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A-+ 0) would we have

M+1K= (n+ ', m-—1)s+-,'(b,+f,), (AS)

and then the contributions of the loop diagrams would
vanish in the limit h —+ 0, in accordance with Refs. 1
and 2. But in this case, that is not a surprising result,
because e-+ 0.

The following formulas were used in the text:

2f;+f,=2es, (A6)

2b;+b, = ew. (A7)

They connect f„ f; and b„b; to s in theories whose

interaction Lagrangian is given by Eq. (1), and can be
easily proved.

P H YS I CAL REVIEW VOLUME 183, NUM B ER S 2S JULY 1969

Remarks on the Kinematics of Multiyeriyheral Processes

SHAU-JIN CHANG AND R. RAJARAMANt

Institute for Advanced Study, Princeton, Hem Jersey 08'540

(Received 13 March 1969)

We study the implications of requiring that the "subenergies" sq and the momentum transfers t; of a
multiple production process be in the Regge domain. We show that even for very high-energy accelerator or
cosmic-ray processes, the s& are too small compared to the t& and the masses for one to apply a multi-Regge
formalism for the two-particle ~ n-particle amplitude. Some alternatives are suggested.

'HE problem of highly inelastic hadron scattering
with the production of multiparticle final states

has been one of increasing interest in recent years.
The advent of newer and more energetic accelerators,
as well as improvement of cosmic-ray data, is likely to
render the study of such multiparticle processes even
more interesting in the future. In particular, the
"multi-Regge" models for describing these processes
have been receiving much attention lately. ' ' We wish
to present here some remarks about the kinematics of
such many-pronged processes (Fig. 1). These remarks
are admittedly simple-minded, but are nevertheless
very reasonable and relevant to the use of the multi-
Regge formalisms.

The experimental situation on the asymptotic be-
havior of multiproduction amplitudes is, of course,
not as good as that for elastic amplitudes. On the one
hand, accelerator data, 4 while amenable to detailed
analysis, are not really asymptotic (at E»h 10-30
GeV) in all the subenergies of a multiparticle process.
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Cosmic-ray data, ' on the other hand, are available up
to lab energies in hundreds of TeV (1 TeV=10'
GeV), where one can truly hope to be in the asymptotic
region, but the analysis of these events is understand-
ably not as detailed as in accelerator events.

Nevertheless, two gross features of multiparticle
processes stand out fairly indisputably from both
these sources of data:

(i) The transverse momenta of the outgoing particles
do not increase appreciably with increasing incoming
energy. This appears to be valid up to E&,& 10'
GeV. ' The average value of the (p&) for pions is around
350 MeV. 6

(ii) The average multiplicity of pions increases
logarjthmically~ with S= (W, )~, according to

»g(s/~') Sn~ +C, or —=A (1.9)",
log1.9 p'

where 8', is the total energy in the center-of-mass
system and p, is the pion mass.

FIG. 1. A multiple production
process with two particles ~n
particles.

I A recent survey of cosmic-ray data presented at the Tenth
International Conference on Cosmic Rays, Calgary, 1967, is
available in Can. J. Phys. 46 (1968). In particular, see C. A. B.
McKusker et al. , ibid. 46, S655 (1968); M. Akashi et al. , ibid. 46,
S660 (1968).' See also G. Cocconi, Nuovo Cimento 57, 837 (1968).
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In this paper we will use only these two pieces of
experimental information. Consider a two-particle —+

n-particle process as shown in Fig. 1. Assume for
simplicity that all the particles are pions (although our
conclusions will be valid for large n even if the incom-

ing particles included a proton or a kaon). Define the
usual subvariables s,= (k,+k~1)' and t;=q,'. Given
that the total S= (k,+kb)' is large, let us first investi-

gate the consequence of the requirement that s&&t;
and s&&4@,', under which circumstances a multi-Regge
form may be attempted without invoking any form of
duality. Let ir, = (k;„lr;4), where we are working in the
c.m. frame and k,= —k~ is along the positive z axis.
We will find it convenient to use the variable g =ko+k,
for each of the m+2 particles. The y's have some nice
properties. First, they are always positive even as k,
varies from large positive to large negative values. Also,

pa= kao+kaz&)14 k rlb=kbo+kbz=kao k za=P /'Sa&&'g
k

kk0 —k;.= (P2+k 2)/g;, 2=1, , n (2)

'pl+$2+ ' ' ga ga+gb —Qa )

and g,/g, is invariant with respect to Lorentz trans-
formations along the z axis, and is therefore the same
in lab and c.m. frames. Further, the problem is sym-
metric with respect to the variables 21; and 1/v;, whose
exchange simply reverses the z axis and exchanges the
roles of particles a and b.

In terms of these y's, we have

21 (k 1+k2) (k10+k20) (klz+kla) (1211+1121)

We haVe either kl2/g2 Or rj2/g&)1 aS befOre. But

t2= (po —kl —kl)'

~2 ~2+k 2 ~2+k 2

= (~.—Vk
—n2) ——

ga gl g2

—(klk+112,)'

2 p2+k~R ~2+k2 2

= (nb+g4+ )—
'Q~ Q] g2

—(44+44)' (3)

If qb/g2 were ))1, since all the q's are positive,
would be large and comparable to s2. Thus we are led
to g2/V2&)1. Proceeding thus, on requiring that each
s;))4@2 and s~&

~
t; ~, we obtain g;/y~l&&1, for all i

Thus, to be assured of being in the Regge region for
each adjacent pair, the particles must be arranged in
decreasing order of g, furthermore, the ratio of the
adjacent l0's, namely, 2l,/g~l, must be large. This
ratio is invariant with respect to boosts along the z
axis. In particular, in the c.m. frame, as g decreases
from g~ to q„~0, this corresponds to an algebraically
decreasing sequence of k„varying from a large positive
k~, to a large negative k„,.

We can obtain very easily an estimate of how well
the observed events fulfill the criterion for being in the
Regge region. We have

1 1
S=(p +pb) (v +vb) + 14 p

'ga gb

ga $1 g2 gn —1 'gn,

pR ~ ~ ~ ~

P +klk P +k24= (nl+V2) + —(kli+44)'
$1 nR

and

(3a)

'9 & @2+ku2 g2+ku2 +2+k

t p p +kyj"
f1=(p —kl)'=(~. —»)I —— —»'. (3b)

If s&&4p,', since the k&'s are all roughly constant with
increasing energy, we see from (3) that either gl/»
or»/gl must be much greater than unity. But if
g2/Vk)&1, rendering» much smaller than g, then

~
tk

~

from Eq. (3b) would be large. Thus, requiring sk))4142
and sl&

~ tkj leads to &1))g2. Similarly, if

where use is made of Eqs. (3) and (4) for large s;. For
purposes of estimation, let us set all k;& equal to k~,
which is the experimental average of 350 MeV. Let
all the s; be equal, and consequently all ll;/g ~1 be equal.
Note that since pa=»+g2+ +g and gk&)»»V2.
&&p, we have p„=p&. Similarly, y&=y . Under these
conditions Eq. (6) gives

log (S/14')
S=14"-, or n 1~ — . (7)

'pi+1 log(~ ~n'+1)

(k'4.k, ' z'+k, ')22= (g2+nb)j +-

—(k2,+ki,)'))4PP, (4)

Then, on assuming that pions are produced at a rate
which maintains fairly constant s; even as S increases,
one gets the observed logarithmic law. Further, we
know the coefficient of the logS dependence to be
about (log1.9) ' from experiment LEq. (1)j. Thus
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5 ' srs2' ' 'sn —1 ~ (9)

This relation is what leads to an S dependence from
the Regge amplitude of the form g, (s,) '. But relation
(9) is valid only when the s; are large, and our analysis
shows that such is not the case for most of the events.
Therefore, apart from the question of invoking duality
and using a multi-Regge amplitude for small s;, boot-
strappers must take care not to use Eq. (9).

We conclude by noting that the reason behind the
smallness of s; is that the constant of multiplicity
(log1.9)-' appearing in the multiplicity relation (1)
is too large. In other words, too many particles are
being created to give a large s;. For this reason, let us
momentarily assume Regge exchanges between clusters

g;/g;+q=1. 9; and from Eqs. (3) and (4),

s,~(p'+k, ') (1.9+ 1/1.9+2)—2k'"

~20@'

which can hardly be considered as being in the Regge
region. The precise value in Eq. (8), of course, is not
t,o be taken literally, since it was derived under the
assumption that s&&4p'. A more careful evaluation of
the smaller s; will depend on the relative orientations of
the k;, Lsee Eq. (4)], and can vary from 10p' to 30+'. It
can also be easily checked that the t; are comparable
to the s,. Thus, regardless of the precise values of s;
and t;, our derivation. does show that the mean multi-
plicity observed in experiment as a function of 8 Lgiven
approximately by Eq. (1)] is not compatible with
large s; (i.e., large enough to be in the Regge domain).
Thus, for the majority of two-particle —+ n-particle
events, even in ultra-high-energy cosmic-ray-type pro-
cesses, a multi-Regge amplitude cannot be used for the
di8erential cross sections.

Ke wish to emphasize that this is not a blanket
criticism of the multi-Regge theory. We are aware that
if one takes a fixed n and goes to increasing 5, the s,
will eventually be in the Regge domain, and we would
have no objection to attempting a multi-Regge 6t to
these events. Such events, of course, can be seen from
our remarks to be a minority at that energy. In addi-
tion, even when the s; are small, as Chew and Pignotti
pointed out, a Regge amplitude may perhaps be used
in ae average setose for purposes of multiperipheral
bootstrap, etc. , if nature is kind enough to exhibit
duality. Our remarks only refer to the inadvisibility of
using multi-Regge theory to 6t the general 2 —+n
scattering amplitude at high energies. However, it
must be remembered that one of the ingredients in the
execution of Chew and Pignotti's bootstrap model is
the use of an asymptotic relation, which amounts (on
translating from Toiler variables) to

CLUSTER
5(

FrG. 2. Possible mechanism of Regge exchange
between clusters or "fireballs. "

of r pions each (Fig. 2) instead of between individual
pions. Then we should apply our considerations to the
s; of the neighboring clusters. For a given S, since the
number of clusters is lowered by a factor r, the s; for
clusters will be increased exponentially by a factor r
Lsee Eqs. (6) and (7)].Thus,

s .e1u ster s f 9rs .Pion

On the other hand, indications are that the mass of the
clusters will increase only linearly with r; therefore, for
large enough r, one will be in the "Regge region" even
as compared to the cluster masses. One can easily see
that if we use p (or co) mesons as candidates for the
clusters, the gain due to the squaring (or cubing) of
the factor 1.9 is lost as compared to the largeness of the
p or co masses squared. But if one uses clusters of four
or more pious ("fireballs"), one will have (s;)""""
&)(m')"""".Experimentally, there is strong evidence
of such 6reballs in cosmic-ray data, ' and even in some
accelerator data. 7 Whether or not one can extend the
concept of Regge exchange to work between "fireballs"
we cannot say. But if one could, and if one further as-
sumed a spherically symmetric momentum distribu-
tion of pious within a fireball (for which there is some
evidence' ), then one could attempt to describe a
majority of ultra-high-energy multiparticle produc-
tion events.

Note that our statement that all the sp' ' cannot
be large does not require a detailed analysis of the
multiproduction data, but only the gross information
about the multiplicity rate, unlike the recent careful
analysis of I.ipes, Zweig, and Robertson. ' Incidentally,
their analysis does support our conclusion in that they
get a substantial fraction of events only on letting one
of the invariant masses (mx in their language) be small,
and exchanging Regge trajectories between the sub-
system X and other particles. This is in the spirit of
what we suggest in general. It should also be remem-
bered that our simple analysis will work better and
better as S increases.

' L. G. Ratner et al. , Phys. Rev. 166, 1353 (j.968).
R. Lipes, G. Zweig, and W. Robertson, Phys. Rev. Letters 22,

433 (j.969).


