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The close-coupling equations for electron-helium scattering have been solved in the energy
range near the n=2 thresholds. Cross sections for elastic scattering from both ground and
excited states, for excitation of the ground state to the n=2 states (235, 2 1S, ZSP, and 2 1P),
and for excitation and de-excitation processes involving only the n=2 levels are presented
and compared with experimental evidence on total metastable production, on angular distri-
butions of excitation cross sections to the »=2 levels, and on processes involving only the
n=2 states. The percentage polarization of light emitted by electron-impact excitation to
the 2P and 2!P states is computed and compared with experiment. The calculations in-
dicate the importance of resonances in near threshold excitation and de-excitation processes
in He. An attempt has been made to understand the resonant structure by considering both
the energy dependence of the eigenphases of the many-channel S matrix produced by solving
the close-coupling equations and the energy dependence of eigenvalues of the related time~

delay matrix.

i. INTRODUCTION

Low-energy scattering of electrons by helium
has been carried out experimentally for roughly
the past 50 years. As of 1952 the total and dif-
ferential scattering cross sections for elastic
scattering had been measured by several investi-
gators. The results led to the realization of the
important influence of polarization and exchange
effects on these cross sections.! It was also
realized that calculations for inelastic scattering
processes at near threshold energies would be
difficult to carry out.

Experiments performed since the early 1950’s
on helium have considerably aided our understand-
ing of low-energy electron scattering processes,
A measurement of the total metastable production
near threshold? led to the conjecture® that short-
lived resonant states had an appreciable effect on
the scattering process in the vicinity of the
thresholds for inelastic processes. The dis-
covery of a resonance in elastic scattering for
helium? is the first in a series of discoveries that
have shown that resonant phenomena are the rule
rather than the exception in low-energy electron
scattering processes.®

On the theoretical side numerous attempts have
been made in recent years to calculate both elastic
and inelastic scattering cross sections for helium,
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Considerable progress has been made in refining
the already good agreement between theory and
experiment for elastic scattering by improved
methods of approximation.® On the other hand,
attempts at estimating inelastic scattering cross
sections near threshold’~° have met with mixed
success presumably because the important role
that polarization effects and resonances play in
near threshold excitation processes was not fully
realized.

In this paper we present the results of a series
of calculations intended specifically to explore the
role of resonances on the scattering process in
the vicinity of the n =2 thresholds of He.'® The
method of calculation is close coupling, i.e., an
expansion of the full three electron wave function
describing the helium atom plus electron in terms
of the wave functions of the lowest five states of
the helium atom, In this respect our method is
similar to recent work on two-electron systems'!
with the added complication that the states of the
helium atom must first be approximated in order
to carry out the expansion. Our work may also
be considered as an extension of the work of Ref.
9 to include all four of the n=2 states of helium
in the expansion, an extension which, as we will
see, has a profound effect on the resonant struc-
ture of the cross sections for low-energy scatter-
ing processes. The use of a five state expansion
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enables us to calculate in one fell swoop the cross
sections for 15 elastic and inelastic processes.

In addition practically the full polarizability of
both the 23S and 2'S states is included and a part
of that of the ground state by using the 23P and
21P states in the close-coupling expansion. Cross
sections for elastic scattering and for inelastic
scattering from the ground state have been mea-
sured and we will attempt to compare our results
with experimental information wherever possible.
Cross sections involving only excited states have
not been measured except in a few instances!?> 13
and our results thus represent predications of
these cross sections which are expected to be re-
liable since all »=2 states are included in our ex-
pansion of the total wave function. Where com-
parisons can be made, agreement with experi-
ment is satisfactory.

Our interest in these calculations has been
mainly on resonant phenomena, and consequently
the calculations were performed over a narrow
energy range. The bulk of our calculations on
processes involving ground-state excitation or
elastic scattering is restricted to the range from
the 23S threshold (19.82 eV above the helium
ground state) to ~2.7 eV above it although we have
extended our calculations (for s-wave scattering
only) below this threshold to allow a comparison
with other theoretical and experimental results.
For processes involving only excited states of
helium our calculations extend over a somewhat
broader range of energies, from the 23S thresh-
old to ~19 eV above it.

Apart from the purpose of providing realistic
cross sections for low-energy impact of electrons
on helium the work presented here serves another
purpose. Our calculations indicate that there are
a number of resonances in the vicinity of the n=2
thresholds of helium and that the apparent width
of resonances which lie above the lowest-excita-
tion threshold is of the same order of magnitude
as the spacing of the n =2 helium excited states.
There is to our knowledge no definitive theoretical
treatment which accounts for the threshold be-
havior of cross sections when one or more broad
resonances are interposed between the thresholds
similar to that developed for two electron systems
by Gailitis and Damburg. % '®> The treatment of
Refs. 14 and 15 is not applicable to helium be-
cause the n=2 levels are not degenerate. We
have attempted to discuss these resonances within
the framework of existing theory, but feel that
there is a need for a better understanding of res-
onances occurring above or between thresholds.
It is hoped that our results will stimulate further
theoretical work in this direction.

The outline of the remainder of the paper is as
follows. Section 2 contains the theoretical devel-
opment. The treatment is divided into two parts,
namely (a) the discussion of the He bound-state
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wave functions used for the close-coupling ex-
pansion and (b) the derivation of the close-cou-
pling equations for He electron scattering corre-
sponding to expansion in the basis set discussed
in (a). Section 3 is devoted to a description of
what calculations were performed using the for-
malism described in Sec. 2. Section 4 presents
detailed results of the cross sections obtained
from these calculations and compares them with
other theoretical and experimental work. The
results are divided into subsections on ground
state and metastable elastic scattering and on
metastable and ground-state inelastic scattering,
respectively. Section 5 is devoted to polarization
of radiation resulting from impact excitation of
the 23P and 2'P states. Section 6 presents our
analysis of the resonances. This treatment is
somewhat separate from the rest of the paper
since we have made no attempt to relate this
analysis to the behavior of particular cross sec-
tions near resonance. Finally Sec. 7 is devoted
to a summary and concluding remarks.

2. THEORY
A. The Atomic Wave Function

In this paper we describe calculations which
have used two different approximations for the
helium-atom eigenstate. We found that the re-
sults for some of the transitions were sensitive
to the approximation. It is therefore necessary
to discuss in some detail the motivation for our
choices of atomic wave functions. The close-
coupling expansion imposes three restrictions on
this choice., First, all wave functions must be
explicitly orthogonal otherwise it is not possible
to separate unambiguously elastic scattering
from excitation. Second, for reasons of numeri-
cal convenience the atomic wave functions must
be in a form simple enough to make the close-
coupling equations tractable. Finally, the wave
functions must be asymptotically correct; i.e.,

“at large distances (#,) they must be of the form

U(ry) exp(- €p'/2r9), where €p is the binding en-
ergy of the atomic state.

A set of atomic wave functions which satisfy all
of these criteria has been generated as follows.
We write the wave function for the (1sni)2s+1;
state of helium in the form

mym -3 my .
Yoo S(1,2) =6 P[P 0)P Gr)Y, )

PP )Y Melx. S, 2)
1s 2 X 24

(1)
where ¥;"1(7) is the usual spherical harmonic,
P (7) is the 1s radial wave function of the heli-
um positive ion, and xg $(1, 2) is the normalized
two-particle spin function. We derive a radial
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differential equation for the function Py;(») from 1. u. for the ground state.
the variational principle An alternative set of atomic wave functions in
6]‘ w*(1, 2)(H, - E)¥(1, 2)dr dr, =0, 2) analytic form were obtained from Eq. (2) by rep-

resenting P,; of Eq. (1) by the form
where the integral in Eq. (2) is taken over the

N .
space and spin coordinates of the two electrons; P (y)=2.c_(25')l’+ 2[(21_)1]'%,}1 exp(- £.7). (3)
H, is the two-electron Hamiltonian and the varia- nl tr o2 t t
tion is taken with respect to the functions Pnl("’) Wave functions of the form of Eq. (1) with this
subject to the usual boundary conditions. This choice of Pnl(”) for the 23S, 23P, and 2'P states
equation was solved numerically. The solutions have been calculated previously'® and have ap-
of the differential equation for different eigenval- proximately the correct asymptotic behavior.
ues E, ;. are automatically orthogonal. Further, For the 1s?'S state a single exponential was used
for the excited states, the wave function is only in Eq. (3) and £ varied to minimize the total en-
slightly different from the Hartree-Fock solution ergy. A wave function for 1s 2s'S was then ob-
and the eigenenergies are almost identical, since tained following the procedure of Marriott and
the inner electron orbital is not appreciably dis- Seaton'” using their two exponentials for P,,(r)
torted by the outer electron. However, the and maintaining orthogonality to the 1s%'S state.!®
ground-state eigenenergy is appreciably better The coefficients c;, £Z~, and /. for these wave
than that for a closed-shell Hartree-Fock wave functions, together with the eigenenergies, are
function. Using the trial function of equation (1) given in Table I. Also shown are the eigenener-
we obtain a binding energy of — 2.8725 a. u. com- gies for the numerical wave functions (Enum) and
pared with the Hartree-Fock value of —2.8670 the experimental values (Eexp)-

TABLE 1. The coefficients defining the analytic helium-atom wave functions used in the scattering calculation. See
Eq. (3) for a definition of the quantities.

State < £ I; E Epum Eexp
1s? 13 0.71843 1.4907 1 —2.8649 -2.8725 -2.9037
1s2s 3S 0.266 39 1.57 1 -2.174 -2.1743 -2.175

—-1.06192 0.61 2
1s2s 1S 0.23456 1.136 1 -2.1445 —2.1435 —2.1461
- 1.063 26 0.464 2
ISZPSP 1.0 0.55 2 -2.1305 -2.1313 -2.1333
1s2p 1P 1.0 0.485 2 -—2.1225 -2.1225 -2.1239

B. The Scattering Equations

The total wave function with angular and spin quantum numbers L and S describing the scattering of an
electron by a helium-atom state n'ls/ is written

LS -1/2 LS ~ LS ~ LS -
= \II 2
tts1 B )= nlilz['I’nzlslzz,n'z{s(z;“z’3)‘” R T L A S ROTN TR E
where
LS -
= ; C SM ;
nlls,lz,n'll'sl’lz'(lz’?’) alz?m Clllz(LML’mllmlz) 31%( s’mslmsz)
my Mg, LS my, Mg,
. 4
X Zpnllsl 1, 2)Fnllsllz,n'll'sl'lz'(y3)Yl2 (73))(% (4)

We now derive coupled integro-differential equations for the functions F(r), which describe the motion
of the scattered electron. Writing the asymptotic form of the function F(¥) as

LS ~ —% . 1 LS _1 - 5
Fij () k, [6ijs1n(kir zliﬂ)+Rij cos(kiv 2liﬂ)], as 7 -, (5)

where i corresponds to #l;s,l, and j corresponds to n’l [s/1;, then the Kohn variational principle can be
written

Ls] =0, (6)

. LSY LS 1
5[j~11i (1,2,3)(H3—E)\If]. (1,2,3)d1'1d7'2d7'3 zRij
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Here H, is the three electron Hamiltonian and the variation is taken with respect to the functions F sub-

ject to the boundary conditions defined by Eq. (5).
In the reduction of Eq. (6) we make one approximation. The exchange term which is proportional to

= Je, Pas, 30, - p), LS(13 2)dr dr T (1)
kl
is replaced by
LSt % aviio 2 LS, ~
) f\pki (12,3)(2v1 +2/rl+1/7'23—E+Ek+El)\I!lj (13, 2)dt 1A74d74 8)

where E, and E, are the appropriate eigenenergies of the helium atom determined from Eq. (2). Equa-
tion (8) only follows rigorously from Eq. (7) if the helium wave function given by Eq. (1) is an exact solu-
tion of the two electron Schriddinger equation rather than a solution of the variational principle given by
Eq. (2). This approximation introduces an error of unknown magnitude into the calculation, and also,
more importantly, means that our final solution does not satisfy exactly the Kohn variational principle.
This error, since it is in the short-range exchange terms, can be expected to be most important for the
low partial waves, and we argue in later sections that it severely limits the accuracy of our S-wave solu-
tions.

The reduction of Eq. (6) now follows in a straightforward manner, and we obtain the following coupled
integro-differential equations for the functions F(»):

a? _L+1) 4 2> - ' o vy LSq 1y, 0 9
<d72 - BRIk, Fil(af) = %}[Vi].(r)Fjl(rhfo Kz.j('r,r )F]_l (r")dr'], (9)

2 _ - .

where ki =2(E-E lsl)'

- r72. — — .
Vl,j(r) = 253131,2 [y (P P ,r)A(P lP ,l,)al ll'alzlz’ 6A0 +f>t(l1l2l1 lz,L)A(Pls Pls)y A(Pnllpn'l;”’)
1

s 20+ 1 ) P 5 5.5
+ (=) <——1—_—(2L+1)(2z ) (LO 00) A(P <P 'z') ( P ;) A, 010801

s 2ul+1 H .
+ () 1<(2L+1)(2l{+1> Cpy AL 0000 AP, P1o)y; AP P,y 7)0y by 00y 1 1

«© ’ LS, , r_ ’
fo Kl,j (r,r )F].l (r")dv' = stls;zk{gh(lllzlllz,L)y (P F v)P ll,(r)

-2)a(P

-(E-E nllF)Pn,ll,(r)a

nlys,~ En'tls! 200,12 %3,17

s 241\
+ (=) GZIOGZZLKm) ll'(LO OO)A(P P )yll(P F;»)P ;l;(’i’)

s, ~ Enryies = DA(R, P ) AP FIP 'z'(”GzlLﬁz;o]

1
st 21, +1 )E o) P—
+ (=) Gz;oéz;L[<—$—_(zzz+1 CTA%Y Clll (L0;00)A(P3 P 'z') Zz(PnllF,'r)Pls(r)

-(E-E =E i 2)A(P P,l,)A(P F)P (v)olLalzo]

nl,s, sy

\S1+S{ [
+ 0, 8 | 5T

-E ’l{s{)A(P p 'z') zA(P DLPn,ZI,)A(PEF)Pﬁ(r)éllLblzo]}. (10)

a(P, P ,l,)yl (P Fv)P ()

- (E- Enllsl

The quantities A, ¥y, f, and g used in Eq. (10) have been defined by Percival and Seaton, '° and we
have also defined
D, = d?/dv?=L(L+1)/r?+4/r
= (L 1/2(1 =
and b_ ,= (3 31)5 $(3)r/2(1 lsl,).

151 311
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The numerical solution of the Eq. (9) follows standard procedures. We replace the exchange terms by
additional coupled differential equations, following Marriott®® and solve the resultant set of coupled differ-
ential equations by a method which involves outward integration from the origin and inward integration
from the asymptotic region. The subsequent matching, as discussed by Burke and Smith?®! at an inter-
mediate value of the radius, yields the R matrix defined by Eq. (5) for given values of L, S, and E. From
the R matrix the S (scattering) and T (transmission) matrices are obtained by the well-known relations:

S=(1+iR)/(1-4R), T=S-1.

(11)

Total cross sections for transitions between any two states (p, ¢) of the close-coupling expansion are

obtained via the relation

_1 5 1 (2L +1)(2S+1) 2

L soentpet e |,
T R, o 2D Tl
M b1y '

3. DESCRIPTION OF CALCULATIONS

Using the formalism described in the preceding
section, we have obtained solutions of the coupled
equations for e-He for various values of L, S,
and E. These solutions provide cross sections
for all elastic and inelastic processes between
the 5 states included in our expansion,

Since the coupling between the ground state and
the four excited states is weak, it is not neces-
sary to include the ground-state channel in the
calculation if cross sections involving only the
excited states are desired. However, since the
resonance structure in the L=0, 1, and 2 partial
waves has amarked effect onall cross sections it
is necessary that all four coupled n=2 states be
included to obtain reasonable results. Further,
it is necessary that the bound-state wave func-
tions used in the eigenfunction expansion be ac-
curate enough to give the correct resonance
structure,

For processes involving excitation of the ground
state in the neighborhood of the excitation thresh-
olds of the n =2 states, all five states in the eigen-
function expansion must be included. Further-
more, these calculations provide a useful check
on how well we have obtained the resonance struc-
ture in our eigenfunction expansion because di-
rect comparison with experimental evidence is
possible.

The calculations on which the major portion of
the results reported in this paper are based can
be conveniently grouped into two sets A and B,
as described below,

Set A: This refers to calculations including all
5 states in the eigenfunction expansion for L =0,
1,2; S=3 and covering the energy range ~1.3-1.6
Ry above the ground state. In these calculations
the numerical bound-state wave functions de-
scribed in Sec. 2,1 were used in the eigenfunc-
tion expansion and the excitation thresholds were
assumed to be given by the calculated energies
of these states.

Set B: This refers to calculations including
only the four » =2 states in the eigenfunction ex-

(12)

pansion. Calculations were performed for S=3,
4 | and for various values of L depending on the
energy in the energy range of 0-1.2 Ry above

the 23S threshold. In these calculations the ana-
lytic wave functions discussed in Sec. 2.1 were
used in the eigenfunction expansion, and the exci-
tation thresholds were assumed to be at their
experimentally determined positions.

We performed the 4 state and 5 state calcula-
tions using different wave functions and excita-
tion thresholds partly to assess the effects of
such variations on our results, but mainly be-
cause the analytic functions were the best avail-

able for our initial calculations. Since the cal-
culations of Set B do not contain the ground-

state channel, the effects of using different wave
functions and excitation thresholds in Sets A and

B can only be accessed by their effect on the cross
sections involving the four n =2 states. The ma-
jor difference between the two calculations was a
shift in energy of the positions of resonances lying
immediately above the 23S threshold. At the high-
est energy at which Set A calculations were made
(0.2 Ry above the 23S threshold) both calculations
produced cross sections (for L=0, 1, and 2;

S =) which generally agreed to within 10%. De-
viations are interpreted to be due to shifts in the
resonance positions at lower energies (which in
turn leads to marked discrepancies between the
two calculations for given L and S at energies
near the resonances) rather than to differences

in the atomic wave functions used for the two
calculations,

The results of these calculations take the form
of R matrices as defined by Eq. (5) and of a ma-
trix of cross sections for all energetically allowed
processes computed according to Eq. (12) for
each value E, In reporting the results of these
calculations we have adopted the policy in the
next three sections of presenting curves which
illustrate what we have been able to abstract
from the calculated results. For more detailed
comparison with future experiments or for those
who may wish to abstract further information
from these calculations the complete results of



250 BURKE, COOPER,

Sets A and B will be made available by the
authors on request.

4. CROSS SECTIONS
A. Elastic Scattering from the Ground State

Detailed results for elastic scattering from the
ground state are available from the Set A compu-
tations only in the energy range of ~19.8-22.5
eV. However, since a resonance has been re-
ported at 0.45 eV ?2 and there have been several
recent attempts at definitive calculations for
ground-state elastic scattering®:23:2* we have
extended the range of our L =0 results below the
3S threshold. In Fig. 1 we show the L =0 phase
shift (§,) from this calculation together with two
previous estimates. Our phase shift is in good
agreement with both calculations at the lowest
energy in our calculations (¢=0.1, 5,=3.0147)
and lies somewhat below the others in the range
k=0.1-0.7 and there is no evidence of a reso-
nance in this region. If it exists in our approxi-
mation it must be at least an order of magnitude
narrower than our tabulation interval which was
0.01 Ry. Above k=0.80 the phase shift tends to
flatten out as the resonance at 2~ 1,167 (which
corresponds to the 19.3-eV resonance in elastic
scattering) is approached. At higher % values
the S-wave phase shift is not uniquely defined in
our calculation since other channels are open.
For comparison purposes we have defined an ef-
fective S-wave phase shift from our L =0 elastic
scattering results (o,) via the relation

~qin—1! 1/2
léeffl(modﬂ)—sm [ro,M2/2] .

32 5 /mo EFF) 1

3.0

4
3
2 -
28 1
o

[ 2% THRESHOLD

8y (Rod)
26

24 -

22

20 -

FIG. 1. The L=0 phase shift (5) versus 2. (1)
Reference 23; (2) this paper; and (3) Ref. 24. The in-
set shows the effective phase shift o¢r as defined in the
text in the neighborhood of the excitation threshold.
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o(mdf)

E(eV)

FIG. 2. Total scattering from the 1°%S state. Solid
line: elastic scattering; dashed line: total scattering;
O, experimental points from Ref. 25.

The extension of §, via 6gff through the resonance
is shown in the inset of Fig. 1. Above the 23S
threshold 6¢¢¢l is smaller (~ 1.1 mod 7) and de-
creases faster with increasing energy than pre-
dicted by previous calculations.

The total and elastic cross sections (based on
our L=0, 1, and 2 results) are compared in Fig.
2 with the measurement of Golden and Bandel?®
in the 19.8- to 23.5-eV region. Previous calcula-
tions predict larger cross sections in the region
above 20 eV, a direct consequence of their L=0

phase shifts being closer to 37 than our 5g¢f!.

For comparison with experiment at lower ener-
gies we have used the data of Ref. 6 to estimate
the P and D wave contributions to the cross sec-
tion and our phase shifts for the S wave contribu-
tion. The results are compared with the experi-
ment of Ref. 25 in Fig. 3. We see that our calcu-

I T I I T T

8.0

_—THIS PAPER
6.0

o(mag)

=
EXP (REF.25)

40

20~

FIG. 3. Elastic scattering from zero to 19 eV based
on the L =0 results of this paper and the L=1 and 2
results of Ref. 23.
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lation is in good agreement with experiment down
to energies of ~10 eV, Below this energy our cal-
culation predicts cross sections larger than ob-
served, a direct consequence of the close-cou-
pling calculation including only 35% of the full
polarizability since only the » =2 states are in-
cluded in the calculation,

B. Elastic Scattering from n = 2 States

The calculations of Sets A and B provide two
estimates of the L=0, 1, and 2 partial-wave
contributions to these cross sections (and all
other cross sections between z =2 states) in the
energy range 0-0.2 Ry above the 23S threshold,
To obtain the best estimate of these cross sec-
tions we have combined the L=0, 1, and 2 doublet
contributions of Set A with the L > 2 doublet con-
tributions and quartet contributions for all L
values from Set B in this energy range. The
results from Set B for all L values were used for
higher energies. The rationale for this procedure
is that for L =2 the two sets of calculations gave
results in close agreement with each other, where-
as for L=0, and 1, deviations occurred since
Set A gives better results for the resonance posi-
tions in the region where new channels are open-
ing up. The comparison of the Set A calculations
with experiment for ground-state excitation pro-
cesses (to be discussed in Sec. 4D) indicate that
these calculations correctly predict the posi-
tions of resonances and should provide good esti-

T T T T Trrrir T T T T Trrrrr
P RESONANCE

250 b~
TOTAL

200 f- —
7D RESONANCE

150 1=

o(ma3)

/oou BLET (x )
[

>
—

100 —

P
50 - -

2's 2%2'p

14 4l 4 PR BRI
.01 Bl 1.0

¥+ .01 (Rydbergs)

FIG. 4. Elastic scattering from the 2°S state. The
points shown are Marriott’s (Ref. 9) estimates of the
quartet scattering in the 1 1s-2%s-21s approximation.
The figure is plotted on a semilog scale versus 22+0.01
(Rydbergs) to emphasize the resonant structure in the
energy range above the 235 threshold.

mates for all transitions between » =2 states.
The Set B results should provide good estimates
for higher L values and at higher energies.

In Fig. 4 the 23S elastic cross section is plot-
ted along with the individual doublet and quartet
contributions and the results of a previous calcu-
lation.® The prominent features are the large
values of the cross sections at 22~ 0.02, £%~0.09
due to the 2P and 2D resonances in the atom-plus~
electron system. Note that no *P resonance struc-
ture is present in the quartet state. The *P ana-
log of the state responsible for the 2P resonance
at ~0.03 Ry above the 23S threshold lies at 0,080
eV below threshold®® and thus produces no reso-
nance in the 23S elastic cross section. No reso-
nant structure is apparent in other partial waves.
The lack of resonances probably accounts for the
good agreement between our (2 state) and Mari-
ott’s® (1 state) 23S elastic scattering results for
quartet scattering, His values at higher energies
are understandably lower than ours since only the
first few partial waves are included in his calcu-
lation (our calculation includes partial waves up
to L =31 for 22=1.2 Ry). The doublet contribu-
tion in Marriott’s work (not shown) is substan-
tially lower than ours since the resonances are
not reproduced by his calculation. Two other
calculations of elastic scattering from 23S taking
into account polarization effects have been
made.?”»?® The calculations of Husain et al.?”
make no attempt to separate doublet and quartet
contributions to the cross section and ignore ex-
change effects. Their work predicts cross sec-
tions substantially larger than those reported
here. Sklarew and Callaway?® have performed
calculations of 23S elastic scattering using adia-
batic and extended polarization approximations
and including exchange and spin effects. Their
calculations do not predict correctly the posi-
tions of the 2P and 2D resonances in the doublet
cross section. However, their calculations in
the extended polarization approximation are in
reasonably good agreement with ours in the re-
gion 0.1-1.0 Ry above the 3S threshold, their
cross sections being 30-40% lower than our
values, This is consistent with the statement
made in Ref, 28 that exchange, polarization,
and distortion are all important effects (all are
implicitly included in the close-coupling calcula-
tions) for near-threshold elastic scattering from
excited states.

The elastic scattering cross section from the
2 !S state is shown in Fig. 5. The L =0 partial
wave appears to resonate near threshold (we
obtain a value of the L =0 cross section of
1430ma,? at 0.0014 Ry above the threshold). The
L=0, 1, 2, and 3 partial-wave contributions to
this cross section in the resonance region are

shown in the figure,
Cross sections for elastic scattering in doublet
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_ . , , FIG. 6. Elastic scattering from 2°P and 2!P states.
FIG. 5. Elastic scattering from the32 S state. & R (Rydbergs) is the energy above the 238 threshold.
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states from the 23P and 2 'P states are shown in
Fig. 6. These cross sections are large near
threshold and decrease with increasing energy.
Unfortunately the quartet scattering contribution
for 3P scattering was not evaluated and thus we
can make no estimate of the total cross section.

2% 2%

60 f— (QUARTET) x5 —

C. Excitation of n = 2 States o

Figure 7 shows the cross sections for excita-
tion of 23S to 215, 23P and 2P states and Fig. 40
8 displays the remaining “upward” transitions
from 2 'S and 23P states.?® These curves display
the complex resonant structure inherent in our -
calculation. While the peaks in various cross
sections at the lower energies are due to a single
resonance (e.g., the peaks at 22=0.08 in 23S-21S
excitation and at #2~0.1 in 235~ 215, 23P and 20 (-
21S-23P correspond to the 2P and 2D resonances)
the large values of the 23S-23P quartet contribu-
tion and of the 2'S-2'P cross section are not ol
caused by single resonance but rather to the sum
of all the partial-wave contributions for L =3,
Also note that the cross sections for these pro-

o(ma2)

2% 2% (DOUBLET) X

cesses vary over approximately two orders of o B . s o
magnitude., The asymptotic form of the Born K (Rydbergs)

approximation cross section at high incident en-

ergies for 21S-2'P transitions will be of the FIG. 7. Inelastic scattering from the 2°S state. 2

form?3° (Rydbergs) is the energy above the 2°S threshold.
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FIG. 8. Inelastic scattering from 2 1S and 2°P states.
k* (Rydbergs) is the energy above the 23S threshold.
The dashed curve is the asymptotic Born approximation
as given by Eq. (13).

orn(2 15-21P) = (4/k%)[A In(k?) + B + C/k*|(na?).
(13)

The constants A, B, and C depend only on the op-
tical oscillator strength 2S-2!P and the general-
ized oscillator strength f(@) (@ is the momentum
transfer in atomic units) and [df(Q)/d@] for @=0.
These constants have been evaluated by Kim®! and
are A=8,50, B=41,97, and C=-0.0153. A plot
of Eq. (13) using these constants is shown in Fig,
8. A comparison with our calculation indicates
surprisingly that the asymptotic form given by
Eq. (13) is a relative good approximation even
for energies as low as 1 Ry above threshold,

The cross sections for the inverse (“super-
elastic”) processes to those shown in Figs, 6 and
7 were also obtained in our calculation. Since
these cross sections can be obtained from the
cross sections shown in Figs. 6 and 7 by apply-
ing the detailed balance relation®* we do not pre-
sent figures for these cross sections. Because
of resonant effects these cross sections attain
extremely large values near threshold. An ex-
ample of this is shown in Fig. 9 which compares
our cross section for the process 2S-23S with
a previous measurement,*®

Neynaber ef al.'? have measured the cross sec-
tion for removing 23S states from a metastable
beam by electron impact at 5 energies between
0.87 and 8.25 eV, In Fig. 10 their results are
compared with the sum of all cross sections which
we have calculated which have 23S as an initial
state in this energy range. Our results lie with-

)
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FIG. 9. The 2!s~2% superelastic cross section.
The experimental point is from Ref. 13. Crosses indi~
cate energies at which calculations were carried out.

in the experimental uncertainties for only one
point (at E=1.4 eV)in Fig. 10, At the two higher
points the disagreement is not serious since exci-
tation to higher states and ionization which are not
included in our calculations probably account for
the difference between calculated and measured
values. The large excess in measured over-
calculated cross sections at the lower energies

is more serious since our calculation should in-
clude all processes.

D. Excitation from the Ground State

The cross sections for excitation of n =2 states
from the 'S, ground state are difficult to calculate
since they are small owing to the weak coupling
between the ground-state channel and the four or
six n=2 channels. Thus these cross sections
are typically several orders of magnitude smaller
than the cross sections discussed in the previous
sections. Also the cross sections for excitation
in the vicinity of the n=2 thresholds proceeds
primarily by excitation to resonant He™ states
followed by decay into one or the other of the
various open channels. Our calculations have
been successful in predicting the positions of
these resonances. Deviations from experimen-
tally measured cross sections are apparent for
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FIG. 10. Total cross sections for scattering from the
23S state. The error bars on the experimental points
(Ref. 12) indicate the estimated width of the electron
beams used. No attempt has been made in the theoret-
ical curve to plot the details of the resonant structure.

L=0and L =1 angular momentum states.

We consider first 23S excitation since this
cross section provides a direct comparison with
experimental results. Figure 11 shows the re-
sults of our Set A calculations for L =0, 1, and 2
partial waves compared with a recent measure-
ment® of total metastable production. Earlier
measurements of this cross section? with some-
what poorer energy resolution produced curves of
similar shape. The absolute value of the first
peak has been measured by two investigators? 3
and their results, and estimated uncertainties are
also shown. The relative cross section of Ref. 33
has been arbitrarily normalized to 3.4 x107!% cm?
at the first peak.

The data presented in Fig. 11 indicate that our
L =1 and L =2 partial cross sections are approxi-
mately correct in both shape and absolute value
and that the first two peaks in the metastable pro-
duction curve are due predominantly to 2P and 2D
resonances in the 23S excitation cross section.
This figure also shows that our L =0 component
is too large by approximately an order of magni-
tude. We attribute the large calculated value of
the L =0 component to a large coupling being in-
troduced between the ground-state channel and
the excited-state channels, probably by the ap-
proximation of Eq. (8). We obtained further
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FIG. 11. The calculated 2°S cross section compared
with the experimentally measured total metastable pro-
duction. The points shown are the absolute values at
the first peak from Refs. 2 and 34. The L =0 component
is scaled by a factor of 107 .

evidence of this by extending the Set A calculations
for L =0 below the 23S threshold. This extension
produced an elastic L =0 resonance at 19.33 eV
with a width of 0.039 eV as reported previously
[Ref. 10(a)]. The position of the resonance agrees
well with experimental results, but the width is
certainly too large®® by at least a factor of 2. If
the error in the coupling is independent of energy
we could simply scale our computed results by

the ratio of expected to calculated widths of the

19. 3-eV resonance as was done in Ref. 10(a).

The same procedure is suggested by two channel
effective range theory [Ref. 5(a)]. This procedure
is expected to be valid at best only in the imme-
diate vicinity of the 23S threshold.

The assignment of the first two peaks in the
total metastable production curve to 2P and 2D
resonances in the 23S excitation cross section
has been verified by Ehrhardt et al. *%°%" who mea-
sured the angular distribution of electrons which
have excited the 23S state.

The angular distribution can be obtained from
our calculation. Interms of the 7matrix[Eq. (11)]
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the angular distribution for 1S - 23S scattering is

o(8,k,)=(4k,2)7" | ZL (2L +1)

x TIZ(L)(kZ)PL (coso)l?,  (14)

where T,,L(k,) is the T-matrix element corre-
sponding to 1!S,~ 23S scattering. As in Ref.
"10(a) we scale the T',°(k,) matrix elements by
1/v10 to obtain an approximation to the true L =0
contribution to the differential cross section. This
assumes that the relative phase as well as the en-
ergy dependence of T,,°(k,) is not affected by the
errors in our calculation. The angular distri-
bution for 23S excitation based on our Set A cal-
culations is shown in Fig. 12 along with the ex-
perimental results of Ref. 36. Several things

are apparent from the comparison of the theoret-
ical and experimental curves. First the general
shape of the theoretical and experimental curves
at 30°, 60°, and 90° is roughly the same. This
indicates that the relative magnitude of the ma-
trix elements 7,,°(k,) and their phases are approx-
imately correct. A detailed analysis of the exper-
imental results® shows that the peaks at ~ 20. 4
and 21 eV are predominantly of 2P and 2D char-
acter in agreement with our calculations.

The peak immediately above the 23S threshold
which has been detected in forward scattering3®
and becomes more prominent as the scattering
angle is increased is still not completely under-
stood. Ehrhardt et al.?” have analyzed their ex-
perimental data in terms of elastic and inelastic

50 r

40
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(b)

a0k 90° (x 2)

/ster)

2
°

ol6,E) (102 Ta

201

a(e, E)(ARBITRARY UNITS)

phase shifts near the 23S threshold, and on this
basis have attempted to separate the L =0, 1, and
2 wave contributions to their experimental cross
sections. Their results indicate that the L =1
and L =2 partial-wave contributions near thresh-
old are similar to those shown in Fig. 11 but that
the L =0 contribution is larger than we calculate
near threshold and drops rather than rises as en-
ergy increases. We verify from our solution that
the mixing parameter defined in Ref. 36 is essen-
tially constant in energy which implies therefore
that our 23S eigenphase drops slower with energy
than it should. This is consistent with our
11S- 23S coupling being too strong and thus
causing too much repulsion between the two eigen-
phases. A better understanding of the near
threshold behavior will require an improved cal-
culation of the L =0 partial-wave contribution.
From the measured angular distributions of
Fig. 12 it would appear that the peak immediately
above threshold should be detectable in measure-
ment of the total cross section of Ref. 31. To
investigate this apparent discrepancy we have re-
peated the calculation of the angular distribution
for the 23S cross section but have scaled the
T,°(k,) matrix elements of Eq. (14) by 3 rather
than 1/vI0 and have extended the calculated an-
gular distributions to angles greater than 90°.%°
This calculation, shown in Fig. 13 produces an-
gular distributions for angles to 90° which are in
better agreement with the measurements of Ref.
34 than those shown in Fig. 12. It also indicates
that failure to observe the peak right above thresh-
old in the total cross section is that due to absence
of the peak in the backward direction. This inter-

FIG. 12. Spectra for excitation of
2%s at 30°, 60°, and 90°. (a) This
paper scaling T12° of Eq. (14) by
1/vi0; (b) Ref. 36.
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FIG. 13. Spectra for excitation of 235 at 10°, 90°,
130°, and 180° scaling Typ,° of Eq. (14) by 4.

pretation is consistent with the partial-wave con-
tributions shown in Fig. 11. Scaling 7,,°(%,) by
3 rather than 1/V10 is equivalent to scaling the
L =0 component in Fig, 11 by 0. 25 rather than
10-!., However, even increasing the L =0 compo-
nent shown in Fig. 11 by a factor of 4 would not
produce a peak close to threshold in the total
cross section.

In spite of the uncertainties in the L =0 contri-
bution to differential and total cross sections,
our calculations together with the experimental
results of Refs. 36 and 37 definitely establish

(a)

90°(x10)

/ster)
»
o

T

2
o

the important role played by the 2P and 2D reso-
nances in the near threshold region. The major
discrepancy between calculated and measured
angular distributions is that the calculated re-
sults are obviously incorrect at energies greater
than 21.2 eV (which is not surprising since only
L=0, 1, and 2 partial waves have been included
in the calculation and our estimate of the L =0
component will be poorer the further we go from
threshold).

The scaling procedure used for the L=0 com-
ponent of the 23S excitation cross section is ex-
pected to be poorer for the 2'S, 23P, and 2 'P
cross sections, Nevertheless, we have applied
it to these cross sections in order to obtain esti-
mates of their size and for comparison with exist-
ing experimental data. In Fig. 14 we show spec-
tra at 10°, 30°, and 90° based on our calcula-
tions for 2 'S excitation and measured spectra at
these angles from Ref. 37, Ehrhardt ef al.?”
ascribe the first peak in this cross section which
becomes prominent at 90° to a 2S resonance. Our
calculations indicate the presence of this reso-
nance but it appears prominently only in elastic
2 1S scattering. As in the case of 23S excitation
our scaling of the L =0 wave partial-wave con-
tribution probably gives an underestimate near
threshold. Further evidence that we are under-
estimating the 21S cross section is provided by
Chamberlain’s results.®® The ratio of the peak
values of 23S to 2'S in forward scattering is ~ 8
from his measurements whereas our calculated
value is ~15. How this factor of 2 discrepancy
in the forward direction affects our estimate of
the total 2 'S cross section is uncertain,

In Fig. 15 we show total cross sections for 2 1S,
23P, and 2'P excitation, We believe the P- and
D-wave contributions of these cross sections to
be substantially correct, although the recent re-
sults of Ref. 37 indicate that the D wave may be
more dominant at 22 eV in 2 !S excitation than we
calculate, The 2'S and 23P cross sections are
expected to be reasonable estimates since the

FIG. 14. Spectra for excitation
of 215 at 10°, 30°, and 90°. (a) This

7l6,E) (102 ma
o (6,E)(ARBITRARY UNITS)

paper scaling T130 of Eq. (14) by
Vi0; (b) Ref. 36.
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calculated L =0 component of these cross sections
is extremely small. A better calculation for L
=0 is not expected to increase significantly the

L =0 components of these cross sections.

5. POLARIZATION OF 23P and 2 !P EXCITA-
' TION BY ELECTRON IMPACT

The polarization of light emitted by excitation
to the 2'P or 2°%P state followed by decay to the
2S or 23S state can be computed from our T-
matrix elements for 2 'P and 23P excitation. For
photons emitted perpendicular to the incident
electron beam the polarization fraction P will be*°

P=(1-x)/(1+x),
P=15(1-x)/(41+67x),

1P excitation,

3P excitation,

where x=@,/Q,, and @, and @, are the cross
sections for excitation of 2'P or 23P into m=x1
or m =0 states, respectively. These cross sec-
tions can be obtained from the paper by Burke
et al ** [see?? Eq. (8)].

In Fig. 16 we show the polarization fractions
for 2 'P and 2 %P excitation. As in the previous
section the L =0Q components of the T-matrix
elements used in this calculation have been scaled
by a factor of 1/V10.

Figure 16 may not be an accurate estimate of
the polarization fraction for excitation of the 23P
and 2 'P states since the results are expected to
be sensitive to the L =0 component of our 7-ma-
trix elements. We include it merely to point out
that the resonant structure below the 2°P and 2'P
threshold has a marked influence on the polariza-
tion of impact radiation arising from these states
and that the rapid drop of polarization from its
threshold value within a few electron volts of
threshold is to be expected. Physically, the rea-

225

son for this is quite clear, At threshold only
excitation to m =0 states can occur and conse-
quently x =0, However, the presence of 2P and
2D resonances below the threshold means the

L =1 and 2 partial waves make large contributions
to the scattering cross section near threshold and
the excitation of m =+1 is quite likely in the near
threshold region.
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FIG. 16. The polarization fraction versus electron

energy for 23P and 2'P excitation.
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In spite of the uncertainties in our estimates of
the polarization fraction the results of Fig. 16
show reasonably good agreement with a recent
measurement of polarization for 23P excitation.*
In this work the polarization was found to fall
from its threshold value to 2 minimum of about
16% before rising to a second maximum at about
1.2 eV above threshold as indicated by our calcu-
lation,

6. RESONANCES

A fundamental difficulty in our analysis results
from the long-range multipole interactions in-
herent in the coupling which provides the basic
interaction which produces resonances. If the
23S and 23P states were degenerate then, since
the n =2 states of He are close to hydrogenic,
the dipole coupling between these levels would
bind the incident electron into an infinite series
of “dipole” states for L=0, 1, and 2. These
states would produce resonances in the elastic
scattering of electrons on the 1S state of helium
below the # =2 threshold. A similar argument
also applies to the 2S and 2'P states. Gailitis
and Damburg™ derived an effective range theory
which, taking into account the degenerate dipole
coupling, predicted the resonance spectrum and
the threshold behavior of the excitation cross
sections. In helium, however, this degeneracy
is broken by ~ 1 eV and the Gailitis-Damburg
theory no longer applies. In Fig. 17 we show a
plot of the expected movement of the poles in the
S matrix in the complex energy plane as the de-
generacy between the 2s and the 2p states is
gradually broken. The 2s and 2p thresholds are
branch points with branch cuts chosen conven-
tionally to run along the real axis to E =+, The
physical region is along the upper edge of the
branch cut (see, for example, Edenand Taylor.*)
The path of the pole which moves along the real
axis is displaced above the axis for clarity and
moves as shown round the 2s branch point in a

2s 2p Energy
branch point branch point  plane
A ——
f : ~——ReE
movement of movement of
resonance pole —- branch point

X

B

FIG. 17. The expected movement of a resonance pole
(denoted by X) in the S matrix as the degeneracy of the
2s and 2p threshold is broken. The angular momentum
is assumed to be greater or equal to one.
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clockwise direction onto a nonphysical sheet of
E as shown in the figure. When the pole is at
A (corresponding to a state bound to the n=2
channels) it will mainly affect the elastic scat-
tering cross section on the ground state (not
shown in Fig. 17). However, when it has moved
to the position B corresponding to a resonant
state it will strongly affect the excitation cross
section to the 2s state. Of course, there may be
more than one pole playing an important role
since, according to the Gailitis-Damburg theory,
the threshold is an accumulation point of an in-
finite number of poles in the degenerate case.
Although for e™ - He scattering there is no
simple equivalent to the effective range theory
of Gailitis and Damburg, we can derive some
interesting relations which aid in understanding
our results, Brenig and Haag*® show that the
open channel S matrix can be written generally
in the neighborhood of an isolated resonance as

sol/2Z>< Z§O 172

=0 £ A=0 (15)
E—Ey+i1“/2 ’

§=8,-iT

where §, is the nonresonant background S matrix
which is assumed to vary slowly in the neighbor-
hood of the resonance pole at E=E, —iI'/2. Here
E, is the position of the resonance, I is its width,
and ¥ in Eq. (15) is normalized to unit length and
giveg the fractional width of the resonance for de-
cay into each channel. We now introduce the uni-
tary matrix U, which diagonalizes 8, and U
which diagonalizes S;

uls,Uo-emia), "
UTSU=exp(2i5(E) .

The elements of the diagonal matrices 6, and
Q(E) are the eigenphases of the respective S ma-
trices. If we define a vector y by

y=uly, (17)

one can show*® that the eigenphases satisfy the
following relation

D~

E-E, =

n
; r ‘E yi"’cot[GOi - 6]. (B)], for allj,

i=1 (18)

where 7 is the number of open channels and where
6]- (E) is any one of the eigenphases at the energy
E. Equation (18) is just the multichannel analog
of the single-channel formula used by Burke and
McVicar.*” It follows that the eigenphases are
continuous through a resonance and their sum in-
creases by 7 rad. In the case of a narrow reso-
nance the eigenphases have the structure shown
in Fig. 18. This is an example taken from re-
cent work by Burke, Ormonde, and Whitaker?!!
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on e~ — H scattering below the #» =3 threshold.
Note that the eigenphase associated with a particu-
lar eigenvector below the resonance (denoted by
the subscript on the eigenphase in the figure) be-
comes associated with the higher eigenvector
above the resonance. The crossover effect is
analogous to that occurring in the theory of adi-
abatic molecular potential curves.?®

The situation for e~ - He is not so simple. In
this case the resonances which lie between or
above the n =2 thresholds are broad compared
with the distance in which the background eigen-
phases change appreciably, Further, the thresh-
old behavior of the background eigenphases is
not known owing to the long-range nature of the
interaction. We show in Fig. 19 the eigenphases
for the 25, 2P, 2D, and 2F states from the Set B
computations. The first 2S eigenphase at the
23S threshold is shown going to 7 rad which is
consistent with the presence of the resonance
just below the 23S threshold. The threshold be-
havior of the second %S eigenphase, which starts
at the 2 1S threshold, indicates that the S matrix
contains a pole close to the 2 1S threshold. This
pole probably arises from the strong coupling be-
tween the 2 'S and the 2 !P channels and appears on
the second sheet of the energy plane. Since, how-
ever, there is no angular momentum barrier in
this case the pole probably occurs close to or on
the real energy axis but below the threshold,
(This situation is analogous to the singlet deuteron
pole in n-p scattering, %°) We find that this virtu-
al state strongly enhances the 23S-2'S metastable
conversion cross section close to threshold but
since its position depends sensitively on the ap-
proximation used in the solution of the equations,
our S-wave results may not be very accurate
close to this threshold.

Turning now to the results for higher partial
waves we see that the first 2P eigenphase rises

FIG. 18. The s eigenphases
near a resonance below the n=3
threshold for e~ -H scattering.
This figure illustrates the be~
havior of the eigenphases for
multichannel scattering.

linearly with energy between the 23S and 21S
thresholds. In this energy region only one chan-
nel is open and in this channel the long-range in-
teraction is determined by the coupling between
the 23S and 23P states. Thisproduces aneffec-
tive @7 =% term in the interaction potential with
the polarizability a given by

- 2
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FIG. 19. The %S, ®P, 2D, and 2F eigenphases for e™ -
He scattering from the Set B computations. The notation
2p + means the 2p state with Iy=L + 1. If an eigenstate
is dominated by a single channel at the higher energies
then the corresponding eigenphase is labeled accordingly.
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where f9sg 93p is the oscillator strength of the

transition, ’ In this case O’Malley ef al.5° show
that the phase shift for />1 satisfies the equation

tanél(kz) =mak?/8(1+2)(1 - %)
+ higher-order terms, (19)

where ! is the angular momentum of the incident

electron and %2 is its energy in Rydbergs. Sub-
stituting the polarizability of the 23S state
(313a,®) into Eq. (19), we find

tans, (k%) = 64.2%% | (20)

tans, (k%) =9.1%2

These slopes agree very well with the detailed
calculations shown in Fig, 19, Inthe %P case
the phase shift is approximately linear in &2
right up to the 2 'S threshold by which time the
phase shift has increased by over 7 rad. This
linear behavior over an extended energy range
does not follow automatically from the threshold
law [Eq. (19)] and must be due to an additional
feature of the interaction. The rise of the phase
shift through 37 indicates that there must be a
resonance, Its width and position are not well
determined from this data since we are not cer-
tain how to unfold the threshold behavior of the
phase shift from the resonant behavior, However,
if we define the position of the resonance as the
energy where the phase shift passes through 37
rad and take the slope at this point to define I
we find E,~ 20.2 eV and I'= 0.4 eV,

In the 2D case the phase shift rises with a con-
siderably smaller slope from the 23S threshold
in agreement with Eq. (20). In this case also the
phase shift resonates but not until the energy is
above the 2 1S threshold. Since the corresponding
S matrix is here multidimensional, we must make
use of Eq. (18) in interpreting the results. We
have seen, for example, in Fig., 18, that the sum
of the resonant part of the eigenphases increased
by mrad as the energy increases through the reso-
nance, At the same time as the resonant eigen-
phases are increasing, the background eigen-
phases which start from the 23P and 2 'P thresh-
olds are strongly decreasing. The result of these
two effects is to give a sum which increases by an
amount considerably less than mrad, Figure 19
clearly shows the crossover effects mentioned in
connection with Fig. 18. The eigenphases in Fig.
19 are labeled by the dominant contribution of the
corresponding eigenvector at the highest energy
shown, For example, we have found that for 2D
scattering the eigenphase which starts from the
23S threshold becomes mainly 23P after the reso-
nance while the eigenphases which start out from
the 23P and 2 'P thresholds contain the largest
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component of the 23S state. The position and
width of the 2D resonance are also not well de-
termined. We estimate that the position E,

=~ 21.0 eV and width I'~ 0.5 eV,

Finally in Fig. 19 we give the 2F eigenphases.
Again the long-range interactions cause the eigen-
phases starting from the 23S and 2 'S thresholds
to start linearly with energy, and again the eigen-
phases resonate but not until the energy is above
all the » =2 thresholds, We estimate that in this
case E,~ 22 eV and I'~ 1 eV, We summarize the
He™ states in Fig. 20. We see a hierarchy of
levels of increasing width (the width is indicated
in the figure by the shading), angular momentum,
and energy. This is analogous to the situation
for single-channel scattering discussed by
Regge®’** who showed that the position of a pole
in the S matrix in the complex angular momentum
plane I was an analytic function of the energy.
Regge showed that in general a pole which gives
rise to resonances moves along a trajectory in
the first quadrant of the complex angular mo-
mentum plane, As the energy increases the pole
first moves to the right with a small imaginary
value of /. Each time it passes close to an integer
value of [ it gives rise to a resonance. Eventually
for large energies the pole returns to the left half
plane with a large imaginary value of . In the
e~ -He case resonances are calculated for the 25,
2P, 2D, and °F states. There are indications of
broader resonances for states of higher angular
momenta at higher energies. However, the situ-
ation at these higher energies is not clear since
the omitted coupling with the n=3 levels will be
important.

We discuss finally the time delay associated
with these resonances. This concept was in-
troduced by Wigner5® who showed that the time
delay could be expressed in terms of the S matrix
by the relation

ds

Q-in=s", (21)
He He™
States States
23
z 22
£
Lﬁ L
§ 2t
¥}
K}
i, |

FIG. 20. The level structure of He and He™ over 20
eV. The energy is measured relative to the ground
state of He. Numerical energy differences (see Table
I) have been used for the n=2 levels of He, but the 23s
level has been fixed at its experimental value of 19.81
ev.
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where §T is the Hermitian conjugate of the S ma-
trix. For the case of an isolated resonance in
elastic scattering the time delay has a simple
physical significance. In this case it can be
written as

Q=ﬁ1"/[(E—E7,)2+(1"/2)2] ) (22)

and the average time delay of a scattered beam
is 2% /T corresponding to the formation and de-
cay of a metastable state with decay lifetime /T,
Smith®* has generalized this to the situation where
several channels are open. In this case for an
isolated resonance we can assume that the S ma-
trix can be expressed by Eq. (15). If the back-
ground S matrix is assumed to be independent of
the energy then the time-delay matrix becomes
1/2 % -1/2
Q-nr S0 YX¥8,

SN ECE Py (23)

Diagonalization of this matrix shows that only one
of its eigenvalues increases strongly near the
resonance while all others stay small, This

is a simpler situation than we found when we
diagonalized the S matrix where in general all
the eigenphases change as the energy increases
through the resonance energy, We may there-
fore hope, by considering the eigenvalues of the
time-delay matrix, to see more clearly the reso-
nance structure of the solutions. This hope is
borne out in Figs, 21, 22, and 23, which show the
eigenvalues of the time-delay matrix determined
from our S-, P-, and D-wave solutions, includ-
ing the ground state in the close-coupling equa-
tions, We see that in each case one time delay
(labeled 0 in each case) is, with the exception of

TIME DELAY (Q)
L=0

1 ! 1 ! ]

Q (Atomic Units)
N
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|
|
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-05 o] .05 10 J5 .20
E (Ry.)

FIG. 21. The eigenvalues of the time~delay matrix
(in atomic units) for L=0.

the rise in L =0 below the 23S threshold, close
to zero. These curves correspond to the time
delay in elastic scattering from the ground state
and reflect the weak coupling between the ground
and the excited states. The figures show the
time delay produced by the effect of the polariza-
tion discussed earlier. If the behavior of the
phase shift is given by Eq. (19), then the corre-
sponding time delay is

Q= 2ma/8(L+3)(1+3)(1-%). (24)

These values are computed using the known
polarizabilities of the 23S and 2 S states and
are shown in Figs., 22 and 23. Besides time
delays associated with the S-, P-, and D-wave
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FIG. 22. The eigenvalues of the time-delay matrix
(in atomic units) for L=1.
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FIG. 23. The eigenvalues of the time-delay matrix
(in atomic units) for L =2.
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resonances discussed earlier, we now see a
further effect. This is an increase in the time
delay when a new threshold opens. This effect
is evident at the 2 'S threshold in Figs. 21 and
22, In the S-wave case, this corresponds to

the virtual state discussed earlier, however, the
P-wave result is new and indicates the possible
existence of a virtual state close to the 2 1S
threshold in this case,

The time delays starting at all thresholds above
the resonance region in each case are large and
negative and decrease rapidly in magnitude as
the energy increases. Physically this means
that in the representation where @ is diagonal,
the eigenstates corresponding to these negative
time delays tend to be small near the atom.
Also the negative time delays starting from the
23P and 2 'P thresholds are larger in magnitude
for the small ! values. This behavior is similar
to that produced by hard-sphere scattering.

We conclude this section on resonances for the
e~ -He system by remarking that our results show
the general trend for many situations involving
the scattering of electrons from excited atoms.
We expect that quite often the dipole coupling
term in the interaction will dominate the scatter-
ing, and the cross sections close to the thresholds
will be influenced by many resonances, The out-
standing defect in the theory at present is the
absence of an effective range formalism similar
to the Gailitis-Damburg theory for degenerate
levels that will allow this behavior to be pre-
dicted in detail.

7. CONCLUSIONS

In this paper we have presented the theory and
results of a calculation of the low-energy scat-
tering of electrons by helium. Our aim has been
to investigate the important physical features of
the collision problem in the neighborhood of the
n =2 threshold by comparing our results wherever
possible with the detailed experimental data now
available in this energy region. We justify our
procedure of expanding the total wave function in
eigenstates of the target Hamiltonian and retain-
ing just the 1S, 235, 21S, 2%P, and 2'P states
of helium firstly by general theoretical argu-
ments based on the strong coupling of the n =2
states, one with another, and secondly by com-
parison with experiment.

Theoretically, we expect that the large polariza-
bility of the 23S and 2 'S states will be extremely
important both for excitation from the ground
state and for electron scattering and metastable
conversion between the excited states. Our
method of including essentially the full polariza-
bility by the inclusion of the 23P and 2 'P states
in the close-coupling expansion is essential for
highly polarizable systems since firstly the solu-
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tion satisfies a variational principle and secondly
it obeys the correct boundary conditions through-
out the energy range considered. Our results
show that the polarizability is of fundamental im-
portance and plays an important role in producing
resonances close to the thresholds.

The resonances found in our calculations are in
good agreement with experiment, We find a very
good value for the position of the 2S resonance
below the 23S threshold, and we show that the
excitation cross sections from the ground state
are dominated by 2P and 2D resonances. These
assignments are in accord with recent experi-
mental angular distribution data. Our calculation
has failed to predict the width of the S resonance
below the 23S threshold. We find a value about
4 times greater than experiment and our S exci-
tation cross sections from the ground state are
correspondingly in error by an amount which may
be up to a factor of 10 too large at the highest
energy we considered. We attribute this failing
to an approximation, necessitated by numerical
expediency, which we made in the exchange in-
tegrals. Fortunately this error is only signifi-
cant in the S-wave range, and the dominant P-
wave, D-wave, and higher wave contributions
give satisfactory agreement with experiment.
Thus if we renormalize our S-wave data we find
good agreement with experimentally measured
cross sections. Further evidence concerning the
general validity of our results comes from an
analysis of the observed polarization of the im-
pact radiation from the 23P state.

The transitions between the # =2 states are not
affected by the approximations made in the ex-
change terms essentially because these transi-
tions are strong, unlike the n=1 - 2 transitions
and are less affected by small changes in the
interaction. Our results for these transitions
are in good agreement with the limited data
available and our predictions are expected to be
an accurate estimate of these cross sections.

Finally, one difficulty we have had in interpret-
ing and analyzing our data has been that there
is not yet an adequate theory of the behavior of
cross sections near thresholds in the presence
of long-range interactions. The theories appli-
cable when the interactions are short range break
down near threshold and attempts to extend the
work to long-range forces has only had partial
success, We feel that this is an important field
of endeavor for future theoretical work.
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