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P series of peaks has been observed in the infrared absorption by free carriers in n-type InSb under applied
magnetic Geld. Vhth decreasing Geld, the peaks converge to an energy equal to that of a Lo phonon. The
energy separations between the peaks are related to the separations of Landau levels. These peaks are called

.phonon cyclotron resonances, and they are associated with indirect transitions involving Lo phonons. A
theory is presented which accounts for various aspects of the observation including the positions and the
strengths of the resonances as well as the dkct of polarization on the resonances. Some peaks were observed
in addition to the phonon cyclotron resonances, which appear to represent the third harmonic of cyclotron
resonance and the second harmonic with spin Qip.

DtTRODUCTION

PHOTON absorption 111 a crystal can be produced by
electron transitions between two levels within one

energy band. Normally, such an absorption process is
indirect in that electron-lattice interaction must be
involved in order to conserve both energy and momen-

tum. In a magnetic 6eld, direct transitions can occur
between Landau sub-bands giving cyclotron-resonance
absorption. Indirect transitions with the help of lattice
interaction are also present. Since the energy spread of
optical phoQoDs ls sIDR11 lndilect tI'RDsltlons lQvolvlQg

optical phonons might be expected to produce also
resonances in the absorption. Unlike the direct cyclotron
transition for a simple parabolic energy band, the in-

direct transitions might occur between any two Landau
sub-bands, i.e., the difference he of the quantum num-

bers is not limited to dn= & j.. Thus the electrons in R

Landau sub-band could give rise to a series of resonances
in absorption corresponding to transitions to succes-

sively higher sub-bands. Such peaks in absorption will

be referred to as phonon cyclotron resonances. Evidence
for the existence of such absorption peaks in e-type
IDSb was found by Y. Marfaing' in our laboratory. At
the same time R peak of this nature was observed by
McCombe ef al.,' and recently two observed peaks were

reported by Dickey and Johnson' in the same material.
The observed peaks mere attributed to phonon cyclotron
lesoQRQces only by eneI'gy coDslderatloD.

%e have made measurements over R wide frequency
range. 4 A series of seven peaks mas observed and studied

with varying magnetic Geld, Polarized radiations have
been used with EJ & or E II 8, showing that the peaks

were not detectable with E II 8. Hall measurements
made on the samples showed that there was no appreci-
able freeze-out of carriers with the magnetic Geld used
in the optical measurements, thus making sure that the
observed resonances mere indeed produced by free
carriers. The results are examined in the light of the
theory presented. A theoretical treatment similar to
ours has been reported earlier by Sass and Levinson, '
predicting the phonon cyclotron-resonance absorption.
Our studies were started independently. Those theo-
retical results which overlap are in agreement. Ke give
explicit expressions for carriers with degenerate distri-
bution, giving peaks for EJ J3 which are resaonable
compared with the observed resonances. %e consider
also the case of Z II B, showing that absence of peaks is
expected. The nature of these peaks is thus established.
The measurements showed some extra peaks which
evidently do Qot involve phonon participation. These
peaks are tentatively attributed to a harmonic cyclotron
lesoQRQce and a cyclotroD resoQRnce with splQ Alp.

THEORY

The transition is a second-order process involving
electron radiation Hg and electron lattice HJ. inter-
actions. The transition rate is given by
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where 0, I, and F refer to the initial, intermediate, and
Gnal states, respectively. Each state is speciGed by a
quantum number Ã„of the radiation Geld, a set of
quantum numbers, n, 's, for the phonons, and the
quantum numbers e, k„k„and s for the electron. The
Inagnetic GeM is applied in the s direction and will be
represented by a vector potential A= (—By,0,0). p@ is

I' F. G. Bass and I. B.Levinson, Zh. Eksperim. i Teor. Fiz. 49,
9t4 (1965) /English transL: Soviet Phys. —JETP 22, 635 (1966)j.
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the density of final states. The interactions are given by
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where ~~ is the real dielectric constant, S, is the photon
density, g is the direction of polarization of radiation,
A is the vector potential of the applied magnetic field,
and a~t and u~ are the phonon creation and destruction
operators, respectively.
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where coo and q are, respectively, the frequency and the
wave vector of the phonon.

Figure 1 shows schematically absorption transitions
in the electron-energy diagram. In the absence of
magnetic Geld, the states I' and 0 have nearly the same
electronic wave vectors, which differ only by Bit= K,
and the wave vector K of the radiation Geld may be
considered negligible. The same applies to the states I
and P. In a magnetic field 8, radiation polarized with
EJ 8 gives matrix elements of Hg between two neigh-
boring Landau levels with Am= +1.The intermediate
states of the transitions are indicated by Ij, I&, and Ij'.
Radiation polarized with E

~~
B has matrix elements

of H~ for An=0, and the intermediate states of the
transitions are indicated by I3 and I3'. The diagrams
show only the Landau sub-bands of one spin. Radiative
transitions with spin inversion and transitions between
nonadjacent Landau sub-bands can occur because of
spin-orbit coupling together with a nonparabolicity of
the energy band or with a lack of inversion symmetry. '
Absorptions given by these transitions, known, respec-
tively, as combined resonance' and harmonic cyclotron
resonance, ' have been observed experimentally in InSb.
These transitions are comparatively very weak and
need not be considered as giving intermediate states in
our problem.

The matrix element of H~ for the interaction with
LO phonons has the form

(n'k. 'k.', n, ~1~a.~nk.k., n, )
=C,(n, +-',a s') 3(k,'a q„-k.)3(k.'+q., k.)
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Fzo. l. Electron-energy diagram showing phonon-assisted
optical transitions. The left-hand diagram is for 8=0. The other
two diagrams are for the case with an applied magnetic Geld.

qr, s=k,+P(2np/As) AQ„„+kg]'is. (7)

At each value of q„ the density of states for the tran-
sitions is given by

p= (1/2')(np/2A ) i (AQ~~~+ A kI /2np) 'I . (8)

Consider first radiation polarized with EJ B. Non-
vanishing matrix elements of Bz exist between adjacent

E. M. Tsidilkovskii, M. M. Akselrod, and S. I. Uritsky, Phys,
Status Solidi 12, 667 (1965).

The upper sign is for phonon creation and the lower
sign for phonon annihilation. In the free-particle model,
p is a harmonic-oscillator wave function and the integral
has the expression

(n' l) r/P

( 1)a- earp. q„)ss
En! /

Xe-, '«I, (q "",(q"
k+2S) (2S)

for n&n', where qis= q '+q„', S=eB/cA, and L„"—"' is
the associated Laguerre polynomial. In contrast to the
case of EI~, the matrix element exists between states
of any n and n', and is not restricted to adjacent Landau
sub-bands. There are also nonvanishing matrix elements
between states of opposite spins because of interactions
involving spin which are not included in (2b). The effect
of these should be small in our problem. Consider the
excitation of an electron from the state (n, k) to the
state (n', k—

q) with phonon creation. The condition of
energy conservation is

A~p —A~op —(p —p„)—(A'/2np) (q,s—2k,q,)
=A()„.„—(A /2~)(qg —2k,q,) =O, (6)

where au is the frequency of radiation and e„and c„are
the energies of the Landau levels. With a Gxed q~ of the
emitted phonon, (6) is satisfied at two values of q, for
a given AO
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thc election:
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FIG. 2. Transmission as a function of applied magnetic 6dd for
ri-type InSb vath a carrier concentration of e= I.04& I0'6 cm '.
The photon energy and the polarization used are given for each
curve. The sample thickness is I.s mm.

Landau sub-bands An= &1 which are given by

[(n+1[Hg [n) [

= (eh/m) (27',/egkrv) 't'(-,'mkcv, ) 'i'(n+ 1)'i', (9)

where Ã„ is the photon density of radiation, ~, is the
cyclotI'on frequency) and 6y ls thc rcfI'actlvc index
squared. Integrating (1) over the q~ space, we get the
probability of the excitation of the (nk) electron to
the n' sub-band with the creation of any phonon:

This result agrees with that obtained by Bass and
Lcvlnson.

Ke now sum up the contribution of all electrons in
a sub-band n. For a degenerate distribution valid for
low temperatures, we get

E„„=1V'„A (ro,(u,) (2+t2)

X(ln[2{P+tAQ ~ )'"+2i+AQ ~ j
—inPiQ„„)), (14)

is the Fermi energy measured from the edge
of nth Landau band and E„ is the concentration of
electrons in the sub-band n. At

the absorption has a singularity which is the phonon
cyclotron resonance. Kith increasing co, a resonance
occurs every time (15) is satis6ed with a larger n'. The
radiation used in measurements has a finite frequency
spread, and the quantity of interest is the average
absorption over a frequency range. Expression (14)
averaged over a range Ahao has a maximum given by

(E „) =S A(&u, (o,)(1/2&u2)[in(4i/Abc')+1), {16a)

The integrand contains a factor

which is brought in by the codBcient C, given by (4).
As we shall see, resonance absorption occurs at AQ=0.
Near the resonance, the value of q, is of the order of k, ,

Most of the electrons have a small value of k, owing to
the large density of states at the Landau levels. Further-
more, in a degenerate distribution, k, is hmitcd by thc
Fermi energy f; k, &kr= (2m''/5')'~'. This is to be com-

pared with the range of qI, giving important contribution
to the integral (10), which is of the order of (2S)'~2
= (2m fico,/0') '~', as can be seen from {4)and (5). Under
conditions suitable for the study of resonance, kg'&&25.

By neglecting qP in the factor (11), the integration in

(10) can be carried out, and we get the following ex-

pression for the absorption coefBcient contributed by

provided Aka&((i' In case .i is very small, we get, by
neglecting k, in (12),

(E ) =2K„A(+,(y,)/(hg&g)~12, (16b)

Consider now radiation polarized with @ II g. +le
mentioned previously that nonvanishing matrix ele-
ments of B~ exist only for he=0. The transition via
intermediate I~' (see Fig. 1) involves

I (n I ~a [n) [
= (.~/m) (2.r /„ft.)u2frp„(17)

and the transition via I3 involves

[{n'IH [
')[=( A/m)(2sX, / 5 )''h(k, —q,). (1g)

The combined contribution of thcsc two ploccsscs glvcs
to the factor

I
M

I

' of (1) a»ddktional q,' dependence.
Referring to (10), (12), and (7), we see that the depend-
cncc of E~~,+k on k& ls now given by

E„,» ~ (5'/2m) (gP+ qP) (kQ + fPk.'/2m)-'i'
= (hQ „j5'k, '/m) (AQ„„+n'k. 2/2m) —'~'. (19)

Summation over all electrons in the sub-band n gives

E„„=B„„(ro,(o,)E,(AQ~ ~+ i )"'. (20)
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Fro. 3. Photon energy of
minima in transmission is
plotted against magnetic
field. Data were taken with
EJ B.Only the three dotted
points were taken with un-
polarized radiation. The
solid curves are drawn
through the experimental
data, converging to %coo at
B=O. The dashed curves
are drawn parallel to the
0-3 and 0-2 curves, respec-
tively.
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The absorption begins at a frequency corresponding to

AQ,„„=—I', (21)

EXPEMMENTAL RESULTS AND DISCUSSION

Measurements were made on samples having carrier
concentrations of the order of 10'6 cm 3. It is known
that carriers in InSb may freeze out on impurities under
sufficiently high magnetic fields, depending on the
carrier concentration and temperature. Hall measure-
ments were made on the samples used in order to deter-
mine whether the phenomena observed were produced
by free carriers. The measurements showed that the
Hall coefFicient at the temperature of optical measure-
ment, 13'K, had about the same value as at liquid-
nitrogen temperature. The resistivity increased with
increasing magnetic field, by a fq,ctor of 5 at the highest

and there is no singularity which would give a resonance
peak. For electrons in the lowest Landau sub-band,
n=0, we get

Ae' (Acpp)'~' cp~p 1
B„.p(cp, cp,) =n . (22)

egpc nc (Acp)' cp' n'+1

The ratio of absorption for E II B to that for EJ B is
of the order

(M p+I')'~'t'~'/Acp,

which is very small since normally I'«Acp.

field of 30 kG, while the Hall coefficient varied by
only a few percent. Thus we conclude that the effect of
free carriers was observed.

Transmission was measured at each frequency as the
magnetic field was swept in the range 0 to &30 kG.
The two curves in Fig. 2 taken with RJ 8 radiation
clearly show dips which correspond to peaks in absorp-
tion. The remaining curve illustrates the absence of
absorption peaks with E II B, in accordance with the
theory of the resonance. In Fig. 3, the photon energies
corresponding to the observed minima of transmission
are plotted against the applied magnetic Geld, for a
sample of 1.04)& 10"cm ' in carrier concentration. The
solid curves converging to the energy Aco=koup=24. 5
)(10 ' eV at B=O are drawn to Gt the data points.
These curves are consistent with (15) for the phonon
cyclotron resonances. If the Landau levels are evenly
spaced in energy, and if the spin splitting of each level
is the same, then (15) can be written

Acp = Acpp+ (n' n) As&, —

and Ace would depend only on An= n' —n irrespective of
the sub-band n occupied by the carriers. Insofar as there
is departure from the simple condition, carriers in
different sub-bands will give resonances at somewhat
different frequencies. This effect would lead to a smear-
ing of the absorption peaks if the carriers are distributed
over many sub-bands, &ith a carrier concentration of
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FxG. 4. Peak absorption coeKcient of 0+-e+ resonances
for 8=30 kG.

1)&10"cm ', only the two lowest sub-bands, 0+ and 0,
of n= 0 were occupied for B&10kG and just one sub-

band, 0+, was occupied for 8&24 kG. Above 20 kG,
over 70% of the carriers were in the 0+ sub-band. For
our data, we can with good approximation consider
only e(e+)—e(0+). Calculations of Landau levels have
been made by Palik and Wright' up to n=4 and by
Pidgeon eI, el. ' up to n= 5. The curves up to n= 4 are in
good agreement with the calculations of the former
authors, whereas the second calculation (which is con-
sidered to be more accurate) would give slightly lower

curves, by 3)&10 ' eV at the high fields. The 0+-5+

curve, however, agrees with the second calculation
near 30 kG.

The absorption coefficient of the resonance peaks at
30 kG is plotted in Fig. 4. Also shown is a curve calcu-
lated from the theoretical expression (16a) with a
coupling constant +=0.02 and using the experimental
resolution, 3&10 ' eV, for A~. The measured values
are lower by about a factor of 3 but they are reasonable
in order of magnitude. Any broadening of the energy

E. D. Palik and G. B. Wright, in Semiconductors and Semi-
metals, edited by R. K. Willardson and A. C. Beer (Academic
Press Inc., New York, 1967},Vol. 3, p. 442."C. R. Pid eon, D. L. Mitchell, and R. ¹ Brown, Phys, Rev.
154, 73'7 (~967 .

levels tends to reduce the resonance peaks. Such eBect
is not taken into account in the theory. The absorption
merges with the background away from the resonance.
Good estimates of the integrated absorption are not
easily obtained. Figure 4 shows also that the way in
which the measured absorption decreases with increas-
ing hn agrees satisfactorily with the variation shown by
the theoretical curve. Finally, some measurements made
on a sample of smaller carrier concentration (n 0.75
&(10'~ cm ') showed that the resonance absorption is
smaller by an order of magnitude in accordance with
the theory. In this case, )=5)&10 'eV«ABM 10 ' eV,
and (16b) is the appropriate expression. We conclude
that a clear understanding of the observed resonance
phenomena has been obtained.

Figure 3 shows points lying below the 0-1 line which
apparently do not represent phonon cyclotron reso-
nances. The points appear to follow the dashed curves
drawn through the origin which correspond to the
harmonic cyclotron resonances 0+-3+ and 0+-2+,
respectively. ' However, neither set of peaks was
detected with El~ 8 radiation. According to Bell and
Rogers, ' the second harmonic of cyclotron resonance
occurs with Z

l~ 8, whereas the third harmonic and the
An=2 transitions with spin Rip occur for BJ B. Thus
the points falling along the lower dashed curve but
lying somewhat higher are more likely to be the 0+-2
combined resonance. This interpretation should be
regarded as tentative. It should be pointed out that the
points lying below the 0-1 solid curve represent absorp-
tion peaks which were among the strongest observed in
the sample. On the other hand, none of these peaks was
detected in the sample of n=0.75&10"cm ', which
showed only the phonon cyclotron resonances. We
should also point out that the Hall measurement showed
no significant freeze-out of carriers in this sample as
well. The variation in these absorption peaks is not yet
explained.

It is seen in Fig. 2 that beside the dips given by the
resonance absorption there is, with EJ B, a general
decrease of transmission with increasing magnetic field.
The eKect is more pronounced at lower photon energies,
and it seems to be caused by the high-energy tail of
cyclotron-resonance absorption. With E

~~ B, the trans-
mission shows very little variation with the magnetic
field, remaining nearly the same as at B=0.The peak
absorption given by the phonon cyclotron resonance is
small compared with the absorption at B=O. These
observations indicate that there is a large part of the
free-carrier absorption which is produced by indirect
transitions not involving optical phonons. Presumably,
these are indirect transitions involving acoustic phonons
and transitions involving impurities.


