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The coupling of low-frequency surface plasmons to the ac Josephson currents in superposed thin di-
electric and superconducting metal films is examined. The I-V characteristics for various superposed film
systems are derived. The theory permits the magnitude of the parameters entering in the expression for
the I-V characteristics, as well as their dependence on various quantities (temperature, mean free path,
etc.), to be determined and compared with existing experiments. We have extended the theory of steplike
structures in the I-V characteristics of a single Josephson junction to multiple films, and have found that
more than one series of such steplike structures is possible. The theory provides a natural explanation
for a three-film tunneling experiment of Giaever. Finally, the modifications of the dispersion relations
for surface plasma oscillations in multiple-film systems, when admitting the presence of the ac Josephson

effect, are derived.

I. INTRODUCTION

LECTROMAGNETIC wave modes in superposed
metal and dielectric films of various geometrical
configurations have been examined by Economou!
(whose paper will be referred to from now on as I). When
the metals are superconducting and the thicknesses of
the intervening dielectric films are sufficiently thin
(~20 A) so that supercurrents can tunnel, Josephson
effects occur. The Josephson currents are coupled with
the multiple-film em modes and various interesting re-
sults can be expected. Several aspects of this phe-
nomenon provide the subject for the investigations of
this paper.

Swihart? was the first to show theoretically the
existence of resonant oscillations of electromagnetic
waves in tunnel junctions. He showed that there can
propagate slowed-down transverse electromagnetic
waves with phase velocity

d; 172
c=
°<ei[di+zn coth(dm/kz,)]>

in a dielectric cavity between two superconducting
metal films. Here ¢ is the velocity of light, d; is the
thickness, and ¢, is the dielectric constant of the dielec-
tric film, while d,, is the thickness and Az, the London
penetration depth of the metal films. Fiske,* and since
then various other workers,*® have observed experi-
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mentally the coupling of this junction mode to the ac
Josephson currents. In the preceding paper, such con-
siderations have been extended to multiple films which
may be regarded as forming superposed junction
structures. It was shown in I that in such geometries
more than one such low-frequency electromagnetic mode
is possible, and through these resonant modes the
cavities associated with each junction are coupled to-
gether electromagnetically. Thislatter point is especially
easy to visualize in the limiting situation when d,<<\p,
where a surface plasma-oscillation type of description is
valid.?

The present work discusses in a general way the ex-
citation of resonant electromagnetic waves in such
multiple-film superposed junctions by the alternating
Josephson current. The influence of these resonances on
the I-V characteristics of such systems are worked out
as well as their consequences for some of the more in-
teresting cases. The results for a single Josephson junc-
tion have essentially the same features as obtained
before.*5 However, our approach enables now a quanti-
tative calculation of the parameters of interest as a
function of temperature, bias voltage, and mean free
path. For example, we have some success in accounting
quantitatively for the decrease of the ratio of the voltage
at which a resonance peak occurs to the corresponding
applied magnetic field.* The loss represented by a Q
factor is given as a function of frequency and can be cal-
culated for any temperature at which an experiment is
performed. The variation of the positions of the current
steps with temperature is discussed, with the result that
the steps tend to shift their positions nonuniformly and
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cease to be equally spaced as T'— T.. The dependence
on the electron mean free path is also given.

For the general multiple-film systems we have sup-
plied a theoretical picture of what one expects when
surface plasmon modes are excited by supercurrents.
We have found, in general, that these electromagnetic
modes cause an interaction of the barriers of the films
system with each other, and thereby alter their operat-
ing characteristics. Moreover, for multiple films,
several low-lying electromagnetic modes can be present,
and consequently the same number of series of steps will
appear in the I-V characteristics. Our results provide an
alternative physical explanation of a Giaever’s three-
film experiment to detect the radiation of a Josephson
junction by use of a continuous cavity to couple the two
barriers tightly with the intention of eliminating the
bad impedance mismatch between the junction and
free space. Subsequent experiments'® throw some sup-
port for this alternative explanation. In Sec. III, we
examine the modifications of the dispersion relations of
the low-frequency surface plasma oscillations (dis-
cussed in I) for multiple-film systems in which ac super-
currents can flow. This study is stimulated by the recent
experimental observation'* of the Josephson plasma
resonance in superconducting barriers originally pre-
dicted by Josephson.!?-13 A general method is devised to
treat similar resonances in multiple films, which, when
specialized to the case of a barrier between semi-
infinite superconductors, enables us to recapture the
results of Josephson. The method provides a good
description of the modes near k~0 and explains why
retardation effects are negligible by use of a criterion
due to Ferrell.* Special features in the dispersion rela-
tions for these modes occur when the external metal
films have thicknesses comparable or smaller than the
penetration depth. Interaction of modes is sufficiently
strong to cause a splitting to occur at the point of
degeneracy. One of these modes of oscillation can still
be described by the dispersion relation w?= w?-%k?
for k=0 up till k~wy/c, where wo is the Josephson
plasma frequency, and therefore lies in the region
w>ck in the k-w plane. Although this oscillation has a
radiative character, yet the microwave radiation that
can possibly be given off is negligible even if the metal
films are thin enough. In general, the present results
would be helpful for further studies of such resonances
in multiple-film systems.
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II. EXCITATION OF RESONANT ELECTRO-
MAGNETIC MODES BY ac
JOSEPHSON CURRENTS

When a dc voltage V, is maintained across a
Josephson tunnel junction, alternating currents exist
between the two superconductors separated by a
barrier.’ If, in addition, there is a uniform static
magnetic field H, applied parallel to the barrier along
the y axis, the alternating currents are given by

jT——‘ Rejle”'(‘*"“’“) , (2.1)

where w=2¢Vo/# and k=2e(2\,+d;)Ho/#ic. The last
relation between % and H holds only under the assump-
tion that the thicknesses of the metal films are much
larger than the penetration depth. This relation is ex-
pected to be considerably modified in the opposite limit
when d,, is small compared with \,. It was pointed out
to us!® that in this limit, some characteristic length like
dm would replace the role of A, in that relation. The
quantitative result requires the solution of the micro-
scopic problem in the presence of thin metallic films.
This work has been carried out by Ivanchenko and
his final result is, in our notation,

2e dm
k =——[H 0(2)\p coth————+d,-)
#ic A

?
dm\ ™
—HO'Z)\,(sinh——) :l, (2.2)
Ap

where H, is the magnetic field inside the barrier and H¢'
is the field on the outer surfaces of the superconductors.
For d.>>\p, the above relation reduces to the one
preceding it. The fields Ho and H, are in general inter-
dependent with their relation determinable by solving
the magnetostatic problem presented by the configura-
tion considered. In the limit d,,/A,— 0, then the dif-
ference Ho—H ' can be shown!® to be of second order in
dm/Mp and consequently in this thin-film limit the -
relation reduces to the form

Such a current density wave propagating along the
junction in the z direction can excite electromagnetic
modes in the structure. When the phase velocity of this
wave becomes equal to the electromagnetic-mode phase
velocity, we may expect a resonance phenomenon to
manifest itself in the tunneling characteristics of the
superposed films. We therefore wish to find solutions of

15 B, D. Josephson, Phys. Letters 1, 251 (1962).
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the Maxwell equations for a geometry of alternating
superposed superconducting metal and insulator films.
As has been justified in I, the superconducting metal is
described by the dielectric function

es(w)=1—(wps*/w?)(1+1401/02) ,

and then A ,=¢/w,s is the actual penetration depth. The
Mazxwell equations are supplemented by the boundary
conditions of continuity of the tangential fields at every
boundary. The type of solution we seek corresponds to
wave propagation along a direction parallel to the
boundary surfaces separating the different metals,
which we designate as the z axis. With the x axis normal
to these surfaces, we further assume that there is no y
dependence of any of the fields and that H ,= H .= E,=0
in all of the media. The solution for any component of
the fields can thus be represented in the form F(x,2,)
=ReF(x)ei@t—*2) with Rek>0 and Imk <0 so that the
wave travels and is attenuated in the positive z-direc-
tion. The Maxwell equations determine the field ampli-
tudes F(x) through the ordinary differential equations

2.3)

E(x)=—(i/k)(dE,/dx),

H,(x)= (we,/ck)E., (2.4a)
d2E(x)/d*x— K2 E,=0
inside the metal and
E.=—(i/k)(dE./dx),
H,=(ew/ck)E,— (4mi/ck) j1, (2.4b)

& B,/ dat— K2 Ext (idnw/2K2) 1]=0

in the dielectric region where a supercurrent of magni-
tude 7, flows. Here

K, 2=k*—wle,/c?
and
K¢2= kz—w26r5/62 .

Equations (2.4b) describe mathematically the excita-
tion of the resonant modes by including the contribution
to the fields due to the tunneling currents in the dielec-
tric regions only. Assuming jr has no x dependence, the
electric field E, can be expressed in the form

E,= E(eXivt¢Ki%) — i(4mw /2K 2) 1.

With these modified solutions in the dielectric and the
solutions of (3.8)-(3.11) in I for the metals, we can write
the boundary conditions for the continuity of E, and
H,. The number of such equations is the same as the
number of unknown field amplitudes. Thus we have a
system of linear equations which can be arranged to
have the form that the left side of the equation is
homogeneous in the unknown field amplitudes while the
right side contain terms related to the tunneling cur-
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rents. In this form it is obvious that we have a problem
in which the electromagnetic modes of the system are
driven by Josephson currents. Instead of going on to
discuss the solution to the problem in this generality, it
is perhaps profitable to consider some specific model
systems.

A. Single Josephson Junction

We take as our first example a model junction con-
sisting of two superconducting metal films of equal
thickness d,, separated by a dielectric film of thickness
d; through which the supercurrent (2.1) flows. The
quasiparticle tunneling current has no effect on the
following considerations except that it contributes to
losses and hence damping of the resonances. The
magnitude of this damping can always be estimated!?
and hence we shall neglect quasiparticle currents from
now on. A particular case of this when d,, is assumed to
be infinite has been considered both experimentally and
theoretically for the coupling of the ac Josephson cur-
rents to the junction modes.> %! Essentially the same
results as theirs are obtained here by our method but
now all the important parameters can be calculated
explicitly using the model for the dielectric response of
superconducting films as explained in I. Another reason
for a repeated discussion of this by now well-understood
case is to illustrate our general procedure, which will be
applied to more complex structures afterwards.

Figure 6 of I represents the present problem if we
take di=dy;=d,. Eigensolutions for the fields are either
symmetric or antisymmetric, and hence we can restrict
our attention to the half-space x>0 and write E, as

Eo= Ey(eKiveKi%) /2— (idmw/c?K 2) j1
= Ey(eXmo+ Be~Km=)
—_ Ese—K,'a:

(2.5)

inside the barrier, in the metal film, and outside the
junction, respectively. Then via (2.2), E, and H, can be
expressed in terms of E,, and the boundary conditions
to be satisfied by them yield the set

— e—Ki(dmtids) = Km(dmtids) — e—Km(dm‘l'}di)
K/,e E3 KmE2 € B ’
(k2-— Ki2)e—Ki(dm+§di) E;

= (k?— K ;%) Ey(eXnt1dd) - Be=Km(dm+1d)) |
K. E2(e;Kmd;_ Be~£xmd£) =K, El(e%’xdi :Fg—%Kide‘) / 2,

(k?— K ,2) Eo(etKmdi- Be=1Kmdi)
= (b?— K 2) E1(e}Kidit g—4Kids) /)
— (#4ww/c?) (k2 /K?) j1,

from which we can solve for E;. The alternating voltage

(2.6)

191, O. Kulik, Zh. Eksperim. i Teor. Iiz. Pis’'ma v Redaktsiyu 2,
%34 é)l%éS) [English transl.: Soviet Phys.—JETP Letters 2, 84
1965)7].
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Pb-I-Pb
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Fic. 1. The dots are experimental results (Ref. 4) for the posi-
tions of the observed resonant peak versus applied magnetic field.
The curves give the calculated positions.

across the barrier is given by

'l)oE Ezd,’ = E1di ——i(41rw/K,;c2)j1d,-

ird;f
B e,wK,-z
2CLR—2C_R? €;w?
(o ):
—C_ A +(CA,+CLA)R—C_ALR? ¢
2.1
where

Ay = (etKidif g—Kidi) |
Ca= (eFminat g~ Tmin)

and
Kone;

R=——nu.
K.‘Gm

If we take R and K,d; to be small, as is true in practice,
we can simplify this to read

i41rj1d,-
Vo=
einiZ
( k2(1—¢;82/c?) e¢w2>
(1—k222/w?)+i(eic?/c?) (k%2 /eiw?®—1)6  ¢2 ’
with
d‘l 1/2
e=6< )
6¢[di+ 22 COth(dm/)\p)]
and
d=[01(w)/202(w) (14 2dn/Np sinh(2dm/N ) ]. (2.8
This can be reduced further to
i4wd;j 1
do= Y : ) , (2.9)
e \(1—C%2/w?)+i/Q
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where

20’2<w>2/1 €;C2 <1J 2dm ) (2.10)
=2\ ( c2> "Np sinh(2dn/A,))

by making use of the fact that ¢1/0sK1 for the fre-
quency range of our present interest. Here ¢ is the
phase velocity of a low-frequency branch of the dis-
persion relations for surface plasma oscillations in this
geometry as given also by Eq. (3.29) of I. The ratio
01/203 is graphed in Fig. 11 of I, where it is seen to be a
smooth function of its argument as long as 7<<7T'.. The
last equation indicates that resonance steps will occur
whenever k¢=uw is satisfied and the resonance losses are
given by the value of Q. Results identical in form to this
have been obtained by Eck et al.*® For their case the
losses are represented by a Q factor which has not been
given explicitly. From our expression for Q we can
estimate it to be of the order of magnitude of 102.
Strictly speaking, the discussion until now holds only
for a junction of infinite extent in the z direction. If
the actual length of the junction is L, then every func-
tion defined in this region can be expanded in the com-
plete set of functions cos(zwz/L) and sin(nwz/L),
n=0, 1, 2, - - -. The voltage normal modes of an open-
circuited transmission line vary as cos(nwz/L). Expand-
ing v in these modes, we naturally obtain results similar
in form to those in Ref. 5, that resonant jumps appear at
equally spaced voltages V,=n(hér/2eL) which grad-
ually merge into resonance-shaped peaks as the
magnetic field is increased. The resonance-shaped peaks
occur near the voltage at which w=%¢. Since % is pro-
portional to Hy and w is proportional to V, the depen-
dence of peak position V', on applied magnetic field H,
would be linear if ¢ were frequency-independent. The
experiments®® verify such a linear relation except
that a deviation from linearity is observed for higher
voltages. The explanation of this deviation is the fre-
quency dependence of ¢, as is clear from Egs. (2.8) and
(2.3). An attempt to account for this quantitatively can
be carried out by use of the frequency dependence of
wps OF Ap as given in I. The results of this calculation are
represented in Fig. 1 by the dash-dotted line. However,
the experiment was done with Pb-7-Pb junctions, and
since Pb is a strong-coupling superconductor, the actual
frequency dependence can only be obtained via the
strong-coupling theory. For this reason we have taken
the results of the calculation of the complex electrical
conductivity of superconducting lead by Shaw and
Swihart.?° The theoretical curve that describes the rela-
tion between V, and H, is shown in Fig. 1 as the solid
line.

In addition to being frequency-dependent, ¢ is also
temperature-dependent. This would imply a tempera-
ture dependence of the position of the steps in the I-V
characteristics which has also been experimentally ob-

20 W. Shaw and J. C. Swihart, Phys. Rev. Letters 20, 1000
(1968).
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served.®” The steps occur at voltages corresponding to
the frequencies w= (nr/L)¢. Hence the temperature de-
pendence of the steps is determined by a complicated
equation of the form

The temperature and frequency dependence of &(w,T)
comes from the corresponding dependence of the
penetration depth A,(w,7). Miller?* has calculated
A p(w,T) assuming an infinite mean free path /. However,
it is reasonable to assume that the results of these cal-
culations can be used in our case (where the mean free
path is short) since what we need is only the tempera-
ture and frequency dependence of the ratio A(7)/A(0)
and it is known?? that the temperature dependence of
this ratio is almost unaffected by the presence of a
short mean free path at least in the static limit. Having
thus the frequency and temperature dependence of ¢,
we can solve Eq. (2.11) graphically for each step. The
resulting behavior for the steps expected theoretically
for a Sn-I-Sn junction like that used by Dmitrenko
et al.® is detailed in Fig. 2 (solid lines). Dmitrenko et al.
studied experimentally the temperature dependence
only of the first step; their results are also displayed in
Fig. 2 (circles). The theoretical temperature variation
of steps differ from one step to another when 7/7°.> 0.6
because of the frequency dependence of ¢, Eq. (2.11).
This means that the steps start to shift nonuniformly
and consequently cease to occur at equally spaced
voltages.

Another point worthy of comment is the follow-
ing. It has previously been stated® that the tempera-
ture variation of the steps is given by the function
[(1—(T/T.)*]'*. We disagree with this statement,
since it is not the static penetration depth which enters
the expression for ¢, as the derivation of the above ex-
pression requires, but the frequency-dependent ac
penetration depth. That the temperature variation is
not given by the function [1—(7/T,)*]'/* can be seen
from the fact that A,(w(7"),7") does not tend to infinity
even for a normal metal, i.e., when 7’=T,, in contrast
to the above function, which assumes that the penetra-
tion depth tends to infinity as [1—(7/T,)*]? as
T—T,.

Assuming that 7/7.<<1 and #w/kT K1, it can be
shown by use of the calculations of Miller?® that ¢&
decreases, but only slowly when / decreases.

In the above analysis we have assumed the current
amplitude j; is uniform over the barrier and the junc-
tion size is small compared to the Josephson penetration
depth N\s,’? so that the magnetic field associated with
the dc current can be neglected. Under these assump-
tions and when the applied magnetic field H, is zero,
the exciting supercurrent is uniform. According to our
picture that structures in the I-V characteristics are due
to the resonance excitation of surface plasmons, this

2 P, B. Miller, Phys. Rev. 118, 928 (1960).
2 P. B. Miller, Phys. Rev. 113, 1209 (1959).
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o Experimental points
for Sn-Sn junction

Vo Aoy —
(4.
T
]
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3 -1
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T/ Te—

Fic. 2. Relative change in the position of the nth step
versus relative temperature.

would imply, at Ho=0, the absence of current jumps.
However, in actual experiments®® these structures
persist. The explanation lies in the fact that the junc-
tion oxide layer is nonuniform and the current ampli-
tude 71 depends sensitively on the thickness of the
barrier. This makes 71 a function of the coordinates on
the surface of the barrier and, when ji is expanded in
the complete set cos(nmrz/L) and sin(nwz/L), it becomes
clear that resonant surface plasmon oscillations can be
excited even when Ho=0 to produce the equally spaced
current jumps.

B. Superposed Tunnel Junctions

We proceed to the study of more complex superposed-
film systems. Our interest in these systems was initiated
by experiments performed by Giaever?* in which two
superposed junctions, one of which exhibits the ac
Josephson effect and the other a conventional type with
a continuous cavity linking them together, are used to
detect the Josephson radiation. A voltage V' is applied
across the Josephson junction which serves as a genera-
tor of fields of frequency #v=2e¢V;. The conventional
junction serves as a detector for these fields. Current
steps are obtained in the I-V characteristic of the latter
junction at voltages V,=(1/¢)(2A£n#w) in the same
manner as in the Dayem-Martin effect.?® It seems
natural to explain the result as a detection of the micro-
wave fields in the Josephson junction by the conven-
tional junction when the two cavities are coupled via a
continuous link connecting them to eliminate the bad
impedance mismatch between the junction and free
space which is unavoidable when a conventional detec-

23 H. Fritzsche (private communication).

24 T, Giaever, Phys. Rev. Letters 14, 904 (1965).

% A. H. Dayem and R. J. Martin, Phys. Rev. Letters 8, 246
(1962).
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tor is used. However, other experiments!® with this
type of superposed junctions in which no continuous
cavity linked them together still showed the same effect.
On the other hand, experiments!® were also performed
with two junctions not superimposed but fabricated in
such a way that they lie side by side with a continuous
cavity connecting them so as to obtain a tighter elec-
tromagnetic coupling between the two junctions.
Nevertheless, no effect was observed in such experi-
ments. The only way to explain the behavior of the
superposed junctions not connected by a continuous
cavity is to assume that the fields from one junction
penetrate directly into the other through the super-
conducting middle film; such an effect would be absent
for the junctions which were side by side. We offer here
a more precise picture for the understanding of these
experimental findings by recognizing that these phe-
nomena are just consequences of the excitation of those
wave modes which couple the two barriers together
electromagnetically. It is worthwhile to note that this
new interpretation still implies that Giaever’s experi-
ments serve to detect the ac Josephson effect, though
not with the help of a continuous cavity, but rather
through the collective surface plasma oscillations that
couple the two junction barriers.

We shall consider an idealized symmetrical system of
two superposed junctions as shown in Fig. 8(a) of I.
This choice has the merit of requiring algebra that can
be easily handled, while the results nevertheless permit
discussion of the most general situation. If we further
assume either a symmetric or antisymmetric distribu-
tion of supercurrents of amplitude j; in the two barriers,
the fields can be obtained in terms of symmetrical or
antisymmetrical eigensolutions which can be repre-
sented by

E.= Ele'—K"x, in1
= Ey(eXmo4 Bye=Ema) | in 2 (2.12)
= E3(eXKiv4 ByeKiv) — (idmw/c2 K 2) §1, in 3 ‘
= Ey(eKmnoy e—Kna) | in 4.

Six boundary conditions for the continuity of E, and
H,lead to the system
— Ky Kilml2dn/+di)
= KmEz(eKm(dm/Z'f"dm"i‘di) _Bze—‘Km(dmﬂ‘l'dm"l'di)) ,
(F*— K 2) EyeKi@mi2tdm'+di) = (B2 — K, ) F,
X (eKm(dm/2+dm'+di) __Bze_Km(dm/2+dm’+di)) ,
KmEz(eKm (dm/2+di)—.Bze"Km(dm/2+di))
= K Ey(eKi(mI24d) — ByoKi(dm/2+dD)
(kz_.sz)Ez(eKm(dm/z'l'di)+B23—Km(dm/2+dz')>
= K E3(eKs(@mi2+di) 4 Boe—Kildmi2+di))
— (idww/c?)(k?/K ?) j1,
KiEs(gKi (dm/2) '_...B36—Ki (dm/2))
=KmE4(eKm(dm/2) :Fe—Km(dm/Z)) ,
(kZ—.Ki2)E3(3Ki(dm/2)+Bse—‘Ki(d'm/2))
— (i47w/c®)(k*/K2) 1
= (k2_Km2)E4(eKm(dm/2):L._e"‘Km(dm/2)) .

(2.13)
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From this set of linear equations we can solve for I
and E;3B;, and the alternating voltage developed
across either barrier is

vo=(EseKnini2-{ Fy ByeKnin!2)d; — (idme/cK 2)di 1
t4wd;j k2 €iw?
i > (2.14)
e;wkK 2 \1 —¢a B /W ¢

where

W=t a BR*— (¢ Br+ EraB7+26 B R
+ (E—a+ﬁ=F‘|‘ 2$+:8t)R )
with
Q= eKidf:i: e——K,'d,' ,
By=eKmdnlty g~Kmdn/2

£p=eKmdn' 4 g=Kmdn'

When restricted to the range of frequency of oscilla-
tions and the geometric sizes that occur in conventional
Josephson tunnel junctions, the R? and R? terms in W
can be neglected and vy becomes

i47rd¢j1
Vo=
ewK ;2
< k2(1—c.2/c?) w2>
(1—Fk%.2/w®)+1(612/c2) (k22 /w2 —1)8, ¢
with
d; 1/2 ¢
5i=6¢<—**—-‘—> , Ci=—,
di—f-)\pﬁ:i '\/éi
(2.15)
tanh(dm/2\,)
§i=coth(dm’/)\,,)+< ) ,
coth(dn/2\,)
and
0'1(60)
8= { 1 —{—[dm’ csch2(dw’ /Ap)/Ap
20’2((0)

sech?(dm/2\p)
+< ’ )dm/zx,,]/syi} :
csch?(dm/2N )
Here ¢, are the phase velocities of two low-frequency

surface plasma oscillations in this geometry. Further
reduction yields the resonant form

l47|’d¢]1 1
Vo= s (2.16)
e (1—ck%/w?)+i/Qy
where 0/’
0 (lw) =— @2.17)

8.(1—2s2/c?)

The plus sign holds when the excitation current distribu-
tion is symmetric and the minus when antisymmetric.

Following the procedure of Eck ef al.,'" we expand v,
in the normal modes cos(nrz/L) of the junction. (L is
the length of the junction in the 2 direction) and assume
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the junction to be of infinite extent in the y direction.
We find

4rd;j, «
v0(2,f) = > cos(nwz/L)
€W n=0
@, cos(wt—+0,)+b, sin(wi+6,)
, (2.18)
{[1—(@nnCs/wL) P+ (1/Qx,n) 2]}
with

1/Qn
0,=tanr l——
1—(nréy/wl)?
2kL sin(kL—nw) X%, n=0
(L) —(nm)? X1, n0
2kL[1—cos(kL—nm)]X3, n=0
C (kRL—(m)? X1, n0

and Q. ,.=Q.i(nr/L,w) represents the losses in the
nth mode.

This alternating voltage can in turn give rise to a dc
current. To first order in vo/V, the dc component of the
tunneling current is

Ldz rTdt ( ' +Ze ¢ )
japc= [ — —jsinwt—z—/wtt)
J+DC /; I . T 1 7 0

41red,-j12
- e,-hw
hsd 1/ Qd:,n

X Fa(k), (2.19
5 [1—(mey/wL) ] +(1/Qx.n)? ®, @19

with

F;.(k) =(

sin(kL—mr)/2>2 1 X%, =0
(kL—nm)/2 ) (1+nm/RL)2X1, n0.

This equation exhibits resonant current jumps at two
series of equally spaced voltages

Ven=n(hé,m/2eL), r==,

(one series corresponds to the symmetric configuration,
the other to the antisymmetric one) and the height of
the nth current jump is modulated by the Fraunhofer
term

()

Hence this type of behavior is analogous to that of a
simple Josephson junction as considered in Ref. 5. The
new feature worth our emphasis is the appearance of
two distinct linear ¢ modes—thus two series of resonant
jumps.

When, in general, the two barriers are biased at dif-
ferent dc voltages V1 and V, corresponding to super-
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currents 7y sin(wit—kz+a1) and 7, sin(wsl—kz+as), re-
spectively (here we do not require j;= 7,), the alternat-
ing voltages v, and v, developed across the two barriers
can be obtained as linear combinations of the symmetric
and antisymmetric eigensolutions that correspond to
supercurrent distributions

[%]1 sin(wlt—kz-l—ozl)}i_[

35 Sin(w1l—kz+a1):|
%jl sin(wlt—kz-l—al)

'—%‘]1 sin(wll—kz-l—ozl)
+|:%]2 sin(wgt—kz+a2):|+|:—%j2 Sil’l((:)zt—kZ—'—Olz):l

372 sin(wot—kz-+as) %72 sin(wet—kz+as)

written as a column vector, the top element of which is
the current in the first junction and the bottom ele-
ment the current in the second junction. These solu-
tions have been obtained as in the form of Eq. (2.18)
when expanded in the normal modes of the junctions.
Calculating the dc component of the current density
in the manner used before, we find for the first junction

21red1- ] 12

g 1de —
€ fiw,?

© 1/Qrn
X2
r=4 n=0 [1 —_ (n’ll'(—ir/w1L)2:|2+(1/Qr,n)2

and for the second

Fa(k), (2.20)

2med; ] 2%

jzdc =
€iiwo?

X ¥ /o
r=t n=0 [ 1— (0w, /wsL)2 24+ (1/Qr n)?

In the particular case when wi=w:=w, an extra term
proportional to 7172 and given by

sgn(r)/Qr,n

Fa(F). (2.21)

21redij1j2 d

eific? 1=t 20 [1— (nt, /L) P+(1/0r.n)?
XF (k) cos(or—az), (2.22)
where
sgn(r)=1, r=+
=—1, r=—

has to be added to each of the two expressions [ (2.20)
and (2.21)] for the dc component of the current density.
In this case each current 7,4¢ and j7,d¢ will have a
double series of steps defined by

Va=n(héyr/2el)
and
Va=n'(hé_m/2eL).

Of course, in order to have two distinguishable series
of steps, ¢4 and ¢_ should be sufficiently different but



562 K. L.

thisis equivalent to the requirement that d,, is not much
larger than A\, Within the linear approximation of re-
garding v/V<1, the supercurrents of frequency ws
present in the second junction, although giving rise to
an ac voltage of the same frequency in the first junc-
tion, have no effect on the dc current of this junction
and vice versa even if the two frequencies are so related
that one is an integral multiple (other than one) of the
other, for the reason that any such interference effect is
higher-order in v/V, which is assumed to be small, and
hence negligible. This is transparent when we write the
expression for the supercurrent when the voltage across
the barrier is the sum of the applied dc potential
V1= #w1/2e and the oscillating potential v coswst:

7= j1 sin[wit+(2ev/%iw,) sinwot+a]
) 2ev
=7 > [f n(—) sin[(nwg—l-wl)t-l—a]:, ,
n=—x hw2

where J, is the Bessel function of order #. If nw,=w;
for a certain integer #, a dc component is obtained and is

given by
jde=(—1)j1J n(nv/ V) sina.

If »/V 1K1, this is of higher order in v/V; relative to the
result when #=1. On the other hand, if the linear ap-
proximation breaks down and v/V cannot be assumed
small, we would expect a non-negligible contribution to
a dc current jump whenever wi=nw; or the reverse is
satisfied. Specifically in this case when one junction,
say, the lower, is biased at the voltage Vo= fws/2e such
that ws corresponds to a resonant frequency of the
system while the upper barrier is biased at Vi=nV, for
any nonzero integer #, a sizable constant voltage step
is expected in a manner completely analogous to the
behavior observed by Shapiro.?6 In a similar situation
but if #=0, i.e.,, V1=0 and the upper junction is not
externally biased, the resonant fields caused by the
supercurrents in the lower junction at a resonant fre-
quency would be expected to cause induced dc voltages
across the upper junction analogous to the observation
of Langenberg ef al.?”

We come back to discuss further Giaever’s experi-
ment for the detection of the ac Josephson effect in the
light of the results just obtained for two superimposed
barriers. We can simulate a generator and a detector
junction superposed on each other as in the actual ex-
perimental situation of Giaever by taking our model
junction of Fig. 8(a) of I and assuming that there is
supercurrent only in the upper barrier, with the lower
one regarded as if it were a conventional junction. We
can approach this problem by again decomposing the
zero-order ac supercurrents to symmetric and anti-

26 S, Shapiro, Phys. Rev. Letters 11, 80 (1963).
27D. N. Langenberg, D. J. Scalapino, B. N. Taylor, and R. E.
Eck, Phys. Letters 20, 563 (1966).
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symmetric components as

1 71 sin(wit—kz+ai)
[ M

%j1 sin(wlt—kz+a1)]
%]'1 sin(wlt—kz+a1) ’

—141 sin(wi —kz+az)

From (2.18), we have for the ac voltages the expressions

27rd,']'1 0 nmwa
v1(3,1) = z X cos(——)
€w =+ n=0 L
@, cos(wi-+0,)~+b, sin(wi+6,)
X , (2.23)
[ —nmt, /L) (1/Qrn) 22
2rd;gy o nwg
v2(2,0) = > > sgn(r) cos(———)
€ r=% n=0 L
@y, cos(wi+0,)+b, sin(wi+0,)
(2.24)

X .
L1 —nme, /L) (1/Qyn) 2 M2

Note that for v; the symmetric and antisymmetric con-
tributions add, whereas for v, it is the difference between
these two contributions. If d,/A,—, & — é_, and
Q+,n— Q—,n, then v; reduces to the usual result for a
single barrier and v, becomes zero, as is expected since
this limit the fields cannot penetrate through themiddle
metal film. In fact, for d,>>\,, cy—c_x e dnlrs QL —(Q_
« g~ mir2 and vy/v; < e~4m/*», In the opposite case when
dmShp, &4 and ¢ are distinct, there is no overlapping of
the (4) and (—) resonances, and consequently »; and
v, are of the same order of magnitude. It is now clear
that in view of our previous discussions when the
generator is biased at a resonant step, a resonant elec-
tromagnetic mode of the multiple-film system is excited
and the detector junction will have simultaneously
resonant alternating fields across it, thus modifying its
own -V characteristic in essentially the same way as in
the Dayem-Martin experiment?® and explained by Tien
and Gordon.?® This would be a reasonable explanation
for the experiments of Giaever and indicates clearly
that even in the case when no effort was made to form a
continuous cavity linking them together the experi-
mental results would be unchanged. Under this ex-
planation, however, two distinct series of step structures
would be observable. This seems to be consistent with
the observed I-V characteristic of the generator in that
there are features which would be very difficult to
explain with one series only. As a final remark, it can be
said that the observations of Giaever verify the excita-
tion of electromagnetic wave modes in the superposed-
films system by ac Josephson currents.

We have assumed geometrical symmetry in the
previous example to make the algebra manageable. The
conclusions that we derived from there do not depend
on this assumption, however. To show this indirectly
we shall work out another multiple-film system with no

2 P, K. Tien and J. P. Gordon, Phys. Rev. 122, 647 (1963).
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symmetry assumed as shown in Fig. 7 of I. The con-
figuration can be easily realized in experiment and
deserves a study of its behavior. We follow the pro-
cedure illustrated by the last two examples. Express the
fields E, in terms of the eigenfunctions in the separate
regions and write the fields E, and H, in terms of E,.
The boundary conditions satisfied by E, and H, again
lead to a determination of the unknown field amplitudes
in terms of the driving currents j=7; sin(wi—kz+a)
and j'= ji sin(w't—kz+<’) in the two dielectric regions
caused by the ac Josephson effect when external dc
voltages V=~rw/2e and V'=%w'/2e are biased across
them. In I it was shown that the electromagnetic modes
of the system in the frequency range of interest in
tunnel junctions consist of two linear modes with phase
velocities given by

61,2=Ci/{ 1+)p5’1,2}”2, (2.25)

where

(ditd!)E[(di—d!) £ 4e2n o d ]2
Fq 9= .
12 did (1 —e2mNs)

The alternating voltages induced across the two barriers
are then given by

4wd; I_ SC(R) €iw? JC(R)
- A b2 o h2——
kL <k eR) ¢ >+] £(R)

?

] , (2.260)

with

SC(R) = 4:R2— ZK@dz’.R s

X(R)=4¢EKminK d/R,
L£(R)=4R*—2K(di+d/)R+ K 2did/(1—e 2 Kmdm) |

and
&(R)
" £(R)

’

'i41rd¢'r 3'(R) eiw?
= j’(k“’ )
ewkzl'\ &(R) ¢

3¢/(R) and %’(R) are, respectively, obtained from 3C(R)
and %(R) by the interchange d;’ <> d;, and note that
&'(R)=£(R). By use of the usual approximations,
(2.26a) and (2.26b) can be rewritten to exhibit their
resonant forms as follows:

:I . (2.26b)

idwdj { k2
V=
e,'wK.-z (1— —de/)\P)did;,
(24N, 6%) (1 — 812/ c2) — 4\ 202/ c? eiw?
X +1e 2:| —_—
(1/e:2—1/e:2)(1 — k%1% w?)
Jitrdif’ B eimo2d{N/c?
ew’ K2 (1 - e_z‘i'”l)"’)did,"

(1—c:?/c?) .
X[(1/622—1/612)(1_]32512/0)2) Fle 2] y (2.27)
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where the second term of each of the two square-
bracketed expression is obtained from the first by an
interchange & <> &. The corresponding expression for
9’ can be obtained from (2.27) by the interchange of
di<>d/, j> §, and w<>«’. The Q factor can be
derived also from (2.27) if we replace A, that occurs
there explicitly or implicitly through & and & as in
(2.25) by Ap[1—ic1(w)/o2(w)]. The resulting expression
for Q is a complicated expression which shall not be
recorded here, but is again of the order of ¢1/02. Under
the special assumption that d;=d/, w=0o’, and j=j,
i.e., a symmetric excitation current distribution, (2.27)
reduces to

idwd;j 1
T e -t/ +ifQ]
ds
g (1+-tanhdy/20,)

with

as it should. It is clear from these explicit expressions for
v and ¢’ that supercurrents can excite resonant electro-
magnetic modes of the system. Supercurrents inside one
barrier can have a significant influence on the other
only if dnSAp as it is clear from the appearance of the
factor e~9»/*» in the second term of (2.27). Then, in that
case, the expected result of this resonant excitation is
the appearance of two distinct series of current jumpsin
the I-V characteristics of the barriers. Various other
consequences that have been discussed before in connec-
tion with the previous geometry also apply to the
present case. :

One can go on to examine more and more complex
geometries of superposed films. However, from the
study in I, it seems clear that the essential physics of
such systems has already been embodied by the few
simple cases examined here. As the number of metal-
dielectric interfaces increases, the number of eigenmodes
increases correspondingly. Each of these modes cor-
responds to surface plasma oscillations of the system asa
whole. When these inhomogeneous systems exhibit the
ac Josephson effect, under certain conditions, some of
these modes can be resonantly excited via the action of
the supercurrents. These resonant excitations are ob-
servable in the I-V characteristics of the barriers as the
appearance of several different series of equally spaced
current jumps. The number of such series is the same as
the number of the low-lying eigenmodes of the system.

III. MODIFICATION OF DISPERSION CURVES
BY THE JOSEPHSON EFFECT

In I, electromagnetic wave modes in superposed
normal or superconducting metal and dielectric films
are described and their dispersion relations derived
without the inclusion of any ac Josephson effect that
may exist in such inhomogeneous systems when the
metals are superconducting. Section II of the present
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F16. 3. Dispersion relations for the low-frequency modes as
modified by the ac Josephson effect of the symmetric geometry of
three films (metal-insulator-metal) between two semi-infinite
insulators, ws~wo(1+4d:/2Np) 12, ks~ws/c.

work examines the excitation of these modes by the ac
supercurrents when external dc voltages are applied.
The treatment therein amounts to finding the response
of the surface plasma oscillations to the exciting super-
currents in a perturbative manner. This approach is
correct if a linear approximation is valid and when we
are interested in such responses as the /-V character-
isitics. There are situations, however, where this ap-
proach is invalid. One simple example is given by the
case of a Josephson junction with no applied dc voltage
when oscillations of the system either in the form of
propagation of small-amplitude electromagnetic waves
along the barrier or oscillations that resemble ordinary
plasma oscillations commonly termed the Josephson
plasma resonance are sought. Other examples are
general superposed-film systems in the absence of
applied dc voltages and oscillations of these types are
examined. The study of such oscillations in multiple
films will constitute Sec. ITI. We start with a discussion
of the nature of these oscillations in a Josephson
junction. '
The existence of a plasma resonance in Josephson
tunnel junctions was predicted theoretically by
Josephson'?'? and recently observed experimentally by
Dahm et a/.!* The plasma resonant mode corresponds to
a situation when the current and electric field are
normal to the barrier, the magnetic field is zero, and
there is a periodic exchange of energy between the elec-
tric field and the electrons (longitudinal oscillations).
In addition to the plasma oscillations, a plane-wave
solution ~eiw=*2) which is physically equivalent to
the propagation of electromagnetic waves along the
barrier is also admitted. The dispersion formula is given
by
3.1

W= wo+ a2k,

where wo?=8med;j1 cosgo/e:#s is the Josephson plasma
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frequency and &= c[d./ ;2\ +di)]!/? is the same as the
phase velocity (3.19) derived in I for a barrier between
two semi-infinite metals. In fact, (3.1) was derived for
this model, and the appearance of ¢, which is the prop-
agation velocity of electromagnetic oscillations in the
absence of supercurrents, is quite natural. The modifica-
tion due to the supercurrents is clear from (3.1), which
says that for w<wo, k is imaginary, so that waves can-
not be propagated, while for w>w, the propagation
velocity tends to &, its value in the absence of the
Josephson effects. Before we examine these interesting
modifications for the multiple films we studied in I, we
shall sketch a procedure that will be applicable for the
various configurations.

We assume that ¢, the difference between the values
of the phase of the superconducting order parameter of
the two sides of the barrier, undergoes small oscilla-
tions 8¢ of the plane-wave form ~ei(“%2) about ¢,.
From Josephson’s equation, we have

1wdo= (2¢/h)ov,

which relates the oscillating part of the phase to the ac-
companying oscillating voltage &v across the barrier.
The expression for the supercurrents can be linearized
under the assumption that 8¢ is small, and rewritten
in terms of v as

3.2)

Jr= J1 singe+ (2e41/1hw) cospody. 3.3)
The second term of the right-hand side is an oscillating
current with time and spatial dependence of the form
eiwt=k2)  As we have seen already in Sec. II, these
supercurrents will cause electromagnetic fields in the
multiple-film system and from these fields we can cal-
culate the oscillating voltages across the separate
Josephson junctions that are present in the system. For
self-consistency these must be the same as the &v’s
that appear in (3.3). We are thus lead to an eigen-
equation which in general is of the matrix type from
which the dispersion relations can be obtained.

A. Single Josephson Junction

As an orientation for use of this self-consistency
method, we reexamine the case of a barrier between two
semi-infinite superconductors. The voltage across the
dielectric film of thickness d; is dv=FEd;, where E; is
the component of the electric field inside the barrier
and perpendicular to the plane of the junction. With the
method explained in Sec. II, E; can be calculated and
expressed in terms of the tunneling current jr. Ex-

plicitly it is

’l:47rdijr/ k? €iw?
dv=FEd;= )
E,'O)K,J \1 —Kidi/Z.R c?
(3.4)
idwdijr 1

ew  (1—8k/w?)+i/Q’
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where ¢ and Q can be obtained from Egs. (2.8) and
(2.10) in the limit d,,/A, — . For self-consistency, we
also have to satisfy

Jr=(2¢j1/ihw) cospodv. (3.5)
From (3.4) and (3.5) it follows that the dispersion rela-
tion is given in (3.1) with we®=2e4; cospo/%C, where C
is the capacitance per unit area of the junction. At
k=0, w=w, is the Josephson plasma frequency. The
situation corresponding to such a plasma oscillation has
been described by Josephson. Our present picture
illustrates the fact that the magnetic fields associated
with the junction modes excited by the supercurrents
vanish as #— 0. In particular, the magnetic field H,,
being first-order in % for small %, vanishes at 2=0. We
have seen in I that when 23>k, the magnetic field and
hence the retardation effects are also negligible. The
physical explanation for why, in the regions of small %
and large %, the retardation effects are negligible can be
given via a criterion due to Ferrell'* and elucidated in I.
The criterion is to compare the ratio of the distance to
the time over which charges are transferred with
the propagation velocity of electromagnetic waves,
ci=c/e'? and cn=c/es}/? in the insulator and metal,
respectively. If this ratio is much smaller than both ¢,
and ¢n, retardation effects are negligible and the elec-
trostatic theory is adequate for describing the phe-
nomenon. For the region of large %, the distance is the
wavelength ~1/k and the time is ~1/w. Retardation
effects are negligible if w/k<c; and c¢,, (region of surface
plasmon). For the region of small £ and w close to wy,
the appropriate distance is d; since now the transfer of
charges is due to the tunnel effect across the barrier. The
criterion for negligible retardation effect is d;w<c:, cm,
which is obviously satisfied, for typically d;~20A4,
w~10" sec™!, A,~500 A, and &é~10° cm/sec. As we
move towards higher %, a considerable amount of
charge will start to travel parallel to the surface and the
characteristic distance involved in this process is 1/k
as we have discussed before. When k~wo/¢ this process
is no longer negligible compared to tunneling across the
barrier. Hence the characteristic distance changes
gradually from being d; to 1/k as we move from k>0
to K>wo/¢. Now it is clear that we can say that oscilla-
tions near the point, w=wq, #~~0 are true plasma oscilla-
tions without retardation effects and of the same nature
as plasma oscillation in the bulk of a metal. Their basic
difference is that in the Josephson plasma oscillation
only the charges that tunnel participate and not the
bulk charge density. This also accounts for w, being
several orders of magnitude below w,,.

So far we have examined the case of a barrier with
semi-infinite metals. When the metal films are of finite
thickness additional surfaces are present and give rise to
additional electromagnetic wave modes as we can see
from I. For convenience we take a symmetric junction
where both metal films have the same thickness dp.
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Adopting the self-consistency procedure illustrated
previously, we find the equation

wi—Bw?+T'=0, (3.6)

where
B=w*(14#di/2\ p))+ 12K i/ N y+ B2 K 2d;;/ 2N,
I'=w??Ki(di/2N 4 8) /N p+c*K 3di/2M,.2
t=tanhd,/\p, I=cothd,/\,,

whose solutions define the dispersion formula. Explicit
solution of the equation for all regions of interest in the
k-w plane is difficult. This difficulty can be circum-
vented by solving for w? in terms of K2 to obtain

=3B (B—4I)12, (3.7)

which will map out the dispersion curves by giving their
intersections with the lines K= const. Graphically the
qualitative behavior of the dispersion curves can be
represented as in Fig. 3.

For small %, branch II can be described by

wr=wl+ k2
and I is close to the line w= kc. Near
%wo(l—f—d,-/Z)\p)”z/c

these two modes interact sufficiently strongly to split
them apart into two branches which approach asymp-
totically the lines w==%c and w=~k¢ as shown in the
figure. A minimum separation of the two branches
along a direction parallel to the line w=F%¢ has been
estimated to be «e~9m/*», The cause for the complica-
tions in the dispersion formula for a junction with
finite thickness d,, of metal films as compared with that
when dm — can be explained by comparing Figs. 6
with 3 of I. The additional branch III in Fig. 6 can be
described as associated with oscillation on the outer
surfaces of the metal films when d,, is large and hence
can be neglected if d,,—c. On the other hand, if d,,
is small, this description ceases to be valid and this mode
interacts with the others. In the present discussion
when the supercurrents are put in self-consistently,
the branch w= ¢k becomes w?= w2+ ¢2k2, which would
intersect branch IIT except for the interaction which
lifts the degeneracy and splits them apart. The amount
of splitting is measured by the minimum distance
e~¢m/*» given before, which shows that the splitting is
dependent on the degree of interaction between the
two modes.

It is worth noting from Fig. 3 that the branch
starting from w=wo at k=0 remains above the w=ck
line throughout the range 0<k<Sk,. In this range,
K= (k*—w?/c?)'/* is imaginary and the corresponding
modes are not confined to oscillations in the surface
but have acquired the nature of propagation into the
infinite medium in which the junction is imbedded. This
possibility arises because the phase velocity of surface
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plasma oscillation exceeds the velocity of light.14
Nevertheless, an order of magnitude estimation shows
that the intensity of the expected microwave radiation
is negligibly small to be detectable.

We are now ready to consider some multiple-film
systems that have more than one dielectric barrier,
and as a first example we take the configuration as
illustrated by Fig. 6 of I. Assume the situation when the
phase difference 8¢1 or d¢; across each of the two
barriers oscillates about equilibrium value ¢, according
to the form e?@t=#2) and allow §¢; to be either in phase
or 180° out of phase with §¢,. Thus, by this assumption
the supercurrent distribution is either symmetric or
antisymmetric and the solution of the problem can be
easily obtained by invoking the result of Sec. IT for the
voltages induced across the barriers due to the excita-
tion of electromagnetic modes by the supercurrents.
The requirement for self-consistency leads us to the

equation-

(3.8)

wo® k2 ( 1 €;w?

W K\1—£ o By /W c%z)’
which determines the dispersion relation for a simul-
taneous propagation of small-amplitude electromagnetic
waves along the barriers. A general solution of this
equation is rather difficult but unnecessary. For
physical reasons we expect, for small £, some dispersion
branches still described by the form w?= wy?>+¢*? for
some ¢. Indeed, substitution of this into (3.8) will
satisfy the equation if Z=c[di/edi+NFy) ] 2=cy,
which are the phase velocities as defined in Eq. (2.13).
The situation is then similar to the last case of a junc-
tion with metals of finite thickness. The branch w?=w?
~+/k2c,? interacts with branch IIT of Fig. 8 in I and a
splitting occurs which eventually makes the former and
the latter approach the lines w=ck and w?=w*4-¢;%k?,
respectively. The same remarks apply to w?=wo*+}¢_2k?
and branch IV of Fig. 8 in 1. Since there is no demand
for a detailed quantitative solution, we are satisfied
with the picture given in Fig. 3, with branch II there
now representing w?= we?-¢.2* for small k.

The preceding results are derived through quite
restrictive and nonrealistic assumptions about (a)
geometric symmetry, (b) the identity of the tunneling
amplitudes for the two barriers, and (c) the relation
between the phases of the oscillations d¢; and 8¢,.
We do not expect the physics of the problem to be
modified drastically when the geometric symmetry is
removed, except for a complication in the calculation.
However, if we relax the last two assumptions, we
would obtain instead a matrix equation for the solution
of the dispersion formula. The treatment in this case
corresponds to a decomposition of the current distribu-
tion in the two barriers into symmetrical and anti-
symmetrical components as has been discussed in
Sec. II. The voltages induced across the barriers by

NGAI 182

these components of the current distribution can be
immediately written by using the results of Sec. IT and
their sum gives the desired total voltage &v; and 6v,
across the two barriers. Self-consistency requirements
as explained then lead to a 2X2 matrix equation

57)1
a( )-0

67)2
and the dispersion formula is given by equating the
determinant of 4 to zero. The matrix elements of 4
can be easily derived but shall not be recorded because
there is no interest for a general solution of this prob-
lem. Also, we are going to deal next with a similar case
where the matrix equation is explicitly derived and
discussed.

As a final example we discuss the two-barrier as-
sembly as in Fig. 7 of I. The by-now-familiar procedure
would yield via Egs. (2.26a) and (2.26b) and a self-
consistency argument the following matrix equation:

(Bv ) k2
8’ —w2K 2

(M(R) €iw? N d; X(R)
0 L£(R) c2k2) 0 c—ljﬁi (51})
wogi, %'(R) w012<3(3'(R)_ic_oj) &'
d; £(R) L(R) %2
(3.9)
where

wo?=8med; ] cospo/ et
and
wo'?=8med,’ j’ cospy/eitr.

We rewrite this in the form
0v /M 11 M 12 ov
(e e
51)' M 21 M 29 3‘1)'
Several facts can be deduced from this matrix equation
by inspection. At 2=0 we have
Mu"—" '—w02w2—62K¢2w2 y M22 = —w0'2w2-— CZKisz ’

M12=M21= 0

()
51’2
are obtained for w=wy and also for w=w,’. These cor-
respond to the Josephson plasma frequency of each of
the barriers itself and oscillations occur as if the rest of

the multiple films have no effect on each individual
barrier. This happens because at £=0 the matrix M is

Nonzero solutions for
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diagonal, which means that the oscillation in the two
junctions are decoupled. Physically the situation cor-
responds to the appearance of two layers of equal and
opposite charges at the two surfaces of each barrier.
The field created by such a charge distribution is thus
confined to inside the barriers only and decoupling of
the two junctions is clear.

By making the usual approximations for the case
when w<w,, k&<Lk,, we can write the matrix elements as

Mu—_— wz(wz—-woz) "“611]32 y

Mis=c10k? )
M22= wz (w2-— wolz) —_ 622k2 5
Ma=cok? )
where
(2N p+-dd)
¢11="C%w?— cxwy? ,
B "0 O (ditdi ) +didd (1—e2im)
2)\pdi6~d’",)‘p
Cr2=—c% /2

"\ dikdd ) Fdid! (1—etams)

¢s2 can be obtained from ¢y1 and ¢ from ¢is by the
interchanges wo <> wo’ and d; <> d;’. Then the dispersion
relation is given by

w*(w?—wo?) (wP—wo'?)
—110% (0 — wo'2) k2 — 90 (P — wo?) K
- (c11692— C12021)k*=0.

If wo#wo/, in the neighborhood of the point w=wy,
k=0 (or w=wy, k=0), the last two terms of the above
equation are of higher order and can be neglected. This
means that not only at 2=0 but also for small values of
k the oscillations in the two barriers are independent.
These independent modes are described by

(3.10)

w?= w2} &2k? 3.11)

and
w?=wy' >+ "2k?, (3.12)

where
d,: AN +di, 1—e—2dm/Ap
2=c? (22, ( )] (3.132)
A2+ 20p(ditdi ) +didi (1 —e2m/As)

and

= 62(di «d). (3.13b)

We note that if either d/=0 or d,—,
e=c[di/(di+-20p) ]2

the same as the propagation velocity in a barrier with
semi-infinite metals, as it should.

If wo=w,’, the nondiagonal terms cannot be neglected
in this way and they cause a coupling of the oscilla-
tions in the two barriers. In this case the dispersion
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relations are given as
w? = wo?4Cy1,0%k?

where €1, are given as in (2.25).

We conclude this section by considering the modifica-
tions caused by the Josepson effect in the dispersion
relations of plasma oscillations in the periodic structure
of alternating metal and insulating films examined in I.
Using the same techniques as before and assuming that
the quantity wp is the same for all barriers, we find that
the dispersion relations for the low-frequency modes is
changed from w= é(a)k to

w?=wo+ &2 (a)k?
for small . Here &(e) is given by

e2nr--1—2 cos(ad)edn/ro\ 1/2
5(01) =C|:di/(di+2)\p ):I

ePmiNp—1

(3.19)

(3.15)

(where d=d;4-d,) and is the same as (3.52) of I.

IV. CONCLUSION

In this work we have thus given a thorough investiga-
tion of the interaction of the ac Josephson currents with
surface plasmons in multiple-film systems and various
consequences that can be observed experimentally. We
have seen that the supercurrents can excite surface
plasma oscillations whose characteristics have been well
described in I. When specialized to a single Josephson
junction, the theory leads to the occurrence of current
jumps and resonant peaks in the I-V characteristics. It
permits also the relevant parameters such as phase
velocity of the oscillation and the loss at resonance to
be calculated as a function of frequency, temperature,
and mean free path. From the frequency dependence of
the phase velocity, the decrease of the ratio of the
voltage at which a resonance peak occurs to the cor-
responding applied magnetic field has been accounted
for quantitatively. Meanwhile, its temperature depen-
dence gives indication that when the temperature
TX0.6T., the steps would start to shift nonuniformly
with 7" and consequently cease to occur at equally
spaced voltages. For superposed junctions, our results
show that the collective nature of the surface plasma
modes causes a coupling between the junctions. This
provides an explanation to a three-film tunneling experi-
ment of Giaever. Furthermore, this coupling will alter
the operating characteristic of each individual junction
and several series of equally spaced steplike structures
appear in the I-V characteristic of each junction. It
should be noted that in the study of the resonant excita-
tion of surface plasma modes by supercurrents we have
restricted ourselves to the situation when the linear
approximation is justifiable. However, nonlinear effects
which we have thus neglected can be important in
certain circumstances. Nonlinear effects, if non-
negligible, would give rise to the appearance of har-
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monics and subharmonics, and would distort the line
shape from Lorentzian to cusplike.?® The recent experi-
mental observation!! of the Josephson plasma reso-
nance has stimulated a good deal of interest in surface
plasma oscillations when modified by the Josephson
currents. We have studied such modified oscillations in
multiple-film systems and their nature. The results of
Sec. IIT would be useful for further experimental
efforts in this area.

29 N. R. Werthamer and S. Shapiro, Phys. Rev. 164, 523 (1967).
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A theory of tunneling between a normal metal and a low-carrier-density superconductor at zero tempera-
ture is developed. Because of the small Fermi energy of low-carrier-density superconductors and the energy
dependence of the tunneling matrix elements for these junctions, the conductance-versus-voltage curves
are quite different from those for tunneling between a metal and a high-density (metallic) superconductor.
The tunneling displays both the voltage-dependent conductance associated with tunneling between a metal
and a degenerate semiconductor and the peaks in conductance arising from the large quasiparticle density
of states at voltages slightly larger than the superconducting energy gap.

I. INTRODUCTION

LECTRON tunneling in metal-insulator-metal
(M-I-M) junctions when one metal is in the
superconducting state and the other in the normal
state has been successfully used to determine the
tunneling density of states and the superconducting
energy gap as a function of energy, A(E), in super-
conducting metals.*#* The theory usually used to
interpret these experiments assumes that the Fermi
energy ep is much larger than any voltage applied
across the junction, and that the tunneling probability
is constant for all voltages of interest. While these
approximations hold for M-I-M junctions, they are
quite restrictive when applied to metal-insulator-
superconducting degenerate semiconductor (M-I-SS)
junctions. In this paper, we attempt to develop a theory
of tunneling in M-I-SS junctions without making the
above approximations.
At present, the low-carrier-density superconductors
(superconducting semiconductors and semimetals)
known to the author are GeTe,® SrTiO;,® and SnTe.”
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Tunneling in Al-Al,03-SnTe and Al-Al,O;-GeTe junc-
tions has been observed when both Al and SnTe or Al
and GeTe are in the normal state,® and in Al-Al,O;-
GeTe junctions when Al is in the superconducting state
and with GeTe in both the normal and superconducting
states,® and A(E=A) of GeTe has been measured in
this way.

Although tunneling from In into SrTiO; has been
observed at temperatures below the superconducting
transition temperature of the SrTiO; specimen used
(and also below the In transition temperature), the
superconducting energy gap of SrTiO; was not ob-
served.®® The dc Josephson effect has been seen in
tunneling from In points into SrTiO;. 1

Because low-carrier-density superconductors have
Fermi energies of the order of magnitude of, or less
than, the phonon frequencies important for super-
conductivity, it is expected!? that A(Z) will have a

6 J. F. Schooley, W. R. Hosler, and M. L. Cohen, Phys. Rev.
Letters 12, 474 (1964).

7R. A. Hein, J. W. Gibson, R. S. Allgaier, B. B. Houston, Jr.,
R. Mazelsky, and R. C. Miller, in Proceedings of the Ninth Inter-
national Conference on Low Temperature Physics, edited by J. G.
Daunt, D. V. Edwards, F. J. Milford, and M. Yaqub (Plenum
Press, Inc., New York, 1965), p. 604.

8L. L. Chang, P. J. Stiles, and L. Esaki, J. Appl. Phys. 38,
4440 (1967).

9 P. J. Stiles, L. Esaki, and J. F. Schooley, Phys. Letters 23,
206 (1966).

10 S, Shapiro, Phys. Rev. 140, A169 (1965).

1 J, F. Schooley and R. J. Soulen, Jr. (private communication).

12 C. S. Koonce and M. L. Cohen, Phys. Rev. 177, 707 (1969).



