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The restricted energy loss, ' in which the integration
over Q is carried out only up through some cutoff value

Q,(Q, is of interest in some applications. In the
present work this quantity, compared with the total
energy loss dE/p—ds, gives a measure of the importance
of the relatively infrequent, but very large energy-loss
events. Figures 2 and 3 show the total (Q,=Q ) and
the restricted energy losses for protons and muons in

water with Q, =8.0 and 1.1 MeV. (Electrons with these
energies have ranges of 0.5 and 3.95 g/cd, respectively,
in water. ) In each figure, the difference between curves
A and 8 or C increases steadily with increasing p,
while, the difference between 8 and C is constant. As
an order-of-magnitude estimate, the figures show that 8
rays having a range of 0.5 cm or more contribute 28%
to dE/pd—s when y=10 and 35% when y=10'.
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Above a critical power threshold for a given pulse width, a short pulse of coherent traveling-wave optical
radiation is observed to propagate with anomalously low energy loss while at resonance with a two-quantum-
level system of absorbers. The line shape of the resonant system is determined by inhomogeneous broadening,
and the pulse width is short compared to dissipative relaxation times. A new mechanism of self-induced
transparency, which accounts for the low energy loss, is analyzed in the ideal limit of a plane wave which
excites a resonant medium with no damping present. The stable condition of transparency results after
the traversal of the pulse through a few classical absorption lengths into the medium. This condition exists
when the initial pulse has evolved into a symmetric hyperbolic-secant pulse function of time and distance,
and has the area characteristic of a "2' pulse. " Meal transparency then persists when coherent induced
absorption of pulse energy during the 6rst half of the pulse is followed by coherent induced emission of the
same amount of energy back into the beam direction during the second half of the pulse. The eGects of dis-
sipative relaxation times upon pulse energy, pulse area, and pulse delay time are analyzed to Grst order in the
ratio of short pulse width to long damping time. The analysis shows that the 2x pulse condition can be
maintained if losses caused by damping are compensated by beam focusing. In an amplifying inhomo-
geneously broadened, medium an analytic "x pulse area" solution is presented in the limit of a sharp leading
edge of the pulse. The dynamics of self-induced transparency are studied for the particular effects of Doppler
velocities upon a resonant gas. The analysis of transparency for random orientations of dipole moments
associated with degenerate rotational states yields modi6ed forms of self-induced transparency behavior,
which indicates a finite pulse energy loss as a function of distance in some cases. The eGect of self-induced
transparency on the photon echo is considered. Experimental observations of self-induced transparency
have been made in a ruby sample at resonance with a pulsed ruby-laser beam. Single and multiple 2w

pulse outputs have been observed, and pulse areas measured in the range of 2x. The experimental results
are compared with the predictions of the ideal-plane-wave theory. Deviations from the ideal-plane-wave
theory are discussed. An analysis is made of the eGect of a transverse mode of the propagating beam upon
the transparency properties of the pulse.

L INTRODUCTION

HE development of sources of pulsed coherent
radiation has, initiated investigations of the be-

havior of coherent traveling waves as they interact with
media which have absorption bands near or at the fre-

quency of the applied pulse. Of particular interest are
resonant absorbing media characterized by localized
two-level transitions which are excited by optical and
phonon' radiation. The absorption of low-intensity co-
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herent or incoherent radiation can usually be interpr eted
'

in terms of linear dispersion theory, particularly if the
ground-state energy levels of the absorbing medium
(or excited states in the case of a prepumped active
amplifying medium) are only slightly depopulated by
the radiation. As the resonant traveling-wave radiation
intensity is increased, the linear problem can be per-
turbed to account for the onset of weak nonlinearities. 4

If damping is not too severe, transient oscillations in
state populations can exist during and after the appli-
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cation of pulsed radiation. ' The transient behavior of
two-level systems interacting with standing waves' in
cavities is closely related to fundamental aspects of
pulsed traveling-wave resonance phenomena. For very
large intensities of pulsed coherent radiation encom-
passed by optical, phonon, and microwave radiation,
the pulse widths have a critical effect if they are com-
parable to, or shorter than, the dissipative damping
times of the resonant medium. The state population
changes become markedly nonlinear and time-
dependent.

Usual perturbation treatments of strongly driven
resonance phenomena cannot tractably reveal many
rather surprising nonlinear propagation effects. The
mere application of simple rate equations to describe
the population of quantum states is invalid, and the
use of standard absorption and emission coefficients to
examine the pulsed response of systems at resonance
in the usual manner can be inadequate or incorrect.
The time dependence of the off-diagonal elements that
represent the induced polarization plays a principle
role in the description of coherent superpositions of
quantum levels. The simplest two-level system is one
where each level is nondegenerate, and it is this case
which will be the main one to be discussed here. We
will speak in terms of optical states and electric-dipole
moments, but our analysis will also apply to cases
where magnetic or quadrupole moments are involved
in the resonance process. The pulsed radiation can in-
volve magnetic, electric, magnon, phonon, or other
classically describable fields.

A striking manifestation-of the nonlinear resonance
response to pulses of coherent light is the photon echo
effect. ~ This phenomenon, the optical analog of the spin
echo effect, ' illustrates the collective super-radiant state
described by Dicke, ' which radiates energy coherently
into the electromagnetic Beld. In the case of spin sys-

tems, the same effect is spoken of in terms of free preces-
sion coherence, where spin ensembles radiate coherently
into a resonant cavity. In this work, we consider the
interaction of a light pulse with a medium which has
dimensions large compared to a wave length, and is not
contained in a cavity. The medium dimensions may or
may not be large in comparison with the linear absorp-
tion length. The optical resonators are assumed to be
distributed over a spectrum of frequencies determined
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strong, ¹ Bloembergen, J. Ducuing, and P. S. Pershan, Phys.
Rev. 127, 1918 (1962); N. Bloembergen and Y. R. Shen, ibid.
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by an internal spread of fixed two-level splittings. This
spread defines the line shape as inhomogeneously
broadened. If a weak pulse enters the medium, a fraction
of the pulse energy is absorbed and retained as excita-
tion energy of the two-level system in the beginning
length of the sample, and after a few absorption lengths
the pulse intensity has disappeared according to the
usual Beer's law' of absorption. Although the dipoles
are left excited after the pulse has gone by, they cannot
reradiate power because they quickly dephase among
themselves, owing to the broad pulse spectrum over
wliich they have been excited. While a given group of
dipoles is excited coherently by the pulse, absorption
is induced because of the familiar resonance property
that the driving electric field is opposed by an electric
Beld radiated by the dipoles. However, if the initial
pulse power is sufhcient to excite resonant dipoles into
a predominately inverted or "pumped" state before the
pulse has subsided, some energy of induced emission
radiation will be returned coherently into the remaining
portion of the pulse. The electric Beld, radiated by the
induced polarization, will then add to the driving field.
Once this emission process takes hold to the slightest
degree, it becomes favored more and more as the pulse
propagates into the medium, until the following equilib-
rium condition is reached: the energy of induced emis-
sion, transferred to the light beam during the last half
of the pulse, becomes equal to the energy of induced
absorption, transferred from the light beam during the
Brst half of the light pulse. This constitutes the dynamic
condition of self-induced transparency, ' and the Bnal
pulse is characterized as a "2m- pulse" in the same way
a gyromagnetic spin system can be excited to upper
states and returned to the ground state by a~pulse of
rf power. Attenuation caused by damping ofjfthe res-
onant dipoles or by background scattering losses is
assumed to be absent or small, but the transparency
effect retains its essential nature in the presence of real
damping if the initially applied pulse has a width short
compared to, or even comparable with, the damping
time. In the simple case of a plane wave, the injected
pulse evolves to a 6nal symmetric shape which is a 2m

hyperbolic-secant function (hereafter denoted as 2s. h. s.)
of time and distance. The pulse velocity becomes less
than that of nonresonant light in the medium because of
the continual absorption of energy from the pulse lead-
ing edge and emission of energy into the pulse trailing
edge. When the pulse velocity is considerably less than
the light velocity, the pulse energy is described as be-
longing predominantly to the resonant medium rather
than to the electromagnetic field.

The transparency effect is not necessarily restricted
to the special case of single-pulse transmission. For
example, in an extended medium the effect is an aid in

~ A. Beer, Ann. Physik. Chem. 86, 78 (1852).
'0 S. L. McCall and E. L. Hahn, Phys. Rev. Letters 18, 908
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predicting some properties of the photon echo which
evolves as a third pulse following the application of two
previous pulses. In another situation, a light wave of
su6icient intensity which is turned on and left on will

sharpen in its leading edge as it travels through the
medium. Following the leading pulse edge, field oscilla-
tions will finally develop which will decay in a damping
time determined by losses in the medium. Where the
damping is small, a single pulse of large area may split
up into two or more self-propagating individual 2m h.s.
pulses which have widths less than the damping time
of the medium. Generally, the Gnal pulse may be charac-
terized as a superposition of 2x h.s. pulses of various
widths, phases, delay times, and center frequencies.

Initial computer calculations" indicated speciGc rules
for the propagating pulse as a function of distance.
These rules implied a small pulse energy loss during
pulse propagation, which led to an analytic investigation
of the resultant pulse shape. According to the assump-
tions of the ideal-plane-wave model, the pulse shape
evolves to a 2x h.s. form for which the losses are not
merely small, but precisely zero. The transparency ef-
fect was demonstrated' experimentally in the case of
ruby-laser pulsed light acting on a passive ruby sample
tuned to the driving pulse. Subsequently, the trans-
parency effect was demonstrated in a gas" by Slusher
and Patel in the case of 10.6-p radiation pulses from a
CO2 laser passing through a gaseous medium of res-
onant SF6.

In view of the rapid development of Q switch' and
mode-lock" pulse techniques which produce laser pulses
in the range of 10 ~10 "sec, it is of interest to consider
the response to such short pulses. They should propa-
gate over anomalously large distances through real
systems with electron dipole damping times in this
range. The onset of attenuation effects are themselves
of critical interest in the measurement of short lifetimes
in resonant atomic states, electron band states in solids,
and collision damping times and cross sections in gases.
The shape and area of the self-propagating pulses are
themselves a measure of transition dipole moments,
relaxation times, and a number of other properties
ultimately connected with the nature of the medium
line shape and resonance structure. The analysis in this
paper applies as well to many situations where the
medium is prepared initially in pumped excited states.
This is a condition common to all lasers and amplifying
media, and the transparency effect appears to be an
important consideration for analyzing the nonlinear
character of laser pulse steepening, amplification, and
Gnal output pulse character.

The simple case of a two-level system interacting
with circularly polarized light is analyzed initially. This

"S.L McCall and E. L. Hahn, Bull. Am. Phys. Soc. 10, 1189
(&965).

~' C. K. N, Patel and R. E. Slusher, Phys. Rev. Letters 19,
&0&9 (&967).

"A. J. DeMaria, D. A. Stetser, and H. Heynan, Appl. Phys.
Letters 8, 174 (1966).

case is chosen because of the close physical correspon-
dence of its vector model to macroscopic physical quan-
tities, so that we may utilize easily the concepts of
nuclear magnetic resonance. Some of the resultant re-
strictions are subsequently removed in order to discuss
other related cases.

which enters and traverses a medium in the direction k
of increasing distance z, where the unit vectors z and j
are orthogonal to k. The electric Geld modulus b is
sufIiciently strong that the electromagnetic Geld may be
regarded as classical; and yet it is small enough that

~
ph~&&kco, where p is the interacting dipole moment.

We may consistently assume that

Bh 8
and —«ar( b[,

Bz Bt
(2)

where k= g(a&/c) = 2s.g/X, X is the free-space wavelength,
q is the host refractive index, c the speed of light in
vacuum, and p is an arbitrary phase angle not depen-
dent on the time t Equatio.ns (1) and (2) imply the
neglect of coherent back scattering. Only coherent for-
ward scattering applies in the regime 0, '))X, where n ~

is the usual linear optical-absorption length, attributed
to the absorbing dipoles which respond at the frequency
co of weak monochromatic light. The refractive index g
is assumed to be unaffected by the light pulse intensity,
and we therefore neglect effects which may arise from
nonlinear generation of light with frequencies not close
to co. Frequency modulation and pulling effects are not
considered by assuming that there is no time dependence
of p. This restriction is consistent with all of the assump-
tions made here.

The medium contains E particles per cm' initially
in the ground state of two energy eigenstates between
which electric dipole transitions can occur. The induced
electric dipole polarization can be accurately represented
as a continuum (see Appendix A), and the resultant
optical-resonance line is inhomogeneously broadened.
In solids, such a broadening could be caused by a distri-
bution of static crystalline electric and magnetic fields,
and in gases the distribution of Doppler frequencies
causes the inhomogeneous broadening. The effect of
other linewidth contributions is. neglected; i.e., lifetime

II. ANALYSIS OF SELF-INDUCED
TRANSPARENCY

Assumptions

The analytic results which describe optical self-in-
duced transparency can be derived using a semiclassical
description which involves a number of assumptions.
For simplicity, consider a circularly polarized traveling
plane-wave light pulse of frequency co, given by

E(s,t) = 8(s, t)(t cosset ks p(—s)j-
+j sinL(ut —ks —y(s)j}, (1)
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or collision broadening caused by phonon interactions,
or by any other homogeneous contribution to the line-
width. The resultant distribution of natural frequencies
coo of a given ion, or molecule (hereafter designated as a
"dipole" ) is described by the symmetrical spectral
density function g(Ao)), where

g(tIiOO) d(AO)) =1

=QPO
—G3.

The applied frequency co is tuned to the center of the
spectral function g(ho)). The dipoles are coupled only

by their interaction with the plane-wave electromag-
netic 6eld—the direct dipole-dipole coupling is assumed
to be negligibly small.

Resonance Dynamics of a Two-Level System

At the entry face»= 0 of the medium, let p(0) = 0,
and define 8(0,t) in Eq. (1) as an arbitrary input pulse
envelope shape, perhaps generated by a laser source.
In the medium, the interaction Hamiltonian of the two-
level system with no damping terms included Is ex-
pressed as

X=XO—
PO &(» t)

where Xo is the main interaction, internal to the two-

level system, which determines the splitting Acro. The
electric-dipole momenent operator is de6ned as

tions of motion of the dipole system needed in our
analysis. The reader informed on this point may skip
this review and proceed with the analysis immediately
following Eq. (17). The density-matrix method may
ultimately embrace, the treatment of relaxation damp-
ing, or of cases where there may be an arbitrary mixture
of optical polarizations transverse (o~) and parallel (»r)

to a dined axis in the medium.
Considering only its time dependence, let the dipole

two-level wave function be given by

4 =oi(t)4 i+~~(t)A,

with population coefFicients ai(t), a2(t) and state func-
tions )pi, )p2 assigned, respectively, to excited (1) and
ground (2) states. The dependence of )p upon» and the
phase of traveling-wave excitation must eventually be
included. In our particular experiment, the ground state
is completely populated before dipole transitions are
induced, and therefore (a2(0) ~'= 1, ( ai(0) ('=0 at time
t= —~. The initial density matrix is given by

The operators in Eqs. (5) and (6) are expressed in
matrix form as

0
)'+=I +=2)'( )

where p= p =p„aremagnitudes of the respective com-

ponents of electric dipole moments. '4 The Pauli operator
e has transformation properties identical to the spin
operator I which occurs in magnetic resonance prob-
lems, where 3e e is the identity matrix. %ith the
delnitions that

Oy
KO = 2 tie p

0 —1)

The time-dependent equation

fop(t) = Lx,p(t)j

Eq. (3) becomes

(5) for the density matrix is conveniently examined in a
representation in which K and t)(t) transform as follows:

K = TKT 2 AcdO'»= ~ ADO)0'» —
O AKhO'» (11)

The two-quantum-level solutions for the expectation
value of the source electric dipole moment per cm' have
been shown" to be of the same form as those obtained
for the magnetic moment in nuclear induction. '6 +le
review a popular density-Inatrix method which pro-
vides a concise method to obtain macroscopic equa-

"p is the magnitude of the x or y component of the electric
dipole. In the case of excitation by circularly polarized light, it is
related to the magnitude Pr of the total moment with P~= pV2,
where Ep is often used as the expression for the dipole moment in
the optical literature.

"R. P. Feynman, F. L. Vernon, Jr., and R. W. Hellwarth,
I, Appl. Phys. 28, 49 (I957).

'6 F. Koch, Phys. Rev. 70, 460 (1946).

i''(t) = pe",t », (t)g. (13)

In this representation the time derivative of the expec-

where T=e'&'*I'&&&"' ~~&&»)&, x=2p/ii, and tIi&o=o)o —o).
In developing the time-dependent behavior of p, it is
understood that p= p(t, h&o, »), alth—ough the notation is
restricted to writing t)=t)(t). In the case of the simple
Ko matrix given in Eq. (9), the T transformation
allows one to view Xo as the interaction Hamiltonian
in a frame of reference rotating about the laboratory
» axis at frequency &o. Equation (10) therefore trans-
formS to
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tation value of any operator P* is

(14)

Eqs. (2), which state that h(s, t) is slowly varying, assure
a similar behavior for P+(s, t). After substituting Eqs.
(19) and (21) into Kq. (20), Kqs. (2) permit slowly
varying terms to be dropped, and the following equa-
tions result:

The operators Ii* of interest here are given by 0.„0.,
and 0„,where the spectral energy density is defined as

p(A(v, s, t)g(h(u) d(App), (22)
W = ,'Nh&o-p(e. ), (15) C Bt TIC

and the transverse electric polarization density is

u+i s= ,'N p(o,—+i~„). (16)

Btt (s) 2zr(o
g=

t9s gc
u(A(a, s, t)g(Aa))

d(happ)

. (23)

O'E+(z, t) zt' O'E+(s, t) 4zr O'P+(s, t)
+

S2 C2 g]2 C2 8
(20)

The resonance induced net complex polarization P+(s, t)
is given by

P+(s, t) = g(her)Pu(App, z, t)

+ip(A&a, s,t)5e""' P* @&z&&d(App). (21)

Any symmetric distribution function g(Aced) centered
about the applied frequency co is acceptable; and in the
particular case where g(h&o) is a bell-shaped function,
1/Tp* is proportional to g(0) ', and is an approximate
measure of the linewidth. The assumed relations of

The terms u and ~ can be identified as the electric dipole
dispersion and absorption components, respectively, in
accord with the undamped Bloch equation notation. "
These components combine with a pseudopolarization

«W/p—p, which plays the role of transverse magnetiza-
tion M, in the original Bloch notation, to de6ne a vec-
tor polarization P,. A real electric polarization P, may,
in fact, exist, but would not be involved in our treat-
ment here. The three components together define a
fictitious vector polarization

P= ttpu+vp —wp(W«/M) (17)

in the frame of reference rotating at frequency co about
unit vector f80, defined in this case along the laboratory
s axis parallel to the direction of light propagation. The
unit vectors No, io, $0, form a mutually orthogonal set.
From Eqs. (14), (15), and (16), the time dependence of
P above is obtained in a form of the familiar torque
equation

dP/dt = PXpttp«h(z, t)+wpd a&) .

Couyling to Maxwe11's Equations

The next step is to couple Eq. (18) to Maxwell's
equations for propagation of a circularly polarized plane
wave. Let the traveling wave

E+(s,t) = h(s, t)e't"' pz &(z)I (19)

with parameters de6ned in Eq. (1), be the complex
solution of the wave equation

To complete the array of required scalar equations',
Eq. (18) is rewritten as follows, but with the addition
of phenomenological damping terms according to the
Bloch notation":

du/dt = pD(u —u/T p',

de/dt = ukpp («—'/(a) h—W w/T, ', —
and

dW/dt = ply) (W Wp—)/Tg—

(24)

(25)

(26)

Any incoherent damping effects, such as spontaneous
emission or lifetime broadening mechanisms associated
with collisions, are included in the relaxation time T2.
The time T& defines the energy damping time constant
associated with relaxation which restores the energy of
the optical system to the ground-state value 8'0

N(fee/2). T—he total optical linewidth is given
approximately by

j.
+

T2 T2' T2*
(27)

Area Theorem and Its Properties

For those oscillators exactly at resonance in the
absence of relaxation, let Aced= 0, and de6ne T~= T2'=

In turn, 1/Tp' 1/T&+1/Tp", where Tp" pertains to
any lifetime broadening mechanism which does not
significantly alter the population distribution between
the two levels of the system connected with the reso-
nance. Instead, T2" accounts for the broadening of either
or both levels by relaxation processes that do not cause
transitions between the two levels. Such broadening is
produced, for example, by electric Stark or magnetic
Zeeman frequency modulation of the level eigenvalues
because of incoherent local 6eld fiuctuations, or because
of very rapid relaxation from one or both of the two
levels to a third level which is not directly involved in
the externally excited resonance. A rigorous treatment
of damping is of course not intended in specifying the
above relaxation times; these phenomenologically repre-
sent the kind of damping which may occur. For the
limit of ideal self-induced transparency of electric 6eld
pulses of width 7-, the inequalities 7-((T2' and v))co '
are. to apply in the analysis to follow.
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(a)

37K

We now can show how the behavior of the component
z(0,z, t) at exact resonance is connected with the motion
of components N(hcp, z, t) and z(hcp, z, t) o6 resonance
(hcpWO), through their mutual interactions with the cg

field. Integration of both sides of Eq. (22) from t= —~
to I=—T~~, gives

0.9 x
I '= Z

2

d8(s) 2z zcp

g(hcp) p(Acp, z, t)dt d(Acp), (31)

where the case 8(s) = A(z) will apply. The long time T
signifies that the pulse 8(z, t) has died away. This does
not necessarily mean that the individual polarization
components N(Aced, z, t) and z(hcp, z, t) have died away, but
only that they destructively interfere to make the net
polarization, given by Eq. (21), vanish because of the
range of spectral frequencies hcp. Let T=Tp+t', and
choose To as an arbitrary time origin having properties
assigned to T above, with time t', &0 measured with
respect to it. At t= T, Eqs. (24) and (25) (with Tp'= ~)
combine to give

N(Acp, z, t) = N(A&a, z, Tp) cos(lLcpt')

+ z( Acpz, T)psin(Acdt'). (32)

in Eqs. (24), (25), and (21) for all Acp. Therefore,

where

z(0,z, t) =Xp sing (s,t),

W(0,s, t) = Wp cosct(z, t), (29)

FIG. i. Pulse area plots of self-induced transparency area
theorem. (a) Branch solutions to Eq. (36) are plotted. The entry
face of the medium may be at any value of s. For an absorbing
(amplifying) medium with cx&0 (0.(0), the pulse area evolves
in the direction of increasing (decreasing) distance s toward the
nearest even (odd) multiple of ~. Even and odd multiples of x
area solutions are, respectively, stable and unstable. The distance
s is marked off units in of ~a ' cm for Figs. 1(a) and 1(b). (b)
Computer plots of evolution of input H0=0.9m and Hp=1. ix'
pulses with distance and time. The time scale may be axed through
an arbitrary choice of electric units and the assignment of H0.

u(0,z, Tp)

" cos(Dept')
d(Dcp)

After substituting z= (Bu/8t)/Dcp from Eq. (24) into
Eq. (31) (the partial-derivative notation emphasizes
the s dependence of I and z), integrating with respect
to t, and applying Eq. (32), one obtains

d8(s) 2sxcp " g(lcd)
LN(Acp, z, Tp) cos(hept')

dS gC co — AGO

+z(Acp, z, Tp) sin(hppt') jd(Dcp) . (33)

For arbitrarily large t' —+~, the contributions from the
integrals in Eq. (33) occur only at Acp=0, since the
integrands are oscillatory. Formally, the erst integral
in Eq. (33) appears to be undefined, and, therefore, it is
evaluated as the principle part of the integration in
Eq. (31).The complex integration of

q (z, t) =cc tp (z,t')dt' (30)

expresses the angle through which the Gctitious polari-
zation vector P at exact resonance (Acp=0) is turned
at time 3 by the 8 6eld pulse. The angle p, therefore,
expresses the area of the pulse developed up to time t.
The area A of the entire pulse is

is then zero. Alternatively, one can argue that the erst
integral averages to zero for large T, since u(Acp, z) is
an odd function, proportional to her near her=0. The
functions g(hcp), z, and W are even functions of hcp. The
second integral results in a 5 function which allows v

to contribute only at hco= 0 as follows:

" g(hcp)p(hcp, z, Tp) sin(hept')
d(Acp)

Dco
=sg(0) p(0,s, Tp) . (34)

The total tipping angle of P(0,s, ~ ) is 8= tan '
)&Leds(0, z, pp)/zW(0, z, pp)j which may not be numeri-
cally equal to A in other physical situations.

At t= Tp according to Eq. (28),

p(0,z, Tp) =Ep sin8(s). (35)
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Therefore, from Eqs. (34) and (35), Eq. (33) yields

d8(z)/dz= —,'n sinH(z), (36)

Where n= 8n'Ep'olg(0)/rihC.
At frequency el, the constant coefficient n in Eq. (36)

is de6ned as the reciprocal absorption Beer's length for
weak light pulses of narrow bandwidth, from coherent
or incoherent sources, which do not signi6cantly alter
the ground-state population of the absorbing dipoles.
This is signified by letting 8(z)«1 in Eq. (36). For this
case the expression of Beer's law for an absorbing me-
dium follows from Eq. (30) applied to (36), as

F os

Square pulse
pulse—Ga us s la n .pulse

$(z)'= lg(0)'e ee.

The general solution of Eq. (36) is

(37)
0
0

~s se 1~&a~~o+
~~memm

8(z) = 2 tan 'L(tan-', He) exp( —snz) j, (38)

which de6nes 80 as the rotation angle of the 6ctitious
vector P(0,0,f) for those dipoles with hei=0 and z=0
at the entry face plane of the medium. The branch
solutions of 8 versus z from Eq. (38) are plotted in Fig.
1(a). The solution for 8(z) is analytic, but we know of
no analytic solutions for 8(z, t) except particular ones
which will be presented in the limit dH/dz= 0. Examples
of computer plots for 8 versus s and I are shown in
Fig. 1(b) for cases He=0.9s and Os=i. iz. The initial
shapes 8(0,t') are arbitrarily chosen to be Gaussian
such that

lg(0, t') df' =He.

The deviations from linear pulse energy absorption
rates are conveniently found from a computer evalua-
tion of an empirical rate equation for the pulse energy V:

where
d 9"/dz= —nV'F(A, 9","pulse shape"),

(41)

Fro. 2. Computer plots of function F LKq. (40)j versus area 8.
A Bat spectrum g(4')=const is assumed with the condition
~~T2*. The trend of oscillations toward E=O appears as shapes
chosen approach that of a smooth symmetric pulse. Incoherent
damping because of finite Tg' will tend to average out the oscil-
lations and increase the over-all value of Ii for 8&m. A Rat spec-
trum g(use) =const is assumed.

In Fig. 1, it is seen that the pulse area 8(z) diminishes
toward 8(z)=0 for initially applied pulse areas Hs(z,
if n is positive in Eq. (36), where Beer's law holds for
8(z)«1. If the sample is populated initially in the ex-
cited state, n is negative in Eq. (36), and 8(z) evolves

by reading z as increasing from right to left in Fig. 1(a).
In this situation the amplifying medium will transform
a small pulse of initial area He«rr into a 8(z) =z. pulse
area independent of z for z))n ' Lthis case, to be dis-
cussed later, is depicted in Fig. (8)j.This property will

hold if we maintain the ideal in6nite plane-wave con-
dition with no variation of beam intensity in the (a,y)
p1ane norma1 to the 2: direction. For r) T.*, and the
area remaining at the value ~8, v x, the area theorem
would therefore demand that the ampli6ed peak pulse
v continues to shorten. Losses would occur in a real
case to limit the growth of power and the further
shortening of ~. Also, any real beam profile is nonuni-
form in intensity. A uniquely defined 6eld 8(z, t) which
is selected by a small aperture in the output will, in
general, have a character which is inQuenced by neigh-
boring portions of the beam, diffraction losses, initial
beam focusing, beam self-focusing, off-resonance excita-
tion, etc. )for the present introductory discussion, these
are complications that cannot be predicted from Eq.
(36) as it stands, whether or not damping is considered j.

The function P is de6ned as a factor which is responsible
for deviations from Seer's law. It is identified from the
combination of Eqs. (22), (25), and (26) (with Tr,
Ts'= ~ ).The pulse shape can be dined as an arbitrary
smooth function, such as a Lorentzian or a Gaussian
function. Ii will have minima near A=8=2m. , 4x, etc.,
and maxima near 3x, Sx, etc., because of the oscillatory
behavior (W~ —cosH) of dipoles near or at exact res-
onance. A pulse of small energy K and large width v

loses the same fractional amount of energy as does a
more intense pulse of the same area but with a shorter
width and a larger energy. This is a result of the relation-
ship 9' 1/r for 6xed pulse area; i.e., the bandwidth of
absorption by the pulse is proportional to its energy.
Formally, if the spectrum g(Ate) is constant throughout
the pulse spectrum, Ii does not depend upon V if the
pulse area and shape are held constant. However, if the
g(hei) spectrum is bell shaped and not flat, P then
depends upon V, and F will monotonically decrease with
increasing K For V so large that the pulse width ap-
proaches or is less than T2*, a pulse may or may not
become modulated with increasing distance s. If 7))T2~
however, the induced polarization wil1 last for a time
comparable to v, and the pulse will retain a width com-
parable to its initial value and remain unmodulated by
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takes place, the pulse loses some energy ( J'hsdt) over
a number of absorption lengths 0' ', and appears to be
reshaped into a stable form, which is presented as a h.s.
traveling-wave solution

(b) (c)

where
8(s, t) =(2/~r) sech/(1/r)(t —s/V) j, (42)

8(st') dt'=2m.

(a) (b) (c)

FIG. 3. Sketch of rigid pendulum solutions of Eq. (47) closely
related to the 2m h.s. case. (a}The tipping angle q oscillates about
the equilibrium position q =m for the rigid pendulum, which i
given an initial otential plus kinetic energy slightly less than the
critical energy (the potential energy in the upright position). The
electric Geld G~y is shown with its corresponding oscillations.
(b) For the initial energy precisely equal to the critical potential
energy, eth period of oscillations is inGnite, and the pendulum
yields one oscillation with y proportional to a single 2m h.s. Geld

l ( ) The tipping angle y increases indeGnitely for the initial
total energy slightly exceeding the critical potential energy

~ ~ ~

r of the
upright position.

which is obtained by solving Eq. (40) beginning with
Eq. (22), in the usual way, and performing the required
integration over Ace.

oscillations. This argument fails for 0&3m, because
oscl acillations in the absorbed and emitted energy begin

2xto split up the large area pulse into separate
pulses. "'~

For a flat g(~co) spectrum, the pulse shape and area
dependence of F in Eq. (40) is plotted from computer
calculations, in Fig. 2, with the exception of the case of
a square-pulse shape. The factor F is precisely zero at
8= 2x for a 2m h.s. solution. This case is not plotted, but
is almost undistinguishable from the Gaussian case, ex-
cept in the region of 0= 2m. The square-pulse result is
analytic, given by.

1
F(A, square) =— dx J's(z),

p

The solution of Eq. (42) will be derived, and it will
be seen that it is a unique analytical result'p '~ for a
traveling-wave pulse in the absence of dissipation
(Ti=Ts'= ~) for a sharp line (Ts*= ~) at exact res-
onance. It serves as a solution in the case of arbitrary
g(Ace), but its uniqueness in this case has not been con-
firmed. Constant pulse velocity V and pulse width r
result when the depletion of energy from the erst half
of the pulse (—~ &t&s/V) by the absorbing two.-leve
system is exactly balanced by emission of the same
amount of energy by the system into the second half
of the pulse (s/V&t& ~). During its second half, the
pulse is amplified by that portion of the two-level
s stem which the pulse had previously pumped into
the excited state during its first half. This has the effect
of producing a pulse delay, making V&c/g.

Sharp-Line Case

I iew of the indications of our initial computer
lin-calculations, " we are led to believe that a trave lng-

wave pulse exists which is at resonance with the two-
level system and has a pulse ar'ea of 2x. Such a pulse
solution must therefore satisfy the equations

& ah
g(~s))n(~co, s,t)d(~(u)—

c 8$

(43)

one which is Eq. (22). Our task is to find the proper
pulse shape which satisfies Eqs. (18) and (43). Let

(Aced)=8(hru) be a 8 function in Eq. (43), and sub-
stitute into Eq. (43) the polarization given by s(0,s, t)
from Eq. (28). Therefore,

Hyperbolic-Secant Solution

%e continue an outline of further predictions of Eqs.
(36) and (38), and retain assumptions upon which they
are based. For the system initially in the ground state
(n positive), the dynanucs of the pulse propagation pre-
sents a 6nal stable situation which is not inherent in the
amplifying case (n negative). Figure 1(b) shows how the
t p= 1.1x pulse, above the critical area Op=m, increases
in area $8(s) J'hdt j toward the limit 8(s) =2m., when

increase in ulse area

The expression

from Eq. (30) is applied to Eq. (44), giving the relations

(46)8= (2/rr) sin-', q

8'q/Bt'= (1/r') sing,
and

(47)z))n and d8/ds 0. While this p
where 1/V= (2nxcoXprs/gc)+y/c Equation (47.) is, I, y', ( );

V. Degiorgio, and C. G. Someda, ibid. 27A, 588 (1968). recognize as e e ua
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a pendulum initially oriented in the nonequilibrium
upward position. From a number of possible solutions
to Eq. (47), only one of them is of particular importance
to the transparency effect. It is obtained by writing
Eq. (46) in terms of q=2iiSr, and combining Eq. (46)
with Eq. (44) to give q= (q/r) (1—q2) ii or dt/r
= dq/q(1 —q')'"=d(sech 'q). This leads to the 2ir h.s.
solution, expressed by Eq. (42), which must be of finite
pulse energy. The equivalent of Eq. (42), expressed as
the solution of the pendulum equation LEq. (47)j, is

Ql
Lo

"0

0

q =4 tan —'e&' '&"—' (48)

which corresponds to the pendulum oscillation of in-
Qnite period. The other pendulum solutions, correspond-
ing to periodic swings or oscillations which have

2'
Pulse area P

Fro. 4. Computed absorbed energy by a thin sample from a
Gaussian pulse of Axed pulse width as a function of pulse area 8.
A Qat spectrum g(b~) =const is assumed.

(see Fig. 3), are rejected as corresponding to light pulses
of infinite energy. A number of pendulum solutions
have been discussed by Jaynes and Cummings' relative
to a maser cavity problem in which a two-level system
is at resonance with a microwave field. Bloembergen
and Pound' and Bloom' discuss the standing-wave
radiation damping problem for the loss of magnetiza-
tion of a precessing macroscopic magnetic moment
while it is coupled to a resonance I.CE tuned circuit.
Bloom shows in some detail the nature of the h.s.
radiation damping of nuclear magnetism as a function
of cavity losses. Dicke obtains a similar solution for
the transient behavior of a radiating macroscopic elec-
tric dipole moment in a standing microwave cavity
problem.

1 f(hi0) 1—
sing(f, )d$ =r

DM f(DCJ)
(5o)

where v' for a given s is independent of t and D~, be-

Case of Inhomogeneous Broadening

If we assert that a symmetric 2x h.s. pulse is sup-
ported by an inhomogeneously broadened medium, then
each o8-resonant component w(h&o, s,t) in Eq. (43) is
expected to respond symmetrically in time with respect
to the h.s. pulse. It will be shown that it is consistent
to define

e(h&o, e, t) = v(0,s, t)f(ho)), (49)

where f(As&) is some even function of Da& independent
of t, with f(0)= 1. If Eq. (49) is valid, then the spectral
integration of f(D~) in Eq. (43) will lead to Eq. (44),
apart from a constant factor; and Eq. (44) in turn leads
to the 2ir h.s. solution as shown. The form of f(D&v) is
obtained by solving Eqs. (25) and (26) for u(A~, t) and
W(Aced, t), with Tl T2' ~, and using Eqs.——(28) and
(49). Equation (24) then yields

cause f(Ace) and p are respectively independent of t
and Die. The second equality of (50) yields

f(Ac0) = 1/(1+ h(u'r'); (51)

and the first equation, using Eq. (45), gives the pendu-
lum equation (4'7). The parameter 7 must be a constant
independent of s if the traveling-wave solution (Eq.
(48)j to the pendulum equation, together with Eq. (45),
is to satisfy Maxwell's equation (43). The particular
value of r can only be determined by a computer solu-
tion (starting with a particular input pulse) for the
pulse shape and area until the pulse approaches the
2x condition.

W(e, Dc0, r= ~)g(her)d(hi0)

found by combining Eqs. (22), (26), and (41).At 8= 2n.,
the h.s. pulse gives AH/"=0 regardless of the spectral
shape of g(h~). This implies that u, ii, and 8', in the
limit of no damping, start from their ground-state values
of 0, 0, ——,'Eked, respectively, and return precisely to
these same values after the 2ir pulse subsides, indepen-
dent of the o8-resonance parameter Aau to which the
vector P[Eq. (17)j is assigned. Figure 5 shows the tra-
jectory of the end point of vector P for various values of
A&or. From the analysis relating to Eqs. (49) and (51),

Hyperbolic-Secant Pulse Properties

During the evolution of the pulse toward the h.s.
form, the pulse shape changes while net energy is being
absorbed by the two-level system. Computer plots in
Fig. 4. show examples of pulse energy absorption as a
function of pulse area A = 8 for fixed positions s'. Pulses
which do not have a h.s. shape will leave the undamped
inhomogeneously broadened system excited to some
extent, and therefore lose energy by an amount
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Fro S. T.rajectories of the pseudovector P(near), driven by a
2s. h.s. Geld pulse for various values of deer The ra.dius of the
sphere is [P(aaur) =Ep. . Units of W are s/cu.

the components of P are found to be

2Nphoir sin(-,' z )
N(mod, z, t) =

1+(aoir) s
(52)

and

Np sing
z(h~o, z, t) =

1+(A(er) '

2 sin'( —q)
W(hoi, z, t) =-,'NA(e —1 i,

1+(heir) '

(53)

(54)

where q is given by Eq. (30) or (48), so that

sinrs p = sechL(1/r) (1—z/V) j. (55)

From Eqs. (22), (43), and (53), the general expression
for the reciprocal pulse velocity is

rrrs " g(aio)d(hei)
p'—i —+

c 2».g(0) „1+(d,(or) s
(56)

which reduces to the time delay per cm of V '——,'ar
in the limits Ts*«r, rrr))rt/c, where g(hie) is assumed
constant over a spectral region of width =1/r. These
conditions indicate that the pulse is retarded in time
about a pulse width r per absorption length n '.

If a 2x h.s. pulse is injected into the target sample
at z= 0, the spectral function g(A~e) can be of any non-
symmetrical shape, and ideal self-induced transparency
will operate immediately. Therefore, the special results
for the 2x pulse above apply, upon substituting Eq.
(52) into Eq. (23), to give a phase shift linear with
distance and independent of time, expressed by

dy(z) ars "
Acing(Ao&)d(die)

(57)
d» 2rrg(0) „1+(Aoir)'

Consequently, the resonance process alters the magni-
tude of the wave vector in the resonant medium from
the value k, as seen from Eq. (1), to the value (k+4').
For r))Ts*, Eq. (57) reduces to the ordinary result for
linear dispersion.

The uniqueness of the 2x h.s. solution in the narrow
line case Pg(D~s) = b(ha&)g is now argued as follows. Out
of a general class of traveling-wave solutions S of the
form S(t z/—V), we note first that the 2rr h.s. solution
is one in a class of pendulum solutions which is a solu-
tion also to the cavity problem —a/l of whose solutions
are known, being just the pendulum solutions of Eq.
(47) with k' given by Eq. (57). Here the "cavity
problem" means the problem of solving the second of
the two equations in Eq. (43), where only the time de-
pendence is involved. As a cavity solution, the 2x h.s.
function is a solution for the undamped two-level sys-
tem (as in an NMR experiment), as shown by Eqs. (52),
(53), and (54), which applies to both on- and off-reso-
nance behavior. The 2z h.s. solutions contains all the
parameters necessary to describe any set of initial
conditions in the cavity problem. The 2' h.s. function
is unique out of all the cavity problem solutions in that
it is the only pulse solution of finite energy, required by
self-induced transparency, which satisfies simultan-
eously both the traveling wave (6rst) and cavity
(second) equations of Eq. (43).

Actual experimental results indicate that nearly
symmetrical h.s.-like pulse shapes grow even if g(hco)
is not excited symmetrically. The tendency to produce
spectrally clean and nearly symmetric output trans-
parency pulses is associated with the excitation of g(hoi)
at any hoi if g(hie) presents a broad linewidth with a
derivative dg(hoi)/d(Aoi) which is small and slowly vary-
ing. If the pulse width r is suKciently large, g(h~e)
will appear to be nearly a Qat distribution in first order,
because it is excited over a very narrow spectrum. A
second-order correction will arise as a small change in
the effective host-medium refractive index, because of
the dispersion contributed by a small imbalance of off-
resonance dipoles, which gives g(h&o) a slight asymmetry
about Ae= 0.

III. CHANGES IN SELF-INDUCED TRANS-
PARENCY PULSE CHARACTERISTICS

WITH DISTANCE

There are a number of factors always present in the
experiment which actually cause the pulse to change
shape and broaden, attenuate, self-focus or defocus, or
perhaps even to sharpen, depending upon a variety of
actual experimental conditions. It is instructive first to
discuss some qualitative features of the pulse before it
becomes delayed and shaped into a stable h.s. form.

At a given position z, let t(z) define a time point
during the pulse which corresponds approximately'to
the same point on the pulse at other positions s, chosen
to define a certain pulse characteristic such as maximum
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amplitude or slope of 8(t(s),z). Then t(s) is some func-
tion of 2', and if it is applied as a limit in the integration
of Eq. (22), one must take this into account in carrying
out the differentiation process with respect to z.
Therefore,

&(&) Bg a ( &(z)

(t p)d't '~ (((t s)p', )'
as as(

Define

and

Bt(s)
$(t(s),s) . (58)

Bs'

Bt(s) )t 1+-
as c V(t(s))

1 = -(t(s),s)
V(t(s)) b

2+co

g (t).(d) p(t) p), t',s)d(hp)) dt'

1 By(t(s))
+ (60)

K Bs

Varying Pulse Delay

In the case of Op=1.1pr, as seen from Fig. 1(b), the
pulse delay increases with increasing s in the (s,t) plane,
and acquires a constant pulse velocity U, i.e., a constant
delay time T= gAT per unit length relative to the re-
tarded time t —)ts/c, where r is the final stable pulse
width. For the two-level system initially in the ground
state, Eq. (60) displays the following pulse area prop-
erties shown in Fig. 1(b), where t(s) is defined at the
pulse maximum.

For Zpr) Hp) pr: As 8 —+ 2pr, V(t(s))) V and By/Bs) 0.

When 8=2pr, V(t(z))= V=(-,'nr) ', t(s)=t+z/V, and
By/Bs= 0 for z))u—'.

For Op& pr: As 8~ 0, 1/V(t(s))&&)t/c and By/as&0.

As seen in Fig. 1(b), for the initial pulse conditions
80=0.9z, the absorbed pulse exhibits little or no delay
V(t(s)) ' per unit length, because By/Bs, as a negative
quantity in Kq. (60), cancels out the double integral
term to a large extent. In the limit of low pulse power
absorption, where y is small, e~ h, and ~ST((1, where-
upon V(t(s)) '=0. The leasing edge of the pulse is
absorbed linearly, and its rise time is altered very little.

where y(t(s)) is expressed by Eq. (30) with t replaced
by t(s), and Bt(s)/Bs is the reciprocal of the instantan-
eous pulse velocity at t(s) The reso.nance process con-
tributes 1/V(t(s)) as a component of the reciprocal pulse
velocity. The pulse shape changes in distance and time,
and the velocity V(t(s)) is altered over several absorp-
tion Beer's lengths o, '.

However, for larger y, corresponding to large t(s) for
the same s, the lagging edge of the pulse is in fact
stretched out, because it is amplified brieRy by the
contribution of oG-resonance dipole radiation. By
multiplying numerator and denominator of the double
integral term in Kq. (60) by (gp, setting V(t(s)) '=0,
and defining dy=~8dt, therefore,

By/Bs= —-', ny. (61)

expresses the ratio of the integrated power loss dW/Ct
LKq. (26 with T&= pp7 to the average energy flux
)tcP/4pr of the circularly polarized pulse.

For the two-level system initially in the excited state,
the double integral in Eq. (60) becomes a negative term,
because g(h(p) is inverted. The term By/Bs remains
positive, as dictated by the area theorem of Eq. (36),
and a small pulse with initial 80&x is amplified toward
0=x for 2'))n ', where 0. is negative; Now the leading
edge of the pulse is sharpened by the initial gain. After
the effective gain factor IcpF) LEq. (40)7 sharply de-
creases in magnitude, the lagging edge of the pulse
falls and stretches out. While the pulse is being formed
and amplified at any s, we cannot formulate a general
analytic shape for h which compares to the 2x h.s. case
for transparency. However, one must deduce, as the x
pulse continues to be amplified, that the double integral
term in Eq. (60) is negative, By/as~ 0, and V(t(s))
&0. This expression for the pulse velocity gives the
appearance that the actual pulse velocity exceeds c/g.
But the pulse velocity as defined here is only an arbi-
trary definition of the backward displacement in time
versus distance )hence V(t(s)) is negative7 of some
pulse shape characteristic, and not of the speed of light
itself. The pulse velocity increase implies a sharpening
of the leading edge of the pulse because of the amplifi-
cation process. Therefore, the peak of the pulse rises
rapidly with increasing s and appears earlier in time t,
as shown in a special case relating to Fig. 4, to be dis-
cussed later. Actually, a noise impulse will signify the
first appearance of 8, and the leading edge of the ampli-
6ed pulse can never recede to a time earlier than tp+s)t/c
which is the earliest permissible time that information
can be conveyed to an observer at position s by the
first noise impulse generated earlier at time to.

Although the h.s. function LEq. (42)7 for 8 has been
introduced as an analytic pulse solution to the self-in-
duced transparency pulse field, this function at t= —~
behaves in contradiction to the requirement of causality.
This lack of causality is introduced because of the as-
sumptions used in deriving Eq. (42). However, Eq. (42)
is physically acceptable as a basis of analysis since it
accurately represents the shape of 8 for finite times t.

This describes the limit of classical low power absorption
where

/qcP~
n=~ g(t) p)) pB~dap)

(, 4~ i
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Absorbed energy

0
O.

IL

FIG. 6. Computer plots of absorbed energy and 8 6eld pulse
shape, versus distance and time, for a Hp=2. 9m input pulse as it
evolves toward a 2m pulse. The area theorem Eq. (36) requires a
pulse width narrowing and peak power ampli6cation by almost a
factor of 2; The absorbed energy represents energy stored in the
two-level system. The units are the same as those in Fig. T.

Energy obsorbed from

8e= 4' pulse

(o) (b) (d)

FIG. 7. Computer plots of pulse shapes versus z and t for initial
input pulse areas 80 near 4n.. Final individual pulse areas, which
split away from the initial pulse, evolve toward H(z)=2~ for
z))a '. The energy absorbed in the case of Hp=4n is plotted in
Fig. 7(a). Pulse separations at a given z, and anal 2~ h.s. pulse
widths v; depend upon the input pulse areas Hp and shapes chosen.
Units of 8, z, and t are the same as those in Fig. T.

Multiple Pulse Formation

The area theorem expressed by Eq. (36) implies that
any initial pulse area Hp, which obeys the condition
(n+ 1)rr) eo) n7r, will increase in area toward (m+1)s
if n is odd, or it will decrease in area toward nz if n is
even, and the pulse sharpens to give an increase in
pulse power. Figures 1(b) and 6, respectively, show the
results of computer plots of pulse shape changes for the
cases 2m&Hp&m and 3m&Hp&2~. If the initial pulse is
to evolve into an area which is an integer multiple of 2x,
it may in general split up into n separate 2m. pulses
which do not overlap one another at sufficiently large s.
Figure 7 gives computer plots which show how two
separate 2x pulses emerge in a distance s&n ' from
input pulses Hp near 4x. Each 2m pulse has its own par-

ticular width and corresponding delay time proportional
to the pulse width. Therefore, the narrower pulse always
occurs earlier at the output. Figure 16(c), to be dis-
cussed later, shows the observed output of what could
possibly be a pulse splitting eGect of this type in a ruby-
excited self-induced transparency experiment. Lamb'
has analyzed a special case of this pulse "splitting
eGect" under the assumption that a narrow-line
(Ts*=Ts'= ~) two-level system remains stable, but it
is not known that this splitting effect applies to the
case of inhomogeneous broadening. The manner in
which the computed pulse splitting occurs depends upon
the initial pulse shapes. Here, a Rat two-level inhomo-
geneous spectrum with T2' ——ao is excited with pulses of
Gaussian shape. As the pulses separate completely, they
evolve into individual h.s. pulses with separate areas of
2m. .

Pulse Stripping, Superposition, and Self-Focusing

In the actual experimental situation, the pulse enter-
ing into the resonant medium is not uniform in intensity
across its profile. For any position s in the sample, we
visualize for convenience that the pulse intensity falls
o6 symmetrically as some function of the radius r,
measured normal to s and outward from an axis in the
rod. If we assume that the plane-wave analysis of the
transparency e6ect is applicable to small patches of the
light wave front anywhere on the profile, a modification
of the pulse intensity output across the beam pro61e can
be described along the rod. At a particular radius
r &r„where the pulse area falls below x, the light will

be absorbed for all r& r, within a few Beer's lengths 0, '.
Consequently, the outer periphery of the original pencil
of light should be stripped away. A core remains which
contains a distribution of pulse areas with each pulse
area approaching 2x. These have their own pulse widths
and delay times corresponding to the intensity assigned
to each region at r &r,.The more intense beam centered
about r=0 will reach the exit end of the rod a certain
time before the arrival fo the portion of the beam dis-
tributed at r r„sothat a form of doughnut-shaped
intensity profile remaining near the entry end of the
rod would be expected on this basis. The strong varia-
tion of delay with input intensity near r=r, would
prevent the formation of sharp outer edges in the in-
tensity profile. Also, diGraction will couple energy from
the beam at a given radius rj to a diferent radius r2, at
a distance further down the rod. The transparency
effect must be analyzed in more detail to take these
sects into account. Our initial investigation of the
effects of these additional complications by analytic
methods have been unfruitful.

If sects caused by diGraction and stripping can be
ignored, particularly if the beam intensity falls o6 very
slowly from r=0, the pulse intensity output b' versus
time t, as displayed from a photodiode, can be visualized
as a superposition of squares of individual h.s. curves,
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8(r,&) =
)(r(r)

1
sech (s —s {r)&),

r(r)

where r(r) is the 22r h.s. pulse width at radius r as de-
fined by r in Kq. (42), and to(r) is the time of the out-
put pulse peak at radius r and distance z. The observed
electric fie1d intensity Bp' from an aperture with radius
r, at the end of the rod of length z= I. is proportional to

where each curve is delayed by an amount propor-
tional to its own pulse width 7.. The total superposition
of h.s. functions would tend to display a skewed asym-
metric pulse when the beam is detected over a large
aperture at the target output. The use of a sufIiciently
small aperture would give a uniform bell-shaped func-
tion approaching the h.s. shape.

Suppose the output electric-field profile is given as

decreasing r(r) for a 22r h.s. pulse. This will occur if the
applied frequency ~ is on the high-frequency side of the
resonance line (6(0 negative), and the phase velocity
s&/[k+0'(r) j of the periphery of the beam exceeds that
of the center of the beam. This focusing effect will pro-
duce an instability which modifies the plane-wave 2m

h.s. expression for dq/ds given by Eq. (57) to an un-
known form. Conversely, if the applied frequency co

is on the low-frequency side of the resonance peak (h(0
positive), a different type of defocusing process will

occur. The simultaneous existence of self-focusing, pulse
stripping, and diffraction makes it questionable to con-
sider these effects as independent of one another. The
detailed nature of transverse beam behavior here re-
mains to be worked out.

Effect of a Transverse Mode on Self-Induced
Transparency

If the electromagnetic Geld is forced to propagate in a
single mode, as in the transmission of a pulse down a
waveguide, or by the maintenance of a transverse
Gaussian pro6le of laser light down a cylinder, the area
theorem [Eq. (36)g must be modified to take this prop-
erty into account. Consider a dispersionless waveguide
which contains a uniformly-inverted two-level amplify-
ing medium, which restricts pulse transmission to a
single mode expressed by a complex orthogonal mode
described by the function $(x,y). The electric field ex-

pressed by Eq. (18) is then written as

The experimental measurements of pulse areas, to be
discussed later, could show deviations from the ideal
2m h.s. case, partly because of the superposition effect
indicated by Eq. (62). Depending upon the exact form
of r(r), to(r), and the aperture size r„the measured pulse
areas could be either greater or less than 2x, because of
the above effect.

An additional transverse effect is indicated by the
dependence of dp/dz, given by Eq. (57), upon the pulse
width v. A self-focusing property can be assigned to the
light beam, according to Huygens principle, if (I4)/dz
increases with increasing peak field 8O(r) = 2/ (r(r)),
which is equivalent to an increasirig pulse energy or

E(x,y, z, t) = g(x,y)8(s, t){,'{"'-'*-«*»+c.c. (63}

Therefore, in place of Eq. (22), the formal method" for
introducing single-mode behavior in Maxwell's equa-
tions results in the expression

1
{),'(r) sech' (2 h(r)])rdr —(62).

—p t f 'T

e 22)'
(2 {)

~
g(x,y) ~

'dx dy —',P8', (64)

where a loss term -',p8' is introduced, 8'= 8e '&'&, the polarization P+(x,y, z, t) is given by Eq. (21), and 2& now
takes into account the presence of the waveguide.

The mode function g(x,y) is normalized so that p ((0,0) = 1 at the cent. er of the beam, where p= Q'2*~ 1&o~fi)/

( (f2 ( y{)~fi) (. In Eq. (64), the phase factor inherent in g(x,y) is cancelled by its complex conjugate which occurs
in ((x,y) .p. For the amplifying medium, the modified area theorem equation for the pulse area A (z) at the beam
center (x=y= 0) becomes

dA (z)
+2' dx dy[p P(x,y)j sin(A(s)[p P(x,y))) (65)

where 0, is the linear resonant gain constant for this
particular mode. The tipping angle of vector P is given
by A(s) = 8(s) only at the center of the beam. In effect,
the electric 6eld at x=y=0 is determined by its func-
tional variation imposed by the mode function ((x,y);
and the dipole at a particular transverse x, y position
obey the torque-type equation [Eq. (18)g when driven
by the electric field ((x,y)8(z, t) at that position. The

net area derivative at x=y=0 in Kq. (65) is therefore
determined by the functional variation of $(x,y) over all

x, y. By this procedure, the constraint imposed by the
"waveguide mode" bypasses the problem of diffraction,
but at the expense of assuming that the g(x,y) function
holds throughout the evolution of the pulse area A with

"J.D. Jackson, in Classical Electrodynamics Qohn Wiley R
Sons, Inc. , New York, 1962), Chap. 8, pp. 235-2Q'.
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«IkstRQcc 8. Nevertheless, coQSi«IcratiGQ of thc rcIRtlGQ

Eq. {65)is much more realistic with regard to questions
posed IQ thc lltcrRtux'c 9 rcgar«IIQg thc prAUctioQ Gf

x' pUIsc8 by laser ~pI16crs. IQ these cxpcrimcntS,
tIIcrc Rrc IRrgc trRDsvcrsc vallatloQs IQ GckI IntcQSIty»
RQ«I thc Pscu«IGvcctor tlPPlng Mlglc has R 8troQg dc
PCQdCQCC OQ tX'RQSVCX'SC X» P POSItloQ I tbC beam

Let Eq. (65) carry over to the case of a single trans-
verse-m&c trRvc)mg-%'Rvc laser. Assunlc R speck'6c
Gaussian transverse fuction ).P~expl —{ms+ye}/r'ej,
%herc P'0 18 SGIQc IQcRQ tI'RQsvcx'sc dlstRQcc. TIIcQ Eq.
{65) reduces to

dA/ds= (a/A)(l-cosA)--, 'PA. (66)

The equilibrium area A—cos '(1-2PA/a}s shows that
in the hmit of small losses (P ~ 0), A ~ 2sr in the laser
RIQpliflcatioQ process. IQ &c pIRQc-%'Rvc case it 18 cGIQ-

IQGQIy CXpCCted. that. A ~ Ã» but t4C CXIStCQCC Of t4C
choscQ txansvcx'sc Dmdc RQ«I thc dc&itiGQ of pUIsc Rrc8,
hcx'c ha,ppcQ to yicM A =2m. H losses expressed by the
parameter p or p/a increase in Eq. (66), the correspond-
iQg pulse Rrca becomes Icss than 2m. 'Thus 6,r„thc pulse
RI'cR I'cfcx'rcd tG 18 t4c exact resonance tlpplng angle
8(s) at the exact center of the beam pro61e, where a
SIQRH Rpcrtulc 18 presumed to DMQitor lt. If tbc entire
beam proSe is Incasur&, the a,ppa, xcnt pulse area Ie

MG~A coQSidcrRMy froIQ Its vahlc Rt tbc ccQtcx' Gf

thc bcRIQ to RQ apparent vRIUc vithi& IQRy bc ~crena.
frGIQ 2%» dcPcnding UPGQ thc IIMRQS of Rvcra~g. M
coux'sc this analysis is to bc take only iQ R qURIitativc
SCQSC, bCCRUSC the CquatiGQ VfhiCII ShOUM Rpply 18 SCQ-

sitive to the mode function g{x,y) which is actually
present. For example» lf %'c choose

0 p= l/D+(++y')/rs'j,

dA Sled g
GAPA ~—

lk

So far thc RQRIySIS of self-mduccd trRQSparcDcy hRs
Rss~& that N dipole matrix elements are siggularly
d~K for R siIQplc t%'G-level System, RQd thRt thc
dipolcs Rrc GI'icQtcd IQ R co~GQ dircctIGQ throughout
tIIc 8RIQplc. IQ R gas, thc dircctiGQ Gf light polarizatioQ
Gf 8. pIRQc %'Rvc %iII specify 3, corresponding «Iipolc IQG-

DMQt pGIRXIXRtIGQ «bx'cctloQ Rt RQy tIIQc» lf thc IQduc&

"A. G. Fox end P. W. Smith, Phys. Rev. Letters M, 826 (1967);
M. Bass, G. deMaI. s, and H. Stat@, Appl. Phys. I»etta's I2, L"j

(j.9N).

«IIIIIGJc TQGDMQt 18 Gbtmncd froIQ tIIc cxcltatIOQ Gf sym-
IQctrlc ground stRtcs. There Rl'c cases» ' ho&vcvcr» IQ

%'hlch thc 1Qducc«I «Ilpolc Dlomcnt vs Qot Gccux' IQ R

UQiquc dircctiGQ Spccjjj.c«I by tIIc Rpplic«1 6cM; mstMd,
there may ~t pro)cctions Gi dlpolc IQGIDcnt Hlatrix
elements upon &c incident optical 6cld polarimtioQ
dlrcctIGQ %bleb Rrc Qcally rRQdom Ul vRIUc. Clearly»

pUIScs %'Itbout &cqucncy IDGdUIRtion Rnd %ith Qonzcro
Rx'cR %111lose energy» since SGIDc '«Ilpolcs %III Qot cxpcrl-
CQCC R tlPPlng ~gIC %'hICh IS R IDUltIPIC Gf 2%".

M iQStructivc KRy to Iook Rt thc above pl'oblcm 18

to say thRt thc dipole IQGTDcnts Rx'c RpparcntIy diferent
for ~crcQt IQGIccUIRr GDcQtatlons. This cRQ bc 11IUS-

tratcd hy R ~pic example iQ which tvro independent
dipole species with dipole matrix elements pi and ps
interact independently with a light pulse. Here pi snd

ps are not randomly oriented, but are each polarizedI thc 8RIQc dlrcctiGQ. MIy GQc IQGdc of clcctxic &M
polarizatioQ ~II lcsUIt, Rnd tbc px'cvlou8 RrcR thcorcIQ
RQRIySIS CRQ be applied to @VC

dA/ds= -(sta) sinA -(Pias/2Ps) sinLPs/(PIA) j. (68)

The pulse area is de6ned as A = HI, so that as= {Ps/Pi)A,
RQd cl Rnd 012 Rrc tkc RbsorptIGD cocKCIcnts for cRch

type of dipole. Equation (68) must reduce to dA/ds
= --,'(at+as)A for A small. For dA/ds=0, thc pulse
al'ca will Ilo loIigcl bc at 2e .Fo1 ptas/ps(%at~ thc spccics

pi will dominate, and to first order in ptas/peat, a stable
pulse area

%'i11 X'CSUlt. The PUISC RX'CR RQ«I 84RPC WiH &M (ICVIRtC

from the ideal 2e. h.s, shape, to first order in Ptas/Psai,
and the losses due to species pi are, therefore, of second'

order in this quantity. The loss due to species ps is then
determined by an application of Eq. (40) so that

cgfE 2x»
ds pi

RSSUIQIQg '//'WPT2 e The dIStRQCC deCRy IR%' lS C~ODCQtIRII»

lD contxast to thc cRsc to bc «IIscuss& later of lossc8
cRUscd by R 6Ilitc hoIQogcQcous rclaxatioQ tlIQc.

NG%' considcx' gas rjMIccUIcs in %'Ilich tIIc dlpGIc
moment p is induced only along a particular molecular
axis. For linearly ~IRrizcd light, Ict Q denote tIIc ~glc
between g and y, so that the effective field acting on the
«bpolc 18 P cosg. AQ equivalent of tMs pro)cctiGQ pI'o-
CCdUX'C 18 to SpCCIfy tjlat the CQCCtIVC dlpOIC moment

p Ii=p cos& interacts with h. Hence, the area theorem
js «Icrlvcd fox' Such R systcxQ by SUDUIIIQg Over RII pGSSI-

ble values of p, ir which interact with the uniquely de-

~ S. L. MeCaH md E.I.Haho, jo Pj.'oceedings of the Physics
of Quantuin ElectIonics Summer School, Flagstaff, Axizolla, I968
(mpub1ished); S. I.. Metall, thesis, University of C~ornia,
Bellmley (unpubhshed); C. K. Modes, A. Smoke, and. A. Java@, .
Phys, Rev. I.ettexs 3.6, j,I$i (I%8).
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termined 6eld 8, which is a consequence of the sum of
all the dipole interactions. Let the pulse area A be de-
hned as the tipping angle at resonance for all dipoles
with 0=0. The area derivative with respect to distance,
as expressed by Kq. (36), becomes the sum of all

sin(p, fiA/p) contributions over a unit sphere, expressed
as

3'1
2 sinQ cosQ sin(A cosQ)dQ

3A'

(sinA —A cosA).
2A'

(69)

The separate cosQ factor in the integral expresses the
reprojection of the field radiated by p,«back onto the
applied field b. Equation (69) indicates that no stable
pulse condition exists in which complete transparency
occurs. If circularly polarized light is applied instead
of linearly polarized light, then with Q=cos '(p, ff/p)
defined as the angle between the dipole polarization
direction and the propagation direction,

sin'0 sin(A sinQ)dQ

= —poJi(A)+—Jp(o)
IO

2'Integration identical to Eq. (70) evaluates the free nuclear
quadrupole precession from a powered sample in zero magnetic
field PM. Bloom, E. L. Hahn, and B. Herzog, Phys. Rev. 93, 639
(1954)j.

'~ F. V. Condon and G. H. Shortley, in The Theory of Atomic
Spectra (Cambridge University Press, London, 1957), p. 387.

3n m Jp„+i(A)
(70)

2 ~=p (2~ —1)(»+1)(2N+3)

where J„(A)is the Bessel function" of order n, finite
at A=O. In the limit of small A, Kqs. (69) and (70)
reduce to the linear limit which requires that dA/ds
= ——,nA.1

For a rigorous quantum description of orientation
effects as they affect transparency in a gas, the problem
must be expressed in terms of angular momentum states.
Suppose the ground and excited states are characterized,
respectively, by a multiplicity of 2J+1 and 2J'+1,
with angular mornenta J and J'. The dipole matrix
elements involving transitions between such states have
been cataloged. " Generally, the contribution to the
pulse area derivative dA/ds (assuming equal initial
ground state-populations) from allowed transitions be-
tween the states

I J,m j) and
I
J',mj ) is proportional to

I p(m j,mj ) I
sinL

I p(m j,mj ) I A/pp j, for the same reasons
leading to Eq. (36),where

I p(m j,mj ) I
is defined as the

dipole matrix element for the transition my+-&my.
The matrix elements are assumed to refer to either x
optical transitions, or 0-& optical transitions. The dipole
factor pp is formally arbitrary, but to be specific it is

chose to be the largest of the lp(mj, mj) I
involved.

Generally the pulse area derivative may be written as

Z I p(m jm')
I
»nL I p(m j,m') IA/ppj= ——pw , (71)

pip(mjmj)l

which is derived in the same way as Eq. (36). The sum-
mation is over nsg and mg, restricted either to call 0+
transitions or to all x transitions, where each of tn~ and
mJ can appear only once in the summation. The factor
n from Eq. (36) is defined here with p' replaced by

pip(mj, mj)l

2 0
A = h(s, t')d&'.

Referring to the tabulated matrix elements, '2 the
numbers

I p(mj, mj ) I
are either zero, or equal to pp,

for x and 0. transitions if J=O, J'=1; J=J'=1; J=1,
J'=0; or J=J'=-,'. For these transitions, the above
formula reduces to ——', o. sinA for which 2x h.s. pulses
should be formed and display the transparency effect.
The same remarks apply to x transitions for J=&,
J'=

~ or vice versa. But for J=-,', J'=~, the matrix
elements for 0- transitions are in the ratio of 1:V3, re-
sulting in Kq. (68) with pp/pi= v3. The familiar form of
——,'n sinA is not reproduced for larger J and J'. It is
curious that for J or J'=2 or ~ the analysis holds for x
transitions, but not for 0- transitions. If a circularly
polarized light pulse enters such a medium the resuIt
may be that the system will be unstable against the
formation of linearly polarized 2m h.s. pulses.

For large J, J', the results degenerate into the classi-
cally derived formulae. Speci6cally for large J=J'&1
in the presence of x transitions, or for large J=J' and
in the presence of 0 transitions, Kq. (69) results; and
for large J=J'&1 in the presence of 0- transitions, or
for J=J' in the presence of pr transitions, Eq. (70) re-
sults. It must be emphasized that the effect of hyper6ne
interactions must be included with J, unless the re-
sultant hyperfine splitting is characterized by an energy
((5/r. If a magnetic or electric field is applied to remove
the degeneracies in the above problem, the results are
unchanged, provided that the frequency splitting of the
degeneracies is small compared to both the inverse pulse
width 7 ' and the inverse Doppler linewidth ~T2* '.

IV. EFFECTS OF RELAXATION TIMES
ON PULSE TRANSMISSION

The effects of weak damping upon the plane wave 2m-

h.s. pulse are now assessed for the condition r/Tp'«1.
It will be shown that the pulse energy decays linearly
with distance, the pulse area deviates to a value slightly
below 2m, and the pulse delay time can deviate con-
siderably from the prt;viously derived value.
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r. We must keep in mind that Kqs. (77) and (79) are
valid only for v.((T2', Tj.

If several 2x h.s. pulses are propagating through a
slightly damped medium, the above formulas apply to
each of the individual pulses. Situations may arise in
which the number of 2x h.s. pulses is so large, that the
additive effect of preceeding pulses cannot be ignored.
Imagine a train of n2w h.s. pulses, and suppose that
T& is much longer than the total time required for the
train of pulses to pass a point z. However, T2' still is
required to be much longer than an individual pulse
width, but no restrictions need necessarily be placed
upon the time span of the total train as compared
with T2'.

Under such conditions, the first several of the train
of 2m h.s. pulses lose energy as dictated by Eq. (76),
whereas another 2x h.s. pulse loses energy as dictated
by an equation similar to Eq. (76), but with g(hco)
appropriately modified to take into account the change
in spectral population due to the action of all preceding
pulses. The first pulses in the train each, therefore, lose
more energy than the trailing pulses. Since the velocity
of a 2~ h.s. pulse increases with its energy, and also
increases as g(i1pi) decreases [Kq. (56)j, the trailing
pulses will tend to overtake the first pulses in the train.
How pulse splitting effects, illustrated in Fig. 7, counter-
act this tendency for pulses of similar initial time widths
to converge is not yet known.

Effect of Relaxation upon Pulse Delay

The effect of damping upon the pulse delay time can
be calculated on the basis of assumptions used for pulse
energy damping. Define the delay time as

g dz

V(.)

replacing s/V in Eq. (42), where we assume V= V(s)
is a slowly varying function of s; and let 1/V(s) = pnr(s)
=dt's/ds for a 2a. h.s. pulse. Therefore, using 9'expressed
by Eq. (78), and dE/de= (dV'/dt's)[1/V(s) j together
with Eq. (79) and the definition of n [Kq. (36)7, we
obtain

T= T, ln(r/rp) . (83)

From the limitation that v. &T„the maximum expected
delay time for parallel beam conditions may be esti-
mated to be about T, ln(T./rp).

Stable Pulse Propagation Solution with Damping

Loss of pulse energy in a passive homogeneously
broadened medium caused by T2' and Tj damping can
be compensated by focusing the light beam down the
rod. Formally, this is accompoished by adding a term
o 8 to the right side of Eq. (43), which will then cancel
out an expected loss term from the integral over a(6pp, s, t)
The constant 0. is ideally determined by parameters
consistent with the pulse solutions to the optical Bloch
equations. In practice, deviations of the focusing param-
eter from 0 will occur over su%ciently long distances z,
so that the balance provided by o.h is actually unstable,
and the pulse will eventually decrease or increase be-
cause of the instability. Assuming the ideal balance
condition reasonably applicable to a short sample rod,
we consider a soluble case where the sample is purely
homogeneously broadened by 1/T&' (with 1/Tp* 0and——
1/Ti=0), and optical excitation is at exact resonance.

Solutions which satisfy Eq. (43) (with oh added to it)
and Eqs. (24), (25), and (26), are found on the basis
that the stable pulse with area 8= 2m is expressed by

b(s, t) = (2/zr) sinip(s, t) = (2/~r) sech[(1/r) (t—s/Va) j
(84)

Bh/Bs = (1/V„)(88/—Bt)

The inverse pulse velocity is now

1/ Vg ——rt/c+ 27rpwNpr rg/rtc,

(85)

(86)

Since rT is constant from Eq. (78), then from Eq. (80),
r(tg) = rpe'«r~, where r p is the input pulse width. Finally,
Eq. (81) expresses

T= —T, ln(1 —nLr p/2T, ) (82)

as the total delay time. From Eq. (81), the final pulse
width V'(s=l.) becomes r(L)=rp/(1 nor—p/2T ). The
net delay may be therefore written as

d v'/dt's (1/T.) v', —— —(8o)
where 7 & is given in terms of the actual pulse width 7- by

where 1/T, =-,'(1/Tp'+ 1/2Ti) and r(s)«T, . The form
of Eq. (80) implies that it is the result of a first-order
correction perturbation evaluation. For a given delay
time ta, Eq. (80) states that 1'(t)q= V'(tz 0)e '«r~, — ——
where the 2x h.s. output pulse energy is evaluated at
different distances z, corresponding to a given delay
time tq, If we define t~= T when z= I., the length of the
medium, and if we assume tq ——0 at z= 0, then

m=0,
a= [NP sin++(2r/3Tp')Np sin —,'ppj(rg/r),

and

(88)

«= r/[1+5(r/T~')+r'/3T p"j (87)

and the focusing parameter is given by o = (1/Vz —p/c)/
3T2'. The Bloch-equation solutions on resonance are

dt's
r(td)

(81) 1V= —(z/(a) [cos(p+ (4r/3Tp') cos-,' pp+ r'/3T jp
&&(rdlr) (89)
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where v (t,s) is given by Eq. (30).These solutions apply
as well to the dynamics of the polarization in a cavity,
as given by Bloome relative to a radiation damping
problem in nuclear induction. %e have not solved the
above case when the line is also inhomogeneosuly
broadened (T2~ finite).

Effect of Relaxation upon Pulse Area

In the limit that T2' and T» are very short compared
to pulse width v, ordinary rate equations would apply
to give a "hole burning" or nonlinear saturation solution
to the pulse propagation problem. The intermediate case
of v T2' has so far been analytically intractable, but an
explicit small correction to the quasisteady state h.s.
solution can be made in the case of v &T2', T» by a slight
alteration of the 2x. condition. The 2x area condition
for the h.s. pulse is altered to Grst order and is dimin-
ished slightly to the value (see Appendix 3)

A =2»(1—r/T2') . (90)

Appendix 8 presents a generalized form of the area
theorem which includes damping. It is not valid simply
to replace g(0) with T2'/» in the expression for u which
occurs in the area theorem of Eq. (36), if homogeneous
broadening is the sole cause of the linewidth.

For gaseous particles, which at rest would be at
exact electric dipole resonance with the applied optical
frequency co, a Doppler frequency shift

is present for those dipoles moving with velocity e,
along the propagation direction z of the light pulse. In
this section, it is shown that most of the properties of
self-induced transparency which have been discussed
will apply to resonant gases, except that the pulse
velocity and area undergo a transformation when the
spectral line is excited oG resonance. This transforma-
tion constitutes the principle difference between the
resonance response of dipoles fixed in a solid (e.g. ,
ruby" ) and dipoles moving in a gas (e.g., sulfur hexa-
fluoride~). In the gas the dipoles can move in the s di-
rection through a slowly moving pulse envdope 8(s,t)
(of low-pulse velocity V) in a time comparable to the
pulse width v.

Consider an atom which is originally at position zo

at 3=0, which interacts with the electric Geld

E(so+v, t, t) = h(sv+v, t, t) expLi(co —kv, )t—ksoj,

where s= so+v, t and the phase term g(s) in Eq. (19) is
absorbed into the modulus h, making h a potentially
complex quantity. Relaxation by collision is neglected
by assuming that v is short compared to the time be-
tween collisions. Ke 6rst show that the motion of the

dipoles has negligible effect in the evaluation of 8 when
the spectral line is excited at the peak of its resonance.
For an inhomogeneously broadened Doppler spectral
frequency width greater than the inverse pulse width

1/r, only those atoms are excited which have a range of
Doppler velocities extending from v, =0 to v, +c/cur.
Therefore, the dipoles can move at most through a
distance e,v—X during a pulse width time 7-. Because
the spatial extension along the z direction of a trans-
parency-type pulse is approximately n ', and because
the condition n '))X must hold in order to avoid strong
coherent backscattering, the small displacement of
atoms through a distance P will not impose any signiG-

cant variation upon the 6eld modulus 8(s v+ V.t, t).
The Hamiltonian for a particle dipole of the gaseous

system should be written as

X=mo po E—(s t) (&'/—2')V', (92)

The density matrices pi(s, t) and p, (s„t)are related to
one another in the same way. To evaluate the spatial
derivative in Kq. (93), let us inspect the electric fields

E(s„t) and E(s,+As, t) which interact respectively
with two dipoles having the same Doppler frequency
shift 6& or velocity V„but are separated by a smaH

distance M. It was pointed out earlier that the greatest
distance an excited dipole would travel during the pulse
time ~ is of the order of ), so that the separation hz
under consideration is governed by the relation ) hz
&&0. '. One sees, therefore, that any variation with hz
of the field modulus h(s„t) experienced by dipoles,
moving toward or away from position z, at which the
pulse is deGned, may be neglected. The only difference
in the value of the electric field at the positions sepa-
rated by dz is imposed by the phase di6erence of the

where the kinetic energy operator of the particle of
mass ns is added to the static Hamiltonian, Eq. (3);
and we define s= so+v, t, r the center of particle mass rr«.

mv= fsk, and v the particle vector velocity. Negligible
particle recoil e6ects may be ignored, and the dipole
two-level wave function P is therefore separable from
the particle wave function. The latter is assigned a
kinetic phase factor expi(k r At*..'t/—2m), but this
factor has no effect upon the optical pulse resonance
behavior of the two level system.

Now deGne an observer at rest with respect to the
dipole in a Galilean frame of reference moving with
velocity V„and write s=si=s, +V,t, where si and sg

are, respectively, laboratory and Galilean coordinates,
and I/~=e, for the single particle. The laboratory
Hamiltonian Kq. (92) will satisfy the time-dependent
Schrodinger equation when the respective laboratory-
frame and Galilean-frame wave functions fi and f, are
related by the transformation

Wi(s, t) Wu(sg, t) W.(s. «)—V
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light taking place over a wave length. Therefore, with
the condition that nX((1, the relationship E(zu+hz, t)
=E(z„t hz—/c) holds, which signifies that the two
dipoles have experienced the same history of excita-
tion by the field except for a time delay 6 /zc. Therefore,
the relation

will apply, and a Taylor expansion of both sides of Kq,
(94) yields

~f.(zu, t) 1 ~Su(zu, t)

Bzg c Bt

to order nX((1. Use of Eq. (95) in Eq. (93) allows the
time-dependent Schrodinger equation to be written as

ig ~(z,t) =iA(1+ Vu/c) gu(z„t)=Xi(z t)fi(z t)
= (1+Vu/c)K, (z„t)f,(z„t),

this case) tile coildi'tloils giveil by Eqs. (94) aild (95)
are again valid if the problem is analyzed in a reference
frame moving with a velocity V, chosen to coincide
with the velocity of dipoles at exact resonance with the
applied pulse. Relative to this moving frame the pulse
may be considered. to excite a sufliciently small band of
Doppler broadened frequencies so that

~ V,—z,
~
r(&n ',

which is a consequence of n '&&). Let the peak of the
distribution g(hcu) be excited oH resonance by an amount
0. The resonant dipoles move with an average labora-
tory velocity

The analysis of the o8-resonance excitation of an in-
homogeneous Doppler broadened system, which leads
to a 2z. h.s. solution of the form of Eq. (42), now re-
quires that z, be replaced by z,+V, in Eq. (91).

The pulse velocity V~~ in the laboratory frame is now
defined as

where Ki(z, t) is given by Eq. (3) with Np=uu. With
fi(z, t) =fu(zu, t), therefore,

Vui= Vuu+ Vu (9g)

tits((z, t) =3'.i(z, t)Pi(z, t), (96)
where V„,is the pulse velocity in the Galilean frame.
The 2m h.s. Geld pulse in the Galilean frame is expressed

where Ki(z, t) = (1+Vu/c)Ku(z„t). The small term in

V,/c(&1 may be dropped as a factor of the y I term
in the Galilean Hamiltonian Ku(z„t), so that Xi(z, t)
is given by Eq. (3) with iuu ——cu(1+ V,/c). Subsequent
steps in the analysis following Eq. (3) will therefore
include in a natural way the inhomogeneous broadening
contributed by the Doppler frequency shift Aai=kV„
which follows by virtue of the term PVC / uicntroduced
in Eq. (96).

The spectral integration in Eq. (21) applies with

g(huu) now to be defined as the normalized Maxwell-
Boltzmann velocity distribution function, and e,=V~
pertains to any one of the velocities in the Doppler
spectrum. The electric Geld E acts at position z upon
dipoles with a range of velicities e, which started from
diBerent positions z, at t=o. H the phase factor
expiL(&o —kv.)t—kz,j is chosen in Eq. (21), integration
over a distribution of positions z, would be cancelled
by integration over velocities e, contained in this phase
factor. This property of cancellation is expressed by
retaining the equivalent phase factor expi(&ot —kz),
where z is a constant of the integration. However, the
polarization I+us still remains as a function of huu =kz„
to be integrated over g(Aced), now defined as the Maxwell-
Boltzmann distribution of velocities. The area theorem
given by Eq. (36) remains unaffected by Doppler fre-
quency shifts, or by any effects these may have on the
pulse shapes themselves. Its validity results from those
dipoles having zero velocity (Aud= 0) in the Boltzmann
distribution, and it is only these dipoles which con-
tribute to the polarization z(0,z,t).

Although the analysis above is not generally applica-
ble to the case where g(hcu) is asymmetrically excited
oG resonance, it can be applied to the analysis of the
2' h.s. pulse solution expressed earlier by Eq. (42). In

b(z„t)= (2/zr, )sechL(1/r, )(t—z,/Vu, )g (99)

with v, defined as the Galilean-frame pulse width, and
Vyg = 20''g. The observed pulse ln the laboratory
frame is obtained from Eq. (99) by substituting z,=z
—Vgt so that

t 2Vu~ -1t z q-
8(z, t) =(

/
sech —

(

t-
kzriVui) rik Vui)

(100)

8(z„t)dt=2~.

Equally well we may find 8 in the laboratory frame by
calculating the time integral of the electric Geld Inodulus

xi= u, Vuu/V„i is the laboratory pulse width, and
Vui '=u«i).

A curious property arises if we imagine that the pulse
given by Eq. (100) excites the gas. Let the gas be given
a real How velocity V, in the negative z direction so that
V„i=V„,—~

V,
~

passes through zero and Vui becomes
negative, as seen from Eq. (98). At Vui=O the pulse
mill momentarily stop, suspended. in space, and acquire
an "inGnite width. "As V„~becomes negative, the pulse
moves backwards toward the entrance window from
which it came.

At t= uo the laboratory frame pulse area is Ai(~)
=2ur(Vuu/V„i), which is not equal to A (~u)=2zfor.
the pulse in the Galilean frame. However, the tipping
angles z for the polarization P(0,z, t) are the same in
both frames. The tipping angle is given by the pulse
area in the frame moving at the velocity of exactjy
resonant atoms
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at the site of a moving atom:

+00 +oo

$(z&+ V,t, t)Ct =
~zVyz

s V,t
Xsech —t — — dt.

—7-z Vyz Vyz

This quantity is equal to (1—V,/V„z) 'A&(~), which,
in view of Eq. (98), reduces to 8=2v.. The addition. of
k'=(dg/dz) LEq. (5't)j to the propagation vector of
magnitude k is unchanged by the transformation.

h(z, t)=0 for t rt/sc&—0;

h(s, t) = sech
zr(s)

ns ns

r(s) c
for t —&—0; (101)

C

an energy gain e '~'. The sharp edge on the pulse will
be formed and wi11 persist by the action of saturable
filters placed within the amplifying medium in order to
stabilize it.

A pulse which satisfies the above limiting behavior
is the "half-h. s. solution", where the leading edge
travels along the line t=rtz/c:

VI. AMPLIFIED ~ PULSE SOLUTION
WITH NO DAMPING

and the inverse pulse width is given by

r '(z)=r '(z=0)e~". (102)

A number of authors" have investigated the problem
of a propagating amplified light pulse. Hopf and Scully'4
in particular, have treated the problem for an inhomo-
geneously broadened line. An analytic description of a
continually amplified pulse is dificult to obtain, but
we can present one on the basis that the pulse leading
edge is nearly infinitely steep, and that it travels es-
sentially at velocity c/it. As previously noted the area
theorem PEq. (38)j states that a pulse in an amplifying
two-level system evolves toward a m pulse. Although
the area is fixed at m, the pulse width r shortens with
increasing distance as long as r))T2*, where T2* is the
inverse inhomogeneous linewidth. The pulse energy
therefore must increase with s at a rate which would
slacken as the pulse shortens to the point where v T2*.
The pulse shape would correspondingly undergo a
radical change. Ke present a solution for the pulse
shape in the range where 7.))T2*—a pulse function
which is essentially invariant for all s and satisfies the
combined Maxwell and optical Bloch equations.

If the leading edge of the pulse is defined analytically
it would be impossible to obtain an over-all pulse func-
tion which would describe both the linearly amplified
leading edge, governed by the power gain factor e ',
and the main profile of the pulse of width 7 which fol-
lows at a lesser gain. The smaller gain for the lagging
portion of the pulse is expressed by the factor Ii in
Eq. (40), which is less than unity. The sharp front of the
pulse will be given a finite rise time short compared to
v, but comparable to or long compared to T2~. These
restrictions on the rise time will allow the pulse edge to
be described as almost infinitely sharp. The pulse peak
at the leading edge will be given an amplification
~e 'I', while the m area of the declining pulse envelope
which follows is maintained by requiring that its pulse
width decrease as e—'~'. The resulting pulse will have

'3 J. P. Whittke and P. J. Warter, J. Appl. Phys. 35, 1668
(1964); F. T. Arecchi and R. Bonifacio, IEEE J. Quantum Elec-
tron. QR-1, 169 (1965); J. A, Armstrong and E. Courtens, i'.
QE-4, 411 (1968);R. Bellman, G. Birnbaum, and W. G. Wagner,
J, Appl. Phys. 34, 2346 (1963).

24 F. A. Hopf and M. O. Scully, Phys. Rev. 179, 399 (1969).

The corresponding solutions to Eqs. (24), (25), and (26)
are now, for t) rtz/c, respectively,

I= Xpf'P 26&or co—s(A&et) 4(hear)'—
)(sin(ha)t) tanh(t/r)+ 2(hear)' cos(ha)t)

(g(gr)'zg—+6(gran j, (103)

v=Arpfzp(1 —D&o'r2) sing —46vi2r' tanh(t/r)
)&cosset 26&o'r' sin—heat+

+26cor cosp sindtatj, (104)

(z/~) VV= Xpf'f —h~'r'(1 —D~'r') —(1—h~'r') cosy
+2hca'r'zS cosAvit+2hcvr sinAcot sing j, (105)

if t above is replaced by t rtz/c, f—= f(D&u) is given by
Eq. (51), and y=4 tan '(e"). For a Lorentzian line
shape,

g(~~) =
1+6(v'Tz*'

and therefore

g(Da&)v(Ace)d(has)

+(terms of order Tz~'/r'). (106)

It can now be verified that Eq. (22) is satisfied, except
for the negligible last two terms in Eq. (106) above.
Figure 8 shows a plot of the change with distance of a
pulse shape injected at s= 0. It is assumed that a satu-
rable filter immediately absorbs enough of the leading
edge of the pulse to form a sharp leading edge which
begins to grow; therefore, the pulse evolves into a half-
h.s. m- pulse shape. The beginning oscillations of the
pulse are drawn in qualitatively. Only after the puIse
leading sharp edge develops and the oscillations subside
does the amplified half 2m h.s. pulse conform to the
analysis given above.
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VII. EFFECT OF TRANSPARENCY
ON PHOTON ECHOES

The area theorem given by Eq. (38) specifies that a
given input area 80 evolves into a final area 8(z) at
position z, but it cannot predict a photon echo~ since
the theorem does not give any information about pulse
shape. Nevertheless, in an extended medium some im-
portant properties of the photon echo can be deduced
from the theorem; namely, it can describe some aspects
of the echo pulse area and support the justification that
the echo peak. will not necessarily occur at times 2v,
at the output position z, where 7, is the separation time
between input pulses at z=0. Suppose a —,'m —x pulse
sequence, corresponding to input pulses Hi(0) and 82(0),
is injected at z=0, where r, is suSciently large so that
the two pulses do not overlap. The area theorem requires
that the ~~ pulse will decay to zero for z&n '. This
condition applied in the gaseous SF6 photon-echo ex-
periment by Patel and Slusher. " Since the total in-
jected area is 8i(0)+82(0)=zz, the final area in the
output becomes 2z.=Hz(z)+8, (z), where 8,(z) is the
sum of areas of possible multiple echoes following the
Hz(z) pulse. In particular, the most important 6rst echo
following the 8&(z) pulse will be delayed and occur at a
time &2r„because the aggregate of all pulses will

broaden as the sum of all the pulse areas (all echoes plus
the input pulses) increase together toward 2z.. Of course
in the output the predominant erst echo following the
82(z) pulse may have an amplitude greater than the
first Hi(z) pulse, since the latter tends to diminish to-

4.it5 a-'

5.55

5.94e '

FIG. 8. Plot of m pulse solution of Eq. {99)for the case of an
amplifying medium, valid for s&4.16m '. For s&4.160t. ', the
pulses are sketched in qualitatively to show trailing oscillations
which anally disappear before the "half-h. s."solutions are reached.
Between labeled distance points the peak pulse amplitudes ap-
proximately doubles.

ward zero amplj. tude. For small z, the small echo area is given by 8,(z)For any sample thickness, the dependence of the
echo area 8. is obtained from Eq. (38) as

8 (z)=2 t» '({tanll:8 (0)+8 (0)j)e p( —l z)) tion which applies or obtaining a maximum spin echo

—Hi(z) —Hz(z), (107)
signal.

where

Hi(z) =2 tan '{
I

tan-', Hi(0) j exp( ——',nz) )

is the solution of d8i(z)/dz = ——,'n sini(z); and

HQ(z) =2 tan ' Ltanz8$(0)g

VIII. EXPERIMENTAL RESULTS

The preceding analysis is based upon two important
assumptions: (a) The propagating light pulse contains
no frequency modulation, and (b) the pulse is described
in terms of a plane wave. Computer calculations con-
tain these assumptions and reveal that a 2m h.s. pulse

(
&&expl (—-,'n) cosHi(z)dz I (108) PHOTO DIODE

DETECTOR

CRT

is the solution of dHz(z)/dz = —
I

-z'n cosHi(z) j sinHz(z). The
effective "n"for the second Hz pulse is given as n cosHi(z),
which is proportional to the number of on-resonance
dipoles that remain in the ground state after the 8~

pulse has subsided. Therefore, Eq. (108) gives

-sinHi(z) Hz(0))
Hz(z) =2 tan ' tan

sinHi(0) 2
MIRROR MONITOR

BEAM SPLITTER
LASER

SOURCE

2'C. K. N. Patel and R. E. Slusher, Phys. Rev. Letters 20,
1087 (1968).

FIG. 9. Experimental arrangement for monitoring self-induced
transparency pulse delay and transmission intensity
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RUBY LASER SOURCE PASSI VE RUBY

AT LIQUID NITROGEN SAMPLE AT LIQUID
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FIG. jo. (a) Energy-level diagram of ruby-laser pulse source
and the target ruby sample. The 432(&-,') level is represented as
broadened to account for the inhomogeneous g(hem) spectrum.
Phonon relaxation between the 2A(28) and E(2A) level is sup-
pressed at 4.2'K to avoid T~'&&v„, where r„is the input pulse
width. The ruby-laser E(2$ ~4As(&-', )) output is suppressed.
(b) Sketch of ruby two-ievei inhomogeneous spectrum g(neo).
The relative magnitudes of homogeneous (1/T~) and inhomo-
geneous (1/T2*) are schematically shown. The position of the
laser frequency cy with respect to the center frequency of the
resonance was not directly determined. However, by decreasing
the laser frequency slightly, linear absorption measurements could
be performed, and the linear sample transmission increased with
decreasing frequency eo. No qualitative changes were observed
upon tuning co back to the usual operating frequency; thus all
reported experimental results are delegated to excitation on the
low-frequency ("self-defocusing") side of the resonance. The
linear attenuation with cu the usual operating frequency was
greater than 2X10" in the experiments with results illustrated
ln Figs. 14(c)—18.

continues to propagate. Yet the basic character of such
a pulse shows up in actual experiment where the pulse
input is undoubtedly frequency modulated, and the
pulse is not in the form of a plane wave. The observed
self-induced transparency pulse appears to stabilize
against frequency modulation, and the pulse persists
in spite of non-plane-wave conditions. In the previous
analysis, small deviations from ideal assumptions do
introduce small losses, but the deviation which is most
serious is any departure from the plane-wave condition.
Transverse mode effects gas introduced by Eqs. (64)
and (65)g or di&raction eiTects cause strong deviations
which are not completely understood. Transverse
deviations in beam behavior will grow seriously with
path distances exceeding a few Beer absorption lengths.

The purpose of our experiments with ruby is to check
how far the experimental results conform to the phe-
nomenological predictions of the plane-wave transpar-

ency model, and to set forth those observed pulse
characteristics which are in disagreement with the
predictions. Figure 9 indicates a particular experimental
arrangement for measuring pulse delays, but applies as
well to a number of other measurements. A Q-switched
liquid-nitrogen —cooled laser oscillator is followed by a
ruby-laser ampli6er which selects and ampli6es the
plane-polarized E(2E) ~ 42s(&as) output laser line,
as indicated in the energy-level diagram of Fig. 10(a).
The laser ampli6er scheme is shown in Fig. II. By
thermal tuning, the passive target ruby sampIe cooled
Rt liquid-helium temperature to rcducc phonon rcIRXR"
tion presents the 4As(&s) ~E(2E) transition which is
tuned to the driving laser pulse. The target sample
(0.05% Cr+' in Alsos) is 0' c axis oriented, of sr in. diam,
and 2-,' in. in length along the s axis. The input pulse
to the ampli6er was of multimode character longitudi-
nally, but was 'of a selected single transverse mode.
Defocusing of the transverse beam pro61e by aberra-
tions in the ampli6er ruby rod was compensated by
converging the amplifier input, so that when the
amplifter output was recollimated (the angular aper-
ture was about f/25) an image of the amphfier output
was formed near the sample. Peak outputs between
I and Io MW were available.

For nonlinear transmission measurements of devia-
tions from Beer's Iaw, the simplest possible arrange-
ment of source, sample, and detector was used. Corning
glass filters, checked for linearity, were put behind and
in front of the sample. The output light was photo-
grRphcd with Polaroid type-47 61m Rt thc image pIRnc
of the exit end of the sample replacing the mirror in

. Fig. 9.
The simplest demonstration of nonlinear transmission

is to move attenuators from behind the sampIe to in
front of the sample, while keeping the total 6lter at-
tenuation constant. If the sample responds linearly,
then the placement of attenuators would make no di8er-
ence in the total transmission. If the sample transmits
nonlinearly, then more energy should be transmitted
with attenuators behind the sample. Figures 12(a) and
12(b) show reproductions of the photographed. trans-
mitted output, with the input and output attenuations
indicated. Figure 12(a) resulted from use of a multi-
transverse mode laser, and Fig. 12(b) involved the use
of a laser output with transverse mode control. Figure
13 is a graph of results obtained by observing the
amount of attenuation behind the sample necessary for
the 61m to be unexposed. Each error bar includes four
or five such measurements. The 6nite steps of attcnua-
tors and Quctuations in the transmission resulted in
about a X2 resolution. The vertica1 axis is more
properly called the peak energy per unit area.

The nonlinear transmission results are in agreement
with the idea of Iow loss self-induced transparency prop-
agating pulses, but could also be explained by other
mechanisms4 such as "hole burning. " With increased
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accuracy of theory and experiment, such measurements
can perhaps be more indicative of what is happening;
but in the experiments here, there are other more
stringent and conclusive tests available to reveal the
real nature of nonlinear transmission. The self-induced
transparency effect is uniquely distinguished by the
observation of large pulse time delay and pulse reshap-
ing effects. By a "time delay" it is not meant that the
pulse peak merely shifts; but instead that, if I; (t) and
I,„~(t)are input and output intensities, respectively,
then it is observed that for times t in some interval,
I,„~(t+gL/c))I;„(/),which would not be true in the
case of "hole burning. " Here L is the sample length.
This inequality implies that energy has been stored
temporarily in the dipole system, and then returned
to the field pulse. The large delay time L/ V which occurs
for on-resonance transparency signifies that the geo-
metric length of the pulse in the medium is of the order
of Vv.~n ' for c))V, and the medium temporarily stores
most of the original pulse energy.

The initial delay observations used a more primitive
form of the laser than an improved version to be de-
scribed later. There was no transverse mode control, and
the output pulse went directly through the Kerr cell
into the sample as shown in Fig. 9. Detectors used
were an S-20 ITT phototube and a Philco semiconductor
photodiode. The output from the sample was given an
extra time delay by passage through 30 ft before striking
the phototube. The monitor beam excited the phototube
first in time. With the use of a semiconductor detector
the sequence was reversed. The semiconductor detector
was placed in a plane which coincided with the image
of the output surface of the sample formed by a positive
lens (magnification X14).

RM

KC

ere -
II

FSM
RP

S

///
/ //

//
SD

///./
FM

FM

FL

Fn. 11.Ruby-laser amplifier system. The oscillator cavity was
formed by the curved mirror (CM) and the fiat feedback mirror
(FBM). The oscillator beam path, indicated by the single dashed
line, went through the laser rod (LR), the Brewster angle calcite
polarizing prism (CPP), the Brewster angle Kerr cell (KC) and
the polarizing Rochon Prism (RP). Two stops S force single trans-
verse mode operation. Due to the high gains available (~10' with
double pass), an 85'P0 reQective mirror (RM) was used inside
the cavity to couple out energy. The Kerr cell was operated at a
voltage so that the net feedback was about 1%, thus suppressing
the unwanted 4A~{+~)~E(2A) transition. The output was
focused with a lens (L) through a very dense saturable dye solu-
tion (SD), and the beam was expanded in diameter by lenses (L) to
Sl the laser amplifier rod (LA). The amplifie output was recol-
limated to form the Gnal output. Mirrors (FM) served to fold the
beam back onto the bench used to support the system. Flashlamps
are designated by (FL).

The nonlinear transmission measurements indicated
a transmission loss ot about 75%. The largest pulse
delay should occur when the pulse width r(z) is large,
comparable to T2' and if it is held approximately con-
stant in distance. Slight convergence of the incident
light beam allows a nearly constant r(z) by increasing
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FIG. 12.Transmitted output intensity photographs of pulses indicating nonlinear transmission, with indicated input and output attenua-
tion factors. Outputs are shown (a) without and (b) with transverse mode selection.
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laser-amplifier output was directed into the sample, and
a filter which transmitted only one sense of circular
polarization was put between the aperture stop above
and a ITT S-20 phototube. Two ground-glass surfaces
in front of the phototube, combined with careful posi-
tioning of the detector, removed the possibility of seri-
ous dependence of sensitivity upon the orientation and
position of the detector. Measurements of the pulse
height and half-width were made of sample output
pulses. Prior to these measurements the phototube was
calibrated by observing the output current produced by
a weak incident incoherent light beam which was spec-
trally filtered (with a 200A-wide band pass filter
centered at 6940 A). The input intensity was measured
with a calibrated Epply thermopile. The calibration was
checked by measuring output currents produced by the

0.1

t
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t t ( t t t f

0.5 1.0
Energy in

a41I.~M M ' ISIS 8 t &4 ~%~ i m Iii (CL)

FIG. 13. Energy output versus input ruby-light transmission
through sample (arbitrary units). The magnified (X14) output is
attenuated until Polarioid type-47, 300 speed 61m is unexposed,
thus determining peak transmitted energy/cm'. Error bars repre-
sent output fluctuations presumably caused by several uncon-
trolled charactersistics of the ruby-laser source and the 6nite
steps in the output calibrated attenuation. The dashed datum is
the transmission with the sample at room temperature, and the
dashed line represents a linear transmission law.

(c)

the beam energy per cm' in order to compensate for
beam losses. Therefore, the net delay time would be
given by ~~nLr, which is greater than the longest delay
time T, ln(T, /ro), given by Eq. (83), for a collimated
beam. This situation was arranged so that the beam
diameter converged by a factor of about ~5 through the
length of the sample. Delay observations under these
converging beam conditions are described in Ref. 10.
Figures 14(a) and 14(b) illustrate examples of the first
observations under parallel beam conditions of pulse
delay and reshaping with the simplest arrangement in
Fig. 9 of source, sample, and detector. A semiconductor
detector was used in the earlier converging beam in-
vestigations which detected a maximum delay of about
60 nsec. Later delay observations were made with a new
ruby-laser —amplifier system which produced shorter in-
put pulses ( 4 nsec). With parallel beam conditions,
delays of about 10 nsec were observed.

2m Pulse Measurements

The delay measurements, referring to Figs. 14(c)-
14(g) output signals, were made with a new arrange-
ment shown in Fig. 15. They were taken in the image
plane of the output end of the sample, where a diameter
of 59 p, at the sample rod output end was brought into
focus by a lens. With the same new arrangement, the

(e)

Fzo. 14. Pulse delay observations with a collimated input. (a)
Input and output laser pulses with sample at room temperature.
An optical delay served to separate the two pulses. The second
pulse has traveled through the sample. Sweep speed is 20 nsec per
division with signal from a Model FW 114 (mfg. International
Telephone and Telegraph) vacuum photodiode. (b) same as (a)
except that the sample is thermally tuned by cooling to liquid
helium and a &(20 attenuator in output beam path is removed.
Pictures (a) and (b) use the system shown in Fig. 9. (c) In pictures
(c)-(f) the laser ampli6er system of Fig. 11 was used. Difl'erent
detectors were used for observing sample input and output, with
cables and a "tee" used to separate the respective signals. Sample
detuned at room temperature with output magni6ed &&5.05 and
stop diam 12 mm {2.4 mm at the sample output face) attenuated
X112000. Time scale: 5 nsec/div. (d), (e), (f), (g). Sample tuned
at temperature 4.2'K with stop diam 0.85 mm (0.17 mm at the
sample output face) and no attenuation. The 6rst pulse is the
monitor output. The second pulse is the detector output. Cable
and distance delays amounted to 13 nsec. Cable reflections occur
at the far right. Time scale: 5 nsec/div.
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phototube when irradiated by a Q-switched laser pulse.
The measurements were compared with ballistic calo-
rimeter measurements with agreement within 20%. The
measurements of the Epply thermopile were chosen.
The final calibration was estimated to be accurate to
within 10% and was represented in terms of the vertical
displacement of a Tektronix 519 oscilloscope trace, mea-
suring 71.5 W/cm. The time resolution of the photo-
detector was judged to be adequate for these measure-
ments by virtue of the observed 0.5-nsec half-width
pulse response of the detector to a mode-locked Nd-
laser pulse. Transmission through the various optical
elements was calculated to be 59.5%. The effect of the
sample end reRection was taken to be a transmission loss
of 75%.

With the sample temperature near 4.2'K a number
of sample output pulses were recorded. Figure 16 illus-
trates typical output signals which provide data for
the graph in Fig. 17.The graph plots pulse height versus
pulse width for pulses selected by the following criteria:
The pulse had to have precisely two points of inQection,
one on the leading edge, one on the lagging edge. For
example, the pulse in Fig. 16(b) was accepted but a
pulse shown in Fig. 16(a) was not accepted. The value
of p'/g for Cr+' is ruby was computed from the integral
absorption cross-section data by Nelson and Sturge"
(their Table I) to be 13.34X 10 "cgs units. The eA'ective

dipole moment p in the measured quantity p'/g is not

I

tshotodiode
detector

hon

i/ A Stop
plate

t, ens
1

Sample

laser input

Osctlfoscope

Fro. 15. Apparatus used for pulse area measurements. The
sample output passed through lens 1 which formed an image of
the sample output end {E) in the plane of the stop. The output
through the stop aperture was collimated and passed through a
circular wave polarizing system with the mask (M) blocking the
unwanted component. The angular aperture f of the system was
limited by the output Dewar windows to a value of about 2.

rnw (full width at half-maximum intensity) of a cir-
cularly polarized output 27r h.s. pulse is Sr =61.6/r&w'
MW/cm', where raw is the number of nanoseconds
which defines the full width of the observed pulse at
half-maximum. intensity. The pulses have a measured
area always less than the ideal 2x value, roughly be-
tween x and 2x. The theoretical logarithmic pot of Sp
versus rHw is shown in Fig. 17.It is also significant that
no unique relationship is measured between the peak
pulse energy and the pulse width, as shown in Fig. 17,
although the product of peak pulse heights with their
corresponding pulse widths, over a broad range of values
still yields a restricted range of areas.

Within the plane-wave model a number of causes can
be invoked to account for deviations from the ideal 2x
area value. In ruby, both the right and left circularly
polarized traveling waves interact with Cr+' ions. Con-

sider, for example the circularly polarized input pulse
of a given sense of rotation (0+), which is above the s.

area threshold conditions. It will partially convert
to the opposite sense of rotation (0 ) because of
birefringence (the c axis of the ruby crystal deviates
from the cylindrical axis throughout its length by
several degrees). The small pulse area associated with

the 0. component will be below the m. area threshold for
self-induced transparency and be absorbed. This con-

stitutes a loss mechanism which drains energy away
from the 0+ component which initially exhibits the
transparency. In ruby, additional complications result
from the dynamic mixing of magnetically degenerate
states of the Cr+' optical levels, where the mixing is
caused by the local magnetic 6elds of neighboring Al"
nuclear moments. Another contribution to nonideal 2m

area behavior is the fact that plane-wave conditions
did not persist in view of the properties of pulse stripping
and diffraction effects discussed previously. The lack
of uniform pulse intensity profile, even for plane-wave

behavior, is also a contributing factor, as mentioned

previously in regard to Kq. (62).

the isolated dipole moment of 4A2(&2) ~E(2E) tran-
sition in Cr+', but is instead its shielded value. Use of
this value is the equilvaent of expressing the interacting
field 8 as the local field at the site of the dipole in the
host medium A1203. With this value of p'/g the relation
between peak power S~ in MK and the pulse width

2' D. F. Nelson and M. D. Sturge, Phys. Rev. 137, A|f7 {1965).
Their measured total absorption cross section is

(a} (b)

f olrldv=2. 4x10 "em=a/pErcg(0)'j

for the 432(&$) ~E(2E) transition, where v is the wave number.
For observation of the response to one component of circularly
polarized light, the effective number of Cr+' ions is X/2. The light
propagates parallel to the c axis of ruby. For p-=1.75, p=4.8
)&10 "egs units.

FIG. 16. Typical oscillographs of transmitted light pulses.
Oscillograph (a) was not acceptable for pulse measurements,
while oscillographs (b) and {c)were acceptable. Oscillograph (c)
was considered to be two separate pulses. When two separate
pulses were observed, the trailing pulse always had a smaller
measured pulse area. Occasionally an oscillograph similar to (d)
was recorded. (d) agreed well with the idea that the output was
two 2m. h.s. pulses of different frequencies. Time scale: 5 nsec/div.
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Fxo. 17. Logarithmic plot of peak power versus pulse width.
The circles represent points obtained from measured pulse widths
and areas. The experimental error, apart from averaging over the
59-p, circle, is small in comparison with the data scatter.

The consistent deviation of measured output pulses
from the 2m. area in Fig. 17 is caused by the fact that
the output pulses exist in the form of small filaments,
smaller than indicated in Fig. 12. The aperture stop
areas used to calibrate the response of the detecting
system were not, in general, completely covered by
the output pulse cross-sectional profile areas. The Qla-
ment areas were less than the stop area, and sometimes
a fraction of the filament area would fall outisde ofthe
stop area boundary. An inspection of the situation
would account for measured pulse-area angles less than
2x and for the deviation of the average slope of mea-
sured points in Fig. 17 away from the line slope in the
case of 8=2m..

Mention should be made of some of the uncontrolled
experimental aspects of the ruby-laser source and
sample system. It was noticed that strain-induced bire-
fringence of the ruby sample at liquid-helium tempera-
tures had considerable inQuence upon the transparency
eGect. When the strains were reduced by mechanically
clamping the sample less tightly at the exit end, the
transparency threshold condition was increased. Kith
strains minimized as much as possible, the sample out-
put beam appeared to be quite uncollimated and the
beam came out in a cone of about 5'—10'.At a minimum
sample strain, a high-resolution photograph of the trans-
verse variation of the output is shown in Fig. 18. The
input contained filament diameters typically about
10—30 p. It is clearly seen that the plane-wave conditions
in the experiment are violated to some degree. In the
presence of high sample mechanical strain, it is suspec-
ted that the primary interaction region at resonance
between Cr+' ions and the light took place near the
output end of the sample where the end clamp produced

a predominant mechanical strain. Mechanical compres-
sive strain on ruby shifts the absorption line toward
lower frequencies. This probably allowed the sample
resonance at the rod exit end region to be more easily
tuned to the laser source, because the laser source fre-
quency aIways tends to be on the low side of exact res-
onance because of Gash lamp heating. %hen the strain
is relieved, the light interacts with essentially the entire
sample length, and. because the beam forms small-
diameter filaments, diffraction effects then become more
important. The diffraction effect reduces the power
along the filaments, and therefore demands a higher
driving power in the input to achieve the transparency
threshold conditions.

The question as to why small filaments persist in
these preliminary transparency effects over long dis-
tances may possibly be answered in terms of pulse
stripping, focusing, and diffraction effects which are
present simultaneously. The power levels in a filament
in these experiments are small compared with that re-
quired for self-trapping in sapphire. Nevertheless, al-
though the conditions for plane-wave propagation in
the experiment are violated, yet the gross experimental
results are predicted by the plane-wave theory of self-
induced transparency.

IX. CONCLUSIONS AND DISCUSSION

The self-induced transparency effect has been ex-
perimentally confirmed, and has been analyzed mainly
on the basis of ideal assumptions. An undamped en-
semble of dipole oscillators is chosen as representative
of an inhomogeneously broadened two-level quantum-
mechanical system which is at or near resonance with
a pulse of plane-wave radiation. The effect of phenom-
enological relaxation damping times is accounted for
to first order in the ratio of short pulse width times to
long damping times. Experiments with ruby indicate
that the plane-wave condition is violated, and that
transverse instabilities exist in the beam. Intensity vari-
ations across the pro61e of the pulsed laser input beam
are possibly associated with these instabilities and im-
pose further deviations from the predicted 2x h.s. area
and shape of output pulses. These complications arise
from a number of simultaneous effects such as beam
diffraction, frequency and phase modulation, and er-
ratic laser pulse outputs. Future investigations of the
transparency effect must cope with deviations from
plane-wave conditions, particu1arly with regard to the
inhuence of transverse properties of the beam as dis-
cussed, for example, concerning a single transverse mode
relating to Eq. (65). Of course, the plane-wave condition
is more easily satisfied in transparency experiments
with systems where the dipole moment p is iarge, and
promises to be a reasonably well obeyed condition in
experiments where the power required for a 2x h.s.
pulse is not too large, as in the work of Patel and
Slusher. "
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In spite of a number of uncontrolled aspects men-
tioned above, the experimental results indicate that
propagating transparency-type pulses do exist as strik-
ingly symmetric output shapes which are remarkably
stable against nonlinear disturbances caused by fre-
quency modulation, phase shift, and amplitude modu-
lation. A rigorous mathematical proof of the stability
of the 2m h.s. pulse with these perturbations taken into
account is, however, presently lacking.

There are indications that there may be breakup of
input pulses of area A)3~ into separate 2x pulses.
The nature of the frequency mode distribution of the
injected pulses may also give rise to separate 2m. pulses,
where each pulse has a different center frequency t e.g.,
the output illustrated by Fig. 16(d)j. Single output
pulse areas are measured to be in a range between m

and 2~, but this range may be attributed to the difhculty
of averaging the pulse intensities over a sufhciently
small region. The final pulse outputs are consistent with
the notion that they are made up of a superposition of
several 2m. h.s. pulses if the plane-wave condition is
obeyed, whether or not the input is frequency modu-
lated. The nature of the transverse output variations
is not yet understood.

The Faraday rotation effect has been discussed" in
its relation to transparency in ruby. This e8ect results
from the dependence of the magnitude of the wave
vector k, given by Kq. (57), upon the shift of the spec-
trum g(A&o) with an externally applied magnetic field,
if the optical levels are made up of Zeeman degenerate
states. In ruby each participating level is doubly de-
generate. If the degeneracies are slightly lifted by a
magnetic field, and the center of the g(A&a) line has been
tuned previously in zero field to the applied optical
frequency ~, a plane-polarized input pulse should trans-
form into a plane-polarized output puls- with, how-
ever, the plane of polarization rotated through an
anomalously large angle. It is instructive and realistic
to point out what the actual experimental conditions
would impose upon this eGect. Exact tuning at the
center of spectral distribution was not the case in our
ruby experiments. If the light frequency drives the
resonance on one side of the peak of g(h&o), the plane-
wave model predicts that right and left circularly polari-
zed 2m h.s. pulses will experience diferent wave vectors,
leading to a Faraday rotation, and will also travel at
di6erent pulse velocities. Consequently, the right and
left circularly polarized 2x h.s. pulses will possibly over-
lap at the output so that the tail of one pulse overlaps
with rise of the other pulse. The output would then
first appear as a function of time to be circularly polari-
zed in one sense, become elliptically polarized as the
two pulses begin to overlap, become linearly polarized
when the two pulse intensities are simultaneously equal,
again become elliptically polarized, and finally become
circularly polarized. The two pulses would become well

~7 E. Courtens, Phys. Rev. Letters 21, 3 (1968),

(aj

(c) (d)
Fro. 18. Photographs of the sample output intensity. The

photograph in the upper left corner is the result of a resolution
test. The other three photographs are output intensity photo-
graphs. The scale represents 59 p, at the photographic magni6ca-
tion of 90X.

separated when about a radian of rotation is achieved.
If the field intensity is not uniform across its profile
an added complication is introduced because of pulse
self-focusing which the above argument ignores.

A number of special cases of asymptotic pulse be-
havior in an inverted two-level amplifying system have
been examined by others, "and the one case by us in
this paper. The transparency mechanism plays a role
in the pulse shaping steepening and process before
asymptotic limits are reached, and should serve to pre-
dict as well certain asymptotic limits within the scope
of its assumptions.

We conclude by posing the question: Are there any
unknown long-term transient eGects concerning the in-
teraction of coherent radiation with matter which may
reveal themselves only after very careful experiment?
It is not inconceivable, for example, that some aspect
of self-induced transparency might exist in interstellar
space, where particle densities are very low (see Ap-
pendix A), and relaxation times are very long. Questions
of this nature must follow if care is taken not to accept
the predictions of rate equations under conditions where
transient coherence effects may be important.
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APPENDIX A

For the induced polarization to be represented by a
continuum, the relevant volume to be used for averaging
must contain a large number of radiating dipoles so that
the fractional statistical variation of this number is
then small. A simple argument shows that a volume

Xn 2 should be chosen. Consider a small region in the
plane wave where a coherent source of dipoles is spread
over a circle of diameter d which radiate~ into a diffrac-
tion cone of apex angle g=li/d. The electric field en-
velope h changes appreciably in a length 0. '. The
pertinent averaging volume is therefore determined by
the distance 0. ' over which diffraction occurs, and the
condition that the beam spread in diameter, given by
$o ', is approximately equal to d itself. Thus d= (X/n)'"
which determines an effective radiating volume =Pro. '.
The effective number X of radiating dipoles in this
volume is not EAa 2, but must be given by

decreases and the relevant radiating volume becomes
larger. The approximation that the light is a plane wave,
however, breaks down if E becomes too small.

An alternative to the expression Eq. (A2) is to note
that we can write Eq. (A1) as

iy = (iVyzT, */r) L1/(Xn) 2]»1

From Eq. (A3) the factor (Xn)' represents approxi-
mately the very small fraction of the total propagating
energy which is backscattered, although IVX'Tz*/r may
represent as little as one or a fraction of a radiating
dipole, on the average, within a wavelength. In the
experiments of Patel and Slusher, " ' the continuum
description possibly applied to as few as one radiating
SF6 molecule per volume X'.

APPENDIX B

The effect of T2' and T~ upon the pulse area is now
considered. In Eqs. (22), (24), and (25) we replace v

by ~e'~ ", N by Ne'l' ", and h by he'~~". Thus, Kqs.
(24) and (25) are unchanged but Eq. (26) is not. With
no damping the area theorem proof used Eqs. (26) only
to evaluate v(her=0, t-+~). A similar derivation be-
fore this final evaluation now yields

K =iVl~n 'Tz*/r&&1, (Ai)

4x Tg,„j.—))&.
3 r o,X

(A2)

which is to be large. The extra factor T2*/r arises be-
cause the bandwidth 1/r of the driving pulse excites
the fraction Tz~/r of all dipoles in the spectrum. One
can define Ti.,——3kc'/Sp'a&' to be the inverse of the
Einstein spontaneous emission rate. Upon applying the
definition of n in Eq. (36) to Eq. (A1), the inequality
becomes

u

~
lun Ls(6~ =0, z, t)e"'"] (81)

2iVp] ' "

where t in this appendix is the retarded time t gz/c. —
If the left-hand side of Eq. (81) converges, which

requires that b must decrease faster than e '~~", then
this result may be regarded as an exact generalization
of the area theorem to account for homogeneous broad-
ening. Equation (81) can be expanded in powers of
1/Tz', where only the first-order correction will be con-
sidered. Let a delay time t, (z) be de6ned such that

Tt is already assumed that

o,X«1

because of small backscattering, and furthermore,

(A3)

(82)

where t, (z) is proportional to the first moment of t
relative to 3 =0. Then to first order in T2' '

~«T'2', (A4)

so that certainly it is true that ~&&T&„,, because of the
condition Tz'& Ti„.Therefore inequality (A2) is a con-
sequence of these assumptions. The inequalities (A3)
and (A4) limit the maximum value that one can choose
for 3, which, surprisingly, makes the inequality (A1)
less strong as Ã increases because e is proportional to E.
Conversely, the inequality (A1) becomes greater as JV

dA 3 dh,
= (1+t./Tz') +——.(83)

ds T2 dz

Furthermore, it may be verified that the following is
the solution, at exact resonance (hco =0), to the optical
8loch equations (25) and (26) to first order in 1/Tz'
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and 1/Ti.

t

«8(t')~ —~t' sin2&(t')+ —B(t')t' sinai(t') dt e 'tr" sinip(t)
ce .— ~T2 Tl~ Ti

+/cosy (t)]

= —1+e "r'—Lcosy(t)] 1+
(Nl't(op/2)

+ /sing(t)]

1 1q 1
«$(t') —~f' cos2q (t')+—$(t')t' cosy(t') dt' e'trm';

T2' Ti) Tl

/1 1q 1
«h(t')~ —~t' sin2p(t')+ —«h(t')t' sing(t') dt' e

—'I &

1 1
«8(t') ——t' cos2q (t')+«h(t') —t' cosy(t') dt' e 'tr'.

T2' Tl T1

(84)

Combining Eqs. (81), (33), and (34) leads to the result

dA A dt, u "t1 1 " /«Bt
~

i+ —+ —= ——sing i+
~

—i Ssin2ydi+
~

sing)di
Tg ds Tg ds 2 . ~ ET2 Ti „kT,

Q 1 1 ~8/——cosA «8 —t cos2 gati+ cosit& dt . (85)
2 oo T2 T1 Tl

Equation (85) is a generalization of the area theorem
to first order in r/T2' and r/Ti. We now restrict our
discussion to a pulse which has evolved to nearly a 2x
h.s. pulse form. A deviation from this form will occur
only because T1 and T2' are not infinite, The pulse area
A will diBer from 2m. by a negative increment to first
order in 1/T~'. The pulse itself differs from the ideal
h.s. shape to order 1/T2'. In the various integrals on the
right-hand side of Kq. (35), ig and p may be taken to
zero order. The above Eq. (85) then reduces to

so that after a few absorption lengths

ds'e ' *' "r(s') (88)

retarded time drops the rt/e term). Since AA is of order
1/T2', keeping only terms of first order in 1/T2' in Eq.
(86) leads to

d(DA)
(8/)

0, 4nv 2o7
=—sinA+ sinA+ sinA . (36)

2 372 3T1

For the nearly 2m h.s. pulse, let A =2m+hA, where hA
is an area increment. To zero order, dt, /ds=2inr, for
r))T2*, as seen from Eq. (56) (transforming to the

which states that hA relaxes toward the value —2srj
T2'. The fractional change of AA to first order in r in
an absorption length o. ' is of order T2' '. Therefore, to
first order,

A =2m (1 r/T2'), —(39)
which is independent of T1, in contrast with the pulse
energy-loss result LEq. ('/9)], which depends upon both
T1 and T2 .










