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Magnetic and Nuclear-Resonance Properties of Single-Crystal Scandiumt
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Magnetic-susceptibility, magnetic-anisotropy, and nuclear-magnetic-resonance measurements were
performed on single-crystal scandium samples from 4.2 to 300'K. The susceptibility of single-crystal scan-
dium is greater along the u axis than along the c axis. The nuclear relaxation rate {TIT) ' has a sin'8 depen-
dence on the angle between the static magnetic 6eld and the crystallographic c axis. The orbital hyperfine
interaction is the major contribution to the relaxation rate. From the experimental results, values are
estimated for the electronic density of states, the average fractional s character, the average fractional
admixture coefFicients for 4' electrons at the Fermi surface, and the orbital paramagnetism.

INTRODUCTION

~ 'HE magnetic susceptibility X of polycrystalline
scandium has been measured by several groups. ' '

Large differences in the values of X and in the tempera-
ture dependence of X are noted among the results.
Various authors have attributed the discrepancies to
differences in impurity content of the individual
samples. Recently, Wohlleben~ found that the X of
scandium in the temperature range of 0.3 to 300'K was
also dependent on crystal imperfections. The suscepti-
bility of a scandium single crystal has been measured
over the temperature range of 77—1100'K by Checher-
nikov ei al sThey . reported that X, (magnetic field
parallel to c axis) is greater than X, (magnetic field
perpendicular to c axis) and both follow a Curie-%eisa
temperature dependence.

Nuclear-magnetic-resonance (NMR) studies pro-
vide a bridge between the macroscopic and microscopic
magnetic properties. The 6rst NMR studies on metallic
scandium were reported by Blumberg et al. ' Barnes and
co-workers" reported room-temperature results of the
anisotropic Knight shifts and the quadrupole inter-
actions of Sc4' in polycrystalline scandium. The
nuclear spin-lattice relaxation time T1 of Sc" in scan-
dium metal was reported by Masuda" and by Narath
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and Fromhold. '2 The several sources of data agree
reasonably well on the Knight-shift value, but the
relaxation-time values show considerable scatter.

In the subsequent parts of this paper, we report the
results of our studies on (a) the magnetic susceptibility
of polycrystalline and single-crystal scandium and (b)
the magnetic anisotropy, anisotropic Knight shifts,
and spin-lattice relaxation time" of single-crystal
scandium.

A distinct advantage of this investigation is that all
of the measurements were carried out either on the
same specimen or specimens prepared in an identical
manner, from the same batch of scandium. In the dif-
ferent types of measurements, this precaution limits the
effect of impurities by maintaining the same kind and
amount of impurities.

EXPERIMENTAL DETAILS

The scandium employed in this study was purchased
from United Mineral and Chemical Corporation
(Johnson Matthey and Co., Lot No. M234). Poly-
crystalline samples were prepared by levitation melting
and were cast into a pin-shaped copper mold. Specimens
for the susceptibility measurements were spark-cut
from the casting. Two single crystals of scandium were
prepared at Argonne, and two single crystals were
purchased from Koch Light Laboratories, United
Kingdom. One single crystal (ANL-I) was prepared by
annealing arc-melted buttons at 1050'C for 15 h.
Another single crystal (ANL-IV) was spark-cut from
an annealed ingot prepared by levitation melting
and heat treated in the same manner as ANL-I. The
single-crystal sample for the NMR studies was pre-
pared by spark-cutting a portion of the ANL-IV crystal
into slices 0.009 in. thick and stacking the slices alter-
nately with 0.001-in.-thick mica insulation. A powder
sample for NMR studies was prepared by hling the
button from which we obtained the ANL-IV single
crystal. The mass spectroscopic analyses of the samples
studied are given in Table I.

The experimental apparatus and the methods em-
ployed for the magnetic-susceptibility and the magnetic-

"A. Narath and T. Fromhold, Jr., Phys. Letters 25A, 49
(1967); A. Narath, Phys. Rev. 179, 359 (1969)."F.Y, Fradin, Phys. Letters 28A, 441 (1968).
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TAal, K I. Mass spectrographic analyses for impurities in the
scandium samples (factor-of-2 accuracy in ppm by weight).

Designation
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Al
C
Ca
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K
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Na
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p
Pb
Si
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Ti
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W
Zn
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Other nonrare
earths
I.a
Ce
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Gd
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tu
Tm
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FIG. 1. Magnetic susceptibility y of scandium as a function of
temperature. X and x, are the susceptibilities of a scandium
single crystal (ANI. -IV) with the magnetic 6eld parallel to the
a axis and c axis, respectively. The polycrystalline data were
obtained on the same material from which the single crystal was
grown.

EXPERIMENTAL RESULTS

Figure 1 shows the magnetic susceptibility as a
function of temperature for the polycrystalHne scan-

dium and the ANI-IV scandium single crystal. The
weighted average susceptibiIity of the single crystal
agrees very well with the polycrystalline sample. The
susceptibility of the single crystal was measured with

the magnetic field parallel to the a axis (X,) only, and

the susceptibility with the magnetic 6eld parallel to
the c axis (X,) was deduced by combining the X, sus-

ceptibility and the magnetic-anisotropy measurements.

Also, the susceptibility of the A%I--IV single crystal
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Fto. 2. Magnetic anisotropy (de6ned as the difference between ~,
and ~,) versus temperature for single crystals of scandium.

"J.W. Ross and D. J. Lain, Phys. Rev. 165, 6i "I (i968),

anisotropy measurements were reported. in a previous
publication. '4 X —I, was measured to within. &2&10 9

emu g '. The NMR measurements were made by means
of a pulsed NMR spectrometer that employed. phase-
coherent detection and a boxcar integrator. A bridge
con6guration was used with the single-crystal sample
in one coil and a second coil for electrical balance. The
NMR measurements vere made at 8 MHz and at
temperatures of 4.2 and. 77'K. The single-crystal

-sample was ori.ented with the c axis normal to the axis
of the rf coil. The orientation dependence was de-

termined from measurements that were made with the
magnetic field at various angles 9 with respect to the c
axis. The anisotropic Knight shifts were measured.

relative to the powdered scandium metal. The T»

measurements were made either by using a m ——',vr pulse
sequence for 8=cos—'(1/v3) or by using a saturating
comb (50-&00 —,'s. puises) of about 20-msec duration.
The anisotropic T» measurements are reported for 77'K.
The magnetic field was provided by a parian j.2-1n.

electromagnet; the rf 6eld was about 140 Oe.



MAGNETI C AND NM R PROPERTIES OF Sc 647

was measured by Wohlleben at the University of
California at La Jolla, and the measurements made at
both laboratories are in excellent agreement.

Figure 2 shows the difference in susceptibility between
the a and c axis of the four single crystals. At high
temperatures, the X,—X, values for all the crystals show
a small temperature dependence but, at low tempera-
tures, the ANL-IV crystal exhibits a diferent tempera-
ture dependence than the other three. The discrepancy
is difFicult to explain, especially between ANL-I and
ANL-IV, since both crystals were prepared with the
same starting material. Perhaps the arc- and levitation-
melting techniques introduce different amounts of
imperfections and impurities; however, any variations
in the impurities of the two crystals must be within the
accuracy of the spectroscopic analysis. It is important
to point out the existence of a discrepancy between the
results of this investigation and those reported earlier.
We found that the X, is greater than X,.

Figure 3 shows the amplitude of the Bloch decay
following the last 2x pulse as a function of pulse spacing
for ANL-IV at 77'K and 8 MHz. The consistent
straight-line plots indicate single exponential relaxation.
The spin-lattice relaxation rate (T~T) ' at 77'K as a
function of sin'0, where 8 is the angle between the c axis
and the static magnetic field direction Ho, is shown in
Fig. 4. There is a difference, by a factor of almost 2, in
the relaxation rate between the a and c axes. At 4.2'K
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FzG. 3. Approach of the nuclear magnetization M to the thermal
equilibrium value Mo as a function of time between the last
saturating pulse and the ~~+ measuring pulse. The data shown were
taken at 77'K for various angles between the c axis and the static
field direction.
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FlG. 4. Spin-lattice relaxation rate at 77'K as a function of the
angle 8 between the c axis and the static field direction.

and 8 MHz, we find a value of T~T=1.1+0.1 sec 'K
for 8= 80——cos '(1/v3). The value of T~T at this angle
corresponds to the powder-average value. Since at 00

the first-order quadrupole-split satellites collapse into
the central transition, the resonance spectrum can be
easily saturated. At 300'K and 12 MHz a value of T&T
=1.2&0.1 sec 'K is found for a well-annealed poly-
crystalline sample by using a saturating comb (50—5-@sec
pulses) of 5-msec duration. The values of T,T can be
compared with the most recent value, T~T=1.3&0.2
sec 'K, reported by Narath. "

In order to obtain information about the nuclear
electric-quadrupole interaction and the anisotropic
Knight shifts, the 6rst-order quadrupole-satellite
splitting 8H at 4.2'K and 8 MHz is plotted in Fig. 5
as a function of 3 cos'8 —1. Here, 8H is the splitting of
the ~3,—,

' and ——,', —
~~ satellites. The slope 2~so/y of the

linear plot of 8H versus 3 cos'8 —1, yields

po
——3e'qQ/2I(2I —1)h =0.124&0.004 MHz.

Here p is the gyromagnetic ratio of the nucleus, e is
the charge of the electron, q is the electric field gradient,
Q is the quadrupole moment of the scandium nucleus, I
is the angular-momentum quantum number, and h is
Planck's constant. Barnes et al. ' report a value of
& @=0.144&0.002 MHz at room temperature for poly-
crystalline scandium.

The orientation-dependent Knight shift E(8) is
given by E(8)=E.„(3cos'8 —1), where 8 is the angle
between the c axis and Ho. In Fig. 5, dZI=HgE(8)
is determined from -', (H~, i+H;„~) Hq„ the midpoi—nt
between the positions of the —,',—', and ——,', ——,

' first-order
quadrupole satellites relative to the midpoint at 8=8p.
Here Hg is the resonance position of the powdered
scandium. This method of determining E(8) avoids the
angular dependence of the 6eld position of the central
transition due to the second-order quadrupolar effect.
From the slope of the plot of AH versus 3 cos'8 —1, we
obtained

E,„=—(0.032&0.002)% at 4.2'K
= —(0.030&0.002)% at 77'K.
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Fio. 5. BH is the splitting between the 2,
—', and ——',,——,

' satel-
lites, plotted here as a function of the angle 8 between the c axis
and the field direction. hII is the shift of the midpoint of the
satellite positions relative to the midpoint at 8=80. Data taken
at 4.2'K and 8 MHz.

If the E,„value at 77'K is extrapolated to 300'K by
using the change of X —X, versus the temperature curve
of ANL-IV in Fig. 2, the value at 300'K is consistent
with the value E, = —(0.024&0.002)%%uo obtained by
Barnes et al. ' from measurements on a powdered
scandium sample at room temperature.

DISCUSSION

The important contributions to the observed relax-
ation rates in transition metals arise from core-polari-
zation" and orbital" hyperfine interactions with the d
component of the conduction-electron wave function at
the Fermi level, as well as from the contact' hyperfine
interaction with the s component. Conduction-electron
contributions associated with magnetic-dipole" and
electric-quadrupole"" hyperfine interactions are usu-
ally quite small. Recently, Narath" discussed the strong
dependence of the various contributions to the spin-
lattice relaxation rate on the point-group symmetry
properties of the d component of the conduction-electron
wave function, i.e., the ratio of the A~', E', and E"
orbital admixtures, in hcp metals. By means of the
extreme tight-binding approximation, he developed a
theory of spin-lattice relaxation in hcp crystals that
predicts a field orientation dependence of the orbital
contribution to the relaxation rate. The results of the
angular dependence of the relaxation rates for scandium
single crystals seems to substantiate his prediction. The
discussion of our experimental results will follow the
Narath theory closely, and we refer the reader to
Narath's paper" for the details of the derivation and
assumptions.

In the absence of s-d mixing, spin-orbit coupling, and
many-body enhancement eQ'ects, the spin-lattice relax-

"Y.Yafet and V. Jaccarino, Phys. Rev. 133, A160 (1964).' Y. Obata, J. Phys. Soc. Japan 18, 1020 (1963)."J.Korringa, Physica 16, 601 (1950).
is A. H. Mitchell, J. Chem. Phys. 26, 1714 (1957).' Y. Obata, J. Phys. Soc. Japan 19, 2348 (1964).
2 A. Narath. Phvs. Rev. 162. 320 (1967).

g= 2(pr(&')+pr(&"i)(1 p)
—i (2a)

and
pr(z"&(pr(z &ypr(z"i) —i (2b)

The F~( ) terms are the average values of the fractional
admixture coeKcients at the Fermi level that have the
same value for all m, which form a basis for a given
irreducible representation 1'(m):

P""'=22 lc.-~l't ~(~.~ —&~)jL&(0)&j ', (3)
p. Js

where the C„A, terms are the fractional admixture
coeKcients, E„p is the energy of the electron with band
index p and wave vector k, Ep is the Fermi energy, and
E(0)1V is the total number of states per unit energy
interval at the Fermi level for one direction of spin. An
assumption of this treatment of spin-lattice relaxation
is the neglect of the p admixture at the Fermi level

Ci.e., E(0)=X,(0)+lV&(0)]. This is justified by the
small p hyperfine field relative to that of the s electrons,
and by the small p density of states at the Fermi sur-
face relative to that of the d electrons.

The relevant point group for the hcp lattice is D6jm„

which is a direct product group D6&=D3I,XI. The hcp
lattice contains two atoms per unit cell, which are
related by the operations of the space group P63/mm(:.
Since the nuclear-resonance properties of the two non-
equivalent atoms are identical, the treatment may be
limited to a primitive lattice with D3q point-group

T~@LK II. Irreducible representation about the point F in the
Brillouin zone of the hcp lattice.

Bases

A1'
A2"

k =0, 1, and 2 harmonics'

P'00 P' 0

P' 0

P' l,c P' l, s1'y
+22~ o ~22~ e

I 21,c ~21,a

a p'1~.&= (p'~~+@'g Ni)/V2; F1~.& = —j(F1'—Yg t'ai)/V2. Yeti = Fg~(n, p) are
normalized spherical harmonics. The polar angle n is measured with respect
to a s axis parallel to the crystallographic c axis.

ation rate R= (TiT) ' can be expressed" as

4'
j('. =—(y„h)'kpLA'(0)' ] Q P '(I(..;"'+K;"'sin'8) (1)

h

where p„ is the nuclear gyromagnetic ratio, kz is the
Holtzmann constant, and iV(0) is the bare density of
states at the Fermi level for one direction of spin. The
sum is over the four hyperfine interactions: s-contact
Pg pH+fs d-spin core-polarization Pz= (1—p)Hhfa
and d-spin. dipolar and d-orbital Pq;i, =P»b= (1—p)
XIIi,~." . Here p is the average fractional s character
at the Fermi level,

p = iV.( 0) /Ã( 0) .

The reduction factors E,(') and E,(') are given in
analytic form by Narath" in terms of the parameters x
and y, where



MAGNETI C AND NM R PROPERTIES OF Sc

TABLE III. Range of allowable solutions for the reduction factors and orbital admixture coefficients.

E.,b&i) &O.b&" gd; (I) Edip(') pr&Z &o pr&Z &.

0.301
0.153
0.259
0.317
0.180
0.284
0.258

1.00
1.00
0.925
0.875
0.875
0.800
0.682

0.631
0.389
0.537
0.579
0.391
0.501
0.406

—0.293—0.189—0.254—0.269—0.189—0.234—0.189

0.534
0.729
0.579
0.505
0.685
0.540
0.569

0.0176
0.0178
0.0187
0.0200
0.0193
0.0211
0.0229

0.0148
0.0225
0.0163
0.0129
0.0200
0.0138
0.0140

0.00
0.00
0.97
1.98
1.12
2.84
4.10

15.05
7.65

)1.98
13.87
7.87

11.36
8.80

—2.155—2.062—2.114—2.155—2.071—2.138—2.153

a In units of 10~(1—p).

symmetry. The appropriate decomposition" of the
l=0, 1, and 2 representation of the three-dimensional
rotation group leads to symmetry functions; angular
parts are presented in Table II in terms of normalized
spherical harmonics F&"(n,P) The .polar angle (2 is
measured with respect to a s axis parallel to the crystal-
lographic c axis.

In the extreme tight-binding limit, the s-d interactions
have no effect on the relaxation rate for cubic metals,
since the s and d functions belong to different irreducible
representations of the cubic point group. However,
reference to Table II shows that both s(V0') and
d(I'20) belong to the Ai' representation of D22 in
the hexagonal case. Hence, matrix elements of the con-
tact and core-polarization interactions will interfere,
provided these functions are admixed in the conduction-
electron wave functions %(r) at the Fermi surface. If
the A1' functions are expressed as linear combinations
of the form

g „P' 0+(1 P 22)1/2Ir 0

the resulting interference term is

of Eorh and Eorh( ):

E.,b &'&/ —E.,b &'& & 2.155. (6b)

and
+orb /+dip =+orb /+dip

b(&)/gd, o)=1(, b(i)/gd, (i)

within the range of permissible values for x and y. Ke
find that the anisotropic dipolar contribution is only

A lower limit of 0.189 on —E„q")is determined from
Eq. (6a) and the measured electronic specific-heat
coefficient. This limit is discussed in the latter part of
this section. By using the two limits and Eqs. (2.30)—
(2.37) of Narath" for the functional forms of the E;r a
range of permissible values for the orbital admixture
parameters x and y can be obtained as shown on the
crosshatched area of Fig. 6. Table III lists the range of
allowable solutions for x and y and the other parameters
calculated from these values of x and y.

%e can estimate the amount of dipolar contribution
to the relaxation rate by setting

E= 1.25 —0.58 sin'e (sec 'K) '. (5)

Since the s-contact and d-spin core-polarization terms
are isotropic, we set

where the term in the angular brackets is an average
over the Fermi surface. Since FXhg."and Hl, g,

'") are of
opposite sign (Hb&. d) &0), this term interferes destruc-
tively with Eq. (1).

The orientation-dependent relaxation-rate equation
derived from Fig. 4 for the ANI. -IV single crystal can
be expressed in the form Y

2
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—0.58 (sec 'K) '= (4&r/&2)(y &2)'ki&LS(0)j'
XL(1 ip)+bf orb j2+(2) (6a)

The reduction factor E(') consists of the d-orbital and
d-spin dipolar contributions. Since the isotropic term
in Eq. (5) consists of s-contact, d-spin core-polarization,
and dipolar contributions in addition to the orbital
contribution, Eq. (5) sets an upper limit for the ratio

2' S. L. Altmann and C. J. Bradley, Rev. Mod. Phys. 37, 33
0965).

r2
l

r3

fi)
iKORB~ r407

4

Iio. 6. Allowable range of the orbital admixture parameters
x and y is indicated by the crosshatched area. The boundary
E„b&')/E,„b(')= —2.155 set by the ratio of the angular-indepen-
dent to the angular-dependent relaxation rate in Eq. (5) is shown.
Also shown are various pairs of lines of constant IC„b(') and
E„b~') satisfying the above equality.
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about 4-8% of the anisotropic orbital contribution, and
the isotropic dipolar part of the relaxation is about
2—5% of the isotropic orbital-relaxation rate.

We may estimate the quadrupolar contribution to the
relaxation rate from the following ratio":

Eq (e'Q, «)' 3(2I+1)

I4 (y y h'I)' 10(2I—1)

where Q,« is the effective quadrupole moment of the
scandium nucleus and y, is the electron gyromagnetic
ratio. Q,«may differ from Qs, because of antishielding
effects." In metals these eAects are probably quite
small, " and we thus take Q,«=Qs, =0.22X10 "cm',
and 6nd

I&.'q/I&.'d;, = 0.14.

Therefoxe, the quadrupolar contribution to the relaxa-
tion rate is probably less than 1% of the orbital con-
tribution. Based on these estimates, the dipolar and
the quadrupolar contributions to the relaxation rate will
be ignored in the remainder of the paper. The error
introduced by ignoring these two contributions will be
less than 10% for Z&'& and less than 6% for Z&'&.

We substitute Z b & fol Z & & 1n Eq. (6a) alld use the
range of values of Z'„b&'& from —0.189 to —0.293 (see
Fig. 6 and Table III) to obtain (in cgs units),

2.58X 10'4& [iV(0)(1—p)H&, &.&'"&$'&4.0X 10s4. (7)

The lower limit ls given by the largest value of E,b('&

that satisfies Z„b'"/ —Z„b&'&&2.155. The upper limit
of Eq. (I) is determined from Z,„b"&=—0.189.

The orbital hyper6ne field per unit orbital angular
momentum is given, to a good approximation, by
H '" —2 pr&(r ') where (t ') represent an average
over the radial distribution of the d electrons near the
Fermi surface. If we take the Sc'+(3d') free-ion value"
of (r ') and multiply by —,', to obtain the approximate
value in the metal, (r '),t,i=0.80X10's cm s, then
Hh&, "b&=0.148X10' Oe. From Eq. (7) we can write

1.086X10"&X(0)(1—p) & 1.353X10", (8)

where the unit for E(D) is states erg ' atom '. The
measured electronic specific-heat coefIlcient25 y for the
scandium we studied is 10.34 m J deg ' mole ', and the
density of states per spin X~(0) derived from the 7
value is j..353xj.o" states erg ' atom '. Our choice
of —Z„b&s»0.189, following Kq. (6), is to restrict the
product E(0)(1—p) to a value less than or equal to
the experimental value of iV~(0). The upper limit in

Eq. (8) is valid, since the value of iV, (0) is usually
laI'geI' than the baI'e density of states ln tI'ansltlon nletals

2 R. Sternheimer, Phys. Rev. 84, 244 {j.951).
2' A. Narath and D. W. Alderman, Phys. Rev. 143, 328 (1966).
~' A. J. Freeman and R. E. Watson, in Magnetism, edited by

G. Y. Rado and H. Suhl (Academic Press Inc. , New York,
1965), Vol. IIA.

"H. E. Flotow and D. W. Osborne {tobe publishedl.

because of the electron-electron, electron-phonon, and
electron-paramagnon enhancement effects.

It is quite clear from Eq. (8) that only a limited range
of E(0) and p can be used to account for the experi-
mental relaxation rate. If the value of p is assumed to be
zero, which is an unlikely event, the range of X(0) for
one direction of spin is between 1.732 to 2.165 states
eV I atom '. But if a reasonable value, p= 0.1, is taken,
then the range of iV(0) narrows to between 1.93 and
2.165 states eV ' atom '. lt should be pointed out that
within the limits of Eq. (8), p cannot be greater than
0.112. The derived values of $(0) and p have not con-
sidered the experimental uncertainty, the errors intro-
duced by ignoring the Ez;~ terms, and the estimate of
IIhf,"b. However, the inclusion of these possible errors
would change the lower limit of I&T(0) and the upper limit
of p by about 30%, i.e., E(0)& 1.4 states eV ' atom '
and p&0.15. Recently, Fleming and I.oucks26 derived
a E(0) value of about 1.1 states eV ' atom ' for hcp
scandium by the APW method. Their value of X(0) is
about twice as large as that derived by Altmann and
Bradley, '7 but is close to our lower limit.

The lowest ratio of Z„b&'&/Z„b&'&, as shown in Table
III, is —2.062 and is only about 5% lower than the
limit of 2.155. This means that the observed total-
relaxation rate may be approximately accounted for by
the orbital term alone. In other words, we may set

I&-'.+~d+I&'.. e= 0,
p (H„,& &) +.Z„& &(1 p) (H „& &) +2H „&.&H„„& &

X(F,"&' '&~,'(1—~„.')),= 0. (9a)

By using the range of values of Eg&') from Table III,
and by assuming that p= 0.02 to 0.15 and Hh&, &+/Hh f

&'&

= —10 ', the percentage admixture of s(Fee) into the
A~' functions at the Fermi surface can be estimated.
We obtained

((F ~r&"'&)'$ s'(1—$ s'))g~ ——0.03 to 0.16. (9b)

Since P Fr&~&= 1, we made use of the values of Fr&s'&

and Fr&s"& in Table III and Kq. (9b) to estimate the
range of Ps~' from 5 to 22%. An alternative approach
is to again assume that we can average the factors in
the pointed. bracket in Eq. (9a) separately and make the
substitution p= $&r~'Fr&"" '. We may then make use of
the values of Eg"' arid of E~(~') and F~(~") in Table
III. The latter two quantities are also functions of
(1—p). With the above-stated substitutions, Eq. (9a)
is quadratic in p and may be solved for various values
of Hh&. &s&/Hh&, &'&. For H&,& &"&/Hh&. &'& between —0.05
and —0.2, p has values between 2.4 and 7.3% and j@~'
has values between 3.0 and 11.2%. Thus, we can account
for the rather small relaxation rate in scandium by
recognizing the importance of the s-d' interference term.
We have shown that a relatively small admixture

"G. S. Fleming and T. L. Loucks, Phys. Rev. 173, 685 (1968).
~7 S. L. Altmann and C. J. Bradley, Proc. Phys. Soc. (London)

927, 64 (~967).



(2.4-'I.3%) of s character at the Fermi surface, which is
well within our previous estimate of 0-15%, is consist-
ent with the experimental relaxation rate.

We have consciously ignored sects of electron-
electron"" and electron-paramagnon", enhancement
on Tj, because the relaxation rate is well accounted for
by the orbital hyperfine interaction. Either enhance-
ment effect is spin-coupled and would only enter the
orbital relaxation rate via spin-orbit coupling, which is
probably small in scandium. In the absence of spin-orbit
coupling, electron-electron and electron-paramagnon
enhancement would enter the isotropic relaxation rate
through R, and Eq as well as through R, q. Our experi-
mental results, however, indicate that the sum R,+Eq
+R, s is approximately equal to zero.

We now turn to a discussion of the anisotropic
Knight shift and its relation to the anisotropic suscepti-
bility. The anisotropic Knight-shift results do not show
as drastic a decrease in magnitude as the anisotropic
susceptibility, measured on the same ANI -IV sample,
from 77 to 4.2'K. The large change in anisotropy ob-
served in the bulk magnetization is probably caused by
a localized magnetic-impurity effect. (This point will be
discussed by the authors in a paper now in preparation. )
The impurities do not affect the majority of scandium
nuclei, since the magnetic-impurity content is only
about 100 ppm. Thus, the Sc"anisotropic Knight shift
is probably a correct measure of the "pure" scandium
magnetic anisotropy at low temperature, i.e., there is
probably only a gradual increase in the magnitude of the
anisotropy from 77 to 4.2'K, amounting to only about
a 6% lilcrease ln X —X a't 4.2 K.

In the absence of spin-orbit coupling, we will consider
two contributions to E, , namely, the orbital contribu-
tion E and the spin-dipolar contribution E,
If we assume that the anisotropic susceptibility X,—X,
above 77'K is entirely of the Van Vleck orbital type, "
we can write

It should be emphasized" that the value of (r ') to be
used in the orbital Knight shift divers from the value
that enters into orbital relaxation; the former is to be
averaged over all occupied states of the d band, whereas
the latter involves only the average over states at the
Fermi level. Taking the 77'K value of X,—X,=11.2
)(10 ' emu/mole and using the estimate employed in
the Ti calculation (r ')~.~,)=0.80X10" cm ', we find
that X,„v= —0.01%, a value that is a factor of 3
smaller in magnitude than the experimental value of—0.030%. This difference may reflect the fact that
additional spin contributions can contribute to X,—X,

28 Y. Moriya, J. Phys. Soc. Japan 18, 516 (1963)."A. Narath and H. T. Weaver, Phys. Rev. 175, 373 (1968).
'0 S. DoniaCh, J. Appl. Phya. 39, 483 (1968)."A. M. Clogston, V. Jaccarino, and Y. Yafet, Phys. Re@.

134, A6S0 (1964)."Y.Yafet and V. Jaccarino, Phys. Rev. 133, A1630 (1964).

if the eGective-mass tensor is anisotropic, as would be
expected for scandium.

To estimate the spin-dipolar contribution to E, , we
follow the treatment of Boon."His treatment leads to

(12)

Here Pse(cos8') is an associated Legendre polynomial,
Pe(r') are eigenfunctions of the electron Hamiltonian,
g is the usual electron magnetic moment assumed equal
to two for our case, pi) is the Bohr magneton, and f is
the Fermi function.

It is clear from the orthogonality of the Legendre
polynomials that the angular part of F'(r') must
transform as I'2' for E,„d'p to be nonvanishing. For
purposes of our estimate, we will ignore the cross terms
in ~Ps(r')

~

' derived from a product of 1= 1 functions.
For a transition metal, the s-d cross terms, which trans-
forms as Pse(cos8), will be of more interest. The con-
tribution to E, ~'p from these terms is given by

E. "&=(1/+5)g'ps'E(0) (r, s
—') )r~

X (~,s"'"")E,s(1—P,s') '")s„, (13)
where

Xvv= ps
)'(s () ))—)(s"0)))

(27r)' E;(k) -E„(k)
X(nk ( L 1

n'k)(n'k
(
I.

1 nk), (15)

where n and n' are band indices, f(E„(k)) is the Fermi
function at the energy E„(k), and k is the wave vector.
Here, L is the angular-momentum operator.

Let us define the matrix elements

L,.= J(nk )
1..[n'k)

f

'—(16)
"M. H. Soon, Physica 30, 1326 (1964).
'4 I". Herman and S. Skillman, Atomic SIrncAfre Cakgloiions

(Prentice-Hall, Inc. , Englewood Cliffs, N. J., 1963).
'~ R. Kubo and Y. Obata, J. Phys. Soc. Japan 11, 547 (1956).

In order to estimate (r, a '))r~, we have carried out the
analogous atomic integral for (r. ~ ') using Herman-
Skillman'4 wave functions for scandium 3d and 4s
electrons. If we employ Eq. (13) and our earlier esti-
mates of E(0), fir~, and Fr&""), we find that E "& is
only about 8% of E.x

It is possible to estimate the contribution of the Van
Vleck orbital susceptibility X to the total susceptibility
of a powder from the orbital admixture coefficients in
Table III and the measured value of X,—X,. The form
of X has been given by Kubo and Obata" as
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(where o. is the direction parallel or perpendicular to the
c axis for L„and L), respectively) and focus our atten-
tion on the d-like functions using the representations
of Table II. Then we have

L = 2 Ic-~I'Ic- ~ ~l'l(~'IL*I~)l'
tnmI

and

g[gI'(E')]2+ 2LPr (E")$2

L =6pr (& i')pr (&")+4p(r&")pr (&')

(20)

(21)

Regardless of the value of p that is used, it is clear
from the experimentally determined values of the F~'s
in Table III that Eqs. (20) and (21) indicate that X, is
greater than X,. This is consistent with our magnetic-
susceptibility and magnetic-anisotropy measurements,
but is opposite to the previous results obtained by
Chechernikov et a/. ' Again taking the values of F~
from Table III, the ratio of the differential suscepti-
bility to the powder susceptibility that results from the
Van Vleck mechanism may be estimated from

(X,—x,)/x powder= (L),—L~i)/( —',Li+ 3Lii) .

This ratio is on the order of 1.4. 0 it is assumed that the
differential susceptibility, equal to 11.2X 10 ' emu/mole
at 77'K, is entirely of the Van Vleck type, then the Van
Vleck contribution to the susceptibility of the powder
sample is estimated to be only about 8X 10 ' emu/mole.
This value is an order of magnitude smaller than the
previous estimated value of about 100X10 ' emu/mole

for scandium. ' The measured magnetic susceptibility
(370X 10-' emu/mole) is the sum of the Pauli suscepti-

bility of the s and d electrons, the diamagnetism of the
ion core and the conduction electrons, and the orbital
paramagnetism. By using the estimated value of
X„b (10 ' emu/mole) and Xq;,~ (—10 ' emu/mole), an

with the notation used earlier,

L»= g
I
Cs -~ I'I Cs -'I'+21 Cs--. l'I Cs-- ~ I'

Also,

L.= l(( I c~, "I'Ic -"~I'+4Ics., l'I cs".-~l'
+6Ic,„„,

I Ic„,„,,I~+4Ic,--~l'Ic~. , l'). (19)

Since the major contribution to x LEq. (15)] arises
from states with

I E„(k)—E„(k)
I

at a minimum, that
is, states near the Fermi level, we will average the
coefficients according to Eq. (3). Then we have

enhancement factor of about 3.5 for the spin suscepti-
bility is obtained relative to our determination of the
bare density of states, E(0). (See note added in proof. )

SUMMARY

The results of the present investigation on scandium
can be summarized as follows:

(1) The magnetic susceptibility parallel to the a axis
is greater than that parallel to the c axis.

(2) The nuclear spin-lattice relaxation rate in scan-
dium can be attributed almost totally to the orbital
hyperhne interaction. From the results of the spin-
lattice relaxation rate on single-crystal scandium, the
upper and lower limits have been derived for the
average fractional s-electron character at the Fermi
surface (2.4-15%%uo), the electronic density of states at
the Fermi surface (1.4-2.16 states eV ' atom ' per spin),
and the average fractional admixture coef5cients at
the Fermi surface.

(3) The cancellation of the s-contact and d-spin core-
polarization terms by the s-d cross term in the relaxa-
tion rate is evidence for the presence of s-d mixing at
the Fermi level. The presence of hybridized s and d
bands at the Fermi level is consistent with the experi-
mental results that dE/d&)0, ' ' " and with recent
theoretical calculations" of the band structure of
scandium.

(4) The orbital paramagnetism for scandium has
been estimated as about 10X10 emu/mole, which is
is an order of magnitude smaller than the estimated
value of 100X10 ' emu/mole reported by earlier
investigators.

1Vote added in proof. The absence of superconductivity
in scandium can be understood by the small enhance-
ment of 1)7~(0) over E(0), i.e., a small electron-phonon
interaction. Using the values of E,(0), 1)(T„(0), and
N(0), we estimate an upper limit for the superconduct-
ing transition temperature of about IO "K.
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