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Low-Energy ZN and Pion-Hyperon Interactions. I. X-Matrix
Analysis of X p Reactions*

B.R. MARTIN) AND M. SAKITT

Brookhaeen National Laboratory, Upton, Net York 1D'73
(Received 18 March 1969}

A nine-parameter IC-matrix formalism for the low-energy E p interaction is described. These parameters
are then determined by 6tting the existing experimental data. A good fit is obtained to the data, and some
properties of the solution are discussed.

I. INTRODUCTION

~ 'HE E p interaction is one of the few strange-
particle scattering processes directly accessible to

experiment. Consequently, much work has been devoted
to its study. Unfortunately, the multichannel nature of
the interaction, even at threshold, causes considerable
complications in the analysis of the data. Early attempts
at analyzing the low-energy data' ' involved expanding
the EX amplitudes in powers of the center-of-mass
momentum and kept only the erst terms (i.e., the
scattering lengths). This "constant scattering length"
approach required six parameters for an adequate 6t
to all the X p data, as they existed at the time, below
a kaon laboratory momentum kz, 300 MeV/c, and
strongly suggested that the Fo*(1405) resonance was
an s-wave virtual bound state of the EX system. The
above approach, however, ignores important features of
the multichannel nature of the problem, and uses
scattering amplitudes with incorrect analytic proper ties.
For example, the imaginary part of the I=O elastic
EX amplitude in the "constant scattering length"
approach does not vanish at the mZ threshold, as it
clearly should. Although this fact could conceivably be
unimportant if the amplitude is used in the EE physical
region, it is less likely to be unimportant in applications
where the EX amplitude is used in the unphysical
region between the 7rZ and EX thresholds. '

Unitary amplitudes with better analytic properties
may be most simply constructed in a multichannel
approach based on the use of the E Inatrix. Dalitz and
Tuan' erst gave the necessary formalism for the case
where the X-matrix elements are constants (we shall
call this the "zero-range" approximation), and later
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Shaw and Ross' considered the case where effective

range terms are included.

Recently, the method of Shaw and Ross' has been
used by Kim' to analyze EX data in the momentum

range kl, &550 MeV/c. Rim includes s, p, and d waves

and uses 44 parameters in the resulting fIt. However,
since neither the p-wave nor the d-wave parameters
can be uniquely determined from the 6t, the role of

the 3O parameters describing these waves is not entirely
clear. In this situation, a fruitful question to examine is

the nature of the s-wave interaction deduced solely

from the Z p data below 300 MeV/c, i.e., from that
region known experimentally to be dominated by s

waves, and for which the production of three-particle
states is negligible. This is the problem which we will

examine in this paper. Ke will work with a E-matrix
formulation in the zero-range approximation, and

determine from the existing experimental data the nine

parameters which are necessary in such a description.
In the following paper, several applications of the
resulting E-matrix parameters will be discussed.

Section 2 contains an outline of the E-matrix
approach in the zero-range approximation. A brief
discussion of the analyzed data is given in Sec. 3,
followed in Sec. 4 by the results of the analysis. Finally,
Sec. 5 contains a summary of results.

2. j"-MATRIX FORMULATION

The E-matrix description of low-energy reactions EX
has been given by Dalitz and Tuan, ' whose method
will follow here. For exactness we give below those
formulas which we will need for the analysis.

The E matrix is dehned in terms of the usual T matrix

by I—iKI'I= K,

where F is a matrix of phase-space densities. Time-
reversal invariance and Hermiticity ensure that the
elements of E are real and that E is symmetric. Thus
for the two-channel EX/~Z problem in the I=O state,

' G. L. Shaw and M. Ross, Phys. Rev. 126, 814 (1962).' J. K. Kim, Phys. Rev. Letters 19, 1074 (1967).
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we may write
IIO p AiV

Pp yp prZ

where, in the zero-range approximation, ao, Po, and 'Yo

are constants. Using Eq. (2) in (1), and solving for
the elastic EE amplitude, gives

'Oti pg pg KE
I'= Pz vzz vz~

J4 Yzp Vhp

(6)

where all the parameters are constants, and we shall
denote by k~ the center-of-mass three-momentum of
the m-A. 6nal state. Then, proceeding as for the I=O
states, the following results may be derived for 8&,
the I= 1 s-wave EN phase shift:

where

k cot82x= 1/A2

~j.83+~2~4
ReA g= Gj.=Q'g+

(7)

k cotbpx ——1/Ap

for the I=O EItI phase shift, where

kz'voPo'
RCA p= co =o.o—

1+(kxr p)
2

kzpop
lmAp =—bp ——

1+(kzyp)'

and k (kz) denotes the center-of-mass three-momentum
in the EN (prZ) elastic channel. The "constant scatter-
ing length" approach is to set Ap ——const, but, as
remarked in the Introduction, this is clearly incompat-
ible with the analytic properties implied by Eq. (&).
The amplitude for the production process EX—+ prZ and
the elastic amplitude for ~Z —+ xZ may be found in a
similar manner.

For the I=1 state there are two hyperon channels,
xA and xZ, and hence we have a three-channel problem.
Ke shall define the I= 1 E matrix by

As for the I=0 case, the hyperon production amplitudes

and pion-hyperon scattering amplitudes may be found

by similar means.
Because, in practice, one fits cross sections for definite

charge states, it is convenient to define two further
quantities given in terms of the E-matrix parameters.
One of these is C—=Cp —C~, where Cp and C~ are the
phases of the xZ production amplitudes, in a state for
which I=O and 1, respectively. The other quantity
is the ratio of the cross section for xA. production to
that for the total hyperon production in an I= 1 state,
i.e.,

a (pra)

Pa(prZ)+a(prA)gr 2

a (prPZP) =-',ap,

a(rl A ) = alp

(17)

where a r (I=0, 1) is the total hyperon production cross
section in an isospin state I.

The charge independence implicitly assumed in the
above discussion is violated in two distinct ways. First,
the masses of the particles in a given isospin multiplet
will no longer be equal. This can give quite appreciable
eGects at very low momentum and means, in particular,
that the charge-exchange process E p ~E'n must be
treated explicitly. These eBects can be incorporated
in a simple manner by using the physical masses of the
particles. Secondly, the elements of the E matrix will
themselves be modified. %e will include only those
modi6cations due to the Coulomb interaction, since
other eGects are expected to be much smaller. The
inclusion of Coulomb eGects has been extensively
discussed by Dalitz and Tuan, ' and we will merely
quote their results, but 6rst it is necessary to de6ne
a few subsidiary quantities.

If B=kp/M e' denotes the Bohr radius of the initial
X p system, then we shall define a Coulomb correction
factor

C=(22r/kB)(1 —e "~" ) ' (19)

In terms of C and ~, the cross sections for the production
of specific charge states from an initial Z p state are

a (rr+Z ) = 'pap+-p(1 p)a—r+Ppo ptrr(1 p)J"—cosC, (15)

a(pr Z+) =-'pap+ p(1—p)ai Ppa—pa2(1 p) 1'—"cosC, (16)

ImA g—=bg ——

g2+g2

028g
—Og84

$2+$2 (9)

Furthermore, if we set k, =Ac and denote the center-of-
mass three-momentum in the Eon channel by kp, then
we shall de6ne

D= (1 iXkp)$1—iXk, (1 —iX)j+kp—k, (1 iX)I, —(20)

~2=4kz04 rzz 2PpPwz~+Pzpyp—p),

82=P224+Pzpkz,

82= 1—kgkz(yp2yzz —yzp2),

ep= —(4vpp+kzvzz).

(10)

(11)

(12)

(13)

where
X= '(2gA+A),pF=-—2'(Ag —Ap), (21)

and ) is a complicated function of the interaction radius
given in Ref. 5. In terms of the above quantities the
cross sections, modified by Coulomb e8ects, are:
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(1) elastic IC p differential cross section

do.((8) csc'(pe) 2i
exp i L'sin(-'e}j)

dQ 2Bk' kB

C 2

+ (A 0+A 1 2ikoA OA z) & (22)
2D

(2) charge-exchange cross section

kp Ag —Ap,
''

o..h, =~C—
7

k D
(23)

(3) total hyperon production cross sections for states
with I=O, 1

ImAo 1 —ikoAg '
o-p=4xC- (24)

lmAg j.—ikpAp '
~g=4mC

k D

Cross sections for hyperon production in given charge
states may then be found from Eqs. (15)—(18). The
results are insensitive to any interaction radius &1 F.

3. EXPEMMENTAL SITUATION

We will now briefly review the existing experimental
data that are appropriate to determine the nine
A -matrix parameters. One of the earliest studies
attempted was by Humphrey and Ross' in 1962. Using
a hydrogen bubble chamber exposed to a stopping K-
meson beam, they studied the following reactions:

(a) E +P K—+P
~ go+n

(c) ~ Z++»+

(d) ~ Z'+x

(e) ~A'+w',

and, using a six-parameter "constant scattering length"
formalism, determined two possible solutions. Their
favored solution neither fitted onto the higher-energy
data nor yielded a bound state which would correspond
to the Fo*(1405).In order to resolve these discrepancies,
two experiments with signi6cantly higher statistics
were performed by Kim3 and by Sakitt et al.~ Using the
same formalism as in the earlier study, each experiment
obtained a solution which agreed with the higher-energy
data and predicted the F~*(1405) as a EX s-wave
bound state. Kim examined reactions (a)—(e) and used
the older Humphrey-Ross (Z++Z )/(X +A) branching
ratio in his analysis. Sakitt et ul. examined reactions
(a) and (c) and used the older Humphrey-Ross at-rest

M. B. Watson, M. Ferro-Lgzzi, and R. D. Tripp, Phys. Rev.
131, 2248 {1963).

branching ratios and charge-exchange data. Both
experiments found isotropic distributions in the center-
of-mass scattering angle, for the various channels
studies, which justi6ed the use of an s-wave formalism.
After these analyses, new data, with better statistics,
were published for the charge-exchange channel. ' "

Since all of the newer data' ' ' ' gave consistent
results using the constant scattering length formalism,
and since they are statistically more signidcant than
the older data, ' we use the newer data to determine the
nine parameters in our formalism. The only exception
to this is the at-rest branching ratios, some of which
have not been improved from the earlier Humphrey-
Ross results'; we therefore do use these earlier at-rest
branching ratios. It is interesting to note that all the
data that we have mentioned come from experiments
using bubble chambers, and therefore the experiments
have similar problems and limitations. The bulk of
the events that are observed result from a K meson
having stopped in the bubble chamber and having
been captured by the proton from an orbital s state.
In the hyperon production reactions (c)—(e) it is not
possible to separate clearly at-rest events from in-fight
events below a K laboratory momentum of about
80 Mev/c. For the elastic scattering event it is necessary
to have a lower limit on the K laboratory momentum
of about 100 MeV/c to ensure reasonable lengths for
the recoil particles. It is believed that the scanning
efficiencies, which obviously depend on the recoil
lengths, would be unreliable below this limit.

The data used in our analysis are shown in Figs. j.-6.
%hile Fig. 1 shows the elastic cross section after
integrating over the center-of-mass scattering angle,
we have used the data for our estimation of the K-
matrix parameters only after dividing them into various
angular intervals, as was done by the original authors. ' '
The use of the di6erential cross section makes maximum
use of Coulomb nuclear interference information.

4. DETERMINATION OF K-MATRIX
PAKAKETERS

Using the formalism described in Sec. 2, we calculate,
as a function of the nine parameters, theoretical values
for all the experimentally observed quantities. We
define a x' function

(ROi roipoi&liphijSZi rxxi rkki rxk)

Q (~ T ~ .jr) (ya)—1 „(~„F ~ „3f)
a, j,k

where V is the variance matrix for the experimental
results of type u, o,~ is the theoretical cross section of
type u for the momentum bin j, and o;~ is the measured
cross section of type u for the momentum bin j, The

~ G. S. Abrams and B. Sechi-Zorn, Phys. Rev. 139, 8454 (1965)."W. Kittel, G. Otter, and I. %'acek, Phys. Letters 21, 349
(196').
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fidence level for the fit. In addition, the shape of X' in
the region of the minimum gives us an estimate of the
error for the determined parameters.

In order to find a minimum in this nine-dimensional

space, we used a program called MrmUN. "Given initial
values for the parameters, this program will evaluate
the nine-dimensional gradient in an iterative manner,
and, by moving the parameters in the necessary direc-
tion, will find a minimum. Having found a minimum,
it will calculate an error matrix for the parameters,
assuming that the region in the local vicinity of the
minimum can be adequately described by a quadratic
expansion in the parameter variables.

A summary of the data and their individual contribu-
tions to the over-all X' is shown in Table I. The X'
minimum found yielded the following estimates for
the nine K-matrix parameters in fermis:
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O.g
=0.222,
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po= —0919,
Ps ——0.781,

yah= —0.174,

yp ———0.356;

Pg =0.381;

yhh ——0.463.

set of parameters which yields a minimum in X' is
defined as our best estimate of the K-matrix parameters,
and the value of X at that minimum gives us a con-
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The variance matrix for our solution is shown in Table
II. It is clear from that xnatrix that several of the
parameters are highly correlated, and that using merely
the diagonal errors as standard deviations for the
propagation of errors can be quite misleading. The X2

value at the minimum is 186. Since we have 179
measurements from which we determine nine param-
eters, we have 170 degrees of freedom. We therefore
have a con6dence level of 19% for our solution. This
solution was found when we used starting values based
on the solutions of Sakitt et al.' or of Kim. ' In addition,
we made numerous searches after varying the values of
the initial parameters in arbitrary directions, and we
always obtained the original minimum. We believe that,
though perhaps not extremely well determined, our
solution is unique in the context of this formalism.

The agreement between experiment and theory is
shown in a qualitative manner in Figs. 1—6. Over the
data we have drawn the theoretical cross section
determined from our solutions. Table III contains
calculated values for the I=O and I=1 Z-production
cross sections and the relative phase between the two
production amplitudes, all as a function of K lab-
oratory momentum,

20—

I
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5. CONCLUSIONS

Using a zero-range approximation, where the E-
matrix elements are constant, we have adequately
described the existing data on low-energy IC p interac-
tions. This formalism avoids the incorrect analytic

Fxo. 6. Cross section for E' P —+ (Z or h4)+H. The solid
curve is the theoretical solution. Experimental points are from
Kim (Ref. 3).

W. E. Humphrey and A. H. Rosenfeld, Ann. Rev. Nucl. Sci.
13, 103',(1963).
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TABLE I. Measurements used in the determination of the K-matrix parameters,

Measured quantity
No. of Range of K lab

measurements momentum (MeV/c)
x'

contribution Ref.

0.85 ~ )

g.p dQ

0.90 da. i
ZQ

0.85 dQ

0.95 dy, )
dQ

.9p dQ

0'966 d 1

dQ
.95 dQ

0.60

0.965 dQ

0'70 ~ 1

dQ
o.so

0.80 d~ )
dO

ovo dQ

0.85 d
da

0.80

0.90 ~ i
dQ

o.8s dQ

095~ 1

dn
p.pp dQ

0.965 d

0.95

cr(E +p -+ go+~)
e(E +p-+ go+ad)
cF(K +p ~go+kg)
~(E-+p Z++ -)
~(E-+p ~y.++ -)
~(K-+p ~g-+ +)
~(K-+p ~Z-+ +)

r(E-+p ~g-+ +)

r(&-+p ~ x++~-)

r(& +p~&-+ +)

r(K +p g++ -)

«+p +++}+ (K-+p so++}

(E-+p ~+a)
«+p ~++)+ (K-+p Zo+e)

r(E-+p ~++ -)+r(E-+p ~-+ +)

r(& +p ~+~')+F(E-+p @0+~)

r(E +p~p+~)
r(& +P ~.&+H)+r(E-+p ~ go+~)

Total

10

10

10

10

3
9
7

12
10
12
11

179

100-300

100-300

100-300

100-300

100-280

100-280

100-280

100-280

100-280

100-280

100-280

100-250
100-280
100-275
60-300
80-280
60-300
60-280

at rest

at rest

100-220

100-260

at rest

at rest

22.7

5.3

19.7

11.2

7.4

5.0

5.2

4.9

3.8

1.7
7.2
4.3
7.2

14.2
21.1
20.4

0.3

0.1

2.1

3.7

6.8

0.0

185.6

9
3

10
2
3
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TABLE EE. Variance matrix for the K-matrix solution. (Symmetric elements have not been dup»ca«d. )

Clp

Pp
Yp

O'1

pg
Pft
'YXZ

'Yxk
'Ykk

4.91X1O-4—2.30X10 4

3.47X10 4

3.77X10 4

9.43X10 e

1 49X1M
6.02X 10-e
2.10xio
1.89X10 '

165X10 '
—1.76X10-4
—1.47X10—1 61X10-e
-7.97X10 e

5.98X10 '
—1.31X10 4

—8.20X10 6

2.93X10 ~

3.15X10 '
S95X10 '
1.35X10
19SX10 e

1.90X10 '
—7.11X10-p

4-81X10 4

5.13X10 '
2.06X10 4

1.45X10 '
2.08X10 4

3.S1X10 '

1.32 X10-4
—6.43X10 e

1.56X10-4
—5.54X10 e
—2.89X10 '

1 57xio 4

—1.09X10 ' 2.78X10 e

1.60X10-4 —1.65X10-' 2 4OX10
3.5 X1O-4 9.67X10-e —1.09X10 ' 4»X 0

K lab
momentum

(MeV/c)

50
75

100
125
150
17S
200
225
250
275
300

(mb)

720
356
173
115
81.3
60.4
46.5
36.8
29.8
24.7
20.8

(mb)

222
158
146
110
85.8
69.2
57.2
48.1
40.9
35.3
30.7

(rad)

—1.05—0.98—1.15—1.3Q—1.39—1.46—1.52—1.57—1.60—1.63—1.66

properties in the scattering amplitudes of the previous
constant scattering length analyses' '9" which could
be important in the application of these amplitudes to

TABLE EEE. Theoretical values for the X-production cross
sections in the I=0 and 1 isotopic spin channel and the relative
phase C between the two amplitudes.

kaon-nucleon forward dispersion relations. By restrict-

ing the analysis to the low-energy region where the
s-wave contributions completely dominate, we have
avoided the complication of trying to include p and
d waves, with the resulting large increase in parameters,
as was done in a previous eBectsve range analysis.
In addition, unlike previous analyses, we have used all

of the available reliable data rather than a particular
subset of the total data. Including all of the data allows

us to present a complete current description of the low-

energy region of the E p system.
In the following paper we will discuss several applica-

tions of our solutions.
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