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A semiempirical local pseudopotential model for the band structure and Fermi surface of white tin is
generated using extensive de Haas-van Alphen (dHvA) extremal areas for the tin Fermi surface. The effects
of spin-orbit interactions are included as a perturbation on the model Hamiltonian. Quantitative as well as
qualitative agreement between the model and all aspects of the dHvA data is obtained. The quantitative
agreement of the model with several other experiments is very good and is discussed in detail.

I. DTTRODUCTIOH

~HIS paper presents the results of a semiempirical
local pseudopotential calculation for the band

structure and Fermi surface of white tin. Metallic tin
has been the subject of extensive investigations in
recent years. Its availability at very high purity makes
it particularly suitable for the study of general elec-
tronic properties. At around j.'K, electron mean free
paths (for large-angle scattering) of approximately 1
mm in length can be obtained. A multitude of experi-
ments, some concerned with purely dynamical proper-
ties of the electrons, ' '2 others with the Fermi surface
itself, "—"have all made contributions to the under-
standing of the electronic structure of this material.
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Weisz~ attempted to encompass much of the available
experimental information with his band-structure cal-
culation for white tin. Using a semiempirical approach,
he depended primarily on the rf size-effect data of
Gantmakher. "22 Recent semiempirical band-structure
calculations for magnesium, " zinc," and cadmium"
have shown that band structures generated using dat:a
obtained from de Haas-van Alphen (dHvA) investi-
gations of these materials exhibit excellent quantitative
as well as qualitative agreement with all experimental
data. At the time of Weisz's calculation, no complete
set of dHvA data was available for white tin. To provide
a test of the accuracy of Weisz's model, an extensive
dHvA investigation of metallic tin was made. The
qualitative analysis of the results of that investigation
in terms of Weisz's Fermi-surface model was presented
in Ref. j.3. The analysis showed that Weisz's model was
qualitatively correct, but that quantitatively the
agreement between the calculated extremal areas and
those measured by experiment was poor.

The quantitative inadequacy of Weisz's model
necessitates a redetermination of the band structure
and Fermi surface of white tin taking full advantage

'M. S. Khaikin, Zh. Kksperim. i Teor. Fiz. 43, 59 (1962)
I English transl. : Soviet Phys. —JKTP 16, 42 (1963)j.» V. F. Gantmakher, Zh. Kksperim. i Teor. Fiz. 44, 811 (1963)
LEnglish transl. :Soviet Phys. —JKTP 17, 549 (1963)j."V.F. Gantmakher, Zh. Kksperim. i Teor, Fiz. 46, 2028 (1964)
/English transl. : Soviet Phys. —JETP 19, 1366 (1964)).» V. F. Gantmakher and E. A. Kaner, Zh. Kksperim. i Teor.
Fis. 45, 1430 (1963) /English transl. : Soviet Phys. —JETP 18,
988 (1964)j.

24M. S. Khaikin, Zh. Kksperim. i Teor. Fiz. 42, 27 (1962}
LEnglish transl. : Soviet Phys. —JKTP 15, 18 (1963)j.'5M. S. Khaikin, Zh. Kksperim. i Teor. Fiz. 43, 59 (1962)
I English transl. :Soviet Phys. —JKTP 16, 42 (1963)j."J.F. Koch and A. F. Kip, Phys. Rev. Letters 8, 473 (1962).»M. S. Khaikin, Zh. Kksperim. i Teor. Fiz. 39, 513 (1960)
LEnglish transl. : Soviet Phys. —JETP 12, 359 (1961)g.' A, A. Galkin, K. A. Kaner, and A. P. Korolyuk, Zh. Eksperim.
i Teor. Fiz. 39, 1517 (1960) )English transl. : Soviet Phys. —
JETP 12, 1055 (1961)j.» T. Olsen, J. Phys. Chem. Solids 24, 649 (1963)."R.J. Kearney, A. R. Mackintosh, and R. C. Young, Phys.
Rev. 140, A1671 (1965)."B.I. MijBer, Phys. Rev. 151, 519 (1966)."K.Fawcett, Proc. Roy. Soc. (London) A232, 519 {1955).» R. G. Chambers, Can. J. Phys. 34, 1395 (1956).

'4 G. Weisz, Phys. Rev. 149, 504 (1966).
'5 J. C. Kimball, R. W. Stark, and F. M. Mueller, Phys. Rev.

162, 600 (1967)."R.%. Stark and L. M. Falicov, Phys. Rev. Letters 19, 795
(1967).

693



J. E. CRAVEN

FIG. 1. Crystal lattice of white tin.

of the dHvA data. Here we present the new band
structure and Fermi surface based on pseudopotential
theory and utilizing the data of Ref. 13.The quantita-
tive consistency of this new model with previous
experimental data is demonstrated in Sec. VII.

IL CRYSTAL STRUCTURE

White tin crystallizes in the body-centered tetragonal
lattice structure with a basis of two atoms per lattice
site as shown in Fig. j.. The Brillouin zone for this
structure is shown in Fig. 2. The twofold symmetric
I'I and I'I lines are along L100j and L110$, respec-
tively; the fourfold symmetric I'II line lies along [001j.
The lattice parameters were determined from the
Grilneisen rule to be a=5.80A, c=3.15 A at liquid-
helium temperatures. Basis vectors for the direct and
reciprocal lattices along with the atom sites in the
primitive cell are given in Table I. Atomic units are
used throughout this paper and energies are expressed
in rydbergs.

III. FERMI-SURFACE MODEL

The present calculation yields a Fermi-surface model
which has only slight qualitative differences from
%eisz s while both differ substantially from the single-
orthogonalized-plane-wave (OP%) modeL

The single-OPW model has a hole pocket located at
W in the second band. In this calculation, the 6rst two
bands are completely 6lled. The third band of the

[ooi]

single OPW model contains hole surfaces in the shape
of pillars oriented along the XE zone line and multiply
connected by a set of tubes joined near 8'. In our
model the tubes are eliminated and the pillars remain
in the form of closed, dumbbell-shaped hole surfaces
centered at X with twofold axes of rotation along XE,
XI., and XF. This sheet of our model is shown in Fig.
3(a).

The fourth band of the single-OPW model consists
of two separate sheets: a closed electron sheet re-
sembling a pair of intersecting convex lenses centered
at F and a larger open hole surface, again centered at
F, consisting of intersecting, elongated tubes whose
principal axes are along FX. In our model, the two
sheets retain their general shape but are found to be
connected near 8' by a small "neck" of electrons
centered on FB. In this way, one continuous, though
reentrant, sheet is obtained with the crossed-lens
electron surface located within the crossed-tube hole
sheet and oriented with the lens edge along FX. These
two aspects of our fourth-band sheet are shown in Figs.
3(b) and 3(c).

The 6fth zone of the single-OP%' model consists of
pear-shaped electron pieces centered at B with alter-
nately top-up and top-down orientation and multiply
connected by a series of tilted tubes centered at V.
Our model, shown in Fig. 3(d), retains all the quali-
tative features of this surface. Also found in the 6fth
zone of the single-OPW model is a cigar-shaped electron
surface centered at F and oriented along FB.This sheet
is eliminated in our model.

In the sixth band, the single-OP% model has closed,
cigar-shaped electron surfaces located at V, and four
similarly shaped pieces symmetrically placed near W.
In our calculation the electrons at V are eliminated
and those near W are merged to form a closed, rounded
tooth-shaped piece centered on the FB line. This sheet
of our model is shown in Fig. 3(e). It is in this sixth-
zone sheet that we 6nd the only noticeable qualitative
divergence from Weisz's model. He also has a closed
electron surface oriented on FB near W, but his sheet
contains elongated arms extending outward beyond
the BI' zone line. In our calculation these arms are

Terai,z I. Basis vectors for the real and reciprocal lattices and
atom sites in the primitive cell.

Basis vectors for real lattice

= [oloj

Fxo. 2. I"irst Brillouin zone for white tin. The crystallographic
L100j, L001j, and L110j axes are parallel to the 1'L, I'Z, and FX
zone lines, respectively.

Basis vectors for reciprocal lattice

b, =(2~/~, —~~/~ Q)
bg ——(2m/u, 2x/e, Q)
b2 = (—2m/e, Q, c)

Atom sites in the primitive cell

&I= (Q —~+1 —ec)
eg = (Q,gu, gc)
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Fxo. 3. Various sheets of the
Fermi surface from the present
calculation. Orbits corresponding
to extremal cross sections on eacl-
sheet are also shown.

c»mmatcd and only a vestigial bump is found. Weisz's
»xth-2'one ~h~~t also possesses a rather pronounced
waist about the closed surface in a plane pcrpcndicul«
to L001j. In our calculation the waist is eliminated by
the shrinking of thc lower portion of the surface.

mediate vicinity of the cxtremal plane, which gives the
amplitude and direction of thc quantum magnetization.
The frequency F;(8,$) is related to the ith extremal
cross-sectional area 2;(8,&) of the Fermi surface in the
plane normal to Bby the Onsager relation3'

IV. dHvA EFFECT
2s F;(8,@)= (hc/e) A; (8,@). (2)

At low temperatures, there is a sharp cutoG in the
clcctr'on distribution at thc Fermi cncx'gy Ey. In thc
presence of an applied. external magnetic field
the magnetic Qux enclosed within an electron orbit in
tlie ilMtal is quantized iii iiiii'ts of Jtc/e As tlie .magni-
tude of 0 is increased, quanta of Qux are periodically
expelled from the orbits associated with electron states
lying ncRrcst ln cnclgy to Ey. These pcrlodlc oscillator'y
changes are observable in the magnetic moment of the
bulk sample which will exhibit an oscillatory GCM

depcndcncc of thc form

M (H,8,&,T)=Jt; (H,8,&,T) sinf2+F;(8, &P)/H

+~'(8,~)j, {1)
A;(a,8,@,T)=C, (8,@)a-'~'TLsinh2/kT/0 ej-',

where A;{II,8,y, T) and p;{8,y) are the amph«de and
phase of the quantum oscillations of frequency &*{8,4)
for a given temperature T, Geld strength H, and Geld

orientation (8&g). C;(8,&) is a vector quantity dependent
upon the geometry of the Fermi surface in the im-

For a given Geld orientation, many frequencies can
be found corresponding to extremal areas on diferent
sheets of the Fermi surface or di6'erent extremal areas
on the same sheet. From (2) we see that this, in effect,
provides us with a set of extremal areas for all sheets of
the Fermi surface as a function of Geld orientation.
Figure 4 shows the dHvA spectra of cxtremal area
branches reported in Ref. I3, and obtained using the
Geld-modulation technique. " The notation used is
that adopted in Ref. 13: The subscript denotes the
crystallographic plane in which I is constrained to
move. The (100) plane is denoted by 1, the (001)
plane is denoted by 2, and the (110) plane is denoted

by 3. The superscript denotes the order of increasing
size of thc VRllous cxtx"cmal RrcRS on a single shcct of
the Fermi surface for the same crystallographic plane.
All area branches assigned to the same sheet of the
Fermi surface are designated by the same Greek letter:

37 L. Onsager, Phil. Mag. 43, 1006 (j.952).
ss R. W. Stark and L. R. Windmilier, Cryogenics (to be pnb-

Hshed).
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The prilnarg proMcIQ lnvolvcd lIl thc gcnclRtlon of
a band structure and FerIni surface using dHvA data
is that of converting the dHvA area branches into k
vectors at the Fermi surface. Kach point on a dHvA
al ca branch CRD bc consldcl'cd Rn integrated~ con-
tinuous set of k vectors originating from some central
ponlt Rnd tcrlninating Rt thc orbit on thc FcrIQi suI'face.
An area branch taken over a range in 8 and $, therefore,
carncs inforlnation not only about the cross sections
of the Fermi surface, but of solid angles of k vectors
to the Fermi surface Rs well. The direct conversion of
areas into k vectors is possible only when the sheet of
the surface has simply connected, dosed topology with
inversion SQDUQctry. ID thc Inore coInnlon sltURtloD

where this is not the case, one must rely on area cal-
culations based on some spccidc Fermi-surface model.
The validity of the model is then judged by agreement
between calculated and experimental areas. Since this
process deals with integrated k vectors rather than the
k vector themselves, the uniqueness of the model must

» I,. L. Foldy (unpublished),

dcpclld upoll 'tllc colllplctcllcss of 'tllc ir vector salllpllllg
taken by the dHvA data. If we describe the area
branches in terms of solid angles of k vectors at the
Fermi surface, the dHvA data of Ref. I3 cover the
entire Fermi surface. It should be noted that the one
condition that iInmediately applies to the Inodel is that
lt Inust obey CI'ystRl s~nctry. By fRx' thc IQost sRtls-
factory model representations for the Fermi surface
have been those based directly on band-structure
theory. These RutoInatically satisfy the requirements
of crystal symmetry and, in the process of determining
the Fermi suxface, yield a model for the entire band
structuI'c. Such R Inodcl detcrIMnatlon bRscd on
pscudopotcntlal thcox'y ls descllbcd ln Scc, V.

ID the onc-electron representation, the wave equation
for an clcctloD ln a clystal can bc %'rltten

f—~'+ l'(r)ga=&~if ~, (3)

where V(r) is the self-consistent periodic potential of
~0 W. A. Harrlsona EsNAl0polesI$81$ tw III8 TIgeo!'p Of 3AI$4

(W. A. Benjamin, Inc., New York, 1966).
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the ion cores. To obtain the pseudopotential model
Hamiltonian, fk is generally expanded in OPW's.
These functions have the property of being orthogonal
to the atomiclike states within the cores while re-
sembling plane waves in the interstitial region between
cores. Thus they have the form V„(r,k) = V„(r)=g SgUge'g', (Sa)

therefore, to ignore the h dependence of the core terms
and to approximate the pseudopotential by a purely
local, or r-dependent potential. A Fourier expansion of
this local potential then yields

Xk""=Ik&-Z l~&(~lk), (4) Sg=cos(g eg) ) (Sb)

where ~k) is an ordinary plane wave and ~n& are core
states of the atom. Expanded in these functions, the
eigenfunction of the one-electron wave equation can
be written

fk=Q Ck gXk g

=4k —Z I
~&(~ I 4k&,

(&k =& "-g lk —0&),

(5)

where the g are reciprocal-lattice vectors and &I, is the
pseudo wave function. Substituting this expanded form
of the wave function back into the Hamiltonian and
transposing the core function terms, the wave equation
takes the form

B„pk(r) =L—P+ V„(r,k)]4k(r) =Ekpk(r), (6a)

V, (r,k) = V(r)+P (E,—E.) ~~&(o~. (6b)

V„(r,k) =P U(r —r, ,k). (7a)

The atomic pseudopotential depends upon the sym-
metry of the function upon which it operates and can,
therefore, be written

U(r, k) =P U, (r,k), (7b)

where U, operates only on functions with s symmetry,
etc. In the tin atom, the lowest-energy core electrons
are so tightly bound that the core is strongly localized
and only the r dependence is significant. The most
likely source of k dependence in the pseudopotential of
tin is the contribution from the 4p and 4d core states.
The nonlocal nature of the pseudopotential at the
Fermi surface due to the contributions from these core
states was found to be negligible by direct calculation
of the matrix elements with ~u& and E approximated
by their corresponding atomic values. 4' This allows us,

4' F. Herman and S. Skillman, Atomic Structure Calndatiows
(Prentice-Hall, Inc., Englewood Clips, ¹ J., 1963).

V„(r,k) is the pseudopotential and E are the core
eigenvalues. The pseudopotential is seen to be the sum
of an attractive core potential which is strongly varying
in the vicinity of each atom, and a repulsive core term
involving the core functions ~n&. The pseudopotential
can be written as a sum of pseudopotentials associated
with the individual ions;

where S~ is the structure factor, g is any reciprocal-
lattice vector, ~2 is the atom site vector defined above,
and the U, 's are the expansion coeKcients of the Fourier
series. A typical matrix element in this local approxi-
mation is then

(k
~
&,I

k'&= k'hk, k'+SgUg5k —k', g. (&)

Since tin has an atomic number of 50, it is expected
that its electrons experience a fairly strong efFect due
to spin-orbit interactions. The band structure, therefore,
is subject to significant modification due to this inter-
action. The inclusion of spin-orbit effects in the calcu-
lation of the tin band structure and Fermi surface is,
therefore, not only desirable, but necessary for an
accurate representation.

The following form of the spin-orbit interaction was
first suggested by Weisz:

8"(ks,k's') = (iP.„—Xg(k k')]kXk' o',. )
XSgR k,g, (10)

where e„.are the ss' components of the Pauli matrices
and X„and X~ are parameters reflecting the contri-
butions of the p and d valence electron states, respec-
tively. This expression was derived on the assumption
of negligible overlap between the core orbitals and ion
potentials near the atomic nuclei, and an approximation
of the k dependence of the OPW orthogonality co-
eKcients. Weisz estimates these approximations good
to within 1%. Because the tin atom has a 5s'5pg
valence electron configuration, the energy levels con-
cerned with the spin-orbit interaction are expected to
be mostly p-like. We, therefore, set X&=0. Stark and
Falicov, " in their band-structure calculations for Zn
and Cd, tested the validity of this form of the spin-
orbit interaction. In Cd, the strength of the spin-orbit
interaction could be accurately determined from dHvA
data by observing a dHvA frequency difference re-
sulting from a spin-orbit band splitting. X~ was then
chosen so as to give the required energy splitting near
the Fermi energy. That value for X„was found to give
very good agreement between theory and experiment
for all orbits which depend critically on the spin-orbit
splitting of the bands. We, therefore, use this form of
the spin-orbit interaction. With its inclusion in our
model Hamiltonian formalism, a typical matrix element
has the form

(ksiH„+H" ik's') =k'8
+LUgb„+ih~kXk' e„.fSg5k k,g. (11)
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TABLE II. Region symmetry points and
corresponding expansion set sizes.

Symmetry pt. No. of p1ane waves

22
22
22
22
22
j.9
21
22
20
22
20
17

the extremal areas of the Fermi surface were then
calculated using the parameters determined in (c).

TmLE III. I'"ourier eoefEcients of 1ocal pseudopotential (in Ry).

Ugop = —0.1018
Upon =—0.0739

Ey =0.7697
X,=0.013

U22p =+0.0146
U211 =+0.0427

In the semiempirical approach which we employ,
the Fourier coeKcients of the expanded local potential,
the U~'s, are treated as variable parameters. Since there
is no accurate experimental deterInination for the
strength of the spin-orbit interaction in white tin, X„
was also treated as a variable parameter. Those U
with nonvanishing Ss corresponding to

~ g~ &2k' give
6rst-order perturbation corrections on the Fermi
surface. Those U'a for which

~ g~ &2k~ give second-order
perturbation effects on the Fermi surface. For white
tin, four expansion coeKcients with corresponding
nonvanishing structure factors were found to be of
6rst-order signi6cance. These correspond to reciprocal
lattice vector sets $200j, L1017, L220j, and (211$.
To determine these coefficients and P „using the dHvA
data of Ref. I3, the following procedure was followed:

(a) Nine experimental extremal areas were selected
as representative of all sheets of the Fermi surface. At
least one extremal area was chosen on each of the major
sheets of the Fermi surface in each Brillouin zone so
that a good representation of the entire band structure
near the Fermi energy was obtained.

(b) For each area, two or more points k; were esti-
mated to provide calipers for the extremal areas con-
sistent with the corresponding experimental value.

(c) The energies E(k;) were then calculated and the
stRndRrd deviation of thcsc cncrglcs from thc RvclRgc
energy of all points was then minimized by variatl'on of
thc Ug s Rnd Xp.

(d) Using the value of the average energy as the
Fermi energy, i.e.,

j. e
E~———Q E(k,), (e =No. of points)

(e) In cases where the calculated value differed from
the experimental one, the caliper points k; on that
piece were relocated so as to bring thc calculated area
into agreement.

(f) Using the revised set of caliper points, steps
(c)-(e) were then repeated until deviations of calculated
from experimental areas were minimized.

Thc above procedure was carried out using the local
form of the pseudopotential with the spin-orbit inter-
action included. These calculations were made using
expansions of up to 22 plane waves for @~, the exact
number being determined by conformity to the star-of-k
group symmetry at the symmetry point in the im-
mediate vicinity of the calculated points. These sym-
metry points and the corresponding size of the plane-
wave sets are listed in Table II. With the inclusion of
spin-orbit CGects, the secular equation to be solved was
of order 88.

Table III lists the 6nal potential coeKcients along
with A.~ and Ep. It should be observed that in this
calculation the Owly condition placed upon the potential
coefficients and X„was that they give the best 6t to the
selected experimental data. Also, as a consequence of
the 6tting procedure, the Fermi energy is uniquely
determined within our model and does not have the
status of a variable parameter.

The 6nal set of potential coeKcients along with the
determined value of X~ were used to calculate the E(k)
bands. Shown in Fig. 5, these bands exhibit the expected
removal of degeneracy due to spin-orbit effects along
the XI. and XI' zone line, while maintaining a double
degeneracy at X and I. only. This group-theoretical
consistency of the calculated band structure is auto-
matically guaranteed by the selection of appropriate
expansion sets for various symmetry points in the zone.
Near 8", where the spinless levels of zones 4, 5, and 6
are quite dose together and where accidental de-
generacies are found, the spin-orbit energy is comparable
to the separation energy of the bands and spin-orbit
effects are very pronounced. All accidental degeneracies
arc found to be lifted and the fifth and sixth bands are
raised signi6cantly in energy.

It has been noted that the spin-orbit parameter X„
has been determined solely as a 6tting parameter due
to the lack of an accurate experimental determination
of the strength of the interaction. It has been found,
however, that the spin-orbit splittings for the valence
electrons in a solid tend to approximate the corre-
sponding atomic values. We would thus expect the low-
lying p-like states at 1" to exhibit a spin-orbit splitting
coxnparable to that of the singly ionized tin atom. The
experimental value~ for this atomic case is 3.9&10
Ry. We 6nd that our model predicts a corresponding
spin-orbit splitting of 4.4&10 ' Ry. This agreement is
quite reasonable considering that the relation between

~ NatL Bur. Std. (U. S.) Circ. 46'I (1949),
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FIG. 5. Lowest-energy bands along the major symmetry lines of the Brillouin zone for the local pseudopotential
model with the inclusion of spin-orbit e6'ects.

the atomic level splitting and the level splitting in a
solid must be considered approximate.

To the extent that the local pseudopotential repre-
sentation is valid, the potential coefhcients which
determine our model represent the potential that is
seen by the metallic tin conduction electrons. It is of
interest to compare our set of potential coeKcients with
those determined in other model calculations for white
tin. In Fig. 6, we show a comparison between the form
factor for the tin model potential calculation of Animalu
and Heine~ with the potential coefficients from both
the present calculation and that of Weisz. It can be
seen that the coefficients from our model follow the
general contour of the model potential form factor quite
closely. They are displaced downward in energy, how-
ever, by about 0.017 Ry. While both the model potential
and this calculation agree as to the general shape of
the form factor, both difter from Weisz's calculation
which predicts a rapid "turning over" of the form
factor.

was found to be about 1X10 ' Ry while several indi-
vidual areas diGered by as much as 2X10 ' Ry.

The particular extremal areas calculated from our
model are shown as large dots on the experimental
dHvA area branch spectrum in Fig. 4. The agreement
between the calculated points and the corresponding
area branches strongly supports the previous assign-
ment of experimental area branches to sheets of our
model Fermi surface.

Cross sections in the major crystallographic planes
of the various Fermi-surface sheets obtained from this
calculation are shown in Fig. 7. The effect of including
the spin-orbit coupling can readily be seen. For spinless
bands, the third- and fourth-zone sheets are degenerate
on the XP and XI. zone lines. The spin-orbit inter-
action removes this degeneracy at all points except X
and I.. This removal of degeneracy is responsible for
the small energy gaps between the third and fourth-

VI. MODEL BAND STRUCTURES

Besides the nine extremal areas used in the deter-
mination of the 6nal potential coefficients, several others
were also calculated once the 6nal parameter set was
obtained. These calculated areas are listed in Table
IV, which also lists the corresponding experimental
value and Weisz's calculated value where available.
Errors are expressed as REF, the shift in Fermi energy
required to bring the calculated areas into exact agree-
ment with experiment. Represented in this fashion, the
average error in our calculated extremal areas is
0.76X10 ' Ry. With the exception of e&', which is the
least accurately determined of the experimental
extremal areas, no single calculated extremal area
dMers by more than our estimated truncation error
of 1.8X10 R F

.05

2kf
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hl

—.Animalu and Heine
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~ This Work.
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00
Jhh
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y. or Wemz s model, the average error FIG. 6. L200$, L101), L220$, and L2117 Fonrier coefficients of

~A. O. E. Animalu and V H ' Ph'1 M 12,
the local pseudopotential. Values for the model potential and

im u an . cine, Phil. Mag. 12, 1249 (1965). Weisz's calculation are also shown.
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TmLz IV. Calculated and experimental extremal cross-sectional areas.
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band sheets on the XE and XJ zone lines in Fig. 7.
Along XI' the splitting is 4.8X10 ' Ry and along XI.
the splitting is 3.8X10 ' Ry. This corresponds to
magnetic breakdown across the spin-orbit energy gap
at 6elds of about 5 kG. Effects of magnetic bIeakdown
across these relatively small energy gaps have been
observed by several investigators. The area branches
labeled A, 8, and C in Fig. 4 are assigned to extremal
areas on the Fermi surface corresponding to orbits
formed by tunneling across the spin-orbit energy gaps
between the fourth-zone hole sheet and the third-zone
dumbbells. The combined third- and fourth-zone
surfaces are shown in Fig. 8. The 8 and C breakdown
orbits caused by tunneling at junctions 1 and 2 are also
shown.

The completeness of the dHvA data enables us to
use them to examine other aspects of our Fermi-surface
model. The existence of the fourth-zone electron neck
is veri6ed by the simultaneous cutoG of three dHvA
area branches at 70.5' from L001). The experimental
details of this cutoff are shown in Fig. 9(a). The three
area branches e~', e~', and ~~' are assigned to the
extremal areas corresponding to the identically labeled
electron orbits shown on the fourth-zone sheets in
Figs. 3(b) and 3(c). Figure 9(b) demonstrates the
quantitative relationship existing between the orbits
associated with these extremal areas at the point of
simultaneous cutoff. It is clear that at this point these
branches must satisfy the condition 2~&'+eP= eF.
Experimentally, the area branches assigned to these

~ .I 0.M.
l I

~«~
~W

~0

/

~~we ~C 1!
I

FIG. 7. Cross sections of the pseudopotential Fermi surface in the major crystallographic planes. The. . . and
contours refer to the third, fourth, ifth, and sixth bands, respectively.
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orbits agree very well with this quantitative relation-
ship. Our calculated model predicts a cutoff angle of
71' for these branches, in very good agreement with
the 70.5' observed experimentally.

Another cutoff angle observed in the dHvA data is
that associated with the ~P and ~~7 area branches
shown in Fig. 4. These branches are observed to
experience a simultaneous merging and cutoff as 8 is
tilted from L0011 in the (100) plane. In Ref. 13 these
branches were assigned to the maximal and minimal
extremal areas on the 6fth-zone pear surface shown
identically labeled in Fig. 3(d). In Fig. 10 the relation-
ship between these areas is shown for our model. Cross-
sectional areas measured in planes perpendicular to 8
are shown plotted as a function of position measured
parallel to II for three different values of 8. The angle
8& corresponds to an angle sufficiently small so that
both maximal and minimal areas exist; 0, is the critical
angle at which these areas merge, and for angles
greater than 0, no extremal areas exist. Our model
verifies the correctness of this relationship between the
m~' and m~ extremal areas and the critical angle cal-
culated from our model, 8,=15', compared to the
experimental value of 16', further verifies the assign-
ment made in Ref. 13.

In Ref. 13 there was one area branch, e~', which
could not be given a qualitative assignment to a
corresponding sheet of Weisz's Fermi-surface model.
On the basis of the present calculation, this area branch
can be unambiguously assigned to the noncentral
extremal orbit which traverses the outside of the
fourth-zone hole sheet and the fourth-zone crossed
lens electron sheet via the neck region joining them.
The extremal areas calculated from our model for this
orbit, as seen from the heavy dots on the E~~ area branch
in Fig. 4, are in very good agreement with the corre-
sponding experimental values. With the assignment of
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Fzo. 9. (a} Three distinct area branches exhibiting an identical
cutoB angle. All result from orbits in the fourth zone. (b} indi-
vidual orbits associated with the e1', ~p, and e~' area branches.
This schematic representation of the area branches shown in Fig.
9(a} demonstrates the quantitative relationship between those
branches at the point of cutoff: 2e&'+61 = 6&',

FIG. 8. The combined third- and fourth-zone Fermi surfaces.
Magnetic breakdown generates the orbits across the spin-orbit
energy gap.

the e~' area branch, all extremal area branches reported
in Ref. 13 have been accounted for by assignment to
corresponding extremal areas on sheets of our Fermi-
surface model; furthermore, the calculated extremal
areas for each of these assignments are shown to be
in very good quantitative agreement with the experi-
mental values.

The white-tin crystal structure is such that the
Fermi sphere must accommodate exactly eight elec-
trons. In this case the electrons are capable of filling
exactly four zones and the volumes of electrons and
holes are therefore equal. As a further check on the
self-consistency of our model calculation, the number
of electron and hole carriers in bands 3—6 were calcu-



J. E. CRA VEN

tool)

$e,

As

I

&c

Pro. 10. Cross-sectional areas of the fifth-zone pear surfaces
measured in planes perpendicular to 8 as a function of position
measured parallel to H.

lated and found to be compensated to 2.7% of the total
number of electron or hole states enclosed within the
Fermi surface. This error is equivalent to a shift in
Fermi energy of 1.0/10 ' Ry to attain exact com-
pensation within our model.

Thus having established the consistency of this
band-structure Inodel with all of the dHvA data and
also having demonstrated that it accounts, within
calculational error, for all of the required electron
states, wc will now proceed to usc it to reevaluate and
reinterpret the results of several other experiments.

TmLE V. Calculated and experimental extremal semicalipers.
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0.150 0.146
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VII. OTHER EXPERIMENTS

A. rf Size Effect

The rf size-eGect experiments of Gantmakher" "
provide an excellent method for studying the geometry
of the Fermi surface. By varying the magnetic-field
direction, Gantmakher was able to measure calipers
on many Fermi-surface sheets as a function of angle.
This greatly facilitated the assignment of his extremal
calipers to various sheets of our model. Cross corre-

lating Gantmakher's caliper branches with the dHvA
area branches of Ref. 13 with respect to angular
dependence, range, and relative size, wc werc able to
assign unambiguously many of Gantmakher's experi-
mental calipers to corresponding orbits on sheets of
our Fermi surface model. Table V lists a comparison
of the experimental sernicalipers for the three major
symmetry directions with those calculated from our
model. Agreement is seen to be very good, the average
difference being 2.5%. This is well below Gantmakher's
estimated error of 8%. The agreement not only vali-
dates our assignment of experimental caliper branches,
but also demonstrates the accuracy and completeness
of Gantmakher's investigation.

This close agreement seems to belie our earlier ob-
servation of the quantitative disparity between the
present calculation and that of %eisz. Since Weisz
based his calculation on the experimental data of
Gantmakher, it would be dificult to reconcile two
models which agree in extremal calipers yet strongly
dier in extremal areas. The solution to this apparent
inconsistency is found in the fact that although, in
most cases, Wcisz's assignment of caliper branches to
sheets of the Fermi surface was correct, calipers calcu™
lated from his model differed by as much as 30% from
Gantmakher's value.

B. Magnetoresistance

Alekseevskii et el."have made a detailed study of
the transverse magnetoresistance in tin. They found a
continuum of open orbits existing for field directions
lying in a solid angle around the t 001j axis. This solid
angle was determined only approximately and found
to be limited to 35'—45' from $001j. They also found
open orbits existing outside this range for all field
directions in both the (100) and (110) planes, and for
limited field directions in other planes of high symmetry.

From Fig. 3, we see that our model has two sheets
capable of supporting open orbits: the fourth-band
crossed-tube hole sheet in Fig. 3(c) and the 6fth-band
multiply connected tube network shown in Fig. 3(d).

The fifth-zone surface is capable of supporting
aperiodic open orbits for all field directions for which
the closed orbit sP, also shown in Fig. 3(d), exists. It
was found in Rcf. 13 that the extremal x~~ orbit was
cut off at 8=35' in the (100) plane. Anderson and
Young, " in their study of the magnetoresistance in
tin were able to obtain more accurate measurements of
the limits of thc aperiodic open-orbit region than were
obtained by Alekseevskii et aL They, in fact, were able
to discriminate in some cases between open orbits on
the fifth and fourth bands. Their limiting angle for the
s P orbit in the (100) plane was found to be 38'. The
value of 36' for this angle calculated from our model is
in very good agreement with both of these empirical
limits. Toward $110j, our model shows this orbit
limited to 25'. This agrees well with the limiting angle
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TABLE VI. Limiting angles for open orbits in
particular symmetry planes.

Plane of8
(150}
(&30}
(120)
(230)

~max (deg)
4th zone

8m~x '(deg)
5th zone

~max (deg)
expt

of 24' for the corresponding extrema1 area branch
determined in Ref. j.3.

The fourth-zone surface in Fig. 3(c) is also capable
of supporting aperiodic open orbits for 6eld directions
near [001j. The eis orbit shown in this Ggure is the
orbit whose existence determines the existence of
aperiodic open orbits on this surface. Our model limits
this orbit to within 36' of [001) in the (100) plane.
This agrees well with the limiting angle of 35' for the
~~' area branch of Ref. 3.3 and the 38' of Ref. 16.Toward
[110j, our model gives a limiting angle of 42'. The
corresponding area branch on Ref. 13 was only followed
for 37'. This is probably due to the magnetic breakdown
Meets discussed earlier. In Ref. j.6, a limiting angle of
44' was found for aperiodic open orbits in the (110)
plane, in good agreement with our calculated value.

%e have also calculated the limiting angles for the
periodic open orbits which exist when the magnetic
6eld, is constrained to move in planes perpendicular to
directions of high symmetry on the Fermi surface. The
limiting angles for these directions are listed for both
the fourth- and fifth-band sheets in Table VI along
with the corresponding limiting angles determined
experimentally in Ref. 18.Figure Ii shows a stereogram
of the 6eld directions for open orbits. Region I shows
the experimental results from Ref. i8, while regions II,
III, and IV are the directions calculated from our model
for the combined. fourth- and 6fth-band surfaces, the
fourth-band sheet, and the 6fth-band sheet,
respectively.

Since the 6fth-band surface is oriented with the
connecting tubes along [100j, a broad band of open
orbits should exist for all Geld orientations in the (100)
plane. The fourth-band tubes are oriented. along the
[110$direction. According to our model, a broad band
of open orbits will exist on this surface for 6cld orien-
tations in (110) up to 71' from'[001$ after which a
narrow band of open orbits will exist to within 2.5' of
the [110jaxis. There are no open orbits on the fourth-
zone sheet of the Fermi surface for magnetic 6elds in
the [110j direction. This contrasts with Weisz's cal-
culation which predicts the existence of a narrow band
of open orbits for this 6cld orientation. Both models
predict the existence of a narrow band of open orbits
on the fifth-band sheet for Gelds oriented along [110j.
Evidence for this narrow band of open electron tra-
jectories has been reported in Ref. 16.

O lO

10

too
ooi

100

I'10. il. Stereogram of the Geld directions for open orbits.
Region I shows the experimental results from Ref. I8. Regions
II, III, and IV are the Geld directions from this model for the
combined fourth- and Gfth-band sheets, the fourth-band sheet,
and the Gfth-band sheet, respectively.

n = dk, i dk, dk„ i,"i' (12)

where s is a closed contour on the Fermi surface in a
plane perpendicular to the k, axis. The direction of
circulation determines the electron or hole character
of the carriers. In the case of tin there are closed
contours in the fourth and 6fth zones formed by Bragg
reQection at the zone boundaries. This results in the
existence of electronlike orbits on the open fourth-zone
hole sheet and holclike orbits on the open 6fth-zone
electron sheet, causing R disparity between the relative
concentrations of electrons and holes. If the carrier
trajet:tories are all closed, as is our case in white tin
with H along [001j, then the Hall "constant" R is a
true constant determining the

difference

between
electrons and holes. For the case of open trajectories,
E. becomes a complicated function having no simple
physical meaning.

A detailed study of the Hall c6'cct in white tin was
made by Kachinsk. ii. Consistent with our model pre-
diction, he found that only when H was parallel to
[0017did, the Hall emf depend upon the magnetic field
1n R linear DlRnncr. The Hall cocKcicnt 1Il this case
was found to be negative and corresponded to a con-
centration of 0.35 negative carriers per atom. From our
model for this singular direction of the magnetic 6cld,
we calculate a negative concentration of 0.32 carriers
per atom. This reasonable Rgrecmcnt supports the
contention that thy lack of compensation for this

C. Hall Effect

In. the above discussion of open orbits, an important
property of the tin Fermi surface was not considered.
Tin has eight electrons pcr unit cell. These are capable
of 6lling exactly four Brillouin zones so that when only
closed orbits exist, compensation is to be expected.
For the particular Geld direction H~~[001$, however,
even though only closed orbits are possible, the phe-
nomenon of geometric discompensation occurs. The
number of carriers is geometrically related to the
Fermi-surface contours in the"'."Brillouin zone by
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particular field direction is due to closed orbits on our
open fourth- and fifth-band sheets.

D. Cyclotron Resonance

A direct and accurate method of measuring the
eRective masses of conduction electrons is that in-
volving the study ot cyclotron resonance. Just as in
the rf size-eRect experiment, these cyclotron resonance
investigations measure singularities in the surface
impedance of a sample in an applied magnetic field
and a time varying electric field applied para11el to the
sample surface. When the applied frequency is the
same as the natural cyclotron frequency of the electrons
circling the Fermi surface in planes perpendicular to
8, the conductivity will exhibit a singularity. This
resonance frequency co, is related to the eRective mass
of the electrons m* by

no*= eII/a), c. (13a)

The eRective mass is also geometrically related to the
Fermi surface by the relation

m*= (1jm)BA/BE, (13b)

where A is the area enclosed by the orbit in the plane
normal to II, and E is the energy at the Fermi surface.
In practice, the eftective masses measured by this
experimental technique generally correspond to
extremal orbits on the Fermi surface.

The cyclotron masses for extremal orbits on the
Fermi surface of metallic tin have been studied ex-
tensively by Khaikin. '4 In his investigation, Khaikin
was able to follow the angular dependence of these
masses over long angular ranges in the major crystallo-
graphic planes. As with Gantmakher's semicaliper
branches, the angular dependence of many of Khaikin's
cyclotron mass branches allows them to be assigned
unambiguously to corresponding sheets of our model
Fermi surface by comparison with the dHvA area
branches of Ref. 13. Table VII shows a comparison of
Khaikin's experimental eRective masses for 8 along
symmetry directions with the corresponding calculated
value from our model.

On the average, the masses calculated from the model
are 20% smaller than the experimental masses. This
enhancenient factor is also listed in Table VII as a

TABLE VII. Calculated and experimental e6'ective masses.

percentage deviation for each mass and is probably
attributable to electron-electron4' and electron-phonon"
interactions.

VIII. CONCLUSION

The pseudopotential formalism, in conjunction with
data from dHvA investigations, has been successfully
applied to the generation of mode1 band structures for
several polyvalent metals. Its application to the con-
struction of a model Hamiltonian or metallic tin, how-
ever, is particularly demanding. The complexity of the
tin Fermi surface and the significance of the spin-orbit
effects combine to challenge the accuracy of this model
Hamiltonian band-structure representation and also
test the validity of the assumptions made in its for-
mulation. While the data used to generate the entire
Fermi surface are limted to certain portions of the
surface, the extent of the selected data used places
strong restrictions on the generated model. These
restrictions determine the relative positions of the
energy bands in the immediate vicinity of the Fermi
energy and, to the extent that the one-electron approxi-
mation is valid, allow us to generate the entire band
structure.

The local pseudopotential calculation reported in
this paper provides an accurate model for the tin Fermi
surface. Not only does the model agree with the dHvA
extremal areas used to generate it, as well as all other
aspects of the dHvA data, but it has been shown to be
quantiatively consistent with experiments which have
examined other properties related to the Fermi surface.
This consistency gives us confidence in the essential
correctness of the model and justifies the application
of the pseudopotential formalism in this specific case.

In contrast to the earlier semiempirical band-
structure calculations for magnesium, zinc, and cad-
mium which employed pseudopotential techniques in
conjunction with dHvA data, the purely local form of
the pseudopotential was found to provide an adequate
representation for the white-tin band-structure model.
In the cases of the other three metals, the k dependence
of the pseudopotential was significant enough to neces-
sitate the inclusion of the core terms in the model
calculation. "
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As an aid to the quantitative application of our model for
the interpretation and evaluation of investigations concerned
with the Fermi surface of white tin, the coordinates of a network
of points lying on the Fermi surface in each Brillouin zone are
listed in Tables VIII-XI. For this supplementary material, order
MAPS Documents from ASIS National Auxiliary Publications
Service, /z CCM Information Sciences, Inc. , 22 West 34th Street,
New York, New York 10001;available in microfilm or photocopier,


