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conduction mass, are used to calculate a* and e;. This,
however, neglects any polaron effects. This is not
understandable since the material is highly polar with a
coupling constant a=3.3. The lack of good agreement
between theory and experiment suggests that the simple
semiconductor theories do not adequately describe the
donor states in a polar material. The experimental
Hall mobility can be fitted over a wide range of tem-
peratures by assuming a combination of various scatter-
ing mechanisms. The polar optical mode and the
acoustic mode, together, provide the fit down to 250°K.
Below this temperature, ionized impurity scattering
seems to be the additional mechanism.
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The dielectric function that screens the electron-hole interaction in semiconductors has been derived from
first principles, and is found to differ in an essential way from the usual random-phase-approximation (RPA)
dielectric function. This screening function determines the binding energy of the exciton, and hence it is im-
portant for the theory of the excitonic insulator. We have studied the binding energy of the exciton for a
simple band structure, and find that the case considered does not become unstable toward exciton formation,

whereas the usual dielectric function in RPA predicts the excitonic instability.

I. INTRODUCTION

HE semiconductor-semimetal phase transition
with a possible intermediate excitonic insulator
phase has recently received considerable attention in
connection with substances where the energy gap can be
changed.!? The ideas developed for the excitonic insu-
lator have subsequently been used to describe the Mott
transition in heavily doped semiconductors.®* The
possibility of the excitonic insulator phase is based on
the assumption that the binding energy of the exciton,
Ep, remains nonzero for vanishing energy gaps and
certain band structures. The binding energy Ep is, apart
from some constants, given by e;~2, where € is some
dielectric screening constant. Thus one explains why
€ remains finite for vanishing gaps.® In situations where
the energy gap G is smaller or equal to the binding
energy Ep, the normal ground state of the semiconduc-

* Present address: Abteilung fiir Physik, Ruhruniversitit,
Bochum, Germany.
( 1 lg) Jérome, T. M. Rice, and W. Kohn, Phys. Rev. 158, 462

1967).

2B. I. Halperin and T. M. Rice, in Solid State Physics, edited
by F. Seitz, D. Turnbull, and H. Ehrenreich (Academic Press
Inc., New York, 1968), Vol. 21.

3 W. Kohn, Phys. Rev. Letters 19, 789 (1967).

4 N. F. Mott and E. A. Davis, Phil. Mag. 17, 1269 (1968).

¢ J. des Cloizeaux, J. Phys. Chem. Solids 26, 259 (1965).

tor becomes unstable toward exciton formation and the
new ground state has many interesting properties.-2
Even though it is clear that the strong electron-hole
interaction (e< ) is at the heart of the theory, the
nature of the screening function has never been ex-
plored sufficiently, at least not to our knowledge.
Haken’s theory®” seems inapplicable to small energy
gaps, and the whole problem still seems to be as sum-
marized by Knox® in 1963. From Kohn’s theory® of
the interaction of an electron with a test charge or with
an impurity, it is plausible that the usual dielectric
function in the random-phase approximation (RPA)
screens the electron-hole interaction. In this paper we
investigate this assumption and find that it is not really
justified. In Sec. IT A we formulate the screening func-
tion using many-body techniques.!! In Sec. IT B we show
how our formulation gives the usual dielectric function

¢ H. Haken, Fortschr. Physik 6, 271 (1958).

"H. Haken and W. Schottky, Z. Physik. Chem. (Frankfurt)
16, 218 (1958).

8 R. S. Knox, Solid State Phys. Suppl. 5, 78 (1963).

® W. Kohn, Phys. Rev. 105, 509 (1957); 110, 857 (1958).

0 D. Pines, Elementary Excitations in Solids (W. A. Benjamin,
Inc., New York, 1963). Almost all relevant references can be
found here.

11 A, A. Abrikosov, L. P. Gorkov, and I. E. Dzyaloshinski,
Methods of Quantum Field Theory in Statistical Physics (Prentice-
Hall, Inc., Englewood Cliffs, N. J., 1963).
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in the Hartree-Fock approximation if we ignore
multiple-scattering processes. In Sec. IT C the screening
function is computed beyond the Hartree-Fock ap-
proximation, and it is shown how virtual creations of
electron-hole pairs of intermediate radii give rise to a
screening function which differs from the usual RPA
function. In Sec. ITT we evaluate our screening function
for a rather special case and show that for this case our
screening function does not lead to the excitonic insta-
bility, whereas the usual RPA function does. However,
for energy gaps of the order of those where the exci-
tonic instability would be expected to occur on the
basis of phenomenological screening, the binding energy
of the exciton is found to vanish, thus indicating a
possible phase change again.

II. FORMULATION OF THE
SCREENING FUNCTION

A. Formal Equations

We consider a crystal with one atom per unit cell
at the absolute zero of temperature. The nuclear co-
ordinates and the core states we consider incorporated
into a crystal-periodic potential and we ignore spin-
dependent forces. IV electrons are assumed to fill up the
highest valence band v whereas the conduction bands ¢
are assumed to be empty.

The exciton is a particle-conserving excitation of the
electronic system; its binding energy is given by the
pole of lowest energy of the vertex part in the gap of the
one-particle spectrum.!* It has been shown how the
effective-mass equation (EME) for the Wannier exciton
can be obtained from the vertex part!?!? and the inter-

F””c(k——K7 k,’ kI—K; k’ w) = Fvcvc(O)(k—K, k’, k,—'K, k)

JURGEN K. KUBLER

183

action term of the EME was shown to be given by a sum
of polarization diagrams that can in the simplest possible
approximation be written as

I‘(172:3:47‘") = ]_'\(0)(1)2,3,4)
+Z F(0)(512:4;6)G0(576:“’)11(176)375:‘") ’ (1)
5,6
where
F(O)(17213)4)=<12[ lr_rll—ll43>_<12‘ Ir—r’|“1]34) (2)

denotes the antisymmetrized interaction matrix element
between pairs of Hartree-Fock Bloch states. The num-
bers 1 to 4 stand for sets of quantum numbers needed
to describe a Bloch state, i.e., they stand for a band
index and a wave vector in the first Brillouin zone. I'®
is the simplest possible irreducible polarization diagram.
Go(5,6,0) is the noninteracting, zero-temperature, two-
particle Green’s function,

G0(5;6>w) = [:w - (ES—E5)+’£77]—1

if 5 is occupied and 6 is unoccupied; F5 and Eg are
Hartree-Fock energy bands, 7 is a positive infinitesimal,
Go(5,6,0) =Go(6, 5, —w), and Go(5,6,w) =0 if both 5 and
6 are occupied or unoccupied. To specify the interaction
term of the EME further, we must give the numbers
1-4 as follows: 1=(v, k—K), 2=(c,k'), 3=(v, kK —K),
and 4=/(c,k), where K is the total quasimomentum of
the exciton, and k and k' are wave vectors in the first
Brillouin zone. It is easy to show that for any combina-
tion of band indices I'®(ky,ks, ks, ky) satisfies the sym-
metry property that it vanishes unless k;+ks =k;+ k.
With this and the above properties of Go, the inter-
action term of the EME can be written as

+ ¥ Tocees®(ke—q, K, k, ke)Go([v, ka—q,[c,ko],00) Tvenoo(k—K, ko, K’ — K, ko—q, )

c2,kg

+ Z I‘ozccv(o) (kz—q, k,, k, kZ)GO([v,k{J,[CZ, kz—(ﬂ, —w)rvvvcz(k_Ky k2y k,'—K) k2_qy O)) ’ (3)

e2,k2

where we have written the band indices as subscripts, the quasimomenta we included in the arguments of the
functions I', and where q=k’—k. To complete the set of formal equations let us use (1) again to write out the
equations that determine I'yoyro(k—K, ke, K’ —K, ky—q, ) and T'yyre,(k—K, ks, k' —K, ko —q, ») occurring on the
right-hand side of (3). They are

Pvczvv(k“'K: kz, k/—K) kz—q, w)
':“Pvczvv(o)(k'_K; k27 k,_K; k2—q)+ Z Pvcavcs(o)(k3—q, kZ; kz'—q, k3)Gﬂ(Ev) k3—q],[:63,k3],w)

c3,k3
XPvcavv(k"‘K, ks, k,"'K, ks—q, w)+ Z Fczczvv(o)(ks'—q, k2, k‘l—'q; kg)Go([‘U,ks:],[Ca, k3'—q]a —C")

c3 k3
Xruvvca(k_K; k3: k""K5 k3_q) w); (4)

121,, J. Sham and T. M. Rice, Phys. Rev. 144, 708 (1966).
], K. Kiibler, Z. Physik 201, 172 (1967).
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= I‘wucz(o)(k‘"K, k2, k,_K; k2_q)+ Z vaczcs(o) (ks"'(L k2, k2_q7 ks)Go([‘l’, k3_q]:|:63:k3])w)

€3,k3

XF“”U(k—K) k3’ kI_K) k3—q) w)+ Z Pcsvczv(o)(kb'_q; k2: k‘l—q; k3)G0([7);k3:|7[63) k3_q]7 —w)

c3,k3

Note that the set of Egs. (4) and (5) is closed; it can in
principle be solved for T'ye,ss and I'yye, which then
should be substituted into (3) to give the screened
electron-hole interaction in momentum space. We shall
follow this route approximately.

B. Screening Function in the Hartree~Fock
Approximation

If we replace the screened scattering matrix elements
Tyepeo and T'yyye, occurring on the right-hand side of
(3) by the corresponding unscreened ones, which we
shall do in this section, we do not take into account
multiple-scattering processes, i.e., we do not sum the
infinite polarization series, but rather replace it by two
terms. The right-hand side of (3) can then be evaluated
by approximating the matrix elements: First we Fourier
transform 1/|r—1r’|, and then use the known symmetry
properties of the Bloch functions neglecting sums over
reciprocal lattice vectors. The matrix element
I'eoe@(k—K, K/, k=K, k) then becomes

Tne O (k—K, K, K=K, K)
= —(4r/a®) o (k—K)|e~*a 7| o (k' ~ K))
X {c(k') |efrr|c(k))
+(@r/a®) K=%(o(k—K) |e=% 7| c(k))
X{c(K')[e’®r|o(k'—K)), (6)

where a?is the volume of the unit cell. In the terminology
used in the theory of excitons,® we call the first term the
Wannier interaction and the second the Frenkel inter-
action, even though the second term is only approxi-
mately the usual Frenkel term. If we now remember that

(1(k—q)[e~7vr|2(k))
=081,2—q- (Vi (k) !“2(]‘))‘{' -, (D

where #;(k) is the crystal-periodic function of quasi-
momentum k and band index 1, we can see at once that
for small q the Frenkel term is negligible compared
with the Wannier term. The remaining matrix elements
of (3) are similarly found to be

T'12349 (ko —q, K, k, ko)
= (4r/a®)g*(1(ky—q) | e~ 7| 4 (ko) }(2(K') | e?07| 3(k))
/)| K21k —) 5] 30
X(2(K') | i —k)r | 4(ky))  (8)

ervvca(k—'K, ks, kl_Ky k3—q: w) . (5)

and

T1234@ (k—K, ke, k' —K, k:—q)
= —(4r/a?)¢*(1(k—K)|e=*v| 3(k' —K))
X(2(ko) | 07| 4 (ko —q))+(4m/0%) | K+ko —K'[ 2
X(1(k— K)| 1| 4y — )

X (2(ky) | ef w1 | 3(k'—K)),  (9)
where in (8) 1234 =uvccc, or cacev, and in (9) 1234 =vcsvv
or vvcs. Again with (7), the second term of (8) is
negligible compared with the first and so is the second

term of (9) compared with the first. Hence substituting
the dominant terms of (6), (8), and (9) into (3), we get

Pwvv(k—Ky klr k,—Ky kr w) = —(47"/‘13)9_2[5((1@)]_1
X((k—K)[emior o (k' —K) e (k') | v | o(k)),

where the screening function is

[e(q)w)]_l =1 —411’0(((],(4)) ) (10)
with i 1
dma(qw) = o E Zk {[{ca(ks) [ €97 | v(ky —q) )| 2

XGo([v, ka—qJ,[ez, k] 0)+ [ (v (ko) | 97 | co(ko—q) )| 2
XG()(['U,kzj,[Cg, kz—‘q], _w)} . (11)

This is seen to be the usual quantum-mechanical ex-
pression for the polarizability at 77=0 (filled valence
band and empty conduction bands), and (10) is identical
with the usual Hartree-Fock dielectric function.®

C. Screening Function beyond Hartree-Fock

If we were justified to use I'yep00=T"1c500©/€(q,w) for
the screened scattering matrix elements on the right-
hand side of (3) and similarly for I',yy., it is seen at once
that we would obtain the usual RPA result,! i.e.,

€(q,w) =14-4ma(q,w), (12)

where the polarizability 4ma is given by (11). But the
particular sequence of indices of the screened matrix
element Iy, indicates that this term corresponds to
the scattering of a hole with the creation of an electron-
hole pair, whereas TI',.,. corresponds to scattering of an
electron with a hole. Since these are physically different
processes, there is no reason to use the same screening
function for both. This is also borne out by the formal
equations, in particular (4) and (5). Let us use the same
approximations as before to write out the matrix ele-
ments I'® that occur in (4) and (5).
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Pvcgncg(o)(k3_q} k2, kz“’q, k;)
= (4r/a®)g X o(ks—q) | e~ | ca(ks))
X{ea(ks) |t 7| v(ky—q))
— (4r/a®) | ky—ks |~ *(o(ks—q) | e~ %2k |y (ky —q) )
X{ca(ke) | i) r| gy(ks))  (13)

and

Tegeyo0@ (ks—q, ks, ko—q, ks)
= (4m/a®)g*(cs(ks—q) | e~ | v(ks))
X (ca(ks) [ e'v 7| v(ko—q))
—(4n/0%) | ke —s | ~*(cs (ks —q) | i) x| g (ky —q))
X (ca(ke) | ei®r )t o(ky)).  (14)

Tigoeyo® and Typepe,@ can be obtained from (13) and
(14) by appropriately interchanging band indices. Let
us limit our attention to (13). The first term we should
again call the Frenkel interaction and the second the
Wannier interaction. By means of (7) we see that for
small q the Frenkel term has a finite limit and since
k; and ke are anywhere in the Brillouin zone, the
Wannier term is in general of comparable order of
magnitude. Thus the scattering of the hole creates an
electron-hole pair whose radius can be of any range;
i.e., it is neither short nor long range. All the matrix
elements I'® of (4) and (5) can be analyzed and inter-
preted in a similar way and in each case it is seen that
we need to retain both terms. Substituting these terms
into (4) and (5) and replacing the screened matrix
elements by the corresponding unscreened ones, we
can see without further calculations that (4) and (5)
do not give the Hartree-Fock screening (10) for I'yepun
and Typpe,. Thus the usual RPA screening functions
cannot be obtained either.
Let us therefore make the following ansatz:

I‘vczvv(k—'K) k2; kI_K7 k2_q7 w) = _"1_1(627]‘27‘],‘0)

X (4r/a*)q*(v(k—K)|e~'vr[o(k' ~K))
X{ea(ke) |47 |v(ke—q)) (15)

Fi(q,w) = —4man(q,o)[1+F1(qw) +Fa(qw) ] - (47/a®)?q
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and
I‘” "7“12(k~K7 k2) k,—K; k‘Z_qy w): _K‘Z"—](C?)k?)q;w)
X (4r/a?) g *o(k—K) e[ o(k' ~ K))
X(v(ky) e’ 7] co(ky—q)). (16)

Here we have defined screening functions «; and «, that
must be determined from Eqs. (4) and (5). Let us sup-
pose for a moment that this can be accomplished. With
(15) and (16) we can then write out T',, of Eq. (3)
and thus determine the electron-hole screening function.
In terms of k; and «, we find that

Pvcvc(k_K; kl; k,'—K) k; w) = —(47f/‘13)9_2
X ((k—K)[emior|o(k' —K)){c(K') [e'v 7| c(k))

XEI +F1(q)w) +F2(q)w)] ) (17)
where
47 1 ]
Fi(gw)=—— 2 [(v(ke—q)| e~ "] cs(ks))|?
ad q2 ¢, ke
XGO(E‘”} k2_q])[62)k2];w)’<1— 1(627k2)q;w) (18)
an
, 47 1 ]
Fiaw)=—— % |eslla—a)] v [ofks))|?
a q2 c2,k2
XGo([v,ke],Lc2, ka—q], —w)ks'(co,kz,q,0) . (19)
Hence the electron-hole screening function is
1/6((],(.0) = 1+F1(q;w) +F2(q>w> . (20)

It is too hard to solve (4) and (5) directly for the func-
tions k; and k.. But it turns out that we can obtain
approximate expressions for the functions F; and Fs,
and this is really all we need.

To do this we substitute (15) and (16) into (4); the
resulting equation we then multiply on both sides by

(4r/a®)g2 | (v(ke—q) | €707 | ca(hs)) | 2
XGo([v, ka—q,[ca, ke ],w)

and sum over ¢, ko. After some cancellations we obtain

Z [ ko —k; l _2{K1_1(63:k3;q)w)

c2,¢3,k2,k3

X (v(ks—q) | e~ k0)1 |9 (kg —q) )(ca(ks) | €750 | ¢y (k) ) (c5(kes) | €70 | v(ks —q) (v (ko —q) | e 770 7| ca(ks))
XGo([v, ke—q,[e2, k5 ],0)Go([, ks —q7,[es, ks ],00) +-(es(ks—q) | e~ G0 rlo(ky—q) ){ca(ke) | €752 1| o (ks) )

X (v(ks) | €0 7| c5(ks —q) )(v(ko—q) [e7707| ca(ks))

XGo([‘l),kg],[(i;;, k3'_q:|) —"-’)GO([D; k2_q])[52:k2]:w)K2—1(C3)k3;qyw)} )

where we have defined

1)

drar(qu)=—@r/a")g T | ((ke—q) |60 [ea(ke)) | *Go([v, ka—q], [z k2 ],0)

c2,k2

and soon shall define 4ma,(q,w) such that 4ra=4wra;+4mra,. Now we make the approximation that «1(c,k,q,») and
k2(c,k,q,w) depend only weakly on the momentum k and take it out of the last two sums of Eq. (21). Using the
definition of F; and F,, we obtain

Fi(q,)(1+4men(q,w) —v1(q0)/8mas(g,0)) +Fa(qw)(drer(qw) —va(qe)/Bras(qe)) = —drar(qw),  (22)



183

DIELECTRIC SCREENING IN SEMICONDUCTORS

707

and a second equation which follows in precisely the same way from (5):

Fl(q7w)(47ra2(q>w) _72*((1;‘*’)/877“1((1;"")) +F2(q,w)(1+47ra2(q,w) —71(_‘1’ —w)/87ra2(q:w)) = —477012((1’0’) ’

where

71<q,w>=2(i—:)21 5

g2 c2,¢3,k2,k3

X{cs(ks) | €07 [o(ks—q) (v (ke —q) | e 7| c2(k2) )Go([v, ka—q], [,k ],0)Go([2, ks—q],[cs ks ],w) .

(23)

[k — s | 2o (ks —q) | e~ kx> s (ky @) Mea(ko) | €7 220 x| o5 (ks) )

(24)

72 is given by a similar formula obtainable from (24) by changing v(k;—q) to c3(ks—q) and c3(ks) to v(ks). The
algebraic equations (22) and (23) can now be solved and substituted into (20) to find the electron-hole screening

function.

a1(q,w) asy(q,w)

1
e(q,w>=1+5[8m<q,w>——~n(—q, —) ——~—vl<q,w>+w*(q,w>+w(q,w>]

[e2 q)w) al(q)w)

‘ ’)’2((],(0) l 2

XKI_SZ«;(E:L)(I 718(1;:1(’11:;)) —(81r)2a1(q,w)az(q,w)]_l' )

Putting y1=v,=0 reduces e(q,w) to the usual RPA
function. The origin of the terms v; and v, are, of course,
the Wannier terms in Egs. (13), (14), etc., which we
have kept. Neglecting v; and v for crystals with a
small band gap is not justifiable as we shall show next.
Unfortunately, we can in this paper only study a rather
special case of e(q,w).

III. EVALUATION OF THE SCREENING
FUNCTION FOR ¢=0=0

We have found that in k space the interaction of an
electron with a hole in the Wannier approximation is
the Coulomb attraction divided by e(q,w) of Eq. (25),
except that we have not yet specified the frequency w.
It can be justified that the static approximation w=0
is not a bad approximation for our problem.!?!3 There-
fore, we first put w=0in (25). Furthermore, we suppose
that the q dependence of ¢(q,0) does not alter the
Coulomb interaction between the electron and hole
significantly, an assumption which must of course be
justified by further investigations. Hence it seems worth-
while to study first the much simpler case of the screen-
ing function for =w=0: €(0,0). From (25),

¢(0,0) =1+47a(0,0)
X [1 —(71(0)0) +72(070))/47ra (0)0)]_1 .

The binding energy of the exciton is then of the order
of Eg=u/[2¢(0,0)]> (our units are 2m,=h=e=1).
Furthermore, let the energy gap G> 0 be decreasing and
direct, but let the first interband transition be forbidden.
To have an example in mind, one may assume that the

(26)

degenerate conduction and valence bands of a-Sn could .

be split. One could object that this is not a case of
interest as far as the theory of the excitonic insulator is
concerned, where one considers indirect band gaps. It
still is an important case and, besides being readily
solvable, has been chosen for the following reason.

The dielectric function of a zero-gap semiconductor
like a-Sn has received some attention recently.!*!5 We
have complemented these calculations for small energy
gaps'® and the polarization was found to be given for
G— 0 and q=0 by

47a(0,0) =4rao+3(u/G)'2, 27)

where u=l=m;1+4m, 1, m, and m, being the effective
electron and hole masses, respectively. 4mray is the back-
ground polarizability due to all bands other than the
first conduction band and it can therefore be assumed
to be a constant. If the electron-hole screening is given
by the dielectric constant in RPA, then in view of the
G2 dependence of (27) and the €(0,0)~2 dependence of
the binding energy of the exciton, there must exist a
critical gap where G=Ejz; i.e., even this case will exhibit
an excitonic instability. With the data of a-Sn, this
critical gap is of the order of a few 10~% eV only and
therefore of no practical significance, even if the
degenerate bands of a-Sn could be split. But it means
that a-Sn should be in the excitonic insulator phase
(provided the band structure of «-Sn is as simple as
assumed here, which is doubtful). From all this it seems
theoretically interesting to study the binding energy of
the exciton using Eq. (26) for €(0,0). Hence we evaluate
the terms y; and v, using techniques developed in Ref.
16. First we set w=0 in (24) and then perform the limit
q— 0 using Eq. (7). We then rewrite the result with the
elementary relation

(oK) | Vet (k) =20, (k) | p| (W) [ Eo(k) — Eo(K) ],

where p=—:V,, and #;(k) are the crystal-periodic
functions. The matrix element (u,(k)|p|u«.(k)) is then
expanded in a power series in k, keeping only the first

“L. Liu and D. Brust, Phys. Rev. Letters 20, 651 (1968);
Phys. Rev. 173, 777 (1968).
( ;5 D) Sherrington and W. Kohn, Phys. Rev. Letters 21, 153
1968).

16 J, K. Kiibler, Phys. Status Solidi 31, 17 (1969).
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nonvanishing term. We have shown earlier's that this
gives the leading terms of integrals like those involved
in v; and v, for G — 0. The expansion coefficient 7,
can be estimated as in our earlier calculation of the
polarizability by comparison with calculations of the
polarizability of a-Sn,'41% and we set |n,.|2=2u2 The
remaining integrations for v; and v, can now be done;
the result is

3u 1 kg 1 ke \?
v1(0,0) =—[——( tan™! )
2L 2\uG+ks® vV (uG) vV (uG)
3r / 1 kB
} tan™!
8VEOWGWE)  VG)
5k33+3k3ﬂ6>:l
) |+710
q 3(uG-+kp?)?
ant
v2(0,0) = 3#2/ ! tan™1 b ko )
80r\V(G)  VG) uGHs?
15 kg

X( tan™!
V (uG) vV (uG)
33k35+40qu33+15pZG2k3)
Y20,
(uG+kp?)?

where 19 and 3 are due to all bands other than the
first conduction band and can be treated as constants,
and where kp has been chosen to give an integration
volume equal to the Brillouin-zone size. With (27) the
quantities v1(0,0)/47a(0,0) and 7:(0,0)/4r«(0,0) are
then found to be in leading order for small gaps

71(0,0) 1(#)“2 b @ (u>"2
4ra(0,0) 2\G/  wks 2a(00)\G

v2(0,0) 3/u\"? u
A

Swks

and

G

—4’/I'Olo.

47a(0,0) 8
Hence the denominator of (26) becomes

(1(0,0)4v2(0,0)) ___281r 7( u )” 2
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—_— g ——
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Thus for a critical gap G=E, the denominator vanishes:
E,=(9/16)u/4(4may)?.

For G=E, the screening function is infinite and it is
negative for G< E,. We see that E, is roughly equal to
the binding energy of an improperly screened exciton,
namely, an exciton screened with the background dielec-
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tric constant only. Of course, the binding energy of the
real exciton, being proportional to €(0,0)~2, goes to zero
as G approaches E.. Thus there is no gap such that
G=Ep, and hence there is no excitonic instability in
this case.

IV. DISCUSSION AND CONCLUSION

By summing an infinite but partial polarization series,
treating Coulomb and exchange on an equal footing,
we have obtained a screened electron-hole interaction
for small-gap semiconductors from first principles. The
electron-hole interaction was found to be the Coulomb
attraction divided by €(q,0) [Eq. (25)] in the static
approximation (w=0). Our screening function e(q,0)
differs from the usual RPA dielectric function, since we
have taken into account that the radii of electron-
hole pairs created virtually in the screening process
are in general of intermediate range. We have evaluated
€(q,0) for =0 and have studied the binding energy of
the exciton, Epg, as a function of the gap G for a band
structure where the energy gap is direct but the first
interband transition is forbidden. The zero-gap case
of this model is a-Sn, idealizing the band structure of
gray tin somewhat. We found that there does not exist
an excitonic instability which would be predicted on the
basis of the usual dielectric constant in RPA. The
binding energy was rather found to vanish for energy
gaps of the order of the binding energy of an exciton
screened with the background dielectric constant. This
is not too surprising since our formalism treats the
correlated electron-hole pairs in an approximately self-
consistent fashion. For an energy gap smaller than the
critical gap (where Ep=0) the screening constant be-
comes negative, which would indicate that electrons
repel holes. This is, of course, very unlikely and we
conclude that our calculation ceases to be valid for
gaps smaller than the critical gap. We take this to
indicate a phase change of some sort the discussion of
which we leave open. We suspect the situation to be
similar for indirect gaps; i.e., we suspect there is a phase
transition at a critical gap G=E,. Perhaps E, may be
obtainable with the background dielectric constant as
above. But by virtue of Ez=0 for G=E, the new phase
is not necessarily of the nature of the excitonic insulator.
In connection with heavily doped semiconductors, we
may speculate that this behavior of the binding energy
explains the vanishing of the activation energy e» as a
function of increased doping in, e.g., #-type germa-
nium.'” Of course, this is a speculation because we cannot
say if the random nature of the impurity centers
(producing impurity bands) alters the dielectric
screening in an essential way.

17 E, A. Davis and W. D. Compton, Phys. Rev. 140, A2183
(1965).



