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We obtain explicitly the asymptotic behavior of the matrix elements at high energies for Delbruck
scattering, i.e., the elastic scattering of a photon by a static Coulomb 6eld via a virtual electron-positron
pair. This is the simplest nontrivial two-body elastic scattering process in quantum electrodynamics besides
those discussed in the preceding paper. The considerations are limited to the lowest order, Z'e', for the matrix
elements, and it is found that, to this order, lim„„da/dt exists and is nonzero for any fixed positive momen-
tum transfer. This limiting value is expressed in terms of integrals, which are evaluated numerically. The
behavior of these integrals is also studied in detail for the cases where the momentum transfer is either much
larger or much smaller than the mass of the electron. Moreover, the scattered photon is signi6cantly polarized
in the scattering plane. None of the present results agree with the earlier ones of Bethe and Rohrlich using
the impact-parameter approximation.

I. INTRODUCTION

' 'HIRTY —SIX years ago, Delbruck' Grst proposed
the possibility of the scattering of a photon by a

static Coulomb Geld. In spite of the great advances in
our knowledge of quantum electrodynamics in the
intervening years, theoretical analysis of- this process
remains fragmentary. On the basis of the result obtained
by Racah and by Jost, Luttinger, and Slotnick, 2 the
particular case of Delbruck scattering in the forward
direction, which is related to pair production by the
optical theorem, has been calculated exactly, to the
lowest order in the Gne-structure constant o., by Toll
and by Rohrlich and Gluckstern. 3 In the limit of high
energies, their exact result is asymptotically

where e is the energy of the photon in the laboratory
system (i.e., the frame where the Coulomb field is
static), m is the mass of the electron, Zs is the charge
responsible for the static Coulomb Geld, and 8;; signifies
that there is no change in photon polarization. No com-
parable result is so far available in the literature for
nonforward scattering. By the impact-parameter
approximation, . Bethe and Rohrlich4 have studied the
case where ~&)m, and ~8&m, where 8 is the scattering
angle in the laboratory system. As will be discussed
presently, their result is not completely correct.

It is the purpose of this paper to study Dclbriick scat-
tering by conventional relativistic perturbation theory.
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(unpublished); F. Rohrlich and R. L. Gluckstern, Phys. Rev. 86,
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Before launching into this rather complicated calcula-
tion, let us discuss the various scales involved. Only one
mass appears in this problem, namely, that of the elec-
tron. Let 6 be the magnitude of the momentum transfer,
then ns certainly is one of the scales for h. However,
there is actually a second scale for ~. To see this, con-
sider thc photoproduction in a. Coulomb Geld of an
electron-positron pair of equal energy and momentum. '
In such a case, the momentum transfer is given by

&=~—2L(-,'a)) '—m']'~'.

When &a))m, (1.2) simplifies to

(1.2)

Thcicforc, at lHgh energies there aI'e two scales for the
momentum transfer 6, namely, m and m~/co. An alter-
native way of expressing this is that there are two scales
for 8, namely, m/~ and (et/&o)'

A complete understanding of Delbruck scattering at
high energies therefore requires the consideration of
two regions:

(Region A)

(o))te, A))m~/co (Region 3).
The present paper (III) is devoted entirely to region Il.
More precisely we compute here to the order g2q6

hma) '0R (~) (1.6)

fol any Gxcd nonzcI'0 momentum tra,nsfer. The existence
of this limit (1.6) implies that ss ~-+00 for fixed
= —&', &~/d& in the lowest nonvanlshing order in ~$
approaches a Gnite hmit. The detailed study of region A,

~ The matrix element for pair production happens to be zero at
this point, but this fact does not affect the estimate of the order
of magnitude here.
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Accordingly, in region A, fq and f2 are of the forms

fg (7/9) in(o)/m)+function of (des/m')
and (1 9)

f2 function of (h~/m');

while, in region B, we have instead, for e= j.,2,

f„~function of (6/m). (1.10)

A comparison of (1.9) and (1.10) shows that smooth
connection is possible only if, in the overlapping region
~»m))h&&m'/cu,

f,~ (7/9) 1n(m/6)+C~

where Cj and C2 a,re two constants. In other words, if
we are only interested in this overlapping region, it is
sufhcient to determine these two constants C~ and C2.

The present calculation shows that LEq. (3.32)

which includes the forward direction, is to be carried out
in paper VIII of this series.

%ithout any computation, we can get some informa-
tion about the region common to A and B. Let cL; be
the components of the momentum transfer, then 5KO&~'

can always be expressed in the form

ORO'n& =4in'Zloty-'L fgg +fg"A Ag/6']. (1.7)

It follows from (1.1) that, when &o))es and 5=0,

7 2' 109
— ln— —ix

Cg&~~& = (7/9) (-,'+ln2 —y) 0.47906

g (BB) 0
(1.13)

It is seen that there is no resemblance between (1.12)
and (1.13). This discrepancy is clearly due to the in-
adequacy of the impact-parameter approximation that
they employed.

There are several practical motivations for the present
consideration. First, since the differential cross section
for Delbruck scattering is extremely large at high
energies, the question may be raised whether the scat-
tered beam is useful. Second, there is a recent attempt
at the Cambridge Electron Accelerator to measure
Compton scattering near the forward direction using a
tagged photon beam of 2—4 BeV. If and when this
measurement can be pushed to suKciently small scat-
tering angles, a knowledge of Delbriick scattering
becomes essential.

Results are summarized and discussed in Sec. 4.
Readers who are not interested in the derivation can go
directly to that section.

2. EXTERNAL FIELD APPROXIMATION

A. Formulation

In the external 6eld approximation, the graphs under
consideration are the two shown in Fig. 7 of paper I.
Their contributions to the matrix element of Delbriick
scattering are, respectively (i,j=1,2,3),

below j
Cg ——19/27 and Cg ————', . (1.12)

This is to be compared with the result of Bethe and
Rohrlich4

~z —2j(2g)-re~Z~ d4p dsqp(rz+p)2 —Nl'7 't (—»+p)2 —m~1 'L(p+q)' —m'g

Xt.(»+p)' —~'j-'L(~.+q)'j 'L(» —q)'j-' Trv'(»+p+~)vo{p+q+~)vo( —»+p+tN)v, (r2+p+~) (2.1)

~,= (2 )-'e'Z' d4p ~'qE( k»+.'r~ —p kq—)' ~'j-'E(k»—+2r2—p+ 'q)' —~'j '—-
xL(—kryo

—kr2 —p+—', q)' —m'1 'p(kryo —kr2 —p ——', q)' —nz'j 'L(»+q)'g 'f(rq —q)'g '

XTr7~(srx kr2 p kq+rN)70( k» kr2 p+kq+~)

xv;(krx+kr2 p+kq+~)70( —krx+kr2—p kq+~) (2 2)——

In (2.1) and (2.2),

» = —k(k~+02) and r2 ——k(kg —k2), (2.3)

where kg is the four-momentum of the incident photon,
and —k2 that of the scattered photon, so that kgo

k20 =re We mak—e the foll. owing remarks about (2.1)

and (2.2): (i) In the external 6eld approximation, the
static Coulomb 6eld can absorb any momentum transfer
and cannot take up any energy. Thus, q means (O,q).
(ii) The metric g„, is given by goo=1, g;;= —1 for
i = 1, 2, 3. (iii) Since there is no confusion, all +is have
been omitted in (2.1) and (2.2). (iv) A factor of 2 has
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been incorporated to take into account the two possible
directions of drawing the internal electron loop. (v)
Strictly speaking, both 5';& and 5' are really not de6ned
because of ultraviolet divergences associated with the

p integrations. This divergence is, however, well

understood and does not appear in the sum

mo&n' =3Ri+OR2. (2.4)

Moreover, this divergence is irrelevant in the limit of
interest co/m-+~. (vi) Because of gauge invariance,
the two graphs of Fig. 7 of I must be supplemented by
a third graph involving a four-photon contact inter-
action. In the limit cv/m —+~, this third graph is im-

portant only when the momentum transfer is of the
order of m'/ar. A detailed discussion of this point is
therefore postponed until paper VIII of this series.
(vii) A question may be raised about the range of
validity of the external 6eld approximation. More
precisely, is the said approximation valid when the
incident photon has a larger energy than the mass of
the targets That the answer is yes is discussed in detail
in Appendix A for the special case Z= i.

The divergent terms mentioned above in (v) come
from the term —4(p')'8; contained in the trace of (2.1)
and the term 4(p')'8;; in the trace of (2.2). If these two
terms are deleted, it is found that, as co —+, both 5R~

and Ã4 are of the order of magnitude au(inc&)', while
9Ri+DR2 is of the order au. Therefore, a great deal of
cancellation exists between 5K~ and BR2. In Sec. 2C,
we rearrange the various terms in 5R~ and 9R2 so that a
number of the cancellations are taken care of in a trivial
manner, and in Sec. 2 E a convenient set of variables is
introduced for the other cancellations. For this purpose,
we Grst study the traces in Sec. 2 B.

aP, capo, or pp'. (2 5)

However, note that the integral in 5tt:~ contains the
denominator (r2+p)' —m'. In the absence of this
particular denominator, the integral (2.1) has no
dependence on co. Thus, this combination (rm+p)' —eP
is negligible in X~. There is no such simplidcation in Xg.

B. Traces

Let K~ be the trace that appears in the integrand of
(2.1), and Xm that of (2.2). In this section, we obtain
the leading terms of X~ and %2 as co —+. These
quantities X~ and Kg are studied in greater detail in
paper VIII.

We must 6rst de6ne leading terms. Basically, they
are those terms that have contributions of the order co

or larger to the integrals as ca cao. Since r20=co, we are
therefore looking for terms of the forms

Consider X& first. By (2.1),

&i=2po Trr (»+p+m)yo( »+p+m)—6'(rm+p+~)
—T7'(r+p+ )(p+q —)( r+p+ )V (r—.+p+ ) (26)

The second term in (2.6) does not contain anything of the desired form (2.5), and hence can be neglected. The
erst term of (2.6) leads to

Xi 2p02 Try;( ri+p+m)y—;(r2+p+m)+2po Try, (»+p+et)y~(r2+p+m)
+2P,(~+Pa) Try, (»+P+m)( ri+P e)y;.—(2.7)—

Simple, explicit evaluation of the right-hand side yields

Xi~16p02(p, (r2+p)~+pj(r2+p)~+8;;pp (r2+p) —m'j)+8po(&o+po)L2r&;pz —2p;r&; —5;,(p2 —»2 —~2)j (2 8)

Since (r2+p)' —m' is negligible, (2.8) is 6nally simplified to

Ki 8po~L2ri;p; —2p;rU —8;,(p' —ri —m')7+8po'L4p'pj —2p;(ri —rq);+2(rq+r2);p;+b;;(rim —r22)g. (2 9)

Attention is next turned to %2 for (2.2). Instead of the three terms on the right-hand side of (2 7)
now four terms as follows:

X& —2(&&a' —po') Try;(-,'ri —',rm —p —,q+m)y;(-,'» j-', r2 —p+ ',q+m)-
+2(,'M+po)'«p;p;( ',-»+,'r~ p+ ', q -m)(-,'—ri+ ,'r-2 —p ,'—q+m)-——
+2(-,'~ —pp)'Try;(-,'» arm p sq m)( —~»——,rm —p+~iq+m)y;

—2(-,'~' —po')»v;( ——,'» —,'» —p+, q+m)y;( —x2»+x2r, —p —',q+~). (2.10)

The rest of the computation is rather straightforward and leads to the desired answer

K2 2&v'L —(2p —q);(2p+q); —8;;(4p —qm —ham)7 —8&opo[ 2rz;p; rz,q;+2p;r»+q;r—z; —8;;(2—r2p+riq) j
+8P02L(rz+r2)~(ri —r2),+(2P+q);(2P —q);+8;,(rP rmm) j. (2.11—)

In (2.11), we have omitted a term (ri —r2);(ri+r2); because the photons are transverse.
The approximations (2.9) and (2.11) are to be used in (2.1) and (2.2).
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C. Cancellation

A ferv of the terms in 5RI and 5K2 cancel each other as followers:

d'pd'qf(»2+p)' —m'] '[(—»~+p)' —~'] 'f(p+q)' —~'] 'f(»i+p)' —~'] '

xL( +q)']-'L( —q)']-'( —spy@)(p'+ '— ')+ d'p d'qL( l +—-; p ——lq)' ']—

xf(-', »i+', » —p+-', q)' —~']-'E(—l»i —:»—p+lq)' —~'] 'f(k» —l» —p —lq)' —~'] '

xf( +q)'] 'L( —q)'] 'b'E —8 '(p'+lq' — ')+8 po(2 p —q)]=0.

This identity is easily proved by partial fractions, since the left-hand side of (2.12) is

d'p d'qL(»2+p)' ~'] '—L(p+q)' ~'] '—f(»~+p)' ~'] 'f(»~+q)'] 'f(»i —q)') '(—4p~~*)

+2 d'p d'q[(»2+p)' —»I'] 'L(»&+p)' et'] 'L(p+q)' —»a' ]f(»j+ q)' ] 'f(»i g)'] '—( 4p~s —)

+ d'pd'qf(k»~+2»- —p+kq)' —~'] 'L(—2»~ —k»~ —p+2q)' —~'] 'E(2»1—k»2 —p —kq)' —~']-'

xf(» +q)'] 'f(»~ —q)'] '~* (-2 ' —«po)+ d'p d'qf( —l» +l» —p —lq)' —~'] '

xf(—2»~ —k»2 —p+2q)' —~'] 'f(2»~ —2»2 —p —2q)' —~'] 'f(»~+q)'] 'E(»~ —q)'] '& (—2~' —«p.)

+ d'pd'qL( 2»~+l»2 —p kq)' ~—']—'E(2»~+5»2 p+kq)' —~—'] 'f(k»~ —2»2 —p —2q)' —~'] '

Xf(»l+q)'] 'f(»~ —q)'] '4(—2~'+«po)+ d'pd'qf( k»~+2»2 —p kq)' —~']—'—
xf(k»&+2»2 —p+2q)' —~'] 'C(—k»~ —2»2 —p+2q)' —~'] ' C(»+ )g' ]'E(»i q)'] '&e—( 2~'+4~—po) (2 13)

In writing down (2.13), we have used
(2.14)

Linear transformations on the variables p and q then show that, in (2.13), the fourth and sixth terms taken together
cancel the 6rst terms while the remaining three terms also give zero. This proves (2.12).

It is a consequence of (2.12) that
9R0&n~ =ORy+BRp~ORg +OR2,

a&here

gq'y' —2j(2g)-7e6g~ d4p daqf(»2+p) —m2] ~f(—»g+p)~ —A/2] ~f(p+q) —yp]

(2.15)

xE(»+p)' —~'] 'L(»+q)'] 'f(»~ —q)'] '

X (Sp~[2»i;p; —2p, »i, +2»g'8;;]+Spo'[4p;p; —2p, (»g —»2);+2(»g+»g);p, +8;,(»p —»g')]} (2.16)

~2'=~(2~)-'e'~' d'p d'qC( —k»~+2»2 —p —kq)' —~'3 'f(k»i+xs»2 —p+kq)' —»»'] '

xf(—,'»g —-,'»g —p+-;g)' —~']-'f(-,'»s —x2»2 —p ——,'q)' —~'] 'C(»x+q)'p'f(»x —q)']-'

X(2g'[= (2p —q);(2p+q),+2q'bo] —8copp[ —2»g;pg —»2;q+2p;»i, +q,»2;—2(»gq) bj;]

+Spo'f (»g+»2);(»g —»2);+(2p+q);(2p —q),+8;;(»P—»22)]}. (2.17)
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Note that, because of the transversality of the photon,

kg;=k2;=0,
01

r2; =r~; and r~, = —re.

(2.18)

(2.19)

D. Peynman Parameters

The next step is to introduce Feynman parameters for the various denominators:

1

5R '1= 2i(2zr) 'e'Z'5! dnldnsdasdn4kllsda6b(1 Ql Q2 Q3 Q4 Qs Qs)
0

d4p dsq D, 6{8ppol[2rl;p, —2p, rl, +stb, ,]+8pp [4p,p; 4p;r—l;+4rl, p, +stbo]}, (2.20)

I

OR2 i(2zr) 'e'Z'5! dnldnsdnsdn4dnpdn6b(1 Ql Q2 Q8 Q4 Q5 Q6)
0

d'p d'q D2 6{2462[—(2p —q), (2p+q);+2qsb, ,]—84opo[ —rl, (2p+q);+(2p q);r» —2(rlq).b—;;]
+8p, '[4r1,r»+ (2p+q), (2p —q),+-2'tb;,]}, (2.21)

where

Dl=(nl+ns+ns+u4)p +2aspq+(ns+n5+ns)q +2p[( us+n4)—rl+alrs]
+2(ns —np)(rlq)+[4( —nl+ns+Q4+ns+ns)t —( +al+ns+ns4)Q68]8+i 6(2.22)

and

D.=(,+..+ .+ .)p'+( —.—.+ .)pq+[l( + .+ + )+ + ]q'
+p[(nl Q2+Q3 Q4)rl+( Ql Q2+Q3+Q4)r2]

+2q{[41(nl+ns —ns —Q4)+ns —ns]rl —4(nl —u2+ns Q4)r2}+[4(us+no)t (nl+ns+—us+as)482']+is. (2.23)

In (2.20) and (2.21), we have used the notation

t= (kl+I82)'=4rl'= —4rs'(0.
Both Dl and D2 are quadratic forms in P and q. Remembering that qp ——0 is not a variable, let

po =bpo'+po'= bpo" +po",
p =bp'+ p' =bp"+p",

and
41 bq'+=41' b41"=+41",

so that
Dl (Ql+Qs+Q3+Q4)(po" p") Q—3p —

41 (Qs'+Q5+as) /+el'
and

(2.24)

(2.25)

(2.26)

D2=(nl+Qs+Q3+Q4)(po" —p" )—(Ql —Q2 Q3+Q4)p '61 f 4(al+Qs+ns+Q4)+Qs+Q6]61"'+cs. (2.27)

In (2.25)-(2.27), the various quantities are explicitly

bpo = —Ql(al+ns+Qs+Q4)

bp +1 '{[(ns Q4)(Q3+Q5+Qo)+Qs(ns Q6)]rl Ql(Q3+Q5+Q6)r2},

b» +1 {[(nl+Q2+Qs+Q4)(ns Q6)+(Q2 Q4)Q8]rl Qln3r2}

bpp 2 (Ql+Q2 Q3 Q4) (nl+Q2+Q3+Q4)

bp" =2A2 '{—[2(nl —ns)no+2(ns Q4)Q5+Qlns nsn4]rl+[(Ql+Q2 Q3 Q4)(Q5+Qs)+alas Qsn4]rs},

+2 {[(Ql+Q2+Q8+Q4)(Q5 Q6)+Qla2 Q3Q4]rl (Qln3 Q2Q4)r2}

(2.28)

(2.29)

cl ~41 (nl+Q2+Q3+Q4) Ql Qs 46 (Ql+Q2+Qs+Q4)228

+tel-'[nsuo(nl+ns+ns+Q4)+Q4np(us+us)+nsn6(as+Q4)+nsasa4]+zo, (2.30)
and

cz =~2 (Ql+Qs+Qs+Q4) (alas usn4) oo —(al+Q2+—as+Q4)225

+ths'[usus(al+as+. as+as)+ulusn6+usn4us]+zo, (2.31)
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+1= (Q1+Qs+Q8+Q4) (QS+Qs+QS) QS (2.32)

&2= (Q1+Qs+QS+Q4)(Q5+Qs)+(Q1+Q4)(Q2+QS) (2.33)

In order to obtain the leading terms for OR1' and OR2' as 55~as, it is permissible to replace the ps's of (2.20)
and (2.21) by 8ps' and Bps", respectively. This replacement has the further advantage of removing the ultraviolet
divergences mentioned in Sec. 2 A. Therefore, by (2.28) and (2.29),

OR1' 2i(22r) XesZ24525 l dQXdQsdQsdn4dQsdQ58(1-QX Qs —Qs —Q4 —Q5 —Qs) —Xfsp' d'q'

XL(Q1+Qs+Qs+Q4)(ps" —12")—2Q815' «'-(Qs+Qs+«) 41"+sxj-'

X{ 8Q—X(Q1+Qs+Qs+Q4) 'j2r1lp 2(&—P4')r1;+xQ;;j
+8Q1'(Q1+Qs+Qs+Qs) '$4(8P )(8Pj)+ 8;;y'2 —4(bP —)r1+4r1;8P,'+—'t8;;g} (2.34)

OR '~2(2n)xes. Z25425 ~ dQXdQsdnsdQ4dQsdQ58(1 Q1 Qs —Qs —Q4 —Qs —Qs)—d'—p" 4Pq"

X{(Q1+Qs+Qs+Q4) (ps 15 —) (Q1—Qs —Qs+-Q4)fs 9 —Q(QX+Qs+Qs+Q4)+Qs+Qsjsl +&2}

X{2L —(28P"—bq");(2'"+bq");—'(4p"' —ti"')8;;—2(851")'8;;—241"'8;;1

—4(Q1+Q2 —Qs —«)(Q1+Qs+Qs+«) 'L —r1'(2&p"+&q")'+(2~p"—bq")'rv+2(r1 541")4]
+2(Q,+Qs Qs —Q4)'(—Q1+Qs+Qs+Q4) 'f 4rX;r1;+(2' +bq ),(2'' bq );+—8(4y"' —51"')+2th;;g}. (2.35)

Application of the formula
'1 ' ' (—c)-'

& P ~sqbl(Ps' 02) 2IPP'41 —c412+cl-' ys = c(~c—/is) ' j2rsA '12(&c—8') ' '(—5) ' 'j160 (2.3|2)

.412- &(AC—82)-'.

to (2.34) and (2.35) yields, without additional approximation,

ORX'~ —3(22.) se'Z'40' dQXdQsdQsdQ4tfQ5dQ58(1 —Q1—Qs —Qs —Q4 —Qs —Qs)(QX+Qs+Qs+Q4) AX (—c1)-'"QX

X{QXAx '&11rlxE—(2Q2+Qs) (2«+Qs) (Qs+Qs+Qs) +Qs (—Q1+Qs+Qs+Q4) (Qs+Qs+«)

+2(Q2 Q4)Q8(Q8+Q5+Qs)(Q5 Qs)+Qs (Q5 Qs) j ~4jg~+1(Q2+Qs+Q4)+8Q1(Q8+Qs+Qs)511} (2 3~)

~——(21I ) sesZ254 (41kxsdQsitQ4dQsdQ58(1 —Q1—Qs Qs Q4 —Qs —Qs)—(QX+—Q2+Qs+Q4) I As i (—cs)

X [—4(Q1+Qs+Qs+Q4) 14 FXQXJ{(Q8Q5
—Q2Q5)(Q4Q5 QXQs)(QX—+Qs Qs —Q4)—

QSQS —QgQ6 Qy Q2 Q3 Q4 Q2 Q3 QyQ3 —Q2Q4

Xf(Q4Q5 QXQ5) (Q1+—Qs+Qs+Q4) (Q1+Qs)(Q—XQs Q2Q4))}-
+~44{X~+2 f(QX+Qs QS Q4)(Q1+—Qs+—QS+Q4) +2 (Q1+Qs+Qs—+Q4)(Q5 —Qs) —(QXQ2 —QSQ4)]

~+2 (Q1Q8 QXQ4) +8 (Q1+Qs) (Qs+Q4) (Q1+Qs+QS+Q4) (Q5+Qs)~2

25& +2 (Q1Q8 Q2Q4) +2 (Q1+Q2+Qs+Q4)c2} 1 ' (2'38)

E. Change of Variables

Aa given by (2.3'7) and (2.38), OR&' and OR2' depend on Xs through the presence of the combinations 45', c1, and cs.
In view of the fact that the integrand of (2.37) contains an over-all factor Q1, an examination of (2.30) and (2.31)
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shows that the Incor contributions to 5K~' and kg' come from the regions

(2.39)

(2.40)

respectively. More precisely, in (2.38) we can neglect ning —ngng except when it is multiplied by 46 as in the next-
to-last term, and in (2.37) we can neglect ng compared with ng+ng. LIt is, however, incorrect in (2.37) to neglect

ng compared with nl+ng+ng. A great deal of caution must be exercised in making the approximations. ) The
results are

0!1C3—APO!4~0
&

1

OR1 —3(22r) 'e'Z'46 dnldngdngdn4lkl5dn68(1 nl Q2 Q3 ng ng ng)(nl+ng+ng+Q4) ~ il, l ( cl) i nl
0

X{ 4Q1~1 &1a&ljf 2Q( gn+ n)g+ ngn]gL 4Q( n+ggn)+ gnn]g'tliij k~~l(n +2ng+ 4Q)+ 8nl(ng+ng)cl]} (2 41)
and

1

BR2 ~—2(22r) ge'Z'462 dnldngdngdn4dngdn68(1 nl Q2 Q3 Q4 ag Qg)(nl+ag+ng+ng) 512hg gag( —cg) gig

0

X{442 &1Ã1 '(nl+Q2) (ng+Q4) (Q8Q5 Q2ng) (Q4Q5 nln6)

+bijg~+2 (QI+ng+Q8+Q4) (ngng+Q4Q6 nln6 Q2Q6) +$(nl+Q2)(ng+Q4)(Q5+Q6)c2]

+soli, (nl+ng+ng+Q4)'[(nl+ng+ng+Q4)cg 46'hg —'(ning Q2Q—4)']}. (2.42)

Because of the symmetry of the graphs shown in Fig. 7 of I, it is actually sufhcient to integrate over the region

ng &ng for OR1 (and OR1') and the region ng &ng and ning) agn4 for OIL (and m2').
The next step is to introduce a new set of variables so that the regions (2.39) and (2.40) coincide in terms of

these new variables. This seems essential in order to eBect the numerous cancellations between BK1' and BR2' all

at once. A particularly convenient choice of variables is the following:
for 5K1 .'

and for BR2'.

p =Q2+Q3+Q4 y

=&1
y

X=Qg 0!2 0,'3 Q4

y =ng/(ng+ng);

p =nl+Q2
&

p =ng+Q4,
S=Kg CX1 0!2

y =nl (ng+Q4) (ning —ngn4) ~

(2.43)

With (2.43) and (2.44), (2.41) and (2.42) lead to exactly

1

OR1'~ —6(2n.) gegZ2462 dP dP' dx dy dngdngb(1 —P —P' —ng —ag)P'(1 —X)(P+P') 5"A. '"(—Cl) 5'P'
0 a6&ag&0

X{ 4p'&1 "libel,CP—x(ng+ng)+p(1 x)yng]EP(1 —*)(1 r)(ng+—ng)+p—(1—x)r«]
—8;,gptxl+ gp'(ng+ng)cl]} (2 43)

gag' —6(22r) gegZ2«42 dp dp' dx dy d ~,S(1 P P' , ,—)PP—'(1 —*)(P—+P')-i ~—I'( .)-'i'—
0 aeyag)0

X{4PP+2 &lp JjP'(x+y *y)ng —Pxag]tP—'(1—*)(1—y)ng —P(1—x)ag]

+8;3/gag '(P+P')'(P'ng Png)'+8PP'—(ng+ng)cg]

+sled;, (P+P') I (P+P')cg —Ag '«PP'P' (1—x)gy ]}. (2.46)

The similarity between the right-hand sides of (2.45) and (2.46) is already striking.
Since the major contributions come from the region y~0, we may ask whether y can be neglected when not

multiplied by co. The answer to this question is in general no, because of the complicated structures of the inte-
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grands in the corner where p, p, and ns are all SmalL Howevci, a careful examination of this corner reveals that,
in (2.45) and (2.46), we caN neglect

Py, P'y, and «y. (2.4'I)
For example, in (2.45),

dnsd«b(1 P P—' —ns —ns)P—P'(1 x) (P—+P')-'

P(1-*)(1-y)( + )+P(1-*)y (2.48)

appears T.he second term of (2.48) cannot be neglected; fortunately, it is cancelled by the first term, and by (2.47),
(2.48) can be approximated by P{1—x)(sss+«).

After neglecting terms of the form (2.47), we get

Az-(P+P') («+«), (2 49)

A.-(P+P')L{.:+ )+(P+P')*(1-*)], (2.50)

Rnd tllc substitution of (2.45) Rnd (2.46) into (2.15) gives

Dlts'D& 6(28) sssZ'sss da dP' dh dy
0 0 0 0 a6&eg&0

X {{4&p'(P+P')-'~(1-~) ;rsir+-'~; ~(P+P') }
&{P'( + ) '"(—) '"—(P' —P )'L( + )+(P+P') (1—)] "'(— ) '"}—:~;;3P'( .+ .){( + )-"'(- )-"'-L( .+ )+(P+P')*(1 .)] '"-(- -)-'"}
—:b.,(P+P')'L( .+ .)+(P+P')*(1-*)]-'"(- )-'"E(P+P') -A.-' 'P'P"(1- )'y']j. (2.»)

Bv (2.30) and (2.31), in (2.51) ci and cs can be approximated by the forms

p'p"(p+p') '(«+«) '(1—R)'y'~s'+terms independent Of y (2.52)

respectively.
P P' (P+P') 'L(Rs+«)+(P+P')&(1 &)] '(1—&)'y'&s'+terms independent of y,

R Asymptotic Behavior for Large u

(2.53)

The last approximation is to replace, in (2.51), the upper limit of integration for the variable y by infinity. Once
this js done, (2.52) Rnd (2.53) show that tlM lntcgl ation with I'cspect, 'to y can bc cRslly calTlcd out. The final result

88 ss —+os fol fixed fWO, thc matrix clement OKsi i fol' Delhi uck scattering 18 given by (3.2) of pRpcr I.
fhe right-hang st.e of that expression is rather comphcated, and. me study some of its properties in Sec. 3.

right-hand side of (3.2) of I=-,'s(28) sesZsss
~
tj-'G; (3.1)

then t" is of the form

wvhere Gy anG Gg are functions of
G = —GiB; +Gsri ri./ ~

r~'
~ (3.2)

r= [~f/siss (3.3)

only. In this section, we study the behavior of Gi and Gs &n th«wo hmits of large and small
~
t~. Explicitly, thc

two functions under consideration are

Gi(r) = dp dp' dh d«dnsb(1 p p' —« os)(p+—p'—)-s-
&((P+P )r IP'( s+«){"E(P+P ) &s+0'~(1—*)(&s+sss)]+(P+P')'( s+& )} '
-{P' .-P )'t:( + )+{P+P')*(1-*)]-
x{.L(p+P') ~ .+ (1- )(P' +P" )]+(P+P')'L( + )+(P+P').(1-*)]}-'J
+r {4PP'{rL(P+P')sss«+Ps&(1 &)(«+«)]+(P—+P')s(~s+«) } '

-L4PP'(-+-.)+{P+P')']L(-.+ .)+(P+P') (1- )]-'
X{ t(p+P') + (1—*)(P' +P" )]+{P+P')'L( + )+(P+P')*(1—*)]}'D {34)
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} , j.

dP~ dx

t 2A5 0'6
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s sos)]+
'
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f lnr appear.
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'
l r co

~.(f)= G (s)r 'rdr- (3.7)

for I=1,2. Since

8—&A-'+&rdr =m(cscs f(As+8 i r
0

' ' &dr=ad(cscmf)(—1—f')8 rA ' r,(Ax+8 'r- (3.8)

(3.4) an(i (3.5) lilto (3.7 givestitution of . athe subs

j, 1

dn6&i(f) = ——'- — )(~+~')-'dns8(1 P ns—n—s——dP dP
0

'x 1—x ns s+r

+4,8

1
and

d. d-,6

+(P+P )

' — 're~'*(1-*)(1-f)s ——' ~s ~s)(P+—P'dnsb(1 —— —ns—

' " (P+P')~s~s+P &

&s P&s) D&s+&s)+-

w of Gi(f') anclGs(g in o ei sw the behavior 0 1 111%e need to knox&

As the initial step in t e re

0 =8+P'.
ev. 130, 2566 (1963).d T. T. Wu, rhys. Rev.6 J. D. Bjorken and T.

(3.11)
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The

rltten as~ (39) d (3 0)

(g) —2«csc2« 2 1—0)d~~(1 —P P r) g(1—ns —ns)d(Y6

I

dp& dg

2-«1 n—)«(P'« P—'.«(1-r)" '('
0

2g $ S

—1PP~

, f(1--)--+"
(1—*)~

«f4pp'(1 —)+ j
)j-+«} (3~ 1~)

XD1- "
„« .-«(1- ) "

...+P .,).*(1-*
+~psg(1 —g)

1 o)nsns+

xD1—

xf(

)pplg(1 g)(1 0)
,)b(1,— )gi —p —P

Z/21
an(I

dg do'0g O) —2«cscv«1
0

dP

)+„(1—g)j)«(8'ns —P '
2+«} (3 14)

...(1-*a-""-"(' '
...+p"-.)-*(1-*»

x(."(' p'L('- ) ' '
xL(1- ) "'+

of +arlab~eA further chang
g(1-g)/(1-n

outt e~h integration ~carry oumal es '"P""
I(:i(t)= " —I—g

1(2 "
p') g(1 —«dp&(1 —P—dp dns

2+tp

~ Cf«~)~
~

.. .)--«f +( " „) +«} (3.16)

F(2f)j '
~ ' ' „,-- 8" +p'"')'j(1—t')(P'ns "

1 ) i-«fn, ns+(P' '
x((1-r)f "+p', „, f2pp'r(1+'~) +'~2g)-'X "'+P '~

»' "
1 P —P')6(' —""'g) dP dP «0

0

„2+«}.(31&)

«1+1
0

) 1-l'fnsns

(~) —2«cscs«1

(p —pns) (1+('
.

d g s apl 61

x(p'f '+ '~
al x"d'~ )

~

gunctlO» ~ergeonmtrlc«sentatioQ o

—1

a re

Ae

1./2

dnsb(1dp ',
, 2 «1 |-,3;s)j

dp& dns

(3.19

0

+«(p . P—..g,s. 1.( ~ )

(3.20

xfps« —,(1

)

2«csc2«ff~( +"2

(pins —pns) /(
contj guous

+P )/{
hereer

eclat CaSes O3j9st fogowlng SP

2p 2 —f 1 g. 3;s)=o
g

alnlng
8 h e beeQ Use

318) a~&( „q.
, P,—p 0)

.2. «) '-2(1+0) ' '

) O (3.21)

1C fuQCtlOQS v

~ S 2

—1'; 2js

cpzlletllc

1.. 2 ~ s) nsnsp

(1+1)n nsp(1

+p~sns)P(2 C~

2 f 1—1;2 p s)

C Nsss York& 195

EX6

p 2ns
7

Hg1 1«ook

.2.s)+(1—f)(p n'+
b & E,11gy1(MCG"

aQd
p 1-1'1-, & "'

d t~d by A.

21'nsns

„gag]A »&'-@ " '~. h~f pygmy«N ~t Pro)CCts
Eq (g2).

)03 Of Rc&- &.
gaol. &. p. *

38) sad (33& oo~s See Eas«

Use og EuIer s 1Qteg

1 1 1

d s&(1—8 81)g(1—ns ns)

111162(f) '

. d '
8+

(2p)7-1 dp
0

(2 g 1 f;2js)j

t.f«1) ~
0 0

) +«(p s+P ' p
.2. )} (3.18)

),)fps«2«1 (csc2«f)

ppi(1+2))-'lp(

x(f1-2PP'('+'"
--v--«-"'""

1(2
I b(1 ns —ns)8PP

I
——p

and

2+2&)j-'
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are exact.
emote~ to the appr

) near 0

„Appe„dlces C—

haytor of 51K
Th,„)orstn» &srg —1, let 5=h,h,~or pr Cx(f "'"Tostudyt e e

1

(1+&)Hl"(2+'~)~g (r)--&' &6d 6&(1—P pd) g(1 ns —Q6)nsdpd dn6

|+6L1—4pe (3+2~)t(1+$) (nsn6), (p,+p" )j+&x(V-happ'~ '

10n ls'@he rest 0

I82

(3.ig) an& ' .
1 thes~ gnnct»

3.19)
nS are t0

1

(7i18)Ps' (19/27)P

01.
hent isne&r 1

6 19 27)(0—1) +
in other ~or~s'

(7/18)(t' 1) + (3.»)

~ ha~or ol' L((
consequence

~

leg nanMly)g (]) is e~en slrnp e
&

d

p )sj+0( )( p —p') ( —'

yhe c P

1

dp dp dnsi( 1)—1

(3.23)

hat Dlore c0 P

s

ne d as follows

p(2 t ~—1 2. s) p(2, 1;2. ) p(2, 1—t"d2'ds)+

1 s)—&.)in.+' """" 'x+r+ g s"&(2—&+"

)-t+(1-i)-'~'L(' '(1 )—i+I—1—s (3.24)

6(l')
Q

1)-'+0(i)
D peita~or of '(~

g»g tertns o~ p(

) neat' (
g;2;s).

1

1 the twolea mgg gn ~ew o~ (3'm hca«~.case 1S Sonl
can be Obta1

umbers given by

'eg —0,6dns5(1 —p-p')&(1 ns «—)pp'(p'n—s —ns—1 I 1

G=d dd dd'f d s
0 0

eMs 11nDledla320), (3. 4) X ', ,) . ..) +.. .j(
~ith s de~ne~ ~

ds )p(2 —f, 1 i & '
6 pdsn )r—L(p Qs

psr —grf(cscsri)(
d )r+(1 t)(nsns) +(p 6

6( 6 ypdsns)))g ~{—lnL(p' ' '
18) then showy th«Thesu sih t tntion of (3.

a(~ =
X V'(G +Gs+Gs)+

0
and Gg are three real n@&here Ge, G4, an

(3.25)

(3.26)

1 1

G =d dd dd'f kr,
0 0

1

G= —2f dd d' da,

—s ~ 'ln ' '0.6 '20~6 )8(1 ns —Qs)PP ns'n '0.6-' lndn68(1 —p —p

n '« '»L~ '(O'Qs+p"ns) j6 —P') 8(1—ns —ns)n,
—'n ndn65(1 —p— (3.27)
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As a matter of fact, 65 is the difference between the
right'- and left-hand sides of (3.6). These three integrals
(3.27) can all be evaluated explicitly (see Appendix B):

Q3 ——2,
G4 = (2''/9) —-', ,

and

We have obtained much more precise information
about G& and G.: For

I
t

I
«m',

G L
—(7/18) ln(m'/[tj) —19/27]jtj/m'

+L(13/450) ln(m'/I t
I )—91/3375]( I

t I/m')'

(3.34)

Therefore, for f near 0,

G (&) =Ll —(4 '/9)]{ '+o(1).

E. Behavior of 6&(() near (=0
This is again simple. Since

F(2, 1;3; s) = —2s-'Ls+ln(1 —s)],
a comparison of (3.19) and (3.27) shows that

1 1

G,-9
I
t I/m'+L(2/225) ln(m, '/I t I)

3.28

+ 17/3375](l t I/m2) 2.

(3 29) Similarly, for
I
t j))m',

G, (-,' —4n'/9) —{6/in([t I/m')]'
+20 ln(

I
t [/m')+ L36—8$(3)]}m'/ [ t I

and

(3.30) G2-4 —{3Lln(l tl/m')]'+4L»(l t[/m'»'
+(8 167—r'/3) ln(I t I/m')

+8L1+l '+12{(3)]} '/It[

(3.35)

G.(f)-{-' where f(3) is the value of the Riemann f' function at 3.
Numerically, " (3.35) is

&(h(1 p p')8—pp'—us 'u6 '

XL1—s(~a~6) '(P'~5 —P~6)'F(2&1 3) s)]

G, —3.719824178—{6Dn(I t I/m')]'
+20 ln( I

t [/m')+26. 383544774}m'/
I
t [,

(3.36)

or
=2GS/f

for f' near 0.
G,(f) =41-+O(1)

G2 4—{-'Dn(
I
t

I
/m')]'+4Dn(

I t I/m'»'
(3.31) —44.63789014 ln( I

t I/m')
+176.03535284}m'/

I
t I .

G2 9 I t[/m'.

On the other hand, (3.29) and (3.31) show that

lim G& ——-', —4n'/9
[ g (-moo

(3.32)

and
llm Q.=4.

I g)-woo

(3.33)

F. Results

By (3.7), (3.22) and (3.23) show that, for
I
t

I
«m',

Gg, L
—(7/18) ln(m'/ I

t
I ) —19/27] I

t I/m'

The derivation of (3.34) and (3.35) is rat:her lengt. hy
and given in Appendices C-F.

4. SUMMARY AND DrSCUSSroN

Let 5E~ (or DR~~) be the matrix element of Delbriick
scattering by a Coulomb 6eld due to a charge Ze when

the photon is linearly polarized in the direction perpen-
dicular to the scattering plane (or in the scattering

plane), then, for high energies ~ of the photon and fixed

momentum transfer 8&0, the matrix elements are

given approximately by

5RJ 1 1 1 1

——,'t(2s.) 'e'Z'o) dp dp' dg
BR) 1 0 0

d~s&(1 P P' ~5—o6—)(p+—P')—'

&&({4PP'{~'L(P+P')~5«+P'~(1 ~)(~5+ )]+m'(P+P')'( 5+~6)} '

-L4PP'(.+ )+(P+P')']L( + )+(P+P')*(1- )]-'

X{~'L(P+P')««+*(1 ~) (P'~6+P"~5)]+m'(P+P')'L( +«)«+(P+P')&(1 —&)]} 'l

(P+P')'+~, , [P (-.+-.){~I:(P+P)-".+P *(1-*)(-.+-.»
(P+P')' —8PP'x(1 —x)

+m'(P+P')'(«+«)} ' (P'o., pals-)'[ —(ar+n,—)+(p+p')x(1 —x)] '

X{~'up+P') 6 +*(1 *)(P' +P" )]—+m'(P+P')'L( + )+(P+P')~(1—&)]} 'l) (41)
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where the units are so chosen that s'/4w 137.04 ' is the fine structure constant. When the incident photon beam
is not polarized, the differential cross section is

«/«=k(4. )- [l~,l +I~„l j,
and the polarization of the scattered beam is

&=[I~ I'-I~ I'3/[l~ I'+I~ I'j.
%hen co»A»m,

mi ', i(2-vr) 'e'Z'co( 1—+-',w')6

OK)( -', i(2m. )-'e'Z'co(5+-', ~')b, ',

P (12+4m')/[13+(8~'/3)+(4n 4/9) j 62.3136%.
When o»&m»h»m'/co,

5Ki~i, i(2s) 'e'Z'co[(7/9) 1n(m/6)+19/27jm ',
m(( ',i(2n-)'e-'Z'co[(7/9) in(m/6)+22/27jm-',

(4.2)

(4.3)

(4 4)

(4.5)

(4.6)

(4.7)

(4.8)

2' (1/7) [In(m/~)+41/423/{ [ln(m/6) j'+(41/21) ln(m/~)+845/882} ~ (4 9)

More accurate asymptotic expansions for the matrix elements can be easily found from (3.34) and (335).
For co))h))m,

ORl~ $'i(2'ir) 'e'Z'&oh ' [(—1+-'~') +6m'6 '{6[in (6/m)]'+ 10 in(h/m) +[9—2$(3)1}]-- (2-)-"~ -~- {557973627+6 ~- {6[I.(~/ »+101 (~/ )+6595886»}] (4.10)

OF, , &
-'i(2n) —'e'~'(05 '{(5+-'s')+6m'6—'{—(8/3)[in(h/m) j'+2[in(h/m)g'

+(6+(87r'/3)) 1 n(h /m)+[7 ,'ir'-—26—$(3)j}]
'i (2m.)-'O'8'c—dh '[11 5—7973627+6m'6 '{—(8/3) [ln(&/m) j'+2[»(&/m) j'

+32.31894507 in(h/m) —74.82590403}]. (4.11)

Note the appearance of [ln(h/m)]' in the second term.
So far as the authors are aware, the appearance of so
many logarithms all at once is very rare. Thus, the
correction is not negligible even for fairly large values
of

I ~l/m'. On the other hand, for co&&m&&h&&m'/~,

mi ', i(2m) '—e'Z'corn— '{[(7/9—) ln(m/~)+19/27/
+~~m-2[ —(13/225) ln(m/a)+91/3375j} (4.12)

9R« —',i(2s) 'e'Z'a)m '{[(7/9) ln(m/6)+22/27)
+6'm '[—(1/25) 1n(m/6)+4/125 j}. (4.13)

%hen 6 is comparable to es, there is no longer such
simple formula, and (4.1) must be used. Numerical
calculations have been carried out by i~tegrati~g (4.1),"
and the results are shown in Figs. 1-3. To get the
difFerential cross section for Delbriick scattering from
a nucleus of charge Ze, it is necessary to multiply the
value obtained from Fig. 1 by Z'.

As stated in the Introduction, the present results do
not agree with the earlier ones of Bethe and Rohrlich. 4

%e make some further qualitative comparisons. First,
as seen from Figs. 1 and 2, the differential cross section
is a monotonically decreasing function of the mornen-

'0%'e thank Professor I . Homeward for this numerical calculation.
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FzG. 2. Differential cross sections at high energies (continued).

turn transfer. If the result of Bethe and Rohrlich4 is
taken seriously to large momentum transfers, the
differential cross section is not monotonic. This
peculiarity due to their approximation was known to
these authors and was probably the reason for their re-
striction 6(m. Secondly, Bethe and Rohrlich4 obtained
no polarization, while the polarization is actually quite
large as shown in Fig. 3. Indeed, their lack of polariza-
tion was originally the reason why we were suspicious
of their calculation.

Moffatt and Stringfellow" have measured Delbruck
scattering some time ago at around 90 MeV. A com-
parison of their result and our asymptotic formula is

shown in Fig. 4. We attribute the discrepancy to the
fact that Ze is not small, and return to this point in
paper VIII of this series.

We next discuss the physical limitations due to other
processes. First, the eGect of the muon can be easily
obtained by reinterpreting m, and is in any case quite
small. Secondly, because of the sharp decrease of the
differential cross section as shown in Fig. 2, processes
due to strong interactions become important at large
momentum transfers. If Z=j., i.e., if the target is
hydrogen, Compton scattering is comparable to
Delbruck scattering at about 6~5 MeV." On the
other hand, when the target is a heavy nucleus, nuclear
breakup may be of importance at very roughly 6 30
MeV. Thus, there is little point in extending any further
the curve of Fig. 2.

Finally, we discuss briefly the experimental deter-
mination of Delbriick cross sections at high energies.
At energies of a few BeV, the experiment seems feasible'3
with the most straightforward setup, namely, a well-
collimated photon beam on a very thin uranium target
(for example) together with a photon detecting system
about 2 m away. The photon detecting system can be
similar to the one used by Cronin, Kunz, Risk, and
Wheeler" on their early experiment on EL, —+ 2x'. With
intensities like that available at the Stanford linear
accelerator, a counting rate of a few events per second"
is not unreasonable. From the theoretical point of view,
there are many reasons for wanting such a measure-

60
O

~ 50

$30
5
w 20

ry+ cT
V

r&+Q r&- c&

OO
! f

2 3
MOMENTUM TRANSFER IN MeV

FxG. S. Schematic Feynman-Dyson diagram for the scattering
of a photon by a bare proton.

FIG. 3. Polarization of the scattered photon at high energies
when the incident photon is unpolarized.

j.Moffatt and M. W. Stringfellow, Phil. Nag. 3, 540 {1958);
Proc. Roy. Soc. (London) A254, 242 (j.960).

"We thank Sau Lan Wu for these estimates.' We thank Professor K. W. Chen, Professor M. Deutsch, and
Professor J. K. Walker for discussions on the feasibility of this
experiment.

'4 J. W. Cronin, P. F. Kunz, W. S. Risk, and P. C. Wheeler,
Phys. Rev. Letters 18, 25 (j.967).
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ment. First, the process is intrinsically of interest
simply because it is large —the differential cross section
at 3 BeV on uranium can be of the order of 10' bjsr.
Second, the diagrams of importance for Delbruck scat-
tering are of rather high order. Those considered in this
paper are already of sixth order in e; those considered

in paper VIII of this series are at least of tenth order.

Thus, diagrams of the tenth order contribute very
roughly 20%%uz. There seems to be no compelling reason

why perturbation theory need be correct to such high
orders. It will be an important discovery if experimental
data fail to agree with the theoretical prediction.

APPENDIX A

In this Appendix, we derive for Z=1 the external Geld approximation used in Sec. 2 A. More precisely, we

show that (2.1) and (2.2) apply when the target particle is a bare proton. Consider the diagram of Fig. S, where

the details of the four-photon vertex II„„(r& q, r&—+q) (with the other variables and indices not explicitly written)
are of no interest here. The diagram corresponds to the integral

i(2s)-' d'qfp„(r3+q+M)p„]II„, .(rz q, rz+q—)[(r((+q)' —M~+iej '[(rz —q)'+ieg '[(rz+ )q'+ie$ ', -(A1)

where. M is the mass of the proton. The four-photon vertex has the symmetry

II„„(rg—q, 0'y+q) =II„„(f'g+q,rg —q) . (A2)

When the momentum transfer is small, the proton is approximately at rest both before and after scattering. Thus,

Since M is large, approximately

By (A3) and (A4),

&fl (I—vo) =(1—vo) li) =0.

rs+q+M ~M(1+yp)

y„(r&+q+M)p„~2M b&p8„p

(A3)

(A4)

(AS)

when taken between (f) and (i). Moreover,

[(r((+q)'-Mm+iej ' [2Mqp+iej ' (A6)

Accordingly, the expression (Ai) is approximately

i(2s)~ d4q. 2MIIoo(rz —q, rz+q)[2Mqo+i&j '[(&i—q)'+iej '[(ri+q)'+i~X

=i(2 )-' pofd'qdM[ll„(rx —qra+g)+II o(ra+q, r, —q)][23fq+is] '[(t,—g)'+i ] '[(rz+g)'+i] '

=i(2s) 4 d~q dqoMIIM(rq —q, rq+q)[(2Mqo+ie)-'+( —2Mqo+ie) 'j[(rq —q)'+is) '[(ri+q) +iej '

=i(2s) 4 dsq dqoMII00(r& —q, rz+q) [—2s i8(2Mqz) j[(r&—q)2+ie) '[(rz+q) ~+is) '

=k(2~) ' &'q Iioo(ri —q, &i+q)[(&~—q)' —isj '[(rx+q)' —iej-'. (A7)

This is precisely the external Geld approximation used in (2.1) and (2.2).
The important point here is this: External Geld approximation holds when the momentum transfer 6 is small

compared with M; but there is no condition on the relative magnitude of co and &,
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dx ' x '), (D15dx(1+x2) ' ln(x+x-, 15ot-'x+8@ dx—i 2+2)'(1+x2)—2t 4t co1—2g)
—' x-'+2t
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,„(D13)into (») g' "„b t't tion of the exPa

4 (1—t)(—2f)
" ...+ ~ 4cot-'x)(1+")—I+&t(1+x ) +tX

,)j2+xm —ln(1+x'), ln 1+xx) 2Dn(+f2

~a~(y+x )

dx x-'(1+' ) x (

. (D16)1(1+ I2)—I ln(x +x )„t-'x+.»4 ~| x+2 ln(1+x)j1 (1—x

.owing 6ye» g"We calculate t e o

(D17)' = Im 1— csex $,dx x-I+'&(1+x')-'=-,~ 1—

dx x'"'&(1 x '= —s $ csex.)~2, (D18)

—]. Idx(1+x')—' cot-'x=-, —,', Ir2, (D19)

and

')—' fx'+2 ln(1+x') j cot—'x —2dx(1+x' 16~ 8
—' ' —-' (3),dx'(1yx's) —' ln(x'+ x —

) (D20)

s&i(1+@ )

D21)'' 'lni —xggx —,' x')]'+x' —ln(1+x')+1 x') —,'Dn(1+x' x—

(D22)

'1 x') ' —x ln(+dxx '(1+x

s
' '

(D16), the result ise integrals are subs
'

stituted into Dofh 6When the values e g

a„(~)——4 (1—g)(1—

4. Evaluation of H»(g)

with (C15) that(D12) and (D13) wiIt follows from

1—2$)-I cscir$ $ 1(1+&)9+2&—,',-'6a„(~)-2~(1—t)(1— dxX-I+'&(1+x') ' &

s&l (l+H)
' '-' ln(1 —zzzX &+c ( (

' 3—6~' —1(3)j).'+5(1+6~')+-5'L~ 6~ ——2ir 1— 1—2 ' csex.p {2$

4+-' ')+»~L1-t.(3)l.
1—5)(1—

37r

ln1 x1 ')+P —ln(1+x'

(D23)

(D24)

om D5) is rather si

1

ila'tloil Of HI2($) floIII

—=' ln 1—z —' dzY 'ln(1 —z')—z ' 1—f(1—s—')ln1 —z —' zz2—,1+$;2 z) (1—z) — —=' ln 1—z —' zz(1—$)n-$ csc7r]F(2—, ;, —z

—t'+8 +

en in the14) can be written in'mi ar o
'

endix C. Since (D c'milar to that in Appen cx

(D25)

The eval
form
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d to simp»fy ~12(~) 'the deflnitlon o

~ (t) P16(f (D26)
where

1 1

gp jfP/ if&6a.(8=2(' '" 1/2

/) b(1 /26 —(26)

/2
)
—1+pj ( 27

126h(1 —P P

1 2+28 (P Q6+Pxpp'~6
0

1/2

gp plP d626e,.(&)='(' '" p/)g(1 /26 —Q6)

2ap+p op)j' (D28)-1+8 ln[n62j26+p 626pp/(P//26 —P/26

g,g(1 —P—p/)g(1 126—&6)

D29)d /-/ 1 ln(1 —s—1+& dZ Z
—l~ —1

A6

and
1

dP dP dQ62(1—2$)
6

(D30)( ) 1(1 2|)—'&26(

„„dimm. diate'y:

(D31)

„, (C16) may b' ""n ed purposely

2+27r ln2+ ~
.

ndlX

b " ",
+(4—'-, ')+&[ "

C10), gifrom D2g) is v«y s'

(D32)

0

xpp

d only termsd 1 from &18(8/~ the terms 5d p f,om H16(8 /f th, order of &'d the terms oe nee

~ )3 shows that
] 1 from alv(8 . f (D27) with (CF t a compa '

e followed step y
&1V(t

Ccanbe o ow

i
'

D
'

ld immediatelyD26) to yie im) ubstituted into (DD31)—(D33) can be su s iEquations (D31—

$ 2+2( 1+(4—22r (D34)

he evaluation «(~)
182r '— ' ln2+6f(3)g.

Secondly, the
C. The result is

ler than that of (C11 or 82 . he roce ure

(D33

of D29) is simpler t anH

b t to ld
)--2t.(3)r

6. Result

for ~0,y, add D24) and (D34) to get, for $By (D3), we ad (

=3+'+8 (D35)

the remark. able

uence of (3.33),ult. e at (3.35) is a consequence oult. The erst equat4. This is t e

(
h desired result. e

(D36)'—20$ '—[36—Si'(3)]$ '+0 1 .
ade of (C3 )Use has been ma e

lx w when| is

nd (D36).

di 6 f

3.'/), an

3.19) that when ~, s nd it is seen from
Atte to

2 — t 1

(E1)

([20 2i (3)j+O—(P .

It anally follows

&.(~) +5
ch other. tma nitu ein terms, of theorderofm g

'
fact that the leading terms, o

f
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APPENDIX 6
In Appendices C and D, @re have several occasions to use

Cx x-'[1n(1+x)]'=-,'i (3) .

To derive (61), we begin with [see (C15)]

dx x-'[ln(1 —x)]'= —P"(1)=2&(3) (62)

Let x=1—x', and x"=(1—x')/(1+x'); then

2$(3)=4 Cx'[(1—x')—' —(1+x')—'](lnx')'

=4 2 Cx'(1 —x')—'(lnx')' —2 Cx'(1 —x") '(lnx')'
0 0

=4 4|'(3)— Cx"x" '[ln(1 —x")—ln(1+x")]' (63)

Cx x—'[ln(1 —x) —ln(1+x)]'=-'t'(3)

On the other hand, it also follows from (62) that

1 1

dx x—'[ln(1 —x)+ln(1+x)]'=- dx'x '[ln(1 —x')]'=f'(3).
2 0

The average of (64) and (65) is

Cx x-'{[ln(1 —x)]'+Dn(1+x)]') =9t.(3)/4, (66)

and (G1) follows immediately from (G6) and (62).


