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Dependence of the Phase Shift on Energy and Atomic Number
for Electron Scattering by Atomic Fields
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Phase shifts of s, P, d, and f electrons scattered elastically by a potential appropriate to
singly-charged positive ions have been calculated for energies ranging up to 2 Ry above thresh-
old and for selected elements throughout the periodic system. The results are discussed in

terms of characteristics of the model potential.

I. INTRODUCTION

Although the low-energy elastic scattering of
electrons from singly-ionized positive iona is
important in plasmas, the upper atmosphere, and
astrophysics, its experimental, and theoretical
study has not been extensive. For exploratory
purposes we have computed scattering phase shifts
extensively using a simple theoretical model, not
so much to obtain accurate quantitative results,
but rather to get order of magnitude estimates
and to understand the systematics of phase shifts
near threshold as functions of both energy and
atomic number. In a sense this work represents
a continuation of Rau and Fano's' investigation of
the systematics of the potential we are using.

II. METHOD OF CALCULATION

The continuum solutions employed in this cal-
culation pertain to the unrelaxed Herman-Skillman'
(Hartree-Fock-Slater) potential for the ground
state of a given atom: specifically we consider
solutions of

, + V(r) y e —
I P (r) = 0,

t' d' l(l+ 1)i

&
dr' 2 el

where V(r) is the Herman-Skillman (HS) potential,

V(r) -2Z/r, as r -0;
-2/r, as r-~;

with r in units of a, (= 5. 29 x10 ' cm), and e is
the electron energy in Rydbergs. The asymptotic
(large r) form of P&f (r) is

P (r)- e ' 'sin[a"'r —,'lm-
6l

—e 'I'1n2s'I'r+o (e)+5 (s)]l I

where 5f(s) is the phase shift (with respect to
Coulomb waves) and

o (e) =argF(l+1 —ie 'I').
l

Phase shifts were obtained from the numerical
continuum wave functions by the Seaton and Peach
method. '

III. RESULTS AND DISCUSSION

Calculations have been carried out from thres-
hold (e = 0) to e = 2 Ry for s,P, d, and f waves
(f =0, 1,2, 3) for various elements. The results
are shown in Figs. 1-4. Phase shifts for /) 4
are negligible in the energy range we are con-
sidering. The s- and P-wave phase shifts de-
crease monotonically from threshold for all e.
The d-wave phase shifts are increasing or de-
creasing at threshold, depending on the element's
position in the periodic table. Considering that
with the HS potential' the Sd orbital first becomes
occupied in the ground state of the atom at ~ = 21
(scandium), the 4d at Z = 39 (yttrium), the 5d at
Z = 57 (lanthanum), and the 6d at Z = 89 (actinium),
we see from Fig. 3 that the phase shift changes
slope at threshold from positive to negative in the
Z range just before these points, i.e. , in the
vicinity of the rare gases. We also note that no
d phase shift rises by 2m; the largest phase shift
rise is for argon (Z = 18), and amounts to v/2.
Figure 4 shows that the f-wave phase shift is
always increasing at threshold. In our potential
the 4f and 5f orbitals become occupied at Z = 58
and 91, respectively, and the shape of the 5y
versus e curve changes greatly just below these
points. In fact for Z values of 54, 55, 86, and
87 we predict changes of the phase shift by m. It
is well to reiterate at this point, that these phase
shifts are for a model potential and will predict
general trends well, but need not be quantitatively
accurate.

The shapes of these phase shift curves can be
explained in terms of the combination of HS and
centrifugal potentials which have been discussed in
detail elsewhere. ' The relation between the phase
shift and the potential is'
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FIG. 1. The s-wave phase shifts for various elements as a function of energy above threshold E. Z is the atomic
number.
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TABLE I. Experimental and theoretical quantum

defects for s, p, d, and f waves in Rb and Xe.

Angular
Element momentum Experimental Calculated

Rb

Rb
Rb
Rb
Xe
Xe
Xe
Xe

3.14
2.66
1.35
0.01
4.02

3.56
2.43
0.03

3.15
2.74
1.47
0.00
3.90
3.46
2.22

0.00

parison, as well as a similar comparison of other
quantities calculated from HS potentials such as

the photo-ionization calculations of Ref. 4, gives
an assessment of the accuracy of the HS poten-
tials. The question can then be asked —can one
replace systematically the HS by a substantially
better central potential? If not, comparison of
experimental phase shifts with those given in this
paper provide an experimental characterization of
nonlocal exchange effects.
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Cross Sections for Electron Capture into the Excited Level n = 6 of Hydrogen

by 5- to 70-keV Protons in Mg Vapor and in Neon~
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An optical technique has been used to investigate electron capture into the excited level
n = 6 of hydrogen by 5- to 70-keV protons passing through magnesium vapor or neon. Photons
from the Balmer Hg transition which are emitted downstream of the target were analyzed with

a grating spectrometer and counted. From these the population of the leveln= 6 and the cross
section for electron capture into n= 6 have been obtained. Cross-section estimates for ion-
ization of the level n= 6 collisions with Mg atoms are also presented. The electron-capture
cross sections are consistent with n extrapolations of electric-gap measurements for cap-
ture into higher quantum levels (n = 9 to 15) reported by Il in and co-workers, Futch and

Moses, and Riviere. The results are compared with those of various theoretical models.

I. INTRODUCTION

At proton energies between about 5 and 30 keV,
cross sections for electron capture from metal

vapors are much larger than those for capture from
common gases. We have investigated one partic-
ular vapor, magnesium, and report here cross-
section measurements for electron capture into


