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It is shown that Nozieres and de Dominicis’s exact solution to Mahan’s model x-ray problem may be

obtained very simply using an equation-of-motion technique.

N a recent series of papers, Noziéres and co-workers'—3
have thoroughly analyzed Mahan’s* model x-ray
problem using many-body techniques. In the final paper
in the series, Noziéres and de Dominicis® (ND) have
shown that in reality one is dealing with a transient one-
body problem, which in turn can be solved essentially
exactly using a diagrammatic perturbation-theoretic
expansion. Here we show that ND’s one-body equations
can be derived very simply using an equation-of-motion
technique.
Except as noted below, we use the same notation as
ND. In particular, the Hamiltonian is given by

H=Y e, a,+Ed'b+2 Vogag'agbb'. )]
q aq’

The Green’s functions for the conduction electrons and
the deep state are, respectively, defined by

Guw (r—7")=(Tax(r)ax' (7)),
gt—1)=(Tb(d" ().

The x-ray absorption or emission is determined by the
function®

P (ry7' 5 1) = (Tax()aw (F OOV (). )

The notation ( ) represents the expectation value in the
initial ground state which for absorption contains no
deep (b-type) holes and for emission contains no deep
electrons. It is this fact which causes the equation of
motion for F to close on itself. To obtain this equation,
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& The function Fiy:(¢—#) of ND is equal to —Fyk(¥,¢; £,2').
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we calculate the commutator of ax(7) with the Hamil-
tonian, set it equal to 29,ax(7), and multiply both sides
by awt(r")b(#)b (¢'), so that

(6,+iek)Fkk: (T,T’; t,l')—&kkfa(T'—T/)g(t—'l/)
=—i 3 Vig(Taq()b(1)b! ()i (+)o (DB (). (4)

The last term on the left arises from commuting 9,
through the time-ordering operator.

Consider now the absorption case, where the initial
ground state contains no deep holes. Then the right side
of (4) vanishes except for the particular time ordering
/>r>t, that is, when the hole-number operator
b(r)b' () is sandwiched between b'(#') on the left and
b(¢) on the right; in this latter case 6(7)d"(7) is exactly
equal to unity, so that the six-operator function on the
right side of (4) reduces to the four-operator function 7.
Hence Eq. (4) becomes exactly

[0, +ier JF kw (,7"; 1,8") =8rpd(r—1)g(t—1")

—i Y VigFaw (1,775 140X (r; t,t")  (absorption), (5a)
q

where X(7; t,t') is a two-sided unit step function which
vanishes unless ¢ > 7> 1.

The emission case is similar; here it is most conven-
ient to commute 4(7) through 4"() on the right side of
(4) and consider the electron-number operator 4" (7)b(r).
This operator then vanishes in (4) unless ¢>7>1, so
that (4) becomes

> [(@rFien)drgdVigIF ki (7,75 t,t))

=00 (r—7)gt—1) 41 2 VigFow (1,75 4t
q

XX(r;t't) (emission). (Sh)
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Equations (5) may be easily converted to integral
equations by noting that the operators in the square
brackets on the left sides of (5a) and (5b) are simply the
inverses of the conduction-electron Green’s functions
for absorption and emission, respectively. This should
be obvious by inspection, but may be seen rigorously by
constructing the equation of motion of G [Eq. (2a)]
and noting that in the initial ground state 56" (b%d)
vanishes for absorption (emission). Hence Egs. (5)
become

Fkkl (T,T'; t,l') =Gkk’ (T—‘T')g(l—i')

¢
+1/ dr"’ Z qu(T_T”) qu’Fqk’ (T”,Tl; lyll) (6)
o

qq’

for both emission and absorption (although G differs in
the respective cases).

We may complete the set of equations by writing the
equation of motion for g(#—¢). This is done in the usual
way, by noting that 49,b(¢)=[5,H ], multiplying both
sides by 67(#), and taking the time-ordered expectation
value

(at+iE0)g(t_‘t') =0(t—1)—i 2 Vo Fyotitt; 1t), (7)
aq’

where ¢t is infinitesimally greater than ¢ (note that F is
discontinuous at r=7’). Equations (6) and (7) are
identical to Eqgs. (17a), (17b), and (21) of ND; note
that in ND’s notation, Frw (7,7 ; 4, )=¢drw (r,7"; 4,1)
Xg(t—1) and g(t—¢)=exp[—iE (t—1)+C(—1)].

It is also rather simple to derive ND’s coupling-
constant differentiation formulas for g. One defines the
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coupling constant N in such a way that both the initial
ground state and its energy eigenvalue are independent
of \. Thus for absorption we write

H\=3 eagtag+Ed'6+\ Y. Vygagta-bdt, (8a)
q qq’

and for emission
H\=3 (edqq+Vqa)ag'ag+Ed'd
. AT Vogastagbtb. (8b)
aq’
Note that for A=1, (8a) and (8b) are both identical to

(1). Consider the case of absorption, where from in-
spection of (2b) and (8a) we see that

(i~ 1) = — B0 (Be=mw=0p)o (/1) (9)

The use of the mathematical identity

ein (t—7)

d ¢ dH
e HA(—t) = _§ / e—iHA (=) (10)
¢

ax aa

enables one to write

tl
=2 qu’/ Fq'q("':7'+5 L)dr, (11)
a\ aq’ ¢

which is the same as Eq. (22) of ND. A similar analysis
shows that (11) holds for emission as well [using (8b)
for Hy].

I am grateful to P. Noziéres for acquainting me with
this problem, for discussions, and for correspondence.



