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APPENDIX

%e will give the long-wavelength limit of 41234&" for
both the Dyson-Maleev Hamiltonian and the Holstein-
Primakoff Hamiltonian arising from Eq. (2). We denote
the coeKcients for the Holstein-Primakoff Hamiltonian
by C»34&". It is readily seen that the Holstein-Primakoff
Hamiltonian, k is related to the Dyson-Maleev Harnil-
tonian by

Thus, it is only necessary to give expressions for the
41234"&. For no anisotropy these coefficients are propor-
tional to two powers of momenta, whereas for D/0 they
approach a constant value. We will evaluate only these
two terms in each case. We use

~4= (& —3*)"'(&+4*) "'= &
—34+ 23'+ ' ' ' (A»)

y;= 1—8/&P,

Be= 21 (Be+Bet) . (A&) whence
Hence,

C'1284 C'1284 2 (@1234 +~ 8412 ) t

C'1234 ~4g+ (2k3'k4 24334) p

I

C'1284&'& —4q —(-,'k8 k» —24844) )

C1234 4g (2k3'k4+2'4&4) )

C'1284~'& 4q+ (-,'k8 k4+ 23324) )

41234&"~4g+ (-',k3.k4 —24834) .
C 1234 2 ('4234 ++@3412 ) y

@1284 C 1284 2 (C 1234 +C 3412 )

(A2c)
These formulas differ from those of Ref.
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A new theory of superconductors containing transition-metal impurities is presented, explaining the
observed anomalous magnetic behavior of the impurities with quenched or nearly quenched magnetic
moment resulting from the localized spin fluctuations associated with the formation of localized magnetic
moments. From this theory, the superconducting transition temperatures of AlMn, A/Cr, and VFe are cal-
culated. The puzzling "slowing down" of the decrease in T, observed for higher concentrations of transition-
metal impurities is shown to arise partly from the temperature dependence of the electron scattering by the
localized spin fluctuations and also partly from exchange and Coulomb coupling among the transition-metal
impurities, which damp the formation of the localized magnetic moments and the spin fluctuations.

I. INTRODUCTION
' ~I.ECTRON scattering by localized spins strongly

~ ~ ~~ weakens superconductivity, "in sharp contrast to
the small mean-free-path effects of nonmagnetic impuri-

ties. ' Consequently, superconductors should reAect sen-

sitively the quenching of localized magnetic moments. 4
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The observed superconducting transition temperatures
T, of Al, Zn, In, Sn, and V containing transition-metal
impurities like Cr, Mn, Fe and Ni, for example, confirm
this expectation. ' However, the measurements of T,
revealed an anomalous magnetic behavior of the tran-
sition-metal impurities with quenched or nearly
quenched localized magnetic moment. The unexpectedly
large suppression of T, in such alloys is demonstrated in
Fig. i. This is very puzzling, since magnetic measure-
ments and the absence of a resistivity minimum in
AlMn, A/Cr, and VFe, for example, have shown that
localized magnetic moments are absent or at least are
very faint in these alloys. ' Furthermore, the very puz-
zling and interesting observation is made that T, de-
creases less rapidly for larger transition-metal impurity
concentrations c. It is the purpose of this paper to ex-
plain this puzzling behavior of T, resulting from
localized spin excitations associated with the formation
of localized magnetic moments.



The anomalous magnetic behavior of the transition-
metal impurities with quenched or nearly quenched
magnetic moment suggests strongly that the transition
of the impurity from the nonmagnetic state to the mag-
netic state gives rise to localized spin Quctuations.
These localized spin Quctuations arising from multiple
electron-hole scattering at the impurities' and accom-
panying the formation of localized magnetic moments
enhance the electron scattering by the transition-metal
impurities. Assuming a static coupling between the
electrons and the transition-metal impurities, for ex-

ample, one neglects the very important electron spin-

Qip scattering due to the localized spin Quctuations gen-
erated by the nonmagnetic transition-metal impurity
near its paramagnetic state. The localized spin Quctua-
tions give rise to a dynamic coupling between the elec-
trons Rnd transition-Inetal impurities that is somewhat
similar to the interaction between electrons and spin
Quctuations in nearly ferromagnetic transition metals. '
Hence, the previous theoretical treatments of super-
conductors with transition-metal impurities that assume
a static electron-impurity coupling' need to be genera-
lized by taking into account the spin Quctuations associ-
ated with the formation of a localized magnetic moment.
Note that the presence of localized spin Quctuations in
metals containing transition-metal impuI'ities with

quenched or nearly quenched magnetic moments is
strongly suggested by the electrical resistivity observed
for Al-Mns, which seems dificult to explain by a high
Kondo temperature. '9

One expects that with increasing concentration of
magnetic impurities the increasing interatomic exhange
and Coulomb coupling among the magnetic states of
different impurities tend to suppress the spin Quctua-
tions and the formation of the localized magnetic mo-
ments. ' Consequently, the decrease of the supercon-
ducting transition temperature T, is expected to "slow
down" for larger concentrations of transition-metal
impurities having quenched or nearly quenched mag-
netic moments.

II. THEORY

For a quantitative discussion of the e6ects on super-
conductivity of the localized spin excitations accom-
panying the formation of localized magnetic moments,
the system of conduction electrons and electrons in the
unfilled shells of the transition-metal impurities is de-
scribed by the Hamiltonian

H=Hs+Hd+H, +H;„. ' {1)
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Here, U;,; and J;,; ~ denote the direct CouloInb and
exchange integrals between two localized orbitals speci-
fied by Ae and jm'."n; and E;, are the occupation
number operator and kinetic energy, respectively, for
the state characterized by iso. The spin operator e;
is defined as e; =g„n;,te.;n;„;, where the compo-
nents of the spin vector e are the Pauli-spin matrices.
~,ma =A 'i g»e'~"u, m," is a Wannier creation opera-
tor for the state its. The Kannier arinihilation operator

is similarly defined. J; „~ gives Hund's-rule
intra-atomic exchange interaction. ' The interimpurity
exchange coupling J;,, ~ can be split into J;,; ~j. . gRKY+ 1, , d ex. aa

9m- J' x cosx —sinxJ,RKY'— g2
2 EI x4

x=—2ppr;;, describes the Rudermann-Kittel-Yosida in-
direct-exchange coupling, "and whereJ,dir. ex. ~ (&—constXrsg' fr ..$

sm, ,qm' /
Pj,j~00

gives the direct-exchange coupling" between the local-
ized states im and jm'. Here r;; denotes the distance be-
tween the impurities i and j, pi is the Fermi wave
number and Ep the Fermi energy, Z is the number of
conduction electrons per atom, and J is the average
exchange integral for the exchange interaction between
the conduction electrons and the electrons in the unfilled
shells of the transition-metal impurities. Considering
now dilute alloys with randomly distributed transition-
meta]. impurities, and then applying the extended
Abrikosov-Gor'kov theory' for dilute superconducting
alloys with localized spin excitations, "one obtains for

» D. J. Kim and Y. Nagaoka, Progr. Theoret. Phys. (Kyoto)
30, 743 (1963);A. M. Clogston, Phys. Rev. Letters 19, 583 (196/).» K. H. Bennemann, Phys. Rev. Letters 17, 433 (1966); and in
Proceedings of Advanced Institute on SuPerconductivity, Montreal,
gg68 (Gordon and Breach, Science Publishers, Inc. , New York,
1969}.

Here, II8 is the BCS Hamiltonian for the conduction
electrons, II,„describes the exchange interaction be-
tween the conduction electrons and the electrons in the
unllled shells of the transition-metal impurities, and
B;„describes the electronic transitions between the
conduction-electron states and the localized electronic
states of the transition-metal impurities. Note that
H;, which describes the hybridization of the conduc-
tion-electron states and the localized electronic states of
the transition-metal impurities, causes the quenching
of the localized magnetic moments. 4 The electrons in
the un6lled shells of the transition-metal impurities are
described by

Hd= Z Fime&imaa+ E +im, jm'iiimaa +jm' aa'—
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the superconducting transition temperature T, the
approximate expression' ' "

»(T./T. o)+NB+(2~T.r) 'j—4(k)=0, (3)

where T,o is the superconducting transition temperature
in the absence of transition-. metal impurities, iP is the
digamma function, and r '= 1m'(p», io) is the conduc-
tion-electron relaxation time resulting from their inter-
action with the localized spin Auctuations associated
with the transition-metal impurities. Z(p», i0) is the self-
energy of an electron with Fermi wave vector pp and
energy co due to its interaction with the localized spin
Quctuations, and it is obtained from' "

Qo d3p
~(p~,~-)= cT Z— -IJ.«(p —p')I'

(27r)'

X&(p', .)&(p' —p, .— ), (4)

M„=(2»»+1)mT, .

by performing the analytical continuation uo ~ co. In
Eq. (4) the electronic Green's function is denoted by
G, E is the Green's function for the spin excitation, and
J ff——J+J' denotes the effective potential describing
the coupling between the conduction electrons and the
localized spin fluctuations.

—~a; VI' *-
I&'-IÃ' +»-.' ))

which is averaged with respect to i, m, m', results from

JJmix—= Z (&aim»»»r»»im~+H c )
k jmo

when put approximately into exchange form via a ca-
nonical transformation. "Now using the spectral repre-
sentation for the Green's functions 6 an'd E, rewriting
the sum over n' as a contour integral, performing the
analytical continuation ice —+ ~, and writing

d'p' E(0)
dqqd&. , q—= lp —p'I

(2n)' 2p»'.

one obtains

3 cd�(0) ds
Z(p», cv) =— — dh'

2 4p»' „2m

cothL(s' co)/2T] —tanh(s'/—2T) u(s')
IQl

3 —3—co —Z8 I:1—~'(")j'"
'"E

dq ql J.«(q) I'~(q s) (5)

where ii»(0) is the conduction-electron normal-state

"J.R. Schrieffer, I. App1. Phys. 38, 1143 (1967).

density of states at the Fermi surface, B(q,s) is the spec-
tral function for the spin excitations, and i»(ru)=a&/E.
The quantities ~ and 5 are the electronic energy and
superconducting order parameter renormalized as a
result of the coupling between electrons and spin excita-
tions. ' "Note that the factor ~3 in Eq. (5) results from
taking into account the longitudinal and transverse
spin excitations. Using that now for T~ T,N —+~
and Imfg(s)/1' —u'(s)P'»'} -+ 1, and writing B(q,s) =2
ImX(q, s), where X(q,s) is the Fourier transform of the
susceptibility, one finds from Eq. (5) for r ' the
approximate expression"

where Xo(q, ra) denotes the Pauli susceptibility of the
magnetic impurity states. The average effective intra-
atomic Coulomb interaction between the electrons and
holes in the un6lled shells of the transition-metal im-
purities is given by U. J, describes the average ex-
change interaction among different impurities. It is
obvious from Eq. (7) that for J,„O, as is expected, ""
the interatomic exchange coupling tends to reduce the
spin fluctuations and hence r '. Also, it is clear from Eq.
(6) that the electron scattering is enhanced due to the
spin Quctuations. Assuming orbital degeneracy, one
finds approximately within the Hartree-Fock approxi-
mation for Imx(q, io) the expression

Imx(qco)=imXO(qco)(l 1—(f/+ J )xo(q, 0)j'
+(f/+J-)'I:I o(, )3'} ' (g)

with
xo(q0)=& (o)=Z (1/ ~).

Here Xq(0) gives the density of states at the Fermi sur-
face contributed by the un6lled impurity shells. m sums
over all magnetic states with average width A. One
finds in the case of d states that P =5. Performing an
ensemble average over all possible impurity position&
yields, for very dilute alloys for which the direct-
exchange coupling between different transition-metal
impurities can be neglected, for J, the expression

JeffJ. c—Z'
2 EJi s&&0

x cosx —slnx = —cE(0)J,i»2,

x= 2p»'t'iio &

3~cN(0)
dq q I

J «(q) I

4p»' 0

dco (d Gl )X —ImX(q, ar) coth——tanh -- I. (6)
„2~ 2T 2T)

Note, that for T —+0 the main contribution to the
integral in Eq. (6) results for &o«T. Using the random-
phase approximation, one finds for X(q, s&) the approxi-
mate expression' "



SPIN FLUCTUATIONS IN SUPERCONDUCTORS

where i sums over all lattice sites and c denotes the con-
centration of transition-metal impurities. Note that
Eq. (7) is expected to hold if (U+J,„)Sq(0) is not close
to 1, e.g. , for the case of fast spin Quctuations. However,
for the case (U+J,„)Xq(0) 1, X(q,M) or xo(q, co) need
to be determined self-consistently''4 by taking into
account the effect of the spin Ructuations on X, in order
to obtain in accordance with experiment a smoothly
varying susceptibility near the formation of the local-
ized magnetic moment. Close to the formation of a
localized magnetic moment one, obtains approximately'
for the static susceptibility the expression

l0-

( d~T)
dC C~O

z AIMS

AlX

Xw~ ~X&

where
X~constX (4k~T+~ri. ') ',

Ti.=—3-xg(0) [1—(U+ J',„)xd(o) y'
gives the average lifetime of the localized spin excita-
tion s.

Since a self-consistent determination of X, using re-
normalized Green's functions for the particles in the
localized magnetic states, is very dificult, it is of in-
terest to point out that the e6'ect of the spin Quctuations
associated with the formation of the localized magnetic
moments on the electrical resistivity is given by'

Here, the transport collision time 7-&, is obtained from
Kq. (4) by replacing the factor q in the integrand by
q'/2pz'. Similarly, the coe%cient y of the electronic
specific-heat contribution, which is linear in tempera-
ture, is in the presence of spin fluctuations given by'

3cX(0)
q=q, 1+X(0)v»+ dk cl~,«(c) I2

0

1Vg(0)X, (11)
1 —(U+J,„)1Vd(0)

where yo is the value of y in the absence of spin Auctua-
tions and phonon coupling and X(0)V~h results from
the electron-phonon interaction. Consequently, one may
determine r from y, X(0,0), or p.

It is clear that the localized spin excitations cease if
their lifetime becomes larger than the lifetime of an
electron in the un6lled shells of the impurities that is of
the order of 6 '. Thus, spin-orbit scattering, for ex-
ample, can significantly damp the localized spin excita-
tions. Also, the Hund's-rule intra-atomic exchange cou-
pling strongly affects the localized spin excitations. It
would be interesting to verify experimentally the im-
portance of these effects by using systematically difer-
ent transition-metal impurities.

Now using Eq. (3), one can calculate the supercon-
ducting transition temperature T, of various dilute
alloys containing transition-metal impurities. Note

'4 M. J. Levine, T. V. Ramakrishnan, and R. A. Weiner, Phys.
Rev. Letters 20, 1370 (1968).
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FIG. 1. Initial slope of the superconductiong transition tem-
perature as a function of concentration for various transition-
metal impurities.

that for the very dilute alloys the interatomic exchange
coupling is essentially given by the indirect interaction
mediated by the conduction electrons. The coupling
between the impurities is assumed to be antiferromag-
netic. w is determined by 6tting experimental results
for small c. Note that one finds for T +0 from Kq—. (6)

VFe

0.8—

c 0

TCO

0.4—

0.2—

t

O. I

c (at, /.')

l

0.2 0.3

FK. 2. Suppression of the superconducting transition tempera-
ture T, for VFe, A/Cr, and AlMn arising from fast localized spin
fluctuations associated with the formation of localized magnetic
moments. T, is determined by Eq. (3). TcT, is determined by

'fitting experimental results for small transition-metal impurity
concentrations c. The dashed curves result for J«=0, assuming a
temperature-independent T.
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Ter.z I. Numerical results for E(0)J«& and N(0) Vspin =—$3cr»/2m-N(0) jI N(0) Je&Q calculated by determining rl, (column 5) from
the susceptibility x and then N(0)J«f from T,. Since p is not very accurately known, N(0)J,ff is also calculated by using the values
given in column 8 for rl, .The results indicate that N(0) Jeff depends sensitively on r». N(0) is approximately given by 0.2 (eV) for A/Mn
and A/Cr, and by 1.3 (eV) ' for VFe. It is p'=&0(1+N(0) V~s) equal to 1.33LtaJ/mole('K)sj for AlMn and A/Cr and equal to 9.90
&(LmJ/mole('K) j for VFe.

(From x (From rl,
@=0.05 at.% @=0.1 at.% c=0.2 at.% (From x) and T,) c=0.1 at.% and T,) c=0.1 at.%

Alloy (r&T& ) ( K) (rcTs ) ( K) (rcT& ) ( K) r&s (eV) N(0) Jeff N(0) Vsyin r]s (eV) N(0) Jeff N(0) Vspin

A/Mn 1.75 103 1.84 10'
A/Cr 2.09 10' 2.11 103

VFe No experimental results

1.86 ~ 10'
2.15 10'

0.09
0.15
0.65

10 03
8 0.2
1.7 0.0003

0.18
0.30
1.3

5 0.07
4 0.05
0.8 6.10 '

for r the approximate expressions

and

r ~(trs/4Z)cLE(0) J «7'X'(0, 0)Xd '(0)T', (12)
UEg(0) (1

r ~a ctrlV(0) J,ff'X(0,0)LUEd(0)7-'T,
UEd(0) = 1.

Furthermore, in the limit of c —+ 0, one obtains from Eq.
(3) T,s T~rr/4r—, and for T,((T.s one obtains

(See Fig. 2.)

T,s—(6/s'srs) ln(trT, sr/3. 56) .

III. DISCUSSION

According to Kqs. (12) and (13), the electron scatter-
ing by the localized spin Quctuations decreased with
decreasing temperature. This explains the anomalously
slow decrease of T, observed at higher impurity con-
centrations. As shown in Table I, determining r by
Qtting T, at small concentrations yields indeed crT 2

= const, as predicted by Kq. (12) for small J, . Also, it
follows from Kq. (12) that knowing X, one can determine
from T, the quantity cV(0)J,«and then calculate the
enhancement of the specific-heat contribution yT aris-
ing from the localized spin Quctuations. Note that

E(0)Vnt, can be calculated from T,s. The results ob-
tained are given in Table I.

Since the temperature dependence of r ' reflects
sensitively the presence of localized spin fluctuations,
it would be very desirable to measure carefully the
superconducting transition temperature over a wider
concentration range of transition-metal impurities,
where T, changes nonlinearly with c. Note that for
AlFe, ZnNi, and IeMn, for example, ' one observes also
that the decrease of T, slows down for higher concen-
trations of transition-metal impurities in a similar
fashion, as for AlMn.

Unfortunately, so far no direct determination of
E(0)J,ff is possible. However, from comparison with
previous analyses, we expect for U the assumed values
and for X(0)J,«values of the order of those given in
column 9 of Table I. Unfortunately, no sufficiently ac-
curate experimental results are available for E(0)V,n;,.
Obviously, a very accurate experimental determina-
tion of the enhancement of the specific-heat coef5cient
p arising from spin fluctuations would be very useful,
since according to Kqs. (10) and (11) it permits one to
calculate X(0)J,tts by using the experimental results
from the electrical resistivity. Note that for 3/Mn and
AlCr the values obtained' for r„' from the electrical
resistivity are 0.08 and 0.2 eV, respectively. For VFe no
sufBciently accurate experimental resistivity results are
available.


