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The imaginary part of this equation is

b s+u
Em7'(s t) =—1mT +2', I)

A 2

A (s,t) A—(u, t)
L (s—I)/2)' —4a'A'

s —tt I+@+-- A +2', t)4' 2

S I—A — —2', t . (18)
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Letting X —+ 0 in this gives us

Ref(v, t) =Ref(vo, t)
V2 P2 F(v', t)dv'2

I' (21)
2n. (v"—vp') (v"—v')

However, the full content of Kq. (16) is not apparent
unless both A. and M are left arbitrary:

A= vo/2u, M= u)/2a.

Then we get the 6xed-t dispersion relation with @co

arbitrary subtractions:

V —Vp V —P12 2

Ref(v, t) = Ref(vq, t) + Ref(vo, t)
V1 —PO VO V1

P —Vp V —P1

2 ImT(s, t) =A (N, t) —A (s,t),

which is simply the (generahzed) unitarity relation for
t &0.' Putting A= b in Kqs—. (17) and (18) yields

T(s,t)=T (m, t),

the crossing relation. If we take h. to ~ in Kq. (17), we
recover Kq. (14).If we leave A arbitrary in Kq. (17):

A.= vo/2a,

and change variables:

F(v', t)dv"
XF

' . (22)
V —VP V —V1 V —V

Of course, there is no rigorous way of guaranteeing
that even this prescription can be carried out. More

(2o) subtractions may be required before the dispersion
integral will exist. But any further subtractions will
have to be introduced artidcially, i.e., by actually
writing Low equations for different values of s, subtract-
ing one from another, and then taking y to inhnity.
By way of contrast, the 6rst two subtractions seem to
come naturally out of the structure of the seagull
terms and the two o6-shell mass variables.

v—= (s—I)/2, f(v, t)= T(s,t), F(v,t)=A(s, t), —
we get a once-subtracted dispersion relation

' cf. Gasiorowicz (Ref. 5), p. 340, Eq. (21.25).

ACKNOWLEDGMENT

I wish to thank Professor D. Y. Kong for many
helpful conversations.

PH YS ICAL REVIEW VOLUME 183, NUMBER S Z5 JULY
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The nonrelativistic quark-model treatment of hadron scattering is shown to be inconsistent at relativistic
momentum transfers. The validity of predictions is examined. Difhculties arise in the specification of the
spin orientations and couplings of spectator quarks whose states are "unchanged" in the scattering process,
but which undergo Wigner rotations in the transformation between the rest frames of the initial and Gnal
states. The small relativistic "tail" of the mainly nonrelativistic bound-state wave function is also shown to
play an important role in relativistic scattering processes. A consistent formulation with spin form factors
is developed and applied to determine which of the nonrelativistic predictions are still va]id at relativistic
velocities, and which break down.

I. INTRODUCTION. VGGNER ROTATIONS AND
RELATIVISTIC TAILS

' "N the application of the quark model to high-energy
-- scattering' —' the following two assumptions are
generally used: (a) The relative motion of the quarks

*Research sponsored in part by the Air Force OfBce Scienti6c
Research through the European OfBce of Aerospace Research,
OAR, U. S. Air Force, under Contract No. F-61052-68-C-007Q.

inside a hadron is nonrelativistic, and (b) the scattering
amplitude is the sum of contributions in which only

' E. M. Levin and L. L. Frankfurt, Zh. Eksperim, i Teor. Fiz.
Pis'ma v Redaktsiyu 2, 105 (1965) I English transl. : Soviet
Physics —JETP Letters 2, 65 (1965)j; V. V. Anisovich, Zh.
Eksperim. i Teor. Fiz. Pis'ma v Redaktsiyu 2, 439 (1965) )English
transl. : Soviet Physics —JETP Letters 2, 272 (1965)j.' H. J. Lipkin and F. Scheck, Phys. Rev. Letters 16, 71 {1966).

~ J.J.J.Kokkedee and L. Van Hove, Nuovo Cimento 42k, 71j
(1966).
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one active quark in each hadron interacts and the re-
maining quarks are spectators whose states are "un-
changed" in the scattering process. The purpose of this

paper is to point out an inconsistency in these two
assumptions and to examine its effect on quark-model
predictions. This inconsistency leads to ambiguities and
possible errors when the model is taken literally and
applied to spin couplings of quarks in scattering proc-
esses with high momentum transfer. All predictions
which are based on spin couplings~7 must be recon-
sidered in view of this inconsistency. The validity of
experimental tests of the model based upon these pre-
dictions is thus highly questionable.

The source of the difljI. culty is the failure of the two
assumptions above to provide a unique prescription for
the treatment of the spins of the spectator quarks. The
statement that the spin orientation of the spectator
quarks is unchanged in the scattering process is not
Lorentz-invariant. Lorentz invariance is relevant even
in the nonrelativistic quark model in all applications
at high energies where the hadrons are moving at
relativistic velocities. The rest frames for a given
hadron before and after the scattering process differ

by a relativistic velocity if the momentum transfer is
appreciable. The coupling of the quark spins, to make
the total hadron spin, must be done in the rest frame
of each hadron. Thus, calculations of spin couplings in
any given scattering process use at least four different
Lorentz frames, all differing by relativistic velocities.
These are the rest frames of the initial and final states
of both particles. In addition, there is also the c.m.
frame. The calculation of the scattering amplitude can
be done blindly in one frame, following the prescription
of keeping the spin orientations of the spectator quarks
unchanged in that frame. The results, however, then
depend upon the particular frame chosen for the calcu-
lation. As there is no objective criterion for choosing
any given frame, the results are ambiguous.

One can attempt to avoid this ambiguity by using a
consistent relativistic impulse-approximation formalism.
The matrix elements (»I TI aP& for a transition from
initial states o., P to final states X, V are assumed to be
given by the sum of matrix elements of two-body
operators at the quark level

(»I T
I ~P& = 2 f';.~(X I&o~ I P&(l'I 41~'& (la)

where t;; is a single-quark operator describing a transi-
tion of a quark between states i and j, f;;o& is the two-
body quark scattering amplitude for a transition from
the states j, l to the states i, k, and the indices i, j, k,
and l are summed over all possible quark and antiquark

4 H. J. Lipkin, 1'. Scheck, and H. Stern, Phys. Rev. 152, 1375
(1967).' C. Itzykson and M. Jacob, Nuovo Cimento 48A, 909 (1967).' J. L. Friar and J. Trehl, Nuovo Cimento 49A, 642 (1967).'A. BiaIas and K. Zale~ski, Nucl. Phys. 86, 449 (1968); 86,
465 (1968); 86, 478 (1968).

states. Equation (1a) can be rewritten

(»I rI~p&

= Q fc,o&poI &x 4i&pIPo&(l'oI &r 4&~ I«), (1b)

where no, Po, Xo, and I'0 represent each state in its own

rest frame and U~ describes the Lorentz transformation
from the rest frame of hadron H to the Lorentz frame
in which the calculation is performed.

The wave function for each hadron state is assumed
to be nonrelativistic only in its own rest frame. The
ambiguity in the specification of the change in spin
orientation of the spectator quarks is thus avoided.
All spin effects are given directly by the form factors'4
which are obtained from the matrix elements on the
right-hand side of Eq. (1b). These involve overlap
integrals between the initial- and final-state wave
functions including the spins. The overlap integrals
can be written in a Lorentz-invariant manner to give
the same results in all Lorentz frames. The wave
functions for the individual hadron states are each
given in the rest frame for that state and are then
boosted by appropriate Lorentz transformations to the
common frame in which the scattering calculation is
carried out. The results should then be independent of
the frame in which the scattering is calculated.

In the nonrelativistic approximation the results are
the same as those given by the naive prescription that
the spin of the spectator quark does not change. Spin
is decoupled from the spatial variables and is unafFected
by the Galilean transformations (Lorentz transforma-
tions in the nonrelativistic limit) from the rest frames
to the frames where the scattering is calculated. The
spin contribution to the form factor is therefore trivial.
The overlap integral simply requires the spin-wave
functions of the spectator quarks to be the same in the
initial and final states.

In the relativistic case there are two new effects:
(1) Wigner rotations' and (2) contributions from rela-
tivistic tails in the bound-state wave function. signer
rotations appear, for example, in describing the spin of
the spectator quarks in a Lorentz frame where the
bound state is not at rest. In whichever Lorentz frame
the overlap integral is calculated there must always be
one bound state moving with relativistic velocity, so
so that a description of the spin of the constituent
quarks is complicated by signer rotations. This is
seen formally in Eq. (1b), where the transformations
V~ introduce signer rotations of the spectator quarks.

A more troublesome difBculty arises from the de-
pendence of the overlap integral on the detailed structure
of the wave function. The form factor is dominated by
those Fourier components of the bound-state wave
function which correspond to momenta of the order of
the momentum transfer. '4 Even though the bound-

See, for example, S. Gasioromicz, Elementary Particle Physics
(John KViley R Sons, Inc. , New York, 1966), p. 74.



D IF F I MULTI ES I X QUARK &I 0D EL FOR. H I GH E XE RG Y 1223

state wave function may be nonrelativistic to a good
approximation, it must have a relativistic "tail" where
the relative velocities and relative momenta are high.
For scattering processes of high momentum transfer, the
form factor is dominated by this relativistic tail If. the
tail is small, the form factor and the scattering ampli-
tude are small at high momentum transfer, but what-
ever amplitude exists must arise from the relativistic
tail. If there is no relativistic tail, the scattering ampli-
tude is zero. Thus, in order to describe the scattering at
high momentum transfers, the nonrelativistic descrip-
tion breaks down and the relativistic tail of the wave
function becomes relevant.

The role of the relativistic tail of the wave function
can be seen formally by examination of Eq. (1b). Let
n be a meson and expand the wave function in mo-
mentum space. The operator t;, does not act on the
spectator quark, but the operators U and U& do act
on the spectator and change each momentum com-
ponent in its wave function by an amount hq corre-
sponding to a Lorentz transformation between the
initial and final rest frames. The overlap integral over
the spectator quark momentum is just the overlap
between two momentum distributions which are dis-
placed from one another by an amount hq. It therefore
vanishes if there are no components in the distribution
with momenta greater than 2hq. If only 1% of the
wave function is in the region above ~hq, the overlap
integral is proportional to this 1% tail and is very
sensitive to the properties of the tail.

A pion at 100 MeV is already relativistic. Thus, the
above relativistic sects must be considered even at
momentum transfers normally considered to be low,
where the neglect of double scattering in the quark
model seems to be reasonable.

In the remainder of this paper we examine the eBect
of these relativistic considerations on predictions ob-
tained from the nonrelativistic quark model to deter-
mine which are independent of these relativistic
diKculties and are Lorentz-invariant and which are not
valid and should not be used at high momentum
transfer. We use the W-spin formalism' and take our
axis of quantization as the x axis, chosen to be normal
to the scattering plane. We describe all quark spins by
using W spin rather than ordinary spin.

For the benefit of readers unfamiliar with the W-spin
formalism, the following review of properties of tV
should be sufBcient for an understanding of this paper.
The definition of W for a single Dirac particle with
momentum in the scattering plane is

W =——,'Pcr, for a Dirac particle with p =0.

9 H. J. Lipkin and S. Meshkov, Phys. Rev. 143, 1269 (1966};
H. Harari, D. Horn, M. Kugler, H. J. Lipkin, and S. Meshkov,
ibid. 146, 1052 (1966};H. J.Lipkin, ibid. 159, 1303 (1967).

For a quark or antiquark at rest,

Pi', =~~a (+ for a quark at rest,—for an antiquark at rest).

For a hadron the total W, is defined as the sum of the
values of W for the constituent quarks

it', =P lV„ for a composite sy.stem.

The operator Il is defined to make it invariant
under all Lorentz transformations in the scattering
plane and also under reflections in the plane. Thus, we
can define a basis of eigenfunctions of W which is the
same in all relevant Lorentz frames for the scattering
process, including the c.m. system and the rest frames
for all initial and final states. If an arbitrary state is
expanded in this basis, only the relative phases of the
expansion coefBcients change under Lorentz transforma-
tions in the scattering plane. The magnitudes are
invariant. This property holds only for the component
of W spin normal to the scattering plane, as other direc-
tions for W spin are not invariant under the relevant
Lorentz transformation.

It is shown below that the invariance of the scattering
amplitude and of W, under reflections in the scattering
plane leads to the result that the eigenvalue of W for
a spectator quark does not change in the scattering
process and the allowed changes in W for active
quarks are considerably restricted.

The above properties of W explain why the lV
basis is the most convenient for treating the scattering
of composite particles in a model where only a few
particles are active and the remainder are spectators.
The spin couplings for each hadron are defined in the
rest system of the hadrons. These are easily expressed
in the W basis in the hadron rest system by expanding
the wave functions in a 0. basis and reversing the sign
when necessary for the antiquarks. No further trans-
formations are necessary, and the spin changes in the
scattering process are very simply described.

The W basis is clearly superior to the helicity basis
where active and spectator quarks behave in diGerent
complicated ways in the scattering process and many
transformations and couplings and recouplings of spins
of active and spectator quarks would be necessary. In
particular, the helicity states of the spectator quarks
undergo complicated transformations from the initial
to the final states which depend upon the Lorentz
frame and on the scattering angle, while spectator
quarks in the eigenstates of the 8', basis are not changed
at all.

In our treatment we use a nonrelativistic wave func-
tion for a hadron in its own rest frame. We assume that
when a hadron is in an eigenstate of W in the non-
relativistic approximation, the same eigenvalue holds for
the relevant portion of the relativistic tail, namely, the
components with high momentum in the scattering
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plane. This seems reasonable, since such components
can be transformed to rest by a Lorentz transformation
which leaves W' invariant.

II. RELATIVISTIC GENERALIZATION OF
NONRELATIVISTIC SELECTION RULE

Ke first use the properties of W to place restrictions
on the spin change of a spectator quark and to rederive
a selection rule previously obtained nonrelativistically
for hadron-hadron scattering in the quark model. The
present derivation is valid even when the hadron is
moving with relativistic velocities. The eigenvalues of
W for a spectator quark cannot change in the scatter-
ing process. This can be veri6ed by considering a transi-
tion in which the spectator quark has opposite eigen-
values of W in the initial and 6nal states. The two
states are orthogonal and remain orthogonal under any
Lorentz transformation in the scattering plane. Thus,
the overlap integral and form factor must vanish for
such states, and we obtain the selection rule

AW, =O for all spectator quarks. (2a)

In quark-quark scattering, the change in W, for
each quark can only be 0 or ~1.From angular momen-
tum and parity conservation W is conserved' modulo
2. We thus 6nd the following selection rule for the
scattering of hadron A on hadron B in the quark model

(2b)

where 6W " and hW ~ are the changes in W for the
active quarks in hadrons A and B, respectively. Since
there is no change in W for the spectator quarks, W "
and W ~ are also the total change in W, for hadrons
A and B.

The selection rule (2b) is conveniently expressed in
terms of the ordinary spin S for each hadron state as
measured in its rest frame. For a quark at rest W =S„
while for an antiquark at rest W, = —S,. Thus, for
either a quark or an antiquark transition

(2c)

where M is the change in S between the initial and
6nal states measured in the rest frame of each state.
This selection rule has also been obtained in the non-
relativistic description. "Many predictions which have
been made with the nonrelativistic quark model can
be obtained from the selection rule (2) without further
assumptions. These predictions are therefore valid for
relativistic velocities without any assumptions about
the form factors of the spectator quarks.

For example, consider the class of reactions

I'+B—+ I'+B*,
"H. J. Lipkin, in I'roceedings of the Third Coral Gables Con-

ference on Symmetry I'rinci ples at IIigh Energy, edited by Kunsu-
noglu, A. Perlmutter, and l. Sakmar (W. H. Freeman and Co.,
San Francisco, 1966), p. 97; D. Horn, Phys. Rev. 150, 1218 (1966).» H. J. Lipkin, Nucl. Phys. $1, 597 (1967).

where P denotes pseudoscalar meson, B denotes a
spin--,' baryon, and B* denotes a spin- —,'baryon. Since
65 =0 for the meson, the same is true for the baryon
and therefore the 6nal states having S,= &2 are
forbidden. "

In the nonrelativistic description the additional pre-
diction is made that the states with 5 = &—,'are equally
populated in the 6nal state if the initial baryon state is
unpolarized. ' This follows because the operator de-
scribing the baryon transition is a single-quark operator
and connects states of spin —,'and spin ~. It must there-
fore transform like a vector in quark spin space. Thus,
the transition matrix elements for all polarization states
of the baryons are related by the Clebsch-Gordan
coeKcients for coupling spins of —,'and 1 to make spin ~.
In the relativistic description this argument no longer
holds. The transition operator is no longer a single-
quark operator but depends also on the spins of the
spectator quarks. The form factors could be different
for diferent W eigenvalues of the spectator quarks.
This could give rise to a component transforming like a
tensor in quark spin space and predict a polarization of
the final baryon state. Experimental tests of such
polarizations would be of interest.

fr=(++I++&, f2=(——
I
——

&,

f3=(+—I+—) f4=& + I
—+), —

and four "flip" amplitudes,
I AW, I

= I,

f~=&+ I

—+&, f6=(——+I+—
&

fi=&——I++&, f8=&++I ——)

(4a)

(4b)

If time-reversal invariance is assumed, these eight

III. ALLOWED TWO-BODY QUARK AMPLITUDES
AND SYMMETRY RELATIONS

We now consider in detail the calculation of predic-
tions obtainable from the quark model with minimum
assumptions regarding the spatial wave functions of the
hadron states. We choose our basis for spin functions
such that all hadron states considered are eigenfunc-
tions of W . We then expand each hadron state in a
basis where each individual quark is in an eigenstate of
W, . We use the quark model to describe the scattering
in this basis and obtain the result for hadron-hadron
scattering by summing all the contributing terms. Each
term is the product of a two-body quark scattering
amplitude and form factors for each hadron.

We now consider all the allowed quark-quark scatter-
ing amplitudes. Since there are four quark states, two
initial and two final, and two spin states for each, there
are a total of 16 possible spin configurations. The con-
servation of W modulo 2 reduces the number to eight
allowed spin configurations. Using the notation of
BiaIas, ~ we de6ne these eight independent amplitudes as
follows. There are four "nonQip" amplitudes, AW =0,



DIFFICULTIES IN QUARK MODEL FOR HIGH ENERGY 1225

=fs,
=fs

(6a)

(6b)

The number of independent amplitudes is now reduced
to six, which is the correct number for the description
of the scattering of two different spin--,'particles. For
the case where the two particles are identical or where
there exists a symmetry transformation which inter-
changes the internal degrees of freedom of the particle
(e.g. , isospin in nucleon-nucleon or nonstrange quark-
quark scattering), time-reversal invariance also gives
the relation

(ab)cd) =(ha~ dc)

This gives one additional relation between the
amplitudes,

s=f4, (g)

and reduces the number of independent amplitudes to
Ave, as in the case of nucleon-nucleon scattering. " In
the quark model the use of the additional relation (8)
is allowed only for those quark states which are related
by a symmetry transformation. If SU(3) symmetry is
assumed in addition to charge-conjugation invariance,
any of the six quark and antiquark states can be
transformed into one another and the condition (8)
holds in general. Under the weaker and more realistic
assumptions only of isospin symmetry and charge-
conjugation invariance, the condition (8) holds for all
amplitudes involving either only nonstrange quarks and
antiquarks or only strange quarks and antiquarks but
does not hold for amplitudes involving both strange
and nonstrange objects.

amplitudes are not all independent. From the condition

(ab) cd) = (cd
~
ab),

we obtain the relations

(1) The quarks which are constituents of the saese

hadron should have the same form factor because of
the separation of the spatial degrees of freedom from
the spin and SU(3) degrees of freedom implicitly
assumed in the quark-model wave functions. Thus, each
quark in a given hadron has the same spatial wave
function and therefore the same form factor.

(2) The radial wave functions may very well be
different in different baryon states, e.g. , octet and
decuplet, strange and nonstrange, and also in different
meson states, e.g. , vector and pseudoscalar, strange and
nonstrange. However, these departures from SU(6)
symmetry in the wave functions also give rise to
differences in the conventional form factors which take
into account the momentum transfer but neglect spin
effects. In the approximation where the differences
in the conventional form factors are neglected, it is also
reasonable to neglect these differences in the spin
form factors.

The difference between the spin form factors of
meson and baryon states cannot be neglected since
there are two spectator quarks in a baryon and only
one in a meson.

We now calculate explicitly the effect of the spin
form factors on the expression for the scattering ampli-
tude. The spin form factor for a given spectator quark
s depends on the eigenvalue W, for the quark, on the
kinematic parameters of the scattering process, and
on the particular hadron in which the quark is found.
We do not consider the dependence on the kinematic
parameters, since the quark-model predictions generally
relate different processes at the same values of energy
and momentum transfer. We assume that the spin form
factor for a quark depends upon whether it is bound in
a meson or in a baryon, but is otherwise independent
of the particular bound state. We denote the spin form
factor for a spectator quark s bound in a hadron H by

IV. SPIN FORM FACTORS

In calculating the hadron-hadron scattering ampli-
tude the relevant quark-quark scattering amplitude
must be multiplied by a form factor which describes
the change in state of the spectator quarks. For the
relativistic case there is a spin form factor in addition
to the spatial form factor. If all spectator quarks are
eigenfunctions of W, the spin form factor depends upon
the eigenvalue of W for the spectator quark and the
relative velocity of the rest frames of the initial and 6nal
states. We must now consider possible changes in the
form factor between different quark states having the
same eigenvalue of W and the same given kinematic
variables. It is reasonable to neglect this variation in
the spin form factor between different meson states
and between different baryon states for the following
reasons.

& L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952); R.
H. Dalitz, Proc. Phys. Soc. (London) A65, 175 {1952).

The total spin form factor for hadron H is the product
of the form factors for all the spectator quarks:

(9a)

where W,~ is the eigenvalue of W, for the hadron,
W;~ is the eigenvalue of W for the active quark, and
the product with the index s is the product of spectator-
quark form factors. The form factor depends only on
the spins of the spectator quarks. Since these are deter-
mined by the difference W ~—W„~, we write the spin
form factor as a function of this difference. The ex-
pression (9a) can be rewritten

~H(II'H-II' ')=II& H(II' )L~HP' H)j-'

gH(~ H))lb H (g H)gl (9b)

where the product with the index q is a product of spin
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form factors for all the quarks in the hadron and

g"(W*")=II4."(W*.) . (9c)

For a spin-flip transition, the eigenvalues of W, and
IV„are diferent in the initial and hnal states. How-
ever, the expressions (9b) and (9c) are valid if the
values for either the initial state or the 6nal state are
used, as long as the same state is chosen for both W,
and W;. For convenience we choose the eigenvalues of
W, and W„ for the initial state. From Eq. (9b) the
spin form factor can be written as the product of
(a) a factor which depends only on the total W, for the
hadron and is independent of the individual quark
spins and (b) a factor which depends only on the eigen-
value of lV, for the active quark and is independent of
the 8' spin of the spectator quarks or of the hadron.

The scattering amplitude for a reaction from initial
hadron states a and P is the sum of terms each involving
one of the two-body quark scattering amplitudes f;
LEq. (4)j multiplied by two spin form factors of the
form (9), one for hadron a and one for hadron P. A
typical term can then be written, using Eq. (9b),

f;p~(N~ ~ —W,~)p&(W & W,~—)
=f -'g-(W:)g'(W. '), (10a)

where

For each of the scattering amplitudes f; of Eq. (4), the
eigenvalues W; for all active quark states are uniquely
speci6ed. Thus, the modi6ed scattering amplitude f
LEq. (10b)j depends upon whether hadrons a and P
are mesons or baryons, but is otherwise independent of
hadron states.

V. RELATIONS BETWEEN RELATIVISTIC AND
NONRELATIVISTIC PREDICTIONS

The scattering amplitude from the initial states a, p
to 6nal states X, F which are all eigenfunctions of 8',
is obtained by taking the corresponding nonrelativistic
expression and replacing each two-body amplitude f;
by the corresponding expression (10a) which includes
the spin form factors. Thus,

&xvl Tlap) =(xvl T~~'lw&g (w* &g'(w'» (ll&

where T~g' is related to the nonrelativistic expression
for the scattering amplitude T» as follows: Each quark
scattering amplitude f; in T~g is replaced by the corre-
sponding modi6ed amplitude f,' & given by Eq. (10b).
The relativistic correction thus consists of two parts:
(1) the replacement of each f; by the correspondingf, and (2) the additional factors g and g& on the right-
hand side of Eq. (11).We examine the consequences of
each correction separately.

(1) In the nonrelativistic treatment of scattering in
the quark model the eight amplitudes f; are all unknown
independent parameters, as long as the relations (6)

and (8) which follow from time-reversal invariance are
not used. Relations between observable scattering
processes are obtained by eliminating these eight un-
known parameters. The replacement in the relativistic
treatment of these parameters f, by a new set of eight
independent unknown parameters f does not change
these predictions, as long as the dependence of f I' on
o. and P is not signi6cant. Ke have assumed here that
f & has the same value for all meson-baryon scattering
and for all baryon-baryon scattering but may be
difI'erent in the two cases.

The relations (6) and (8) which follow from time-
reversal invariance can no longer be used since they
relate the amplitudes f; and not the modi6ed ampli-
tudes f Unle. ss the spin form factors on the right-
hand side of Eq. (10b) are known, the relations (6) and
(8) do not help in obtaining new predictions.

(2) The second type of relativistic correction involves
the multiplication by factors which depend upon the
eigenvalues IV and WJ' for the two hadrons in the
initial state. This will not effect predictions relating
processes which all have the same eigenvalues of F',
for the particles in the initial state. Nonrelativistic
predictions for baryon-baryon processes remain valid
if they relate reactions which all have the same single
initial polarization state with respect to an axis trans-
verse to the scattering plane. For meson-baryon scatter-
ing the correction is more complicated because a meson
state is not in an eigenstate of W . This can be seen
explicitly as follows.

For a system of quarks and antiquarks

TY =S, —Sq„ (12)

where S, and S; are the total spins of the quarks and
antiquarks, respectively. ' The pseudoscalar- and vector-
meson states with S =0 are

I v+0-) =2~(l»+
l v)), ~'=+1] (14a)

I v-i+) = l~(l ~&—
l v)), w. = —1. (14b)

Substituting these states for a in Eq. (11), we obtain

xvl Tl l~(I2'&+ I v)), P&

=(xv[T„„'lpga(lI)+l v)), p&

Xg"(+1)g'(W*'), (1»)
&xvl T lk~(l ~&—

I v&), u&

Xg~(—1)g&(W,&), (15b)

I ~)=2~(l v+0-)+ I q-g+)), (13a)

l
v&= l~(l ~+a-& —

I ~-e+)), (13b)

where the subscript & denotes the eigenvalue 5,=&-', .
The 6rst term on the right-hand side of (13a) has
W, =+1; the second term has lV = —1, and similarly
for (13b).Thus, neither state is an eigenfunction of W,.
The eigenstates of W, are
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where the subscript M denotes meson. Combining

Eqs. (15a) and (15b), we obtain

&XZ'I 2'I &P)
=&» I

2'»'I f'P)Lgv(+1)+g-"( —1)jig'(»'*')
+&» I

2'»'
I l'P)9"(+1)—g."(—1)j

X2g'(~*') (16)

Thus, the scattering amplitude for a process with a
pseudoscalar meson in the initial state is given by a
linear combination of the modided nonrelativistic ampli-

tudes T~g' for the corresponding scattering processes
with both pseudoscalar and -vector meson-initial states.
This effect arises because the spin form factors change
the relative phase of the two components of the quark-
antiquark wave function and thus mix the singlet and
triplet spin states.

VI. CONCLUSIONS

We thus arrive at the following conclusions regarding
the validity of predictions obtained from the nonrela-
tivistic model.

(A) The following types of predictions obtained from
the nonrelativistic model are unaffected by the spin
form factors and are valid in a relativistic treatment:
(i) relations which follow from the selection rule (2);
(ii) relations between baryon-baryon scattering proc-
esses which all have the same initial polarization state
with respect to an axis normal to the scattering plane;
and (iii) relations between meson-baryon processes
which all have the same initial polarization state with
respect to an axis normal to the scattering plane, and
which also hold when the pseudoscalar meson in
the initial. state is replaced by a vector-meson state
with 5 =0.

(3) The following relations are affected by the spin
form factors and should not be expected to hotd for
relativistic momentum transfers: (i) relations between
meson-baryon and baryon-baryon scattering; (ii) rela-
tions which use the relations (6) and (8) obtained from
time-reversal invariance between the two-body scatter-
ing amplitudes; and (iii) relations between cross sections
for unpolarized beams or unpolarized targets which
are obtained by averaging and which do not hold for
each individual polarization state.

For forward scattering processes, both elastic and
inelastic, the nonrelativistic results can be cast into a
relativistic form by using the full W-spin group to
specify the states. The invariance of W spin under
collinear Lorentz transformations ensures the validity
of the prescription that the W spin of the spectator
quarks is unchanged. Thus, there are no inconsistencies
in nonrelativistic calculations of total cross sections
from the forward amplitude, or in calculations of three-

point functions which are alway s collinear in a suitable

frame. At small momentum transfers the nonrelativistic

approximation may still be valid. It would be of
interest to check the predictions of t~~e 8 above which

are expected to fail in the relativistic region to see if

they agree with experiment at low momentum transfers
where they can be expected to be valid and fail at
higher momentum transfers where they can be expected
to break down. The& can a,iso be compared with the

type-A predictions which still are expected to hold in

the relativistic range and should be good at higher
momentum transfers.

It is also possible to use models or to assume an

ansatz to obtain explicit expressions for the spin form
factors. One possible ansatz is that the spin form factor
for a given quark varies only by a phase factor with a
change in the eigenvalue of W . This is consistent with
Lorentz invariance since Lorentz transformations in
the scattering plane can only produce Kigner rotations
about the x axis. Such rotations change the spin state of
a spectator quark only by a phase factor if it is initially
in an eigenstate of W . For this case all those predic-
tions from the nonrelativistic case are valid which (a)
do not use the relations (6) and (8) which follow
from time-reversal invariance, and (b) do not relate
the relative phases of amplitudes having different
eigenvalues of W,. All relations between baryon-baryon
scattering processes with unpolarized initial states are
therefore valid. The meson-baryon relations still have
the complications of the mixing of pseudoscalar- and
vector-meson states. With this ansatz it is also pos-
sible to make use the relations (6) and (8) which follow
from time-reversal invariance in a weaker form. An
equality between two of the amplitudes f; implies that
the corresponding modified amplitudes f differ only by
a phase factor and have the same absolute magnitude.
This condition may lead to useful relations.

It is unfortunate that the relativistic corrections
appear to invalidate the relations between meson-
baryon and baryon-baryon reactions. These are just
the predictions which might otherwise provide crucial
tests of the quark description as they are not easily
obtainable from other models. Significant tests may
still be possible at small momentum transfers, where
the nonrelativistic approximation is valid.

The predictions of simple branching ratios" '4 and
relations for neutral meson production" are all of type
A(iii) and are still valid. These include the p"/co and A/Z"
branching-ratio predictions in strangeness-exchange re-
actions. However, these are also obtained from other
models. "

~ H. J. Lipkin, Xucl. Phys. B?, 321 (1968).
'4 H. J.Lipkin and F. Scheck, Phys. Rev. Letters 18, 347 {1967).
~~ G. Alexander, H. J. Lipkin, and F. Scheck, Phys. Rev.
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