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An analysis has been made of 51000 E ~m n m+ decays in flight in the Berkeley 25-in. hydrogen
bubble chamber. After corrections for detection eSciency and Coulomb interactions, the projections of the
pion spectra have been fitted with expansions in the Dalitz variables X and F. In addition, maximum-
likelihood fits to the entire Dalitz plot have been made. The decay distribution is well described by 1+aY,
where the slope a=0.247&0.009. Comparison of this slope with that derived from a world compilation of
28 000 r+ decays shows no evidence for CP violation. An isospin analysis of the rates and slopes of r, r', and
of ICP —+ 3m decays, requires, in addition to the dominant B,I=p amplitude, bI=) amplitudes into both
I= 1 and I=2 three-pion final states. No detectable hI=q or AI =~ amplitudes are required.

scribed by a dominant BI = ~ amplitude, although vary-
ing experimental data have usually required small
admixtures of other amplitudes. In 1960, Weinberg4
suggested a comparison of the v and r' slopes as another
test of the AI = —,

' rule. In Sec. IV we use the most recent
data compilation on the decay rates, ' in conjunction
with our compilation of slopes (Table III), to show that
DI=-', amplitudes into both I=1 and I=2 three-pion
final states are required when conventional prescriptions
for rnultiplet mass differences are employed, and we
graphically exhibit the limits placed on these amplitudes
by the data.

I. INTRODUCTION

II. EXPERIMENTAL ANALYSIS

An exposure of 1.3)&10' pictures in the Berkeley
25-in. hydrogen bubble chamber has yielded about
60 000 E; ~ m ~ m+ decays in Right. The E momenta
range from 270 to 470 MeV/c.

After a complete first scan, a third of the film was
rescanned, and this indicated an over-all scanning
eSciency of about 96% Scanners were instructed to
isolate those events that, on the basis of ionization, had
a definite e+ or e as a visible decay product. A fraction
of the 3380 events isolated were more closely inspected,
and a negligible number were found to be three-pion
decays. All the isolated events were removed from the
sample, and the remaining events were measured. A
restricted 6ducial volume for the decay vertex was
defined to ensure sufficient length of tracks for a good
measurement. This restriction reduced our sample to
52 715 events. Events for which the measurement did
not satisfy energy and momentum conservation ade-
quately were remeasured until a total of 52 261 events
passed with a confidence level greater than 0.001. Half
of these events had been measured on Frackensteins and
half on a Spiral Reader. About 0.5'%%u~ of the events
passed both the four-constraint 6t to E —+ x x m+ and
the two-constraint 6t to E —+x x0, ~'~ e+e y. Re-
examination of these events showed them all to be

~ S. Weinberg, Phys. Rev. Letters 4, 87 (1960).' Particle Data Group, Lawrence Radiation Laboratory Report
No. UCRL-8030, revised, 1969 (unpublished).
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of 13 events, ' it has been known that the energy
distribution of the three pions is governed largely by
phase space. By 1957, analysis of a compilation of
892 7+ decays' showed that a fit linear in the kinetic
energy of the odd pion adequately described the small
deviation from uniformity of the Dalitz plot. Since then
a number of experiments, each generally consisting of
several thousand events, have confirmed this simple
structure. In this experiment we report a measureInent
of the pion spectra for a sample of v which is nearly an
order of magnitude larger than any previously reported.
The results are in agreement with previous measure-
ments, and no structure beyond a term linear in the
odd-pion energy is observed.

Section II of this paper describes the experimental
procedures followed and the bias corrections applied to
the data. Section III contains a tabulation of the Dalitz
plot and graphs of its projections, weighted to remove
the efI'ect of 6nal-state Coulomb interactions. Results
of a variety of ways of fitting the data are contained in
Tables I and II.

If the weak interaction responsible for z decay is
CP-invariant, the spectra of 7-+ and 7 decay should be
identical. In Sec. IV, a comparison is made of a world
summary of the data for each charge, and no detectable
difference in these spectra is found.

In order to explore the isospin dependence of the
decay amplitude, one must compare the rates or slopes
(or both) of r decay (E'+ ~ ~+~+m. ) with other three-
pion decay modes of the E meson, such as r' decay
(K+ —+ s+n n. ) and the neutral IC decays Eq~ ~+m wo'
and E&0 —+ 3m0. Since 1956, when Dalitz made the 6rst
comparison of v and r' decay rates, 3 it has been ap-
parent that the 3x decay of the E meson can be de-
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three-pion decays, and they were retained in the
sample. About 400 events 6tted only the hypothesis
E ~ m so, x —+ e+e-y. Combining these with the
events originally isolated by the scanners gives a total
of 3780, in approximate agreement with the number
expected from known branching ratios.

In order to estimate the amount of 3~y contamina-
tion, about 4000 events were Gtted to both E ~ 3~
and E' + 3m'. The number 6tting 3m' with a y energy
greater than 10 Mev was in rough agreement with pre-
dictions by Dalitz. ' Another experiment, by Stamer
et al. , indicates a branching fraction that is also in
agreement with Dalitz's calculations. On the basis of
these predictions, we expect in our total sample about
50 events with a photon energy greater than 10 MeV.
Our fit of the 4000 events indicates that most of the
3m-y events would not pass the criteria for 3m events.

A comparison of the measured pion laboratory-frame
momentum distribution with a Monte Carlo calculation
showed that the scanners missed about 45%%uq of the
events with a pion momentum less than 30 Mev/c
(0.5-cm range) and about 6% of the events with a
pion momentum between 30 and 60 Mev, /c. A cut was
made to eliminate from the sample events in which the
momentum of any pion was less than 30 MeU/c. To
account for this cut, each of the remaining events was
weighted by afactor 1/(1 —p), where p is the probability
that any one pion has a lab momentum less than
30 MeV/c. This probability is the fraction of the pion's
angular distribution in the E rest frame removed by
the cut; it is a function of the incident momentum and
the event's position in the Dalitz plot. The probability
that two pions both had a momentum less than 30
Mev/c was negligible. The cut removed 944 events, and
the total number of remaining weighted events was
52 625. The distribution of low-momentum-pion weights
as a function of Dalitz-plot position for our events is
shown in Fig. 1. An analysis of the Dalitz plot of those
events with a pion of lab momentum between 30 and
60 Mev/c showed that the small fraction of those
missed would have a negligible effect on the analysis of
the Dalitz plot of the entire sample.

Three-pion decay is completely described by five
independent variables: two energies, which determine
the Dalitz plot coordinates, and three angles, which
determine the orientation of the decay plane. The
angles are defined in the X rest frame (Fig. 2) as cos8,
the polar cosine of the normal to the decay plane with
respect to the beam; p, the azimuth of the normal about
the beam direction; and o., the azimuth of the m.+ about
the normal. In the rest frame of the E the distributions
in @, e, and cos8 should be Qat. Due to the transforma-
tion from the laboratory to the E' rest frame, the cut
on low-momentum pions destroys the isotropy of the
distributions in n and cos8. The anisotropy we observe

' R. H. Dalitz, Phys. Rev. 99, 5 (1955); 99, 915 (1955).' P. Stamer, T. Huetter, E. L. Koller, S. Taylor, and J.
Grauman, Phys. Rev. 138, 8400 (1905).
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FIG. 1. Contour map showing the variation over the Dalitz plot
of the weight for the loss of low-momentum pions.

FIG. 2. Figure defining the E rest frame angles @,~, and g.

in these distributions can be fully explained as a result
of the low-momentum-pion cut LFigs. 3(a) and 3(b)].
The distribution in p, however, is una6ected by the
weight for low-momentum pions. Investigation of this
distribution showed that scanners missed some events
where the edge of the decay plane faced the cameras
I-Fig. 3(c)7. The distribution was folded to remove the
left-right and up-down symmetries and was fitted
between 0 and s~n to a polynomial in P, 1—LP. The
parameter b was found to be independent of the Dalitz-
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diA'erent expressions. Consequently, we have 6tted our
data both with and without these corrections. Following
Dalitz' and SchiE, ' it is assumed that the Coulomb
interaction between pions ~ and j multiplies the phase
space by a factor n/(e" —1), where n = 2se;e.,/v;;, and v, ;
is the relativistic relative velocity between pions i and

j.The distribution of these factors over the Dalitz plot
is shown in Fig. 4.

The usual variables X and I' are defined from the
pion kinetic energies in the E rest frame,

I= (V3/Q)
~
T, T21 an—d I'= (1/Q)(3T3 —Q),

I) I 500—
LLI

0
—1.0

6000

Cos e

(b)

~where T~, T2, and T3 are the kinetic energies of the
negative pions and positive pion, respectively, and
Q=Mlr —3m .

Figure 5(a) shows the array of the events over the
Dalitz plot with statistical errors. The events have been
weighted for the low-momentum-pion cut. The events
of Fig. 5(b) have, in addition, been weighted for
Coulomb interactions.

The normal kinematic 6tting of the measured events
gives uncertainties in laboratory-system quantities. In
order to calculate the uncertainties in the center-of-
mass quantities X and I', a sample of about 2000 events
was Atted to the hypotheses E=+pion+ missing mass,
missing mass ~two pions. These 6ts give the uncer-
tainties in the three combinations of dipion invariant

4$3000—
I, O

0
0

(c)

FxG. 3. {a)and (b) Distributions in a and cos8. The upper data
have been corrected for the loss of low-momentum pions. (c}
Distribution in p. The lower data are before the application of
weights for azimuthal loss; the upper data, after. Y 00

plot position and equal to 0.02. Since the e6ect is
independent of Dalitz-plot position, it does not aGect
the analysis of the spectra. In summation, the actual
number of events used to obtain the spectra is 50 919,
which when weighted for the loss of low-momentum
pions gives 52625 weighted events which have an
average weight of 1.034.

III. FITS TO PION SPECTRA

To compare spectra of various charged modes of A
decay and to compare data with theoretical predictions,
~nany experimenters have weighted their distributions
to account for the e6'ects of 6nal-state Coulomb inter-
actions. There is some question about the appropriate
prescription to be used, and diferent authors have used

—f.O
O.O

&u'. 4. Contour fuap showing the vd, riation of the factor
r»ultiplying phase space to account for final-state Coulomb
interactions.

L. I. Schi6, Quantuvi Mechanics (McGraw-Hill Book Co., i3 ew
York, 19SS), p. 116.
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FIG. 5. Array of the Dalitz-plot distribution of events and statistical errors. In (a), the events have been weighted for the loss of low-
momentum pions. In (b), the events have, in addition, been weighted for the effects of f)nal-state Coulomb interactions. The axes are
divided into equal intervals.

masses, and these can be related to the E rest frame
quantities X and F. The mean errors in the X and V
positions varied from 0.01 to 0.025 over the Dalitz plot.

For comparison with previous results, the X and Y
projections of the Dalitz plot have been 6tted, by using
a least-squares method, to expansions in X' and F.
Uncertainties in the X and Y positions cause large
uncertainties in the weighting for phase space at large

X and F in these projections. To remove this uncer-
tainty, the last bins of the X and I' projections were
cut at 0.961 and 0.920, respectively, and the events in
these bins were weighted to account for the cut. Table
I summarizes the least-squares hts to these projections,
both with and without weights for Coulomb inter-
actions. The distribution in Y (Fig. 6) is well described
by the linear Gt. The distribution in X (Fig. 7) has been
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ALE I. Fits to X and Y projections.

1.0

0.8

Y projection

+
+++

~++
+++

A. Fit of the Y projection to 1+aY+bY~

Coulomb factor included
Linear fit
Quadratic Gt

No Coulomb factor
Linear 6t
Quadratic Gt

0.247 &0.009
0.245 &0.009

0.211+0.009
0.205 &0.009

Coulomb factor included
Constant
Quadratic
Quartic

No Coulomb factor
Constant
Quadratic
Quartic

—0.037 &0.019
-0.032 %0.060

-0.002 a0.019
-0.010+0.061

B. Fit of the X projection to 1+cXs+dX4
c

Confi-
dence
level

~ ~ ~

-0.023~0.019
82.8
77.8

0.006&0.080

0.06
0.13
0.08

t ~ ~

-0.011&0.082

0.14
0.09
0.05

~ ~ ~ 6.4
—0.042 a0.019 15.2

0.6
—1.0

I

-0.5
I

0.0
l

0.5 O.924
~ = (SiQ) T ( +)-1

FIG. 6. Distribution in Y, weighted for phase space, Coulomb
interactions, and a cut on low-momentum pions. The line is a best
fit to 1+aY, where a=0.247&0.009.

weighted by 1/(1+0.247F) to remove the reRected F
dependence. The low confidence levels for the X fits are
due to a presumed statistical Quctuation at X=0.6.
Although there is a 2-standard-deviation X' depen-
dence, the quality of the fit is not substantially im-
proved by the introduction of this X' dependence.

A F' term in the spectrum can be generated by the
square of a linear term in the matrix element and by
the interference between constant and quadratic terms
in the matrix element. A linear matrix element which

reproduces the F dependence of our spectrum would
generate a quadratic term approximately equal to
+0.015F'. Our observed F' dependence (—0.023
&0.019)F' differs by 2 standard deviations from
this, suggesting the possible presence of a negative
quadratic term in the matrix element.

In a search for other structure, we have made a
maximum-likelihood fit to the entire Dalitz plot. The
results of a five-parameter fit are shown in Table IIA.
Again, the only significant structure is the linear term
in Y.To test the quality of the fit, the data were divided
into bins, and the final fit was integrated over each bin.
A X' of 341 was then calculated for the 313 degrees of
freedom. A similar fit has been made in the variables p
and 8 suggested by %ienberg. ' Here X=psin8 and
I'= p cos8. An expansion up to p cos8 corresponds to a

I.15 ALE II. Maximum-1Relihood fits to Dalitz plot.

1.10—

1.05—

1.00

X projection

0.0021
0.0020—0.4705
0.6880

A. Fit to 1+aY+bY'+cX'+dX4+eX~Y
a = 0.244+0.013
b = —0.002&0.020
c= —0.067&0.060
d = 0.069&0.083
e = 0.023+0.054

100' (error matrix):
0.0159 0.0080 0.0024

0.0401 0.0120
0.3630

—0.0451—0.0152
0.0362—0.0708
0.2940

0.95—

0.90—

0.85
0.0

l

0.25
I

0.50
X=

@ ) Ti-Tp)Jj

l

0.75 0.965

Fzo. 7.Distribution in X, weighted for phase space, Coulomb inter-
actions, a cut on low-momentum pions, and by {1+0.247 Y) '.

0.0030
0.0108
0.0130—0.2433
0.3206

B. Fit to 1+up cos8+bp' cos'8+cp'+dp' cos8+ep' cos'8

a = 0.219&0.027
b = 0.021+0.024
c= —0.021+0.020
d = 0.059&0.059
e = —0.015~0.057

100' (error matrix):
0.0072 —0.0060 0.0030 —0.01059

0.0565 —0.276 0.0082
0.0213 —0.0115

0.3547
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0.30 TABLE III. Compilation of experimental results.

0.25

Events Reference

50 919 This experiment 0.247~0.009
5 778 Moscoso' 0.242&0.029
1 347 Ferro-Luzzi 0.28 ~0.045

58 044 average = 0.247+0.009 -0.194%0.007

~ O20

I I I I

370 4IO 0390
1P' 0
2

I
'

I I I I I I
w -I.O 0 I.o -IO 0 IO

Cos 86

T'
FIG. 8. Dalitz-plot slope a from Gts to the form 1+aY, as

determined from different data samples for various intervals of
incident momentum, @, oI, cos8, and the distance (cm) along the
beam from the center of the chamber.

9 994
6 752
5 428
3 587

25 761

4 048
1 874
1 792
7 714

Butler et al.' 0.277&0.020
Grauman et al.d 0.228&0.030
Piano' 0.28 &0.03
Huetter et al. ~ 0.21 ~0.04

average = 0.259~0.013

Davison et al.&

Bisi et al.h

Kalmus et al. '

average =

—0.204+0.011

0.516&0.020
0.586+0.098
0.48 &0.04
0.511%0.018

linear y expansion; however, higher-order terms difFer

from the expansion in X and I'. The results are shown
in Table IIB, and again the only significant structure
corresponds to a linear term in p cos8 or in I'.

We have investigated the V dependence of those
events with a con6dence level less than 0.01, and have
found it consistent with the rest of the sample. We have
also found agreement between the Y distributions for
those events measured on the Spiral Reader and those
measured on the Frackenstein. As a final check, we
have made a number of least-squares fits to the form
1+vI', looking for dependence of u on the incident
momentum, the three decay angles, or the position of
the event in the chamber. These its show (as expected)
no dependence on those variables (Fig. 8).

Our results are combined with previous results in
Table III.' For the comparison of various charged
modes, mass diGerences within the X and ~ multiplets
introduce important corrections. For this reason a more
appropriate parameter g, the coefIicient of an invariant,
has been defined by

3E' = 1+ g(sg —so)/m. ".
Here s;= (pz —p;)' and so= 3(s~+s~+s~), and we have
introduced the charged-pion mass so as to make g
dimensionless. For r decay, in which the pion masses
are equal, the invariant term is related to V by

s~—sa ————',MrrQF.

IV. K—+ am AMPLITUDES

A difference in the Dalitz plots of E ~ Zr Zr x+ and
E+—+ x+~+Zr would be an indication of CI' violation in

9 This compilation includes only experiments with greater than
1000 events. The experiment of Ferro-Luzzi et al. has not been
included in the v average, since the analysis did not include
factors accounting for 6nal-state Coulomb interactions. The
result of Hopkins et al. has not been included in the E2' average,
since the value differs by more than 5 standard deviations from
the weighted average of the other two results. In addition, the
spectrum of Hopkins et al. is quite sensitive to their estimation of
a large E,3 and E&s background. The experiments on Eso have all
used a nonrelativistic expression for the matrix element; we have
renormalized the results of these experiments to obtain the coefB-

E20 2 446 Basile et al. i

1 350 Hopkins et al."
1 198 Nefkens et al. '

4 994 average from Refs. 23 and 25=

0.382&0.040
0.651&0.044
0.437&0.057
0.400~0.033

a M. L. Moscoso, thesis, University of Paris, Centre d'Orsay, 1968
(unpublished).

b M. Ferro-Luzzi. D. H. Miller, J.J.Murray, A. H. Rosenfeld, and R. D.
Tripp, Nuovo Cimento 22, 1087 (1961).

e W. R. Butler, R. W. Bland, G. Goldhaber, S. Goldhaber, A. A. Hirata.
T. O'Halloran, G. H. Trilling, and C. G. Wohl, Report No. UCRL-18420
and Addendum, August 1968 (unpublished).

~ J. Grauman, E.L. Koller. S. Taylor, D. Pandoulas, and S. HoSmaster,
Bull. Am. Phys. Soc. 13, 586 (1968), and Stevens Institute of Technology
Report No. P216 (unpublished).

& R. J. Piano (invited talk, APS meeting, New York, 1967, and private
communication).

& T. Huetter, S.Taylor, E.L. Koller, P. Stamer, and J. Grauman, Phys.
Rev. 140, B6SS (1965).

I D. Davjson, R. Bacastow, W. H. Barkas, D. A. Evans, S. -Y. Fung,
L. E. Porter, R. T. Poe, and D. Greiner, University of California at River-
side Report No. UCR-34P 107-74, 1968 {unpublished).

b V. Bisi, G. Borreani, R. Cester, A. DeMarco-Trabuco, M. Ferrero, C.
Garelli, A. Chiesa, B.Quassiati, R. Rinando, M. Vigone, and A. Werbrouck,
Nuovo Cimento 35, 768 (1965).

' G. E. Kalmus, A. Kernan, R. T. Pu, W. M. Powell, and R. Dowd, Phys.
Rev. Letters 13, 99 (1964).

1 P. Basile, J.W. Cronin, B.Thevenet, R. Turlay, S. Zylberajch, and A.
Zylbersztejn, Phys. Letters 28B, S8 (1968).

& H. W. K. Hopkins, T. C. Bacon, and F. R. Eisler, Phys. Rev. Letters
19, 185 (1967).

' B.M. K. Nefkens, A. Abashian, R. J. Abrams, D. W. Carpenter, G. P.
Fisher, and J.H. Smith, Phys. Rev. 157, 1233 {1967).

this decay. Following Wolfenstein, " we parametrize
the difI'erence in the slopes for r and 7+ as

cient g. Furthermore, these analyses have not applied corrections
for Gnal-state Coulomb interactions; however, we estimate the
effect on the results to be negligible.

o L. Wolfenstein, "Ettore Majorana" Summer School Notes,
1968 {unpublished).

1j C. Zemach, Phys. Rev. 133, 81201 (1964).

and calculate, from Table III, that 6=0.024~0.031
Several models for CP violation have been proposed
and most of them predict' that 6+10-'.

We now turn to a comparison of the presently avail-
able data on decay rates and the odd-pion spectra
for the four decays E+—+ x+Zr+m, E+ + x+x zr,
X2'~ +'x+x—, and E2'~3m'. In this discussion we
follow Zemach, " who has made a general analysis of
the isospin decomposition for these decays. The ampli-
tudes used in this analysis are summarized in Table IV.
The subscripts ch and n on these amplitudes refer to
charged and neutral E decays, which can in turn be
expressed as linear combinations of the two AI transi-
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TABLE IV. E —+ 37r amplitudes classified by final-state
isospin (I) and by DI rules.

Amplitudesb I
a+bs 1 2) 2

3 5
27 2
5 7
2j 2

ach =CI+C3
b,h =bi+b3
~ch=~31~5
dd =d5+d7

E2'

an= ci 2C3
b =bi —2b3

dn = —23d5 —2dv

' The subscripts "ch" and "n" on the amplitudes refer to charged and
neutral K decays.

b s is related to the customary invariants by s =(ss —sc)/mI+2, vrhere
s& ——(pyj-, —pf) s and so = ', (51+salsa).

i,ions of which each is composed. Coluinns 4 and 5 of
Table IV list these expressions. The numerical sub-
script is 26I. Table V gives a summary of the data on
the three ratios of reduced decay rates (7) and the three
slopes (g). The ratios of the reduced rates were calcu-
lated by using Coulomb-corrected nonuniform Dalitz-
plot phase-space factors to correct for mass and charge
differences" and using rates taken from the compilation
of the Particle Data Group. ' The ratios have been
factored to show the deviations from the predictions of
the BI=-2 rule, for which the value in the parenthesis
should be 1.00. The slopes of the spectra are from
Table III. In addition to the experimental data, Table V
also contains expressions for the decay rates and slopes
in terms of various coeKcients of the decay amplitudes,
which can be found in Ref. 11.

Equations (1) and (2) of Table V imply that the
ratios of the amplitudes leading to I=3 Anal states to
the amplitudes leading to I= 1 final states lie on circles
in the complex plane [Figs. 9(a) and 9(b)j.These ratios
are consistent v ith the vanishing of the I=3 ampli-
tudes, and in the following calculations we have as-
sumed then& to be zero. The third equation implies that
the ratio of the I=1, AI=-,' amplitude to the I=1,
AI=-', amplitudes also lies on a circle in the complex
plane LFig. 9(c)]. If CP invariance is assumed and

TABLE V. E~ 37r rates and slopes.

v(++ —) 2C h+d. h '
=—4 (0.95&0.03)

y (00+} a,h —2d, h 3

y {000) 1 3C —2d ' 3
=—(0.99m 0.m)

&(+—o)

y{&+—) =1 2C, +d, h
'

& (y —o)

Eq, Xo.

(2)

bch+ ccrc
~(00+) =2Re =0.511~0.018

Cch

b.h —c.l
g {~+—) = —Re = —0.197&0.006 (5)

ach

2b
g(+ —O) =Re —=0.400a0.033 (6)

an

(a)
0.5

Re

—0.5

d„/o„

Re

-3

final-state interactions are neglected, "these amplitudes
are real, and this ratio has either of two values,
0.032&0.006 or 1.75&0.05. Although there is no direct
evidence favoring the smaller value in E —+3m-, the

"The experimental rates of the January 1969compilation of the
Particle Data Group have been used (Ref. 5). W'e have recalcu-
lated the phase-space factors, using a completely relativistic
formulation and using as inputs the masses from the above com-
pilation and the slopes of the Dalitz plots from Table V of this
paper. The values are as follows:

Method
UDP XUDP CXUDP

(c)

0.5
Ol

5 Ji 20

q& (ooo)
@ {+—o)
03(++—)
@4(+00)

1.487 1.487 1.451
1.219 1.268 1.268
1.000 1.000 1.000
1.247 1.184 1.155.

The factors labeled UDP are the relative areas of the Dalitz plots
assuming a uniform distribution. The factors labeled NUDP
include the observed slopes from Table V. The factors for the
decays with equal-mass pions are unaffected by the inclusion of a
slope. Those labeled CXUDP result from the inclusion also of
final-state Coulomb interactions, according to the prescription
described in the text. These factors (UDP and NUDP) have also
been calculated by T. Devlin, Phys. Rev. Letters 20, 683 (1968)
and B. G. Kenny, Phys. Rev. 175, 2054 (1968).

-0.5

FIG. 9. Plots of the allowed complex values of the ratios of
various amplitudes, as determined from the ratios of rates 1, 2,
and 3, respectively, of Table V: (a) d,h/c, h,. (b) dn/an; (c) a3/al.
For plot (c), d,h and d are assumed to vanish.

"Schult and Barbour have calculated the 7 and r' slopes from
the effects of final-state strong interactions, using a model based
on the Faddeev equations. The phase of their matrix element at
the center of the Dalitz plot is about 14 deg. See I. M. Barbour
and R. L. Schult, Phys. Rev. 155, 1712 {1967);164, 1791 (1967).



51 000 DECAY& 1207

success of the dominant AI=-2 rule in E—+2~ and

other nonleptonic strange-particle decays obviously

suggests the former.
The data on the slopes LEqs. (4) and (5) of Table V$

imply that Re(c,h/a, a) equals 0.029+0.005. If the ratios
of the I= 1 parameters are defined as

(133/131) 1 (b1/131) lf (b3/11 1)

relations (4), (5), and (6) yield for V and H', for the
value of U=0.032&0.006 determined from the rates,
the values

V= 0.218+0.006 1I = 0.015&0.006.

In conclusion, the current data on A. ~ 3z exhibit
the following isospin properties:

(a) A comparison of r and r' rates and a con&parison
of E 0 —+w+m x with E2 ~3~ show that I=3 final
states are not required.

(b) A dd = 33, I= 1 amplitude (a3/a, = 0.032~0.006)
is indicated by the E'20 ~ x+~ ~' decay rate's being too
low by four standard deviations with respect to the
rate for &~~ ~+~+~ to be consistent with the
DI=-,' rule.

(c) An I= 2 (AI= 3 or —,') amplitude (q,„/13,„

=+0.029&0.005) arises from the r' slope's being 6.5
standard deviations larger than is expected from the r
slope and the DI=-,' rule.

(d) The slopes of the three Dalitz plots show the
presence of an I=1 state of mixed symmetry. From
comparison of the 7 and v' slopes with the E~o slope,
this state is found to come predominantly from lV=-',

(b,/a1 ——+0.218&0.006), with a small admixture of
AI= 3 (b3/a1 ——+0.015&0.006).

It is important to reemphasize that the above quanti-
tative results are based on the neglect of final-state
interactions, which do give rise to imaginary parts to
the amplitudes. In a,ddition, the prescriptions we have
used to account for Coulomb e6ects and mass differences
are subject to theoretical uncertaint~.
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Unitarity and the Veneziano Reyresentation*
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The conjecture that simple Veneziano-type formulas represent the zeroth-order approximation to certain
strong-interaction amplitudes is investigated. With Ima as a small parameter, the question of incorporating
unitarity to next order is studied, and a simple example illustrating some of the features is constructed. The
problem is posed in terms of partial-wave amplitudes; therefore, the partial-wave projection of the Veneziano
formula is also discussed in some detail.

I. INTRODUCTION

'HE function B(1—n(t), 1—a(s)) originally pro-
posed by Veneziano' in connection with the

process x~ —+cree has provided the theory of strong
interactions with an example of a crossing-symmetric
amplitude with Regge behavior and zero-width reso-
nances. The application of Veneziano-type models to
a few other reactions has also led to some agreement
with experiment. For example, there seems to be evi-
dence for the existence of an s-wave large-width reso-
nance e in the mm ~ ~m amplitude at a mass close to the
p meson. A simple Veneziano-type model for this

process, first proposed by Lovelace, ' contains such a
resonance. The ratio of the widths predicted by this
model is quite sensitive to the exact value of the p
intercept and slope, but the qualitative agreement is
encouraging and conducive to further investigations
of the extent of the validity of the proposed models.

On the other hand, incorporating unitarity into the
Veneziano model has proved to be an extremely dificult
task. The functions used in the existing models have
exact Regge behavior only when the trajectory func-
tions are linear, so that it is dificult to introduce a cut
in a(t) without ruining the simple Regge-pole behavior.
This is, of course, connected with the fact that when a

* Work performed under the auspices of U. S. Atomic Energy
Commission.' G. Veneziano, Nuovo Cimento 57, 190 (1968).

' C. Lovelaee, Phys. Letters 28B, 264 (1968); J. Shapiro and
J. Yellin, Report No. UCRL—18500 (unpublished).


