2c4') (1.—M—N),

zc =v204b+

fz (k) = (k,'k„'+k,'k,o+k„'k,')/k', (16)

fo (k) = fk'(k, 'k„'+k,'k,o+k„'k,') —9k.'k„'k,'jz "/k. (17)

The conduction-band eigenvalue E4' results from
diagonalizing the Hamiltonian which includes the k. y
and the largest spin-orbit interaction terms between an
s-like (Vo) and P-like (Zo+rz) basis.

The normalized coeKcient u4 gives the amount of
s-like basis function in the conduction-band eigenvector,
and the normalized coeKcients b4 and c4 give the
amounts of different component p-like basis functions
in the conduction-band eigenvector. The parameters
2', I, 3II, 1V, J. , and 8 (Kane s 8), written in units of
k'/2zzzo, represent the interaction between far-removed
conduction and valence-band edges and the s- and
p-like bands. The term f, (k) produces a warping of the
Fermi surface and the term fo(k) gives the inversion
asymmetry splitting.

E4' depends on the magnitude of the Fermi-surface
k vector. When the inhuence of higher-lying bands is
neglected, E4' is spherically symmetric. However, when
the higher-lying band interactions are added, the
magnitude of the k vector varies from point to point
on the Fermi surface and E4' is no longer spherically

symmetric. "
The secular equation for Kane's "three-band

approxlITlat Ion ls

(E' E.) (E' E.) (E' E.+—&)— —
—k'P'(E' —E,+-', 6) =0, (18)

where E' is the energy eigenvalue, 6 is the energy
splitting of the valence band due to the spin-orbit
interaction, and I' is the momentum matrix element

-(zk/~o)(, t p, l.).
If we take the energy zero at the top of the valance
band, E„=0 and E.=E„and Eq. (18) may be rewritten

'~ E. 0. Kane, in Se1~iconducIors aed SernjweIgls, edited by
R. K. Willardson and A, C. Beer (Aeademie Press Inc. , New York,
1966), Vol. 1, p. 75.

23 We &hank Dr, Evan O. Kg,ne for verifyin0; this point.

B. Fermi Surface

Kane" has used the k y method to derive the
approximate energy of the F6 conduction band of the
small-gap materials such as GaSb, InSb, InAs, and
InP. His perturbation calculation yields

E4+=E4'+»'k'/2zzzo+z fz(k)&'/2zzzo

+zopf, (k)k'/2zzoo, (12)

El+op
(E'—Eo) (E')—k'P' =0.

E'+8,
(19)

If we define Eo' =E'—E„then Eq. (19)can be rewritten
in the form

Eo"+E,Eo' k'I" (E—,+Eo'+'~)/
(E,+E,'+~) =0. (20)

For GaSb, Eo'(((E,+-o,6), and Eq. (20) becomes

Eo"+E,Eo'—k'P'(Eo+ ,'6)/(Eo+6-) =0. (21)

The solution corresponding to the conduction band
eigenvalue E4' is then

E.'= !E,+!LE—,'+4k ~(E,+l~)/(E, +~)j", (22)

where E4' is the energy relative to the conduction-band
mInImum.

The possibility that warping in diamond and in
zinc-blende semiconductors is suKciently large to result
in extremal cross-sectional areas away from kB=0
(where kH ls parallel to the magnetic-6eld direction)
has been discussed by Roth et al.~ According to these
authors, warping is found to vary slowly from material
to material in these semiconductors. They calculate
that warping three to six times larger than is estimated
for these materials would be required to yield extremal
cross-sectional areas away from kB=0. Furthermore,
recently observed beating effects' in SdH oscillations
in high-concentration e-type GaSb appear to be
explainable by inversion asymmetry splitting of the
conduction band and not by simple beating between
an extremal area at kB=0 and other extremal areas
away from kH=O. The warping that we observe in
this experiment is very small (as predicted by Kane's
model). Therefore, we conclude that the maximum
cross-sectional area perpendicular to the magnetic
6eld direction occurs at kH ——O.

Estimates of the magnitude of the inversion asym-
metry splitting term in Kq. (12) have not yet been
reported for GaSb. In this paper we present evidence
that the inversion asymmetry term does not affect the
period and hence does not interfere with any determina-
tion of the warping. Thus, for the purposes of this
paper we can neglect the inversion asymmetry splitting
term. In a subsequent paper we hope to report an
analysis of beating effects in GaSb which will yield a
value for the splitting term.

In calculating the extremal cross-sectional area of
the Fermi surface, it is convenient to transform to the
k components of a coordinate system in which 8 is
always parallel to one of the new coordinate axes.
(The details of this transformation are given in Appen-
dix A.) We substitute Eq. (22) into Kq. (12), and use
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the new coordinates given in Appendix A to obtain

4k 2P2 (E +RQ) 1'/2 Nh2k 2 vy (8 p)h2k 2

2 2 E,'(E,+EL) 2eto 2teo
(23)

where k, and q are a set of polar coordinates lying in
the plane perpendicular to the magnetic Geld 8 and 8
is the angle between the Geld direction and a crystallo-
graphic direction lying in the plane of rotation of the
magnetic held. (At this point, we drop the & notation,
since we neglect the inversion asyrrunetry splitting
term in any further calculations. ) The form of the
function y&(8, rp) depends on the plane of rotation of the
magnetic Geld and is given in Appendix A for several
cases of interest.

For the samples used in this investigation, the
coefBcients a4, b4, and c4, which are involved in the
evaluation of I and e, are slowly varying functions of
k,'. Thus, u4, b4, and c4 can be closely approximated by

using an appropriate spherical radius vector k~. In
Appendix 3 we calculate values of E4', u4, b4, and c4

as a function of kp.
Rearranging Eq. (23) and squaring both sides of the

resulting equation gives

E4'+E4Eg+ ~~Eg2 (2E4+E—,)(I+vy& (8,q ))h'k, '/2mo

+LN+vyl(8, P)$2(h2k 2/2~0)2

„'E,'+k, 'P-'(E,+'A)/(E, +-6) . (24)

The last term on the left-hand side of Eq. (24) is small

compared to the other terms and hence can be neglected.
Thus, Kq. (24) can be solved for k,', giving

(2E4+Eg) vy g(8, p)
(E4'+E&,)i 1+

P (E,+;~)/(E, +~)(h /2~, )y(2E,yE, )Ni

P'(Eg+ ;EL)/(Eg+6)+-h'(2E4+E, )N//2mp

(23)

Since
P'(Eu+s~)

(2E4+E,)vyg(8, q )(( +(2E4+E,)N, —
(Eg+6) (h'/2mv)

Therefore, integrating Eq. (26), we get

e= vcoL1 —(Cg/2v-)gg(8)g,

Eq. (25) can be expanded to give

k,'=COL1 —C&y&(8, y)j,
where

Cp = (E4'+E4EO)/

where g~(8) is an integral defmed in Appendix A.
Using Zq. (4), the frequency of these oscillations is

(26) given by F=hS/2me Thus, t. h.e frequency of the
oscOlations is

P(8) = (h/2s)C, L1—(C,/2~)g, (8)). (30)

P'(E~+ s~)
+h'(2E4+E, )N/2mp (27)

(E,+B,)
C. EBective Mass

The cyclotron-resonance effective mass m* can be
expreSSed as'4

Cg = (2E4+E,)v/ kpdq

21l 0 BE4/Bk&
(31)

P'(Eu+3~)
+(2E4+E,)N . (28)

(Eg+6) (h'/2m, ) For an accurate calculation of the cyclotron-resonance
effective mass, E4' can be written as

Thus the coeScients Co and C~ are only dependent on

the Fermi energy and the band parameters. When the

k vector is along a (001) direction, y&(8, y) =0; by Eq.
(26), Co=k, '(001), where k, (001) is the magnitude of

the k vector in the (001) direction.
The extremal cross-sectional area 8 perpendicular to

the magnetic Geld is given by

1 2

k„'(8,q) dq .

E4'=yEOP'k, '—y'EOP'k, '+2y'EgP'k, ', (32)

7= (E.+SA)/Eg'(Eg+A). (33)

(The term involving k„' has been included in the energy

expansion because of its non-negligible contribution to
the effective mass. ) Using Eq. (32) to evaluate BE4/Bk„

~ G. Dresselhaus, A. F. Kip, and C. Kittel, Phys. Rev. 9S, 368
i1955).
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Eq (31) b.ecomes

FlG. 2. Block diagram of the experimental apparatus.

gg2 2a
nz*=-

4s o
)ATE P' 2yoE,P4h o+6—y'E,Poho4+Nh'/2mo+oyx(~, y)ho/2mo5

(34)

Substituting expressions for kp and kp obtained from
Eq. (26) into Kq. (34) and integrating, we get

~*=-',h It,L1—(Z,/2 )g, y)5, (35)
where

Ko fyEoP' 2y'E—o—P4co+6y—'EoPocoo

+Nh'/2mo7 ' (36)

2y'E P'Cocg 12''PoP'Co'Cg+vh'/'2—mo

&Z Po 2&oZ P4Co+6&oP. P-oCoo+Nho/2mo

In deriving Eq. (35), we have used the following
approximations:

&,'=Co'D —2Ciy, (e, o)5

IEgI«1.

IV. EXPERIMENTAL

A. Sample Preparation

The single crystals of tellurium-doped n-type GaSb
used in this investigation were grown by the Czochralski

technique. The ingot growth axis was either along a
(111) or a (110) crystallographic direction. Oriented
samples were taken from slices cut perpendicular to
the ingot growth axis to reduce the effects of inhomo-
geneities.

B. Experimental Apparatus

Figure 2 shows a block diagram of the experimental
apparatus. Magnetic fields up to 21.5 ko were made
available using a 12-in. Varian electromagnet with
poles tapered to 5-', in. A 2000-pF electrolytic capacitor
was used to provide a high pass network, thus avoiding
saturation of the transformer core in the type-8
preamplider by the dc component of the sample signal.
To improve the impedance matching with the samples,
the voltage transformation ratio of the transformer in
the preampli6er was changed from the standard 100:1
ratio to a ratio of 350:1.

Magnetic Geld strengths were measured using XMR
techniques. The NMR sample consisted of a solution of
lithium chloride dissolved in water. It was found
convenient to use the H' signal for Geld measurements
below about 10 kG; the upper frequency limit of the
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e 1',Ie)

FIG. 3.Typical X-I" recorder data used for a period determina-
tion. Behavior shown is for sample 24B at 4.2'K. Adjustments in
amplifier gain give the abrupt changes in oscillatory amplitude
seen on the graph.

clcctlonlc countcl' required thc usc of thc LP slgnRl foI'

fields above 10 ko.

TA'BLK I. Sample properties and comparison of measured periods
at 4.2 and 1.3'K. Periods are in units of 10 6 6 1. 0 is the magnetic
6eld direction as shown in Figs. 4-6.

+4.2 K
Sample (cm'jC)

00
90

125'

Period
4.2'K

2.4955
2.4734
2.4704

Period
1.3 K. |'X.,,—I, ,)/Z. ,,
2.4945
2.4724
2.4682

+0.0004
+0.0004
+0.0009

+40
+490

2.5752
2.5962

2.5721
2.5947

+0.0012
+0,0006

C. Period Measurement

An accurate period. measurement involves a precise
determination of the phase of the oscillations between
two known magnetic fields. Melz has shown" that the
magnetic fMld should be measured near a nodal point
in the observed osciHations in order to minimize the
uncertainty in the phase determination. Figure 3
shows typical oscillatory magnetoresistance data used
fol R pcl lod detcl InlQRtlon. Thc lIlt cI'sections of thc
horizontal bars with the detector output represent the
positions of the observed nodal points. The vertical
position of the bar corresponds to points midway
between the maxima and minima amphtudc envelopes.
Points i—8 represent thc detector-signal positions at
which the magnetic field strengths were determined.
For each of these points, the 6eM sweep was stopped
during the measurement.

The oscillatory behavior is given by

A 0(B)sin(2~/PB+ &po),

where Ao(B) is the observed oscillatory amplitude
(which includes the influence of the Bessel function~I 1Sls t c period, Rnd po ls th.c phRse Rnglc. AssuD1in
oes not change with magnetic 6eld, the period can then

be found by determining the phase diA'erence between
a pair of points at which the %MR measurements
of the 6eld are made. Considering the four points

2 3 an~&Rnd 4 shown ln F'lg. 3, RD RvclRgc period of
(2.4949+0.0062) X 10 ' G—' was obtained from period
determinations between the pairs of points (1,3), (1,4),
(2,3), and (2,4). An average period of (2.4954+0.0027)
&10' ~—'X 6 was derived from period measurements
between the pairs of points (3,5) (3,6), (4,5), and (4,6).
The pairs of points (5,7)„(5,8), (6,"/), and (6,8) yielded
an. average period of (2.4962&0 0009)X 10 ' G ' The
increase in error of the period with increasing 6eld
strength is attributable to distortion of the sinusoidal
signal by higher-frequency SdH components. Within
the precision of the measurements, no magnetic field
dependence of the period was detected in the field range
from 10—20 kG.

The data shown in Table I indicate that there is a
slight but reproducible temperature dependence of the
measured period. %'e attribute this small shift to the
non-negligible contribution of the second-harmonic
SdH term to the oscillatory behavior. The data on all
samples were taken while detecting the sample signal
at the first harmonic (fundamental) of the modulation
frequency. Detecting the signal at the second harmonic
of the Inodulation frequency amplifies the distortion
of the oscillations caused by the presence of second and
higher harmonics of the fundamental SdH frequencies.
In fact, at T=1.3'K and for fields above 10 kG, the

I I I I I I

4.04—
4.03—
4.02-
4.0l —

~
4.00-
3.65—
3.64—
3.63-
3.62—
3.6l-

~t"
3.56—

bJ 3.54-
C3 3.53-

, K
3.52-

808
95 2.8187 2.8176

134' 2.8169 2.8142
189' 2.8395 2.8382

~' P. J. Melz, Phys. Rev. 152, 540 C,
'1966).

+0.0004
+0.0010
+0,0005

~L
0 30 60 90 I 20 I50 IBO

[OOI] [Ii I] [I ) 0] [I I i] [OOI]

FIG. 4. Frequency of oscillations as a function of magnetic 6eld
direction with the magnetic field lying in a (110) plane. The
smooth curves are calculated from Eq. (30) with the two param-
eters C'0 and Ci adjusted to fit the experimental data I'circles).
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period measured by detecting the signal at the second
harmonic of the modulation frequency can be as much
as 1% lower than the period measured by detecting
the signal at the 6rst harmonic of the modulation
frequency; below 10 kG this period difference becomes
negligible. For 7= 1.3'K and second-harmonic detec-
tion of the signal, the inQuence of the second-harmonic
SdH term can be directly seen in the asymmetry of the
oscillatory behavior at high fields. For the three highest-
concentration samples, data for the angular anisotropy
determination were taken at 4.2'K to reduce further
the harmonic distortion. For sample 808, measurements
were carried out at 1.3'K; in this sample the damping
was strong enough to make the higher-harmonic content
insignificant in the field range of the measurements.

For angular positions close to the (111) magnetic
field directions, previous measurements have revealed
the presence of an amplitude minimum at = ii kG in
sample 248.' Analysis of period data for this orientation
was confined to fields well above ii kG to avoid distor-
tion occurring in the region of the minimum.

D. Amplitude Measurement

In separate measurements, the amplitudes of the
oscillations were determined at 1.3 and 4.2'K. A time
constant of one second was used throughout the
measurements; the sweep speed of the dc magnetic
Geld was adjusted so that the response of the lock-in
amplifier did not lag behind the sample signal output.

V. EXPERIMENTAL DATA AND DATA REDUCTION

A. Frequencies

Figures 4 and 5 show the anisotropy of the frequency
for samples of diferent carrier concentrations. The Hall

1.010—
I.OOB-

L006—

1.004—
1.002—
1.000-
I.OIO—

1.008-
~~ I.oo6-

1.004
1.002—

Ch
1.000—

U 0
I.OIO—

1.008—
1.006-
1004—
1.002—

I.OIO—

1.008-

1.006-
U

l.004-
U

1.002-

I ) ) I) ) I ) )I
-80 -60 -40 -20 0 20 40 60'

[iso] [ioo] [iso] [ohio]

FIG. 6. Angular variation of the frequency ratio for B lying
approximately in an (001) plane. The curve shows the one-
parameter (C1) least-squares fit of the data (circles) using the
angular function g1(8) given in Eq. (A8).

coeKcients of the samples used in this investigation are
listed in Table I. The solid lines in the figures represent
the values of the frequencies predicted by Eq. (30)
using experimentally determined values of Co and Cy

and the expression for g&(8) given by Eq. (AS). For
each sample, a value of C~ was given by a one-parameter
least-squares fit to the frequency ratio F(8)/F(1SO'),
where

F(8) L1—Cjg, (8)/2' j
(3S)

F(1SO') L1—Cgg(1SO')/2m-$

where F(8) is de6ned by Eq. (30). Using the experi-
mental value of F(8) in the Geld direction S~~L111j
and the respective value of C~ previously determined,
Eq. (30) was solved for Co. Figure 6 shows a plot of the
ratio F (8)/F (45') as a function of magnetic 6eld direc-
tion with J3 lying approximately in a (001) plane. The
solid line shows the one-parameter least-squares fit to
the data points assuming a gz(8) given by Eq. (AS). For
this sample (SSB) the current direction was S' away
from the 1001] direction; the appropriate transforma-
tion is given in part II of Appendix A. The results of
our 6tting procedure are shown in Table II. sm, Rz
program No. 3094 was used to compute the least-
squares estimation of C&.

B. E8ective Masses

The effective-mass determination necessitates mea-
surement of the amplitude of the SdH oscillations at
different temperatures, and a comparison of the
amplitude ratio at 6xed fields to the theoretical ampli-

TABLE II. Experimental values of C0 and C1.

looo
I- I I I I II I

0 30 60 90 )20 150 IBO'

[001] [I I I] [110] [I I I] [OOI]

Frc. 5. Angular variation of the frequency ratio for 8 lying
in a (110) plane. The curves show the one-parameter (C1) least-
squares fit of the data (circles) to Eq. (38).

Sample

24B
58B
233
80B

C0 in units of
eV/(A'/2' p)

0.0045896
0.0044084
0.0041512
0.0040354

C1

—0.086—0.093—0.072—0.081
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Kwald" in a subsequent study on the same material.
Following Booth and Ewald, we may write Ar, /Az, as

A r, (T~+T~) sinhPm'(Tg+T;)/Bj

A r, (T2+T;) sinhQm'(Tg+T;)/Bj
(40)

2.5—

0
Yl

2,0-

under the assumption that T; and T~ are independent
of temperature. Using Eq. (40), we have calculated
pairs of values of m' and T; from the experimentally
determined ratios 2 ~.3 K/A4. ~ K, by using a two-
parameter least-squares Gt to these ratios at various
values of the magnetic field. The results and the
standard error found from the computer program are
shown in Table IV.

l.5-

8' (kG)
'

I I

9 X IO

C. Phase Angles

According to Hinkley and Ewald the condition for
a node to occur is

2m/PB„+ q 0+m = (2m+-,')vr, (41)

Fxe. 7. Ratio of the oscillatory amplitudes as a function of
reciprocal magnetic 6eld for sample 238. The solid line represents
a two-parameter least-squares Gt of the experimental data (circles)
to Eq. {40), giving T;=1.16~0.13'K and m'=0. 0430~0.0002,
The dashed line is calculated from Eq. (39) assuming T,=O'K
and m'= 0.0497&0.0004.

tude. Typical amplitude data are shown in I'"ig. 7.
Since the effective-mass determination is very sensitive
to the inclusion or omission of possible damping terms
in the theoretical SdH amplitude, we consider two
cases of interest: (i) T;=0, that is, no inhomogeneity
broadening; and (ii) T;/0.

(i) T;=0.Assuming T' is independent of temperature
and considering only the M = 1 contribution to the SdH
amplitude, Eq. (7) can be used to express the ratio of
oscillatory amplitudes as

2 r, Tg sinh (pm'T2/B)

A r, Tm sinh(Pm'Tg/B)
(39)

Using the amplitude data taken at 1.3 and 4.2'K,
Eq. (39) was solved for m' at various values of B, for
data with Bjj(001),Bjj(110),and Bjj(111).No signi6cant
variation of ns' with magnetic Geld could be found in
the 6eld range 9—18 kG. The average values of m' over
this 6eld range and their average deviation are listed
in Table III.

(ii) T;&0. Hinkley and Ewald" have treated the
damping introduced by sample inhomogeneity in their
studies of grey tin by substituting (T+T;) for T, where

1;is defined as the inhomogeneity broadening tempera-
ture. Also, in their analysis 1' is replaced by T&, the
Dingle broadening temperature. An empirical justifica-
tion for this treatment has been given by Booth and

where ts takes on both integer and half-integer values.
The usual method of finding po involves plotting the
positions of the nodal points versus integers, and the
value of po is then obtained from the intercept at infinite
field. In our mea, surements the magnetic field was
usually not measured exactly at a nodal point. At any
particular magnetic field 8,

2m/I'B+yp+m = (2e+i)m+4, (42)

—m. & go&0. (43)

Several values of qo for each field direction were cal-
culated by using the points (for example, points 1—8
in Fig. 3) where the Geld' sweep was stopped. Thus, the
values of q 0 shown in Fig. 8 represent an average value
of q (I over the magnetic field range of the measurement.

TABLE HI. Reduced e8ective masses calculated with the
assumption T;=0.

Sample m'(111}

248 0.0533+0.0004
238 0.0506+0.0006

m'(1io} m'(001}

0.0526+0.0002 0.0521+0.0003
0.0501+0.0004 0.0497&0.0004

where C is now the oscillatory phase difference between
the nodal position given by B„and the position at
which the field 8 was measured. The phase di6'erence C

is found directly from the recorder data. Since the actual
data were taken while detecting at the first harmonic
of the modulation frequency, the resultant detector
output represents the first derivative of the unmod-
ulated oscillatory eGect. Thus, a node in the dc signal
is seen as an antinode when detecting at the first
harmonic. In the analysis, the e values are chosen so
that yo is restricted to the range

~OK. D. Hinkley and A. %. Ewald, Phys. Rev. 134, A1261
(1964).

"8.L Sooth and A. W. Ewald, Phys. Rev. Letters 18, 491
(1967).
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1 "l(*lp*IN»l'
G=—P

@$0 2 E —E
(46)

The summation in B~ is over all states e; transforming
ljke I'g5 and the summation in 6 is over all states uy
transforming like Fyg.' E, is the energy of the I'ys

Tmr.z IV. Reduced effective masses and inhomogeneity
temperatures calculated with the assumption T;/0.

Sample

243

233

Field
direction

(110)
(001)

(111)
(110)
(001)

0.0474+0.0007
0.0469+0.0006
0.0466+0.0008

0.0441+0.0007
0.0433+0.0007
0.0430+0.0002

1.28+0.72
1.31&0.77
1.40+1.06

0.84+0.20
1.00+0.17
1.M+0.13

' The higher-band parameters will be used as dimensionless
quantities and must be multiplied by S'/2ma to equal parameters
with the same symbols as in Ref. 22.

The results of the period measurements give a clear
indication that the k =0 conduction-band energy surface
is warped. Although the frequency anisotropy is
extremely small, the observed frequency anisotropy in
Pigs. 3-5 are both predictable from the function gr(e)
referred to the appropriate plane of rotation of the
magnetic Geld. The sign and absolute value of the
parameter C~, respectively, characterize the symmetry
and magnitude of the observed frequency anisotropy.
The values of Ct obtained for three samples with B
lying in the (110)plane, and a value of C& for a sample
with B lying near the (001) plane, are not very different
from one another. As will be described below, the
parameter C~ is not expected to be too sensitive to
changes in Fermi-level position for the concentration
range corresponding to the samples listed in Table II.
A further veriGcation of the warping model is that the
experimentally determined eGective mass is largest in
the (111)directions and smallest in the (001) directions,
as predicted from Eq. (35). Although the error of each
separate mass determination is of the same order of
magnitude as the mass anisotropy, the consistency in
results for the two samples listed in Tables III and IV
indicates that the mass anisotropy is real.

The experimental value of Ci can be used to estimate
a value of I.—M—E, the higher-band parameter which
determiDes the amount of warping. This parameter is
defined as follows22:

I I I

(a)"40- o
o -.'$0—

I l I I

-90 -60 -50
~[~io]~[choo]

I I
588

OOhss ja
V'MVJ

8
I I I I

0 50 60 90
[bio] «[oio]

I I I I
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ss AA.20 C M Qo sir

238
ee ~ Nseo. o caw

ee oo

state at the top of the valence band; p„p„, and, p,
are the components of the momentum operator; and
x, y, and s are functions that have the symmetry of
the atomic p functions s, y, and s under the operations
of the tetrahedral group.

The one-parameter least-squares Gt to the experi-
mental frequency ratios yields negative values for C~.
Using Eq. (28), we note that the sign of Cr is given by
the sign of e. The sign and magnitude of e depends on
the product (b4 —2c4)(1—M Jf/), according —to Eq.
(14).The quantity (b4s —2c4s) is always negative for the
assumed values of the band parameters (Es, A, , and P),
as can be seen from Appendix B.A negative value for
Cr therefore imphes that I.—3f—E)0. Equation (28)
can then be used to determine s (or 1=3' E) if the-
experimental value of C~ and known valu. es of E4 and u
are employed in the calculation. If E4 is known and the
experimental value of Cs is used, Eq. (27) then yields
a value for e. The value of E4 is not known precisely;
previous measurements indicate that, in a sample with
a carrier concentration similar to that of sample 808,
the Fermi energy is at the band edge of the (111)
valleys. Estimates of this energy range from 0.08-0.095
eV. We use this energy range to determine the range in
e and s (and hence in L—M—Ã). If I is known, then it
is also possible to calculate the higher-band parameter
3'. This calculation is carried out in Appendix C. A
band-gap energy E, of 0.81 eV, a spin-orbit splitting
energy d =0.80 eV, and a value for 8=9.48)&10 eV
cm will be assumed in evaluating u and in all further
computations. The values of E, and 6 are given by
Long.~ We use a value of I' estimated by Pep and

~' D. I ong, in Senuconductors and Senumetals, edited by R. K.
Willardson and A. C. Beer (Academic Press Inc., New York,
1966},Vol. 1, p. 143.

808
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Pro. 8. Angular variation of the phase factor &ps/s for (s) sample
583 with magnetic Geld lying in an approximate (001) plane,
and (b) samples 803, 233, and 243, with magnetic Geld lying in
a (110) plane.



D. G. SEILER AND W. M, BEAKER

.OI

00

.OIO

I 1

8 ll lIO 8 Il tII 8 Ia Ool

Fio. 9. Polar plots of x =Lk, (p) —k, (001}j/k, (001) for (a) 8= 90', (b} 8= 55', and (c) 8=0', assuming Ct = —0.086.
The scale markings indicate the magnitude of g.

Seeker' from earlier results of Zwerdling et al. 'o Using
a Fermi energy of 0.08 cV and the experimental values
of Co and C~ for sample 808 gives I= —2.1 and v

= —$.49. Evaluation of b4 and c4 for sample 803 by the
method outHncd in Appendix 8 gives b4' —2c4' ———0.j.44;
thus 1. M 1V=+10—3.A—choice of 84=0095 eVyields
@=+1.7. The matrix-element sums A', M, and I.' are
all negative; therefore u is restricted to values less than
+1. For m=+1, Eq. (27) yields an uppei limit of
E4=0.092 CV, using the Co value of sample 808. This
choice of E4 gives i. N iV=+11.—9. T—hus, an error
estimate based on the uncertainty in E4 and the cor-
responding uncertainty in u leads to+10.3&1 M xV- —
&+11.9. We estimate an additional error of ~10% in
I„—~—& from the scatter in the values of Cq in Table
ff. Thus, I. 3f X= 11&—2, in—units of h'/2mp.

( yclotron-resonance results in GP give positive

values for I-—M—X. In InSb, cydotron-resonance re-
sults3 and measurements of the Burstein shift" indicate

positive values for the same quantity. Stradling" has

obtained cyclotron-resonance CGective-mass results for
p-GaSb. For the heavy hole masses he finds mrrr*

= (036+0.03)mp and mipp = (0.26+0.04)mp. In order to
obtain an estimate of the value of I.—M—Sfrom these

results, we will use an approximate expression for the

hcavy-mass band which has been given by Kanc. 22

Kane's result may be expressed in the following form:

&s——~ksD+V(k-'kp'+kp'k'+k. 'k')/k'j, (47)

a = (1+M) ks/2mp

merdling, B. Lax, K. Button, an() L. M. loth, J. Phys.
Chem. Solids 9, 320 (j.959).

3' D. M. S. Hagguley, M. L. A. Robinson, and R, A. Stradling
Phys. Letters 6, 143 (j.963).

"G.W. Gobeli and H. Y. Fan, Phys. Rev. gl9, gj.3 (y9g{)).
+ R. A. Stradling, Phys. Letters 20, 217 (196&).

It can be shown'4 that

m*(001)= —(ks/2rr) (1+4r y)
—Us

re*(111)= —(ks/2tr) (1+-,'y)—i.

Using Stradling's results, Eqs. (5()) and (51) can be
so»ed «g»«= —5.3 (» units of h'/2mp) and
v= —1 9 &y Eq. (4&), iV= —6.3 and, by Eq. (49),
L—M—E=+10. If Stradling's error limits on the
cGective-mass data are taken into account, the analysis
yields —9.1(3f(—4.7, and +2,5(1.—M—X&+22.
Our results fall well within the range of values of
L—JI/I—E expected from this analysis of Stradling's
d RtR.

Our model may be used to estimate the expected
chRngc of Cy with Fermi cncI'gy. Choosing E4=0.085
CV for sample 808 gives a value of L'4 ——0.096 CV for
sample 248 using Eq. (27) and the experimental values
of Co. The data of sample 808 and the choice E4=0.085
eV then yield a value of I—M —iV=+11.0. For this
value of I—M—E, C~= —0.095 for sample 248. Con-
sidering the error in the measurement, the values of C~
for the samples investigated are consistent with this
estimated variation in C~ with Fermi energy.

The quantity b4' —2c4' (and thus Cr) approaches zero
with decreasing Fermi energy. The angular anisotropy
of the period would therefore be expected to disappear
in low-concentration samples. Because of the sharp
increase in damping of the oscillations as the Fermi
level falls below the (111)band edge, precise measure-
ments of the period become increasingly more dificult
for decreasing Ã when I+10 cm Sample 803
represents a practical limit for observation of the angular
anisotropy of the SdH frequency in t RSb for the

34H. T. Tohver, Ph.D. thesis, Purdue University, 1968 (un-
published).
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measurement technique described in this paper. The
symmetry of the conduction band in InSb is the same
as that in GaSb. The quantity b4 —2c4 would therefore
be expected to fall to zero with decreasing concentration
in InSb. In e-InSb, de Haas —van Alphen measurements
by Sladek et ul. 35 indeed seem to indicate that the
angular anisotropy of the extremal cross-sectional area
at kH ——0 decreases as the carrier concentration is
lowered. In contrast, the magnitude of the angular
anisotropy observed by Booth and Ewald on grey tin"
does not change appreciably for a wide range of carrier
concentrations. This latter result is expected for a band
of I'8 symmetry.

Departures of the Fermi surface from sphericity due
to warping only may be obtained from Eq. (26) and
experimental values of C». We define as an index of
deviation from sphericity the quantity X= [k,(q)—k, (001)j/k, (001), where k, (q) =CP'[1—-',C&yi(8, y)$
for a given 8. In this approximation X=——,'C&y&(8, q).
Plots of & for the k =0 conduction band of GaSb are
shown in Fig. 9. As expected for a warping model, the
Fermi surface protrudes out in the (111) directions.
Looking at Fig. 9, one can see immediately that the
extremal cross-sectional area is largest for B~j[111j
and smallest for B~~ [001(.

Our effective-mass data gives negative values for
E& in Eq. (35). This result is predicted from Eq. (37)
using the experimentally determined Cp and C» values
for the two samples investigated and employing the
estimates of the band parameters discussed previously.
For these samples, the calculated magnitude of E» is
approximately equal to the magnitude of C», as
expected. The effective-mass values given in Tables III
and IV are consistent with previous determina-
tions. ' """The difference between the effective-mass
values listed in Tables III and IV shows that the
effective mass is greatly affected by the inclusion or
omission of possible damping terms in the theoretical
SdH amplitude.

The period measurement employed in this study did
not require a measurement of the phase pp, defined in
Eq. (6). However, the precision of the period measure-
ment allows a much more accurate phase determination
than has been heretofore reported. We have therefore
exploited the measurements technique to investigate
the possible magnitude of variation of qp with field
direction. As seen in Fig. 8, no systematic angular
variation of pp is detectable. The phase is theoretically
equal to —~x. For samples 23B and 24B, the phase is
close to this value, whereas, for samples 80B and 583,
the phase is significantly higher than the theoretical
prediction.

The theoretical derivation presented in this paper
is directly applicable to the analysis of de Haas —van

"R. J. Sladek, A. S. Joseph, and E. R. Gertner, Phys. Letters
27A, 504 (1968)."B.L. Booth and A. W. Ewald, Phys. Rev. 168, 805 (1968)."H. Piller, J. Phys. Chem. Solids 24, 425 (1963).

Alphen —like data in other semiconductors with conduc-
tion bands described by Eq. (12). The approximations
in the theory required for each semiconductor would
be expected to lead to the appropriate functional forms
fol Cp and C». Evidence for angular variation of the
extremal cross-sectional area in InSb has been obtained
from de Haas —van Alphen data. "In the same material,
SdH measurements at high electron concentrations
show an angular variation of the SdH frequency. '
Both sets of results may be shown to be consistent with
the warping model presented in this paper. '9
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APPENDIX A

In this appendix we outline the transformation of k
coordinates from a crystallographic coordinate system
(k„k„,k, axes along the crystallographic axes) to a new
coordinate system in which one coordinate axis is along
the magnetic field direction. The function fi(k)
appearing in Eq. (12) is transformed into coordinate
systems corresponding to experiment; the resulting
transformation is then expressed in terms of polar
coordinates. The angular function yi(8, y) which appears
as a result of the transformation is presented next.
Finally, we perform an angular integration to give

gi(8) = yi(8 v)d~

the function required in the frequency analysis.

L B Lying in a (110) Plane

We start with a crystallographic coordinate system
k„k„,k, . A clockwise rotation about the k, axis through
an angle p(=45') gives a new coordinate system k, ',
k„', k, '. Next, a counterclockwise rotation through an
angle 8 about the k„' axis defines the coordinate system
k,", k„", k,".Thus, the transformation equations are

k, =k,"cos8 cosy+k„" siny+k, "sin8 cosy,

k„=—k,"cos8 siny+k„" cosy —k,"sin 8siny,

k, = —k "sin8+k."cos8.

If the magnetic field is parallel to the k," axis, then 0
is the angle between the magnetic field and the k, axis.
We set k,"=0, since we assume that the extremal

'8 G. A. AntcliBe and R. A. Stradling, Phys. Letters 20, 119
(1966).

'9 R. J. Sladek, D. G. Seiler, A. S. Joseph, and E. R. Gertner
(to be published).
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Fn. 10. Plots of y1(8 cp) versus y, for 8=0', 8=55', and
8=90' for 4 lying in the (110}plane.

cross-sectional area occurs in the plane k,"=0.Letting
y=45' and introducing the polar coordinates k, and q,
where k,"=k, cosy& and k„"=k, sing, Eqs. (Al) become

k = (1/V2)(cos8 cosy+sing)k„
k„= (1/V2) (—cos8 cos Ie+sin q)k„(A2)
k, = —(sin8 cosy)k, .

Substituting Eqs. (A2) into Eq. (16), we get the result

fr(k) =kp'yl(8, y), (A3)

Plots of yl(8, q) for 8'=0', 55', and 90' for jI lying in
the (110) plane are given in Fig. 10. Results for gl(8)
in the three principal directions are then given by
Eq. (A5): gl(001) =-4'8, gl(110)= IIar, and gr(111)=-,'lr.

&&. & Lying In a &lane Rotated Slightly from an (001)
Plane: Geometry of Sample 588

The orientation of sample 588 was rechecked by
x-ray di6raction techniques after our frequency
measurements had been completed. The current
direction, originally thought to lie along an $001]
axis, was found to be rotated 8' away from the $001]
direction in the (110) plane. The transformation
equations describing this orientation are obtained hy
the method outlined below.

A clockwise rotation around the k, axis through an
angle n(=45') is followed by a counterclockwise
rotation around the k, ' axis through an angle p(=8').
Finally, a counterclockwise rotation is carried out
around the k,"axis through an angle tIt, where 0 is the
angle between the L110] direction (i.e., the k," axis)
and the Inagnetic field direction (which is now along
the k.'" axis). This sequence of rotations gives" the
following transformation equations:

kg=kg ( s1118 cosn+cos8 sinn) )

k„=k„"'(sin8 sinn cosP+ cos8 cosn cosP)
—k,"' sinP, (A6)

gl(8) = yl(8, y)dy= —L8—(—1+3 cos'8)'].
0 16

yl(8, ~)=-;Lcos4v (—3—3 «"8+10«8'8)
+2 cos'y (1—3 cos'8)+1].

Integration yields
(A4)

(A5)

k, =k„'"(sin8 sinn sinP+cos8 cosn sinP)+k, '" cosP,

where we have set k "'=0. A set of polar coordinates
k, and q are introduced, where k„'"=kp cosy and
k, '"=-k, sing. Under the rorations described above,
fl(k) may be written in the form fr(k)=k, 'yl(8, q),
where

yl(8, y) = {cos4yL(—sin8 cosn+ cos8 sinn)s(sin8 sinn+ cos8 cosn)'+ (sin8 sinn+ cos8 cosn) 4 sin2P cos'P]
+cosa+ Sin+22(sln8 slnn+cos8 cosn) 81BP cosP(cos P sill P)]+—cos io 8111 IoL(—sll18 cosn+cos8 sllln)

+ (sin8 sinn+cos8 cosn)'(cos'P —4 sin'P cos'P+sin'P)]

+cosy sin'yL2(sin8 sinn+ cos8 cosn)sinp cosp(sin'p —cos'p)]+sin4rp sin'p cos'p) . (A7)

Setting n =45' and P =8' and integrating, we find that

g1 (8)= L(—sin8+ cos8)'(sin8+ cos8)'+ (sin8+ cos8)'

)& (0.01899)]P—,', lr]+ L(—sin8+cos8)'

+ (sin8+cos8)'(0. 88606)]88+0.01424lr. (A8)

APPENDIX 3

where
P= (A —Eu)

g= —(Egh+k p'P'),

r = —
ahkr'P'.

this appendix, values of E4', u4, b4, and c4 are
calculated as a function of the radius kp of a spherical

Fermi surface.
Equation (19) may be rewritten in the form

E"+pE"+qE'jr=0, (»)

The roots of Eq. (31) are easily found by standard
techniques. 40 Substituting for E' the value

41I C. E. C. Stawdard Mathematica/ Tables (Chemical Rubber
Publishing Co., Cleveland, j.957},p. 344.
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Eq. (31) is reduced to l.0

where
E'+uE+b=0,

a=-', (3q—p')

(36)

(37)

0.8-

0.6-

and

E'=(-")"' -l -lP,
E,'= (—-'a)'" cos(120'+ ', y) —-,'P-,

E,'= (—-'u)'I' co (s240'+ ;y) -pP—,

(39)

(810)

where E4' is the conduction-band solution of Eq. (81),
and E»' and E2' are the "split-oG" and "low-mass"
valence-band solutions of Eq. (31), respectively. The
value of the angle q is calculated from the equation

cosy= —pub/( —a'/27)'/P. (812)

Assuming the band parameters 6=0.80 eV, E,=0.81
eV, and P=9.48X 10 eU cm, Eqs. (32)-(84),
(87)—(89), and (312) are used to calculate E4' as a
function of kp. A plot of E4' versus kp is'.shown in Fig.
11.The dashed straight line represents the initial slope
of the curve and illustrates parabolic behavior.

The values of u4, b4, and c4 are given by"

b = (2p' 9p—q+ 27r)/27. (38)

Estimates of the band parameters establish the
inequality (p1bP+ a'/27) (0; since this condition is
satished, there will be three real and unequal roots
of Eq. (86) or, equivalently, of Eq. (31).The roots are
conveniently represented in trigonometric form. The
roots of Eq. (81) are

Q4

0.2

0.0
0 Sxl0 i

2.
KF in otomic units

FIG. 12. Normalized coef5cients for the j."6
conduction band of GaSb.

V= —p's-Cp"'(1 —0.2C1) . (317)

where E» is a normalizing coeKcient determined by
the relation

u4+b4+c4 = 1. (816)

Using the value of E4' already determined and the band
parameters listed previously, u4, b4, and c4 can be
calculated as a function of k~. The dependence of a4,
b4, and c4 as a function of kp' is shown in Fig. I2.

The appropriate spherical kp for each sample is found
by erst determining the volume enclosed by the Fermi
surface. The technique of Booth and Ewald" allows
the volume to be expressed in terms of Co and C».
The volume can then be expressed as

and

a4 /prP(Ep'+ 'p6)——/N1, -
b4 ——-'pv26 (E4'—Ep)/N1,

c4——(E4' E,)(E4'+ pa)—/N1, -

0.14

(313) Thus
k1 =Cp'"(1—0.2C1)'/p.

APPEN'DIX C

(313) In turn, kp can be leaned by
(314) V=—3~kg'.

(319)

Q.12

0.08

tD

0.06
hl

0.04

0.0 2

0.00
0 4 X 10+

k„in atomic units

FIG. 11. Plot of E4' versus kz', the dashed line represents the
initial slope and illustrates parabolic behavior.

In this appendix the details of a calculation to
estimate the size of the higher-band parameter A' are
presented.

In Sec. VI, Eq. (27) was used to determine a range
of values of I (—2.1 to +1.0) corresponding to the
uncertainty in the value of the Fermi energy of sample
803. The value of Cp used in Eq. (2/) was accurately
determined from our frequency data; in principle, it
may be estimated from the Hall coeScient data or by
some other experiment that measures the size of the
Fermi volume. In the three higher-concentration
samples used in this investigation, the Fermi energy
lies above the (111)valley-band edge. Thus an estimate
of Co from Hall-coeS. cient data involves a two-band
analysis; the SdH e6'ect gives Co directly.

Equation (13) can be used to estimate a value of the
higher-band parameter 2', which is dered as the



matrix element sum

(C1)

and thus we consider H2=0. The value of II~ is not
known for CiaSb. In InSb, IIg is of the order —5.."For
the purpose of evaluating terms in I, we assume
II~= —5, and therefore, M= —5. The quantity I,' is
defined as

M= Hi+II„—

where Hi is defined in Eq. (45) and

(C2)

where the summation is over all states I,. transforming
like I'l5. The prime on the summation means that
states in the four-dimensional subspace are not summed
over. E, is the energy of the I"~ state at the bottom of
the conduction band. The x component of the momen-
'tilni operator is i'epl'eseilted hy P, aild s represents a
function transforming like an atomic s function under
the tetrahedral group. By using values of M and I'
determined for InSb, we can estimate the values of
b4s3f and c4sL'. The quantity 3E appearing in Eq. (13)
ls dered as

1.'= I'+2—G, (C4)

(C5)

and G was defined in Eq. (46). We assume that F'
makes a negligible contribution to I.'. In InSb, G= —I,3'

and we adopt this value to estimate the size of I'.
Thus, using Eq. (13), a value of I= —2.1 gives A'
= —3.2; and u=+1 gives A'=0. The magnitude of 3'
has not been previously determined experimentally in
any semiconductors. Kane has suggested that 2 ls
small compared to I"/8, . In the work of Groves ef a/. ,

4'

the value of A' in HgTe has been taken as zero. Our
estimates of 2' based on SdH frequency data thus
appear to be reasonable.

4' S. H. Groves, R. N. Brown, and C. R. Pidgeon, Phys. Rev.
The I'25 levels are expected to be far removed from I'q5, 161, 779 (1967).
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Donor-Acceytor Pair Lines in Cadmimln Sulfide
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We report the 6rst observation of donor-acceptor pair lines in CdS. The spectrum correlates with a distant
pair peak at 51 f16 A., an I~ line at 4888.52 A, and an I~ line at 4869.30 A.. Several other pair-line spectra were
observed in the vapor-grown undoped platelets used in these experiments. One of these correlated with the
same I1 line and distant pair peak, but with an I~ line at 4869.1II' A. Zeeman experiments con6rmed that
these lines were donor-acceptor pair lines. The Zeeman pattern of the pair lines could be predicted, using a
crystal 6eld and a j-j coupling constant. These constants were determined by the splittings of the pair lines

in zero field. For 8
~
~c, the hole g value was the same as for an isolated acceptor. A theoretical wurtzite spec-

trum was calculated on the basis of Coulomb interactions. The spectrum was much more complicated than
a theoretical zinc-blende spectrum and was sensitive to both the dielectric-constant ratio cg/f[i and

c/u ratio of the CdS lattice. The experimental lines could not be assigned, but the line densities were in

agreement with what was expected for a pair-line spectrum involving a simple donor and acceptor.

I. INTRODUCTION

'HE edge emission in a semiconductor refers to
the emission bands which occur with energies

within a few tenths of an eV below the band gap. '
Of all the II-VI semiconductors, the edge emission

has been most extensively studied in CdS, where the

'Work on the edge emission in II-VI compounds has been
reviewed by D. C. Reynolds, C. W. Litton, and T. C. Collins,
Phys. Status Solidi 9, 645 (1965};12, 3 (1965); R. E. Halstead,
in The Physics and Chemistry of II-VI Compomnds, edited by
M. Aven and J. S. Prener (John Wiley R Sons, Inc. , New York,
1967).

emission is in the blue and the green. The "blue edge"
consists of sharp line emission from free and bound
excitons and phonon replicas of these emission hnes.
Many of the prominent blue-edge emission lines have
been classified by Thomas and Hopheld. 2 The most
prominent of these are I» lines, which correspond to
excitons bound to neutral acceptors, and I2 lines, which
correspond to excitons bound to neutral donors.

The "green-edge" emission in CdS consists of bands
about 12-meV wide followed by a series of longitudinal.

~D. G. Thomas and J. J. IIop6eld, Phys. Rev. 128, 2135
(1962).


