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The sum rules of current algebra at infinite momentum can be considered as a system of coupled matrix
equations, which we call the algebra of form factors. In addition to the equations following from sum rules,
the form factors must also satisfy a complicated kinematic relation known as the angular condition. Pre-
sumably, the set of all hadron states (including the continuum) provides the basis for a representation of the
algebra of form factors in which the angular condition is satisfied. It was conjectured by Dashen and Gell-
Mann that a much smaller set of states containing only stable and resonant hadrons might also provide a
representation. If this is true, the algebra of form factors could be used to predict many properties of hadrons.
In the following paper, we attack the problem of finding a representation in which the angular condition is
satisfied and in which all states have the same isospin. We obtain a large class of solutions which we suspect,
but have not been able to prove, actually includes all solutions. None of our solutions has a physically
acceptable mass spectrum. One purpose of the present paper is to discuss, in the proper physical context,
the implications of the above-mentioned result. We discuss the algebra of form factors and the angular
condition in detail, stressing those features which are general and not restricted to particular solutions. It is
shown, for example, how one can incorporate additional equations following from the commutators of time
components of currents with space components. We then consider the special problem of finding representa-
tions where all states have the same isospin. The relevance of this problem in the program of Dashen and
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Gell-Mann is discussed in detail.

I. INTRODUCTION

HREE years ago Dashen and Gell-Mann! sug-
gested a program of saturating the local current
algebra at infinite momentum with an infinite string of
single-particle and resonant states. Roughly speaking,
their idea went as follows. Assume that the Fubini-
Dashen—Gell-Mann sum rule!-2 obtained by sandwiching
the local commutator of two current densities between,
say, nucleons, is approximately satisfied when one keeps
only resonant intermediate states. Make the further
sharp-resonance approximation in which widths of the
unstable states are set equal to zero. The sum rule has,
of course, now become a discrete sum over a (presum-
ably) infinite set of single-particle intermediate states.
Continuing to treat the resonant states as stable, the
next step is to consider the sum rules obtained by
sandwiching the local commutators between resonance
and nucleon and between two resonances. In this way
one obtains an infinite set of equations which, in the
above approximation, must be satisfied by the form
factors for the transitions current-+nucleon— nu-
cleon, current+resonance — nucleon, and current—-res-
onance — resonance. The proposal of Dashen and Gell-
Mann was simply to use these equations to predict
certain features of the particle spectrum and the form
factors.

* Supported in part by the National Science Foundation.
Address after 1 September 1969: Physics Department, University
of Illinois, Urbana, Ill. 61801.

1 Alfred P. Sloan Foundation Fellow. On leave of absence from
California Institute of Technology.

I Present address: Dublin Institute for Advanced Studies,
Dublin, Ireland.

LR. F. Dashen and M. Gell-Mann, Phys. Rev. Letters 17, 340
(1966) ; in Proceedings of the Third Coral Gables Conference on
Symmetry Principles at High Energy, edited by Kursunoglu, A.
Perlmutter, and I. Sakmar (W. H. Freeman and Co., San

Francisco, 1966).
2 S. Fubini and G. Furlan, Physics 1, 229 (1964).

182

At first sight, it may seem surprising that the program
outlined above is capable of producing any predictions.
That is, it might appear that the sum rules are so
unrestrictive that there would be an infinity of solutions
with no way to choose between them, except by com-
plete recourse to experiment. It is known now, however,
that this is not the case, at least if one restricts the
isospins of the assumed set of resonance. In fact, it now
appears that the sum rules are so restrictive that in the
restricted isospin case there are no physically interesting
single-particle solutions to the problem. This situation
will be discussed in more detail in the next paragraphs;
and some later paragraphs are devoted to analyzing its
physical significance.

In the following paper we consider the truncated
problem of finding a solution to the equations of Dashen
and Gell-Mann under the simplifying conditions that
(i) only the subalgebra generated by the isospin currents
is taken into account and (ii) all states are assumed to
have the same isospin, which, in order to match experi-
ment, we take to be 3. We make no a priori restrictions
on the mass spectrum; that is, the assumption of dis-
crete states is not fed in from the start. With a few
further technical assumptions, none of which seems to
be serious, it is found that there are no solutions to the
problem unless the mass spectrum has one or more of
the following pathologies: (i) All masses are the same
or, more precisely, the currents do not connect states of
different mass. (ii) The mass spectrum is continuous
and infinitely degenerate. (iii) The mass spectrum is not
positive, i.e., there are states with M2<0, which cannot
be ignored. From this it would follow that it is not
possible to find a solution to the isospin-} problem
which bears the slightest resemblance to the real world.
It should be realized, however, that we have not
absolutely proved (i)-(iii) and hence that there are no
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physically acceptable solutions. As mentioned above,
our conclusions are subject to a few technical assump-
tions. Since the nature of these assumptions is impos-
sible to state out of context, the reader who is interested
in the possibility that there may still be a physically
satisfactory solution to the truncated problem is re-
ferred to the next paper for a detailed account of the
mathematics.

Since in the real world we do have states with isospin
not equal to %, the reader may wonder why he should,
after all, be interested in the above result. The answer
is simply this: Suppose we wish to find a solution based
on a set of mesons which look something like the experi-
mentally observed states. Now all known mesons seem
to fall into SU(3) singlets and octets. In fact, if we take
the quark model as a guide, we are led to the supposition
that every prominent meson will belong either to a
singlet or an octet. This means that all prominent
strange mesons should have isospin 4. Therefore, if one
looks at the subproblem of satisfying, in the resonance
approximation, the sum rules for isospin current com-
mutators sandwiched between strange-meson states,
then the situation is probably just that described above,
i.e., all relevant states have I=%. Similarly, there can
be no solution for baryons which contains only states
belong to 1, 8, and 10 under SU(3), since in this case
all doubly strange states have I=3%. What is really
shown, therefore, is that there is no solution to the
equations of Dashen and Gell-Mann which are like the
quark model in that they contain only 1’s and 8’s of
mesons and 1’s, 8%, and 10’s of baryons. Since the
quark model agrees very well with experiment, this
strongly suggests that the observed states will not fit
into any simple, single-particle solution of current
algebra at P3= .

We should also mention the relation of our results to
previous work on the problem. A number of special
solutions, usually based on infinite-component wave
equations, have already appeared in the literature.®=®
All of these are included in our general catalog of solu-
tions given in the following paper and have one or more
of the pathologies listed above. Also, there is the no-go
theorem of Grodsky and Streater® which is obviously
related to our results. It is, however, not the same.
Grodsky and Streater choose a special way of satisfying
the current-algebra equations and actually required
that the resulting solution produce local currents at all
momenta, not just Pz=c. Under these conditions,
plus a technical assumption about polynomial bounded-
ness of spin projection operators, Grodsky and Streater
arrived at essentially the same conclusions as we do.
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Our results, in contrast, are based on a straightforward
algebraic reduction of Dashen and Gell-Mann’s equa-
tions and do not depend on any extraneous assumptions
such as the hypothesis that the solution can be derived
from an infinite-component wave equation.

It seems then that the assumption that the Fubini-
Dashen—Gell-Mann solutions are saturated by reso-
nances cannot be maintained. That this is not too sur-
prising may be seen as follows. The sum rules have the
general form SA(g,q%¢s)ds=F(t), where F(¢) is a
form factor and 4 is the absorbtive part of an amplitude
for (current with “mass” |¢|-+hadrons)— (current
with “mass” |¢’| +hadrons) with a momentum transfer
1.7 Because of rapidly decreasing form factors, we expect
a given resonant contribution to the sum rule to vanish
rapidly as ¢ or ¢’ tends to infinity. On the other hand,
the right-hand side of the sum rule is independent of ¢*.
Presumably, the true continuum is needed to account
for this behavior. Recent experiments at SLAC # have,
in fact, strongly suggested that this is the case. In our
truncated problem, we did not exclude a continuous
mass spectrum. However, the true continuum which
has all isospins was clearly not allowed in the truncated
problem. If, then, the assumption of saturation by
resonant states is not valid, is there any value remaining
in the program? This question will be discussed below.

Although, as mentioned above, we obtained our
catalog of solutions by starting with the Dashen-Gell-
Mann equations and not with infinite-component wave
equations, we can show that most, and we believe all,
our solutions could have been derived from infinite-
component wave equations which contain at most two
space-time derivatives. Now equations involving no
derivatives higher than the second are distinguished by
the fact that these are the only equations for which a
canonical Lagrangian-Hamiltonian formalism can be
developed in a straightforward way. This suggests an
interesting speculation, which we now proceed to out-
line. Any Lagrangian field theory with fields trans-
forming according to definite representations of
SUB)YXSU(3) will, insofar as it exists, provide a solu-
tion to the current algebra at infinite momentum. One
can ask the converse question: Does every solution
come, at least formally, from a Lagrangian field theory?
It is clearly an enormous extrapolation to go from our
truncated problem to the general one, but we would
not be surprised to find out that the set of all solutions
to current algebra at P;=c (we mean now complete
solutions involving multiparticle intermediate states,
not solutions in the resonance approximation) is identi-
cal to or not much larger than the set of all formal
Lagrangian field theories built on SUQR)RSU(3)
multiplets of fields. Now if one looks at Lagrangian

7S. L. Adler and R. F. Dashen, Current Algebras (W. A.
Benjamin, Inc., New York, 1968).

8H. Kendall (private communication); in Proceedings of the
Fourteenth International Conference on High-Energy Physics,
Vienna 1968 (CERN, Geneva 1968).
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field theory in the abstract, it is not @ theory but rather
a framework in which to build a theory. That is, if all
one knows is that the theory should be built on a
Lagrangian containing fields which transform according
to some representation of SU(3)XSU(3), then the
theory is far from complete. However, there is not too
much freedom. For example, if one wants the theory to
be reasonably well behaved at high energies, then, at
least as far as one can believe perturbation theory, the
fields must be restricted to spins 0, %, and 1 and only a
few interactions with dimensionless coupling constants
can be employed. The point of all this is that current
algebra at infinite momentum may very well provide an
equally restrictive framework in which to build a theory
of hadrons. If this is true, the advantages would be
enormous. For one thing, the quantities entering into
the theory are form factors obtained by sandwiching
the currents between physical hadron scattering states,
and are therefore both finite and directly measurable.
Furthermore, the basic equations are simply the Fubini-
Dashen—Gell-Mann sum rules which, according to pres-
ent ideas about Regge poles and high-energy scattering,
should be perfectly finite and convergent. The only
other equations are kinematic constraints on form
factors. The problem is, of course, to find a way to
introduce the additional input that could change the
equations of Dashen and Gell-Mann from a framework
into a theory. We do not have any real idea how this
should be done, except for a few small points which will
be mentioned below. Nevertheless, current algebra at
infinite momentum might just possibly end up following
the example of dispersion relations which started as a
bare framework but have been developed to the point
where they could become a complete theory.

We would like to suggest, then, that the results of
the following paper are both negative and positive.
They are negative because the possibility of using the
sum rules to create a simple model of the hadron spec-
trum appears to be ruled out. On the other hand, they
are positive because they at least hint at the possibility
that Dashen and Gell-Mann’s equations might be a
rather restrictive framework in which one could imagine
building a complete theory.

The purpose of the present paper (Paper I) is twofold.
First we want to put the results of the following paper
(Paper II) into the proper physical context: hence the
long introduction. Secondly, we wish to make the com-
bination of the two papers fairly self-contained. For this
reason we rederive in the present paper most of the
basic equations, including the so-called angular condi-
tion due to Dashen and Gell-Mann.!'® In contrast to
most papers on the subject, our emphasis here is on the
general properties of the equations and not their restric-
tion to a particular model solution.

Some new results are also given here. For example, we
show how one can enforce the additional constraint that
the P;— o sum rules following from the commutator
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of the time component of a current with a space com-
ponent be satisfied. In the real world the latter sum
rules may or may not be satisfied. The additional equa-
tions one obtains in this way do, however, indicate a
way in which one could put some additional input into
the general framework. It turns out that in the class of
model solutions given in following paper, the process of
forcing the time-component-space-component sum rules
to be satisfied picks out a particularly simple subclass
of solutions.

One way of attacking the general problem of finding
relativistic representations of current algebra at infinite
momentum is to split the problem into two parts. First
one looks for a promising representation of the current
algebra alone, ignoring the conditions imposed by
relativity, i.e., the angular condition. Then one tries to
force the chosen representation to satisfy the angular
condition. With this sort of procedure in mind we have
given a catalog of representations of the algebra itself.
We do not claim to have rigorously obtained all repre-
sentations of the local current algebra, but we probably
list most representations which are of physical interest.

Paper I is organized as follows. In Sec. II, we list all
the basic equations and discuss their general content.
The derivations, being rather long, are relegated to Secs.
IIT and IV and may be omitted by readers who are
familiar with the subject. Finally, Sec. V contains our
catalog of representations of the algebra itself, before
imposing the angular condition.

In the following paper (II) we concentrate entirely
on the simplified problem of representing the isospin
current algebra on a set of states all with 7=%. With a
few not-too-serious technical assumptions we show there
how to construct the general solution to the problem.
The pathologies in the mass spectrum are discussed and
the connection with infinite-component wave equations
is established. All these specific results have been sum-
marized in a recent paper.®

II. BASIC EQUATIONS

We define a form factor® (N'A'|Fe(k.)|Nk) ac-
cording to

(N’h’ [ F“(kl) ] Nk&)
= lim ('’ 3ks,Ps| 56¢(0) | Vb, 3k, Py}, (2.1)
'3~>0

where ,%(0) is a current density and |Nkik,,P;s) is
a hadron state with third component of momentum
equal to Pj; perpendicular momentum equal to ik,
=% (k1,k2), helicity %, and internal qunatum numbers V.
The meaning of N deserves further comment. For a

98S. J. Chang, R. F. Dashen, and L. O’Raifeartaigh, Phys. Rev.
Letters 21, 1026 (1968).

10 We use the following notations: A three-vector is denoted by
a boldface letter, such as k, while its transverse components
(k1k2,0) are denoted by ki. The form factor (N'A'|F(ky) | Nk) is a
reduced matrix element and can be written as Faa,va(ky).
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F1c. 1. Categories of intermediate states with different connected-
ness structure which contribute to the current commutator.

single-particle state, N includes the spin, mass, and
quantum numbers such as I3 and strangeness. For a
two-particle continuum state, IV is understood to specify
the quantum numbers of the individual particles plus
the total mass, total angular momentum (in the c.m.
system), and total isospin of the combined state. For
three or more particles, the submasses of various pairs
are also included in V. In general, NV is understood to
stand for a Lorentz-invariant set of parameters which
completely specify a state, apart from its total four-
momentum and helicity.

The Fubini-Dashen—Gell-Mann sum rules are equiva-
lent to the relations

NZ;: LNV'H | Fe(ky) [ N"B)(N"H | F* (1) | N k)
=N | FYA) | NN B | Fe(ky) | N k)]
=i fupe{N'H | Fe(li+ks) [N E).
In other words, if we think of F¢(k;) as a matrix in Nk
space, then we have the commutation rules
[Fe(ky), (1) ]=4fasl o (kit1),

with similar relations for the matrices F5*(k,) of axial-
vector form factors obtained by replacing the vector
current in Eq. (2.3) by an axial-vector current, i.e.,

[Fe(ky), Fs?(l)]=1fascFs* (ki+10), (2.4)
[Fse(ky), Fst(l)]=tfascFo(kit10). )

It is crucial to understand at this point that Egs.
(2.3) and (2.4) are not operator equations of the same
kind as

(2.2)

(2.3)

l: / o*(x,0) exp (tky-x)d%x, / F(y,0) exp (ill-y)d3y:|
=1fabe / L(x,0) expi(ki+1y) -xd%, (2.5)

which follow trivially from the local current algebra.!
The point is that the F(k;)’s in Egs. (2.3) and (2.4) are
simply matrices defined on N4 space, whereas the

1 See Chap. 6 of Ref. 7.
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operators in Eq. (2.5) are the physical local currents.
These are defined on a much larger space which is
spanned by the vacuum state plus states labeled not
only by V and % but also by a four-momentum. We note
that there is no analog of the vacuum in V% space; the
reason for this will become apparent later.

The interpretation of a matrix element (N'A’| F,(k,)|
X | Nk) is that of a form factor for Nk — N'h'4-current
where the mass squared associated with the current is
—k,2 Tt is perhaps best to think of Egs. (2.3) and (2.4)
as defining an ‘“‘algebra of form factors” as opposed to
the operator ‘‘algebra of currents” of Eq. (2.5). We will
not, however, always keep this distinction in the re-
mainder of these papers.

In deriving Egs. (2.3) and (2.4) one assumes not only
the local current algebra of Gell-Mann but also that a
P3;— o limit can be taken inside a sum over states.
This is equivalent to assuming that certain dispersion
relations need no subtractions. The validity of this
interchange of sum and limit is discussed in Ref. 7;
there are several reasons to believe that the procedure
is correct and, at present, no reason to doubt the
validity of Eqgs. (2.3) and (2.4). We will not discuss
these questions here, except to point out below some
special features of the Ps— o limit which show why
there is no analog of the vacuum state in N4 space.

If we sandwich the operator equation (2.5) between
single-particle states with the same P; and suitable
perpendicular momenta, then the diagrams contributing
to the commutator can be decomposed into sets having
the connectedness structure shown in Fig. 1, where the
break in the lines indicates the intermediate state and
the blobs are connected amplitudes. The vacuum
bubbles shown in Fig. 1(a) never contribute to the
commutator. However, the semidisconnected terms in
Figs. 1(b)-1(d) do contribute as long as Pj is finite. But
in the limit that P; becomes infinite these semidis-
connected pieces no longer contribute, leaving only
terms with the connectedness structure shown in Fig.
1(c). Another way of saying this is that the connected-
ness structure of the F(k)’s is that shown by either half
of Fig. 1(e); i.e., the F(k)’s contain no part where the
current makes hadrons out of the vacuum in a dis-
connected way. To avoid a possible source of confusion,
we show in Fig. 2 the connectedness structure of

=

(a)

=

(c)

(b) F16. 2. Connectedness struc-
ture of the vertices whose initial
and final states have four and

two particles, respectively.
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F16. 3. A vertex which does not contribute at the
infinite-momentum limit.

O
(N’ |F(k,)|Nk) for the case that IV is a two-particle
state and N’ is a four-particle state; again the blobs
represent connected amplitudes. All three of the dia-
grams in Figs. 2(a)-2(c) do contribute to F(k,) but the
diagram in Fig. 3 where the current makes hadrons out
of the vacuum does not contribute. A detailed discussion
of why this latter type of diagram does not contribute
to the sum rules at P3=c is given in Ref. 7; the
argument need not be repeated here. We pause only to
point out that the absence of diagrams like that in
Fig. 3 makes the ““algebra of form factors” in Egs. (2.3)
and (2.4) much simpler than the operator “algebra of
currents” in Eq. (2.5). Also, it is evident that the lack
of a “vacuum” state in the Nk space on which the
F(k,)’s are defined is a consequence of the absence of
diagrams where the currents make disconnected
hadrons out of the vacuum.

We are not interested in arbitrary solutions of the
‘““algebra of form factors.” The additional constraints
imposed by Lorentz invariance must also be satisfied.
It is easy to see that such constraints must exist. For
fixed N’ and N the matrix elements (N'#'|F(k,)|Nk)
form an (2Sy.+1)X (2Sy+1) matrix in helicity space,
where Sy and Sy are the spins of N’ and NV. This gives
(2Sy+1)(2Sy+1) form factors for the transition
N — N'+-current, which cannot all be independent
since there are far fewer form factors consistent with
Lorentz invariance. Thus we expect Lorentz invariance
to impose a number of constraints on (N'4’|F (k)| Nk)
for each fixed N’ and N. The solution to this problem
was given in Ref. 1 and will be written out below. First,
however, the following point should be understood.

There is no a priori way of defining a Lorentz or
Poincaré group on N% space. The reason for this is that
by going from the ‘“‘operator algebra of currents” to our
‘““algebra of form factors,” we have lost the four-
momentum labels which were associated with hadron
states. It should be clear, then, that the physical
Lorentz group does not act on Nk space. In the par-
ticular truncated problem solved in the following paper,
we do show how to construct an “internal” Lorentz
group acting on N% space, but this is probably a very
special case. In any case, even if there is always some
kind of useful ““internal” Lorentz group in N/ space,
there is no obvious way to construct it without first
solving the whole problem of the constraints on
(N'W'|F(k)|Nk).

Since we have no a priori Lorentz group in N% space,
we must look for other operators which are defined
a priori and express the constraints of relativistic in-
variance in terms of them. The only operators available
are the Fo(k) and the operators § and M defined by

M|Nh)=my|Nk), (2.6)

where my is the mass of the state with internal quantum
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numbers N and

3’_: (51752}33) )

(2.7)
9s|Nh)Yy=h|Nh),
Ji|Nh)y= (g1igs) | Nk)
=[Sn(Sn+1)—h(h£1) 2| Nht1), (2.8)

where Sy is again the spin of the state with internal
quantum numbers . By construction, the operators J
and M? satisfy
L9odil=reirJs,
[J,M]=0,

I Nh)y=Sx(Sx+1)|Nk).

It turns out (see Sec. III) that the constraints on
(N'K'|F(k,)| N%) can be written as an operator equation
involving M? and § as follows. For any operator © in
N# space, we define new operators Ix(®) and J«(©)
according to

Ix(©)=[M*[ 95,071 2Lk, M1, 0]
—k{gs01 (2.11)

(2.9

and
(2.10)

and
Jx(0)=[M? M27®]]+2k2[M2’®]++k4® )

where [, ]; denotes the anticommutator. The condition
of covariance is then the so-called angular conditions

L(Le(Tx(F (k1)) =Jx(Tx(F (k1)) (2.13a)

(2.12)

and

0
[53’F(kl)j=ie3ijki‘a-k"p(kl) . (2.13b)

J

Except for some relatively trivial “threshold condi-
tions” which will be discussed in Sec. III, Eq. (2.13) is
anecessary and sufficient condition that the form factors
constructed from (N’A#’'|F(k.)|Nk) have the correct
kinematic properties. More specifically, it is shown in
Sec. III that, subject to the threshold conditions, Eq. (13)
is a necessary and sufficient condition that F(k,) can be
interpreted as the Py— o« limit of malrix elements of a
vector operator F+(0) in the sense of Eq. (1). One cannot,
however, generally construct a complete current from
F(k,). The reason is that two currents §* and F'#
which differ only by the gradient of a scalar operator ¢,
i.e., ¥/#=Frt 9k, yield the same F(k,). Thus, unless
additional information like current conservation is
available, the longitudinal part of the current is not
determined. This result is derived in Sec. III.

One can work out the restrictions placed on the
F(k,)’s by parity and time-reversal invariance. These
restrictions, which again have not béen of great practical
importance, are given in Ref. 5. Finally, the F(ki)’s
satisfy the obvious Hermiticity relation

[F (k)] =F(—ky). (2.14)

Equations (2.3), (2.4), (2.13), and (2.14), along with
the threshold conditions and restrictions due to parity
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and time reversal, are the basic equations of current
algebra at infinite momentum. The original suggestion
of Dashen and Gell-Mann can now be phrased as
follows. One should look for a model solution where the
labels N run, not over all hadron states including the
continuum, but over a discrete set of single-particle
states. Physically, this is the same as assuming that all
the Fubini-Dashen—Gell-Mann sum rules are saturated
by single-particle and resonant states. As pointed out
in the Introduction, however, we now believe that no
physically interesting solution of this type exists.

At this point it is perhaps worth indicating what we
do in Paper II. First we restrict ourselves to the isospin
currents so that we employ only Eq. (2.3) with ¢ and &
running from 1 to 3. Then we look for a solution to
Eq. (2.3) and the angular condition [Eq. (2.13)] in a
space where all states | V%) have isospin §. Apart from
this restriction on isospins we make no further a priors
assumptions about N% space. When all states have the
same isospin, the Wigner-Eckart theorem, together with
Egs. (3) and (14), implies that F;(k,) can be written as
47, exp(ik,-X), where 7; are generators of SU(2), and
X,= (X1,X) is a pair of Hermitian operators which
commute among themselves and with the r;. Current
conservation also implies that 2 and § commute with
the 7; so that the angular condition becomes a constraint
on exp(sk,-X) itself. Then with certain specified tech-
nical assumptions, we can reduce the angular condition
to a set of algebraic equations involving X, §, and M2,
In certain cases, it turns out that these algebraic rela-
tions allow one to introduce an ‘‘internal’”’ Lorentz
group on this particular N4 space. This internal Lorentz
group greatly facilitates the solution of the equations.
Eventually, one finds that the spectrum of M? must
have at least one of the pathologies listed in the
Introduction.

It was also pointed out in the Introduction that the
equations of current algebra at infinite momentum, i.e.,
Egs. (2.3), (2.4), (2.13), and (2.14), might actually
provide a rather restrictive framework in which one
could imagine building a real theory of hadrons. We
note here that these equations are, in fact, a concrete
set of equations relating observable quantities. Of
course, one would have to add more information to
obtain a specific theory. To this end, and because it
will be useful in the following paper, we turn now to the
commutators of time components with space com-
ponents of currents.

First some definitions and kinematic relations. We
define F¢(k,) for i=1,2 according to

(N’h']F;“(kl)]Nh)=Il,im [2Ps(N'#, Ps,
3>

+3k.|F:2(0)| Py, —5ki, NB)], i=1,2 (2.15)
with an analogous definition of the axial-vector objects

F5(ky). In Sec. III, it is shown that a certain com-
ponent of the F;(k,) can be obtained from the corre-
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sponding F (k) through the kinematic relation
I(F (k) =desiikiF i (ky) ,

where the operation I(®) is defined by Eq. (2.11).
When the current §,* is conserved, the remaining com-
ponent of F;(k,) can be obtained from the identity

(2.16)

2
[M2F (k) ]=3 kiFi(ky) (conserved current). (2.17)
=1

We now write the equal-time commutation relation
between a time component F,° and a space component
F* of the local current operators as

Eﬁao(x’()), ‘JM(YaO)] =i6(x_Y)f¢lb°€F"c(x)0)
a
+—o(x—y)8ar(x,0)], (2.18)
ox;

where 8q,% is the Schwinger term.!? The assumption
implicit in Eq. (2.18) that there are no terms pro-
portional to 8"'(x—y) or & (x—y), etc., is really not
necessary, but for clarity we shall restrict ourselves to
the single derivative term in Eq. (2.18). Sandwiching
Eq. (2.18) between states with the same P; and suitable
perpendicular momenta, we can take a formal P;— o
limit to obtain

[Fa(ky), Fid(K')]=1fasF ¢ (ki4-K'1)
+kLFe(ky), FP(K' )] +ik;Ser (ki +Ky),

where
(N'W | Sap*i(ky) | Nh)
=},i‘E1” [2Ps(N'l, Py, 5k.|845*(0) | Nh, P3, —5k.)].
(2.20)

(2.19)

Notice that the right-hand side of Eq. (2.19) contains
a term proportional to the anticommutator of two F’s.
The origin of this term is explained in Sec. III.

It should be understood that Eq. (2.19) is on a
completely different footing than Egs. (2.3) and (2.4).
Unlike the case of the commutator of two time com-
ponents of currents, it is questionable whether one can
interchange the P;— oo limit with the sum over states
in the commutator of a time component and a space
component of a current. If this interchange of sum and
limit is not valid, then Eq. (2.19) is not valid even
though Eq. (2.18) may be correct. The specific reasons
why Eq. (2.19) is on a different footing than Egs. (2.3)
and (2.4) are discussed in detail in Ref. 7.

If we do assume that Eq. (2.19) is valid, either as a
general principle or as an extra constraint in a particular
model, then we have still not accomplished much until

12 J, Schwinger, Phys. Rev. Letters 3, 296 (1959); the reasons
why the Schwinger term is likely to be symmetric in the unitary
indices can be found in S. L. Adler and C. G. Callan, CERN
Report No. Th.587, 1965 (unpublished).
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we know something about S,;3%. There are several
possibilities here of which we will discuss only the
simplest. In most model field theories, S,5* is symmetric
in @ and 5.2 Thus we might suppose that in the part of
Eq. (2.19) which is antisymmetric in ¢ and &, the
Schwinger term is not present and, in this way, obtain
a new relation involving only F’s and F’s. Then, using
Eqgs. (2.16) and (2.17), one can eliminate the Fys to
obtain a relation involving F’s alone. In the truncated
problem discussed in the next paper, this procedure
leads to a particularly simple class of solutions.

III. DERIVATION OF ANGULAR CONDITION

Let g.(x) be any vector or axial-vector current
density and consider the limits of the form

Lim (NI, py' o', p3'+x| $o(0) | VB, prpn,pate),  (3.1)
where | Nk, p1paps) is a hadron state of three momen-
tum 1, p2, ps, helicity 4, and internal quantum number
(which include mass 7 and spin s) N, and is normalized
according to

(N'H', pi'ps ps [N R, prpaps)

= (27!’)35 (p-— p')ﬁNlNBhrh . (32)

Note that the states in (3.2) are not normalized co-
variantly; hence states with different momentum
(velocity) are related by

|-oy o' =L(p))= (po/ps)' L] - -+, P},

where po= (m?+p?)V2. L is the Lorentz transformation
related to these states. The existence of the limits (3.1)
is proved in Ref. 13, and in Ref. 1 it is pointed out that
the limits depend only on N’, N, %', k, and k,, where
k= (p1'— p1, p2’—p2) is the transverse part of the
three-momentum transfer. One finds that it is
convenient to introduce the ‘“‘standard decleration”
k2 exp(—1% sinh—%K3), where K; is the generator of
Lorentz transformation in the 2 direction, and to write
(3.1) in the form

lim (NI, p', o'y p3/+el §o(O) | Wh, B, i, ps-te)
=1(N,h/y?1, Pz'l 3(0) lNk, P1p2>1)
where the states

[Nk, pipah
=lim «!/2 exp(—1 sinh~%K3) | Nk, p1, pa, ps-+x)

3.3)

= (v/m) exp(—ips-E) exp(—i InmK;)|N, Ly’ =h,
Xp=0)=exp(—ipyE)|Nh, p1=0>1, (3.4)
with L, K being the generators of the physical Lorentz

3 H. Bebié and H. Leutwyler, Phys. Rev. Letters 19, 618 (1967),
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group Ey= K+ L, Ey=K,— L, and the operator
g(0) =1ing k! exp(—1 sinh~%K3) $0(0)
Xexp (i sinh~%K 3) =490 (0) + Js (0) (35)

are separately finite in the limit k= . Note that the
states | Nhpip2 )1, which are not to be confused with the
| Nk ) states in the Nk space of Sec. II, are states in the
physical Hilbert space and span the subspace defined by
po+ps=1, and hence the subscript. Also, one should
keep in mind that, unlike the states | Nkpipaps), the
| Nhp1pe )1 states do not have definite helicity.

From Eq. (3.3) it is clear that to every go(0) in the
complete Hilbert space there corresponds a J(0) in the
| Nhp1pa)1 space. The purpose of this section is to derive
the necessary and sufficient conditions on g(0) in order
that go(0) may transform as the fourth component of a
vector. This problem is not trivial because the space
of vectors | Nkpips)1 does not carry a representation of
the Lorentz group £.

Some of the Lorentz conditions on g(0) can be
obtained directly because the space | Nkpipe): carries a
representation of a subgroup of £, namely, the three
parameter subgroup E(2) generated by Ey=K;+L,,
E;=Ky—L,, Ls, where L and K are the conventional
generators of rotations and accelerations, respectively.
The subgroup E(2), which is isomorphic to the
Euclidean group in two dimensions, is the maximal
subgroup of £ to respect the condition po+ps=1, which
characterizes the states |Nhpips)1. It is easily verified
that with respect to E(2), g(0) is a scalar.

The condition that g(0) be an E(2) scalar is clearly
not sufficient to guarantee that it has the correct prop-
erties under the rest of the Lorentz group. On the
other hand, if we can impose on §(0) a condition in the
space |Nkpips) that corresponds to rotations (other
than those around the z axis) in the original space
| Nkpipaps), then this condition together with the E(2)
condition will be sufficient. This is because from E(2)
and the rotations about one other axis in | Nkpipaps)
we can generate the complete Lorentz group in
| NEpipaps). The condition in the space | Nhpip2): was
first formulated by Dashen and Gell-Mann, and because
of its connection with rotations in the original space
| Nhpipeps) is called the “angular condition.” It is
derived as follows.

We consider the matrix element

(N'H! 3%0k| 90(0) | N'%, —$%Ok) (3.6)

before taking the limit k= o, and transform it to the
Breit frame, i.e., the frame in which the particles N’
and N have four-momenta ((m241¢?)!200 ¢) and
((m*+1¢®)1200 —3q), respectively. Because of the in-
variance of P?, where P= (¢'-¢, 00 2x),

€= (WP, e= (mptt 1

is the total four-momentum in the original frame; g% has
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necessarily the value

(A (g
=[(e+€)2— 4 2=E40(1/x?),

E2=2(m2+m'?) 422 3.7)

The reason for transforming to the Breit frame will be
given below. For the moment we concentrate on the
technical aspects of the transformation. It is, of course,
a different transformation for each pair of particles. It
is easy to see that the transformation can be expressed
as the product R™1()K~1(v), where K~1(2) is the de-
celeration with velocity

v=2/(+€)=1—F/84+0(1/x"),  (3.8)

which brings the total momentum P to its rest frame,
and R71(9) is the negative rotation through the angle

o)

ml2_m2 1
+tan—l< — >+o<——2>, (3.9)
K

which aligns the resultant momentum transfer [ (¢ —¢)/
(1—)12 k, 0,—v(e'—€)/ (1—22)!/2] along the z axis.
After the transformation to the Breit frame, the
three-momenta of the particles N’ and N become
(00 3¢) and (00 —%q), respectively. However, the states
do not become |N’A’'00%¢) and |NkOO —4g) because
the transformation R~1()K~1(v) changes the helicities,
and the change has still to be calculated. The general
formula for calculating the helicity change unaer a
Lorentz transformation L has been derived in Ref. 14

and is
Llth>=‘]; Owe (9) | NI'p(L)), (3.10)

where

m™

D=

6= %w—l-tan”l(

where p(L) is the transformed three-momentum,

(N'R! 3k0k| 96(0) | Nh, —3k0x)
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D (¢) is the rotation matrix in helicity space as-
sociated with the angle ¢, and ¢ is the angle defined by

R(¢)=[ROILNK@INT'LIR(PK ()], (3.11)

where K (v), for v=p/e, is the Lorentz transformation
that accelerates the particle N to a momentum p in the
3 direction, and R(p) rotates this momentum into the
direction p, and similarly for K(»(L)) and R(p(L)).

Using (3.10), we see that in our case we may write

RO)L(v(k))| Nh—%kOk)
= exp[ — i (k) ]| VRO —5¢) (m*+3¢°)""*/x,
RO)L(v(x)) | N'h'30x)
= exp[—ig’ (91| N'H00 3g) (m'™+1¢0)
where d;, 9s, and 93 are the generators of rotations in
helicity space, and w (k) and w’ (k) are the angles defined
by
R(w () =[R(—29)K(g/ (¢?+4m*)') ]
X R O)K ()[R (—2k00) K ((k*-+4x%)!12/
(4 dm2)112) ],
R(o' (€))=[R(0)K(q/ (g+4m™)!*) ]
XR(0)K (v)[R (GROk) K ((k*+4x)12/
(B2 4x2+-4m'?)112) ],
In (3.12), we have generalized the definitions of 93 and
g, defined in (2.7) and (2.8); they are now the corre-

sponding helicity operators on a state | Nk,p) with the
arbitrary momentum p:

93| Nh,p)=h|Nh,p),
94| Nh,p)= (91£i9:)| Nh,p)
=[S (Sv+1)=h(h=£1)]"2|Nh,p).

Note that the g’s are not the Lorentz generators, since
they leave the momentum p unchanged. It is also clear
that they reduce to our previously defined 9’s as p3—
(i.e., k — ). Substituting (3.12) into (3.6), we obtain

(3.12)

(3.13)

=[O+ 3g2) (>-+3g8) 14/ (V00 B exp+is0’ ()]
X RELO() (0L ()R ) exp[— 920 ()] Vh, 00 —3)

=n(N'’,00%q| exp[+i920" () JL90(0)+2(93(0) cosb+ 91(0) sind)] exp[ —idsw (k) ]| Nk, 00 —3¢),

with

n=(2/E)[(m*+i¢") (m™+1¢) ",

whence, finally,

(NI 5ROk | exp[ — 1920’ (k) ]90(0) exp[+i8aw (k) ]| Nk, —5k0k)
=n{Nk,00 3q| 90(0)+v(93(0) cosd+ 91(0) sind) | Nk, 00 —3q).

We come now to the reason for transforming to the
Breit frame. The reason is that, in the Breit frame,
scalars, vectors, two-tensors, etc., are characterized by
the fact that they change the helicity by Ak=0, A2<1,

14 E. Wigner, Ann. Math. 40, 39 (1939). This paper was included

in Symmetry Groups in Nuclear and Particle Physics, edited by
F. J. Dyson (W. A. Benjamin, Inc., New York, 1966).

(3.14)

(3.15)

AR<2, etc., respectively. Hence the vector character of
90(0) is expressed by the fact that in Eq. (3.15) the
change in helicity Ah=h'—h is 0, £1.% From the left-
hand side of the equation we see that this is equivalent

1 Strictly speaking, a four-vector is specified in the Breit frame

by |Ags| <1 rather than |AZ| <1. However, it is the s, which is
related simply to the helicity at P;— .
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to the operator condition

[95,[95,[ 95, exp(—192" ())90(0) exp(ig20(x)) 1]
= [93, exp(——igzw’ (K))go(()) exp(iggw(/c))] (316)

in the space of states | Nk, =3%0k).
Equation (3.16) is valid for all k. We now take the
limit k — o« and obtain

[95,[95,[93, exp(—i92")9(0) exp(+igw)]]]
=[d;, exp(—192’) 9 (0) exp(+id:w)], (3.17a)

on the states | NA,p1ps), where o’ and w are the limits of
o’ (k) and w (k) as k — . These limits are evaluated in
the Appendix and for #2> |m2—m?| >0 turn out to be

2m'k
o'=—tanY ———— ), o'>ir
mP—m'" k2

2mk
w=tan‘1<—;———2—>, |w]| <3m.
m'? —m?-+-k?

The expressions for other values of »’ and m can be
evaluated in a similar way. Equation (3.17a) is the
required angular condition on 4 (0). It is clearly a con-
dition on the space |Nk,pips)1. Further it is derived
directly from the condition that g,(0) be the fourth
component of a vector, and involves a nontrivial rota-
tion R () around the 2 axis. Hence, as explained earlier,
together with E(2) invariance, it is sufficient to guar-
antee the vector character of 9¢(0) under the complete
Lorentz group. Note that the condition is valid for both
the vector and axial-vector charge densities.

Our next task is to show that Eq. (3.17a) is equivalent
to the angular condition in Eq. (1.13). From the
definition (1.1) of F(k) and Eq. (3.3) it is clear that
one can write

(V'W'|F (k) [NR)= (NI 5krsks | [3°(0)
+55(0)]| Nk, —3k1— k21

In fact, there is the more general relation

(N'W|F(&)| Nhy=«(N'l,p." | [5°(0)
+53(0)]| Nh,pr)r, k=p/—p. (3.18b)

which follows from the fact that the right-hand side is
independent of p.'+p..1% Also, it should be clear that
since  is defined to act only on helicity indices, it is
exactly the § defined in Nk space by Eqs. (2.7) and
(2.8). Therefore, we can write Eq. (3.17a) as

[93,[93,[ 93, exp(—iga")F (k) exp(ig2w) |]]
=[gs, exp(—i9s")F (k) exp(idw)],

(3.17b)

(3.18a)

(3.19)

16 This can be proved easily as
NI 01 [50(0)+52 (0) | NA,pu)r
=1(N'I,0] &'+ E[5°(0)+5°(0) Je~"E| N11,0)1
= (N}’ 0| e*L"E[50(0) 452 (0) N %,0)1,

which is independent of p'y+ 1. In the above derivation, we have
used the fact that E commutes with the current $°(0)+53(0).
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where this equation and the following equations
[(3.20)-(3.22)] are understood to hold only when
sandwiched between states of |N’4’) and |Nh) with
definite masses #/, m. Writing out Eq. (3.19) fully and
multiplying to the left and right by exp(id:w’) and
exp(—19.w), respectively, we obtain

D3F (k)=D(k), (3.20)
where

Do=d'6—09,

9'=exp(+iw’'92) 93 exp(—iw' 92) = 93 cosw’— 9 sinw’,

d=-exp(iwds)ds exp(—iwds)= g3 cosw— 91 sinw,
which, from (3.17b), can be written as

D*F(k)=NDF (%), (3.21)

where _
Di=K'6—6K ,

K'=— g3(B*+m2—m'?)—2m'k 9,
K=9g3(k*—m*+m'?)—2mkd,,
N =k 4-2k (m24-m'?) 4+ (m2—m'2)2.
(Note that cosw’ is negative, since w’'>%w.) The point
now is that since these equations hold between states

of mass m’ and m, the ¢ numbers ' and m can be
replaced by the mass operator M. Since

K'9= g;[M20]— k29:0— 2kM 9.0,

(3.22)
0K =[M2,0]95+ 09— 2k0M 91,

and similary for NV, and since k was arbitrarily chosen
to be (%,0), Eq. (3.31) can be written as

I (T (Iu(F (k))))=Ix (Jx (F (k))), (3.23)
where
I,(0)=K'6—0K=[M?[930]]
— k95,01 —2[k,- Md,0], (3.24)
Jn(0)=[M2,[ M0 ]+ 2k M20] .+ k. (3.25)

Equation (3.23) is the required reduced form of the
angular condition. Note that since 9; commutes with
M2, the operations I and J commute.

Another question which one naturally asks is to what
extent the physical properties of the original current
operator 9,(0) can be recovered from the form factors
F (k). We only expect a partial recovery since F (k) is a
function of the transverse momentum transfer and
since F(k) has matrix elements between connected
states only. If we do not impose additional information
like crossing relation, we may never obtain matrix
elements between vacuum and the pair states. To give
a partial answer to this question, we return to the
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Breit frame

(VW | F (k)| Nly=n(N'R',00 34

X exp(i9')Z (0) exp(—idxw)| Nk, 00 —3q), (3.14)

where
k= (k)o) H

Z(0)=90(0)— (g0/q)93(0)— (k/9)9:(0).

It is now easy to see that only those matrix elements
corresponding to some transverse parts of the current
operator Z(0) can be recovered. By varying the two-
component vector k, however, we find that the matrix
elements of the entire transverse part of the current
density 9,(0) taken between connected states can be
reconstructed. This indicates that the current density
operator can be recovered up to a gradient term in this
connected subspace. To understand how it happens, we
note that the matrix element of the longitudinal part of
a current is proportional to go, the zeroth component
of the momentum transfer. As ps— o, the contribution
to the form factor from the longitudinal part of the
current damps out as go/$s, and vanishes at p3= . An
equivalent way of seeing this is that the infinite-
momentum frame can be decelerated into the standard
frame po+ps=1. Then, the contribution from the
longitudinal part of the current reduces to

(N'H, po’+ps'=1] (qot+gs) [Nh, potps=1)=0

as before. ‘

For conserved vector currents, there is no ambiguity
in reconstructing the current operator in the connected
subspace, since the longitudinal part of the current
vanishes identically. For axial-vector currents, however,
we have lost all the information about the divergence

at pg=o0.

IV. TIME-COMPONENT-SPACE-COMPONENT
COMMUTATION RELATION

In this section we derive Egs. (2.16), (2.17), and
(2.19) in Sec. II. As a first step we write F;(k) intro-

lim
all P30 N’’h'/
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duced in (2.15) of Sec. II in the form

(N'K' | Fs(k) | Nh)
=(N'W3K| 25:(0) | Nh, — k)
= (N}, p)/=0|exp[ (¢/2)k- E]25;(0)
Xexp[ (i/2)k-EJ| Nk, p.=0)1. (4.1)
Briefly speaking, the factor 2P; in (2.15) is included to
compensate the change of normalization. More gen-
erally, we have

Wm (NI, pr', p', o' +x| 265:(0) | N, ps, ps, pate)

=(N'W | Fs(k) | Nk)+(p'+p)«(N'H | F (k)| Nk), (4.2)

which depends not only on the transverse momentum
transfer k= (p1/— p1, p2"— p2), but also on the sum of
the transverse momentum (p’+p).. (It is still indepen-
dent of p’; and ps.) To see how it works, we start from

Lh.s. of (4.2)
=(N'F, p'1=0] exp[ip’s- E]25;(0)
X exp[—ips- E]| Nk, pr=0)
= (NI, p'1=0] exp[ (i/2)k-E]2
X {exp[ (i/2) (p+p)1-E]5:(0)
Xexp[— (i/2) (p"+p).- E]}
Xexp[(¢/2)k-E]| Nk, p.=0),
= (N}, p'.=0|exp[(¢/2)k-E]2
X{F:(0)+3 (¢ +9){Fo(0)+5:(0) 1}
X exp[ (i/2)k-E]| Nk, pr=0)
=(N'F | Fi(k) | Nh)+ (p"+ p)olN'' | F (k)| V&),
which is the right-hand side of (4.2). In deriving the last
equation, we have used the relations

[Ei,gi (O):l = i5z’j[3:o (O) +Fs (0)] ,
LE:, (Sot53)(0)]=0.

Next, sandwiching the commutator relation (2.18)
between states of infinite momentum, and inserting a
complete set of intermediate states, we have

Z {(N/}l', p’lﬁa"(O)IN"h",!p”)(N”h", P//,gbq:(o)“vh’ [7>

——(N’h’, Prlgbi(()),Nl/k//’ PII><NIIkI/, P”lﬂ’a"(O)lNh, P>}
=i, i ase{N'H', 9|51 (0) | N, p)+iki(N'F, p'|8a(0) | Nb, p). (4.3)

By the use of Egs. (3.2), (3.18b), and (4.2) and under
the assumption that the p;— oo limit is valid here,
Eq. (4.3) leads to the following algebra of form factors:

[Fe(k'),F (k) ]=1favel i (k' +K)
+F[Fe(k'),Fe(k)],+S.T., (4.4)
which is just Eq. (2.19), and where the extra term in

this expression originates from the last term appearing
in Eq. (4.3). (S.T. is the Schwinger term.)

Now, we wish to express the angular condition in
terms of these generalized form factors. From the
results of Sec. I, we learn that the infinite-momentum
form factor F(k) is related to the Breit frame matrix

element through

(NI | exp(—i9a’)F (k) exp(i9ow) | Nk)
=n(N'1'00 1q|Fo

+2(F5 cosf+F, sind) | NK0O —1q), (3.15')
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where
k= (%,0), vsinf=*k/q,
1= 2L+ 1) o+ 1) T (- g
+ (k1) T
By the use of a similar but somewhat simpler manipula-
tion, it is verified that

(Nl | exp(—i9aw’)Fa(k) exp(i92w) | Nk)
=n"(N'i'00 3¢| F2(0) | Nk00 —3g), (4.5)
with

n'=2[ (m"+1¢) (m*+1g) . (4.6)
We then obtain the following simpler angular condition:

[9s, exp(—idw’)F (k) exp(i9sw) ]
=i(nk/n’'q) exp(—i9:0")Fs(k) exp(idow),

which can be expressed as the operator equations
Iu(F (k))=i[kXF (%) ]s. 4.7

This is, of course, Eq. (2.16). The derivation of Eq.
(2.17) is simple and straightforward and need not be
given here.

V. BASIC REPRESENTATIONS OF
CURRENT ALGEBRA

A rather natural way to attack the problem of current
algebra at infinite momentum would be to choose an
appropriate solution to Egs. (2) and (3) and then try
to enforce the angular condition. The problem then
splits into two parts. First, one needs a catalog of
solutions to Egs. (2) and (3); this is the topic of the
present section. The second and more difficult step of
enforcing the angular condition will not be discussed
here.

For simplicity, we will restrict ourselves to isospin
vector currents F,V, a=1, 2, 3, which lead to the
Fe(k,) for a=1, 2, 3. The generalization to the full
algebra of F’s is perfectly straightforward.

Defining fo(x,) through

f“ (Xj_) =61—)—2 exp ( —lk_t . X]_)F“ (kl)d2k1_ s (51)

Eq. (2.2) is equivalent to
Lfe(x0), f2(y) J= 18 (X1—y1) €apef*(X1)

where we have used the fact that f.3,= €q5c, Where @, b,
and ¢ run from 1 to 3. For the most part, we will work
with the “coordinate space” form of the algebra in Eq.
(5.2). One can immediately see that a rigorous mathe-
matical analysis of the algebra specified by Eq. (5.2) is
difficult because of the singular nature of the “structure
constants” §(X,—y1)eqs.. Evidently, the f’s in Eq. (5.2)
are operator-valued distributions and in a proper mathe-
matical treatment of the problem one would have to
take this into account and start with some statement

(5.2)
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about the particular kind of distributions which are
allowed. We shall not attack the problem on this level.
It turns out that it is very easy to carry out a rather
complete analysis of Eq. (5.2) on a heuristic level. This
leads to a catalog of representations of the algebra. All
the representations in the catalog are mathematically
respectable but, since we do not proceed on rigorously,
we may not have all interesting representations.

To proceed, let us imagine that the continuum of
points x; in Egs. (5.1) and (5.2) have been replaced by
a finite set of, say, four points ;, 42, 75 and 24, We then
have fo(i,) (r=1, 2, 3, 4) and the commutation rules

[fa(iﬂ)yfb(inl):]=iann'eabcfv(7:n), n, n'= 1, 2,3,4. (53)

One immediately recognizes in Eq. (5.3) the Lie algebra
of the group SU(2)®@SU(2)®@SU (2)Q@SU(2). That is,
there is a separate SU (2) for each point ., n=1, 2, 3, 4.
It is, of course, trivial to find all the irreducible repre-
sentations of SU(2)Q@SU (2)@SU (2)®SU (2). They are
simply products of representations of SU(2) and can be
written as ([1,I5,13,1s), where, for example, I is the
isospin associated with the group at 4;. These irre-
ducible representations are defined on a product space
T1Q T2® T3® T4, where 77 is the (2I;+1)-dimensional
space for a representation of SU(2) with isospin
I, etc., and the generators are sums of commuting
operators, i.e.,

J4(in)=T1%8n1+T5%8ns+Ts%ns+T4%ns,  (5.4)

where, for example, 71 is understood to be the direct
product of the ath isospin generator in 77 with unit
matrices in 73, 73, and T4 Actually, we are not partic-
ularly interested in irreducible representations. What
is needed for current algebra at infinite momentum is a
simple catalog of reducible representations. To this end,
we consider the special class of reducible representations
of the form (Z,0,0,0)@® (0,,0,0)& (0,0,1,0)& (0,0,0,I).
The space on which this representation is defined is the
direct product of a (2I4-1)-dimensional isospin space
7 with a four-dimensional space 8. Now define an
operator & which is the product of the unit matrix in 7
times an operator in § with eigenvalues of 1, 2, 3, and 4.
The f’s for the representation (Z,0,0,0)® (0,,0,0)
@ (0,0,7,0)® (0,0,0,) can then be written as

fe(@n)=T%%pu, (5.5)

where 7¢ is the isospin operator in 7 times a unit
matrix in 8. Suppose now that we want to construct the
representation (Z,I',0,0)® (all permutations of I and
IN® (I®1',0,0,0)® (permutations). This representation
is defined on a space TQ 7/®8Q®§’, where 7 and 77 are
analogous to 7 above and 8 and 8’ are the analogs of §
above. In this representation the generators are

12 (6n)= T8 ua+T"%8" , (5.6)

where T and T’ act in 7T and 77, and % and %’ act in
8 and §'. By construction, we have the commutation
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rules
[Te,T%|=diespcd,
[T/ T |=1€up.T"°,
[Te,T*]=0, [hHh]=0,
[h,T)=[W,T*]=[h,T'*]=[¥,T"*]=0.

It is easy to verify that the commutation relations in
Eq. (5.7) guarantee that the f’s of Eq. (5.7) satisfy
Eq. (5.3). As a final example, suppose that we wish to
construct the representation (Z,7/,0,0)@® (all permuta-
tions of I and I”) which differs from the above repre-
sentation by the absence of terms like (/®1,0,0,0). It
is not hard to see that this representation can be ob-
tained from Eq. (5.6) by imposing the constraint
dnnr=0, which is consistent since # and 4’ commute. The
space on which % and %’ act is, of course, no longer a
direct product.

From the above examples, the reader should not find
it hard to convince himself that the most general
(reducible) representation of the algebra in Eq. (5.3)
can be written as

N
Je(n) =2 T°Dom(r)

r=1

(5.7)

(5.8)

in a space TWQRQTHQ---TWMQS, where 7% is an
isospin matrix acting in 7™ and the 2™ are a set of
commuting operators in another space 8. The com-
mutation relations are

[Ta(r)’Tb(S)]= iarseabcTc(r) s
[h (r),Ta(s)]=O’ [h,(r)’h(s)]=0.
The fact that we have been letting # run only over
1, 2, 3, and 4 is no longer of any consequence; Eq. (5.8)
gives the most general representation for any number
of points. In fact, it is simple to pass to the continuum

limit to obtain representations of the local algebra in
Eq. (5.2); one obtains

Je(x) =2 T*@5(x~h. ),

(5.9)

(5.10a)

where the h;” are now commuting vector operators in
two dimensions. By virtue of the commutation relations
in Eq. (5.9), the above expression satisfies the local
algebra. The 74’s are, of course, now assumed to have a
continuous spectrum. It is interesting to examine the
F(k)’s obtained from Eq. (5.10a); they are!”

Pk)=Y T°0) exp(iki-h).  (5.10b)

In this form, one easily sees that these representations
of the local algebra are mathematically respectable.
That is, if the spaces 7 are finite-dimensional and
the expik.-h, form Abelian groups of unitary operators
in 8, then the representation is rigorously defined. These
representations are, however, not all the representations

17 See also E. H. Roffman, J. Math. Phys. 8, 1954 (1967).
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of the local algebra. Further representations will be
discussed below.

Before looking for additional representations of the
local algebra, we should mention some special cases of
Eq. (5.10a). First, let us find the representation,
mentioned previously, where all states have isospin 3.
Since Fe(0,)=>_,T% is the ath component of isospin,
it is clear that the sum over # must be trivial, containing
only one term proportional to the Pauli matrix 7%

Thus we have
Fe(k)=%7% exp(iky-hy) (5.11)

for the isospin-} case.!® Other special cases are Gell-
Mann’s “two- and three-quark” representations for
which the sum in Eq. (5.10a) contains two or three
terms each proportional to a Pauli matrix.

To obtain further representations of the local algebra,
we proceed as follows. The process which we used to
find the general representation of the algebra of Eq.
(5.3), which is a “local algebra” on a four-point grid,
was to find the representations localized at one point,
which are simply SU(2) representations, and then by
means of the operators %, take direct sums and products
of these point representations to obtain the general
representation. We can try the same trick with the local
algebra. For the f*(x)’s, a representation located at a
point X, is clearly one where

fa, (X_L) =T (XJ,— Xo) -+ bi“szS (XJ__— Xo)
+C,'j“ViVj5(XJ_—X0)+ e (512)
contains at most a finite number of derivatives of &

functions.?® Consider, for example, a representation of
the form

fo(x0) =T (X,—Xo)+b0:2VH(x,—Xo).  (5.13)
In order to satisfy Eq. (5.2), we must have
[T+, Tt ]=1€up. 1",
[T2b;* |=1€qpcb:°, (5.14)

[b:%,b;%]=0.

Thus, for each fixed 7, b; and T (a, b=1, 2, 3) generate
E(3), the Euclidian group in three dimensions. From
this fact, one can readily prove that all nontrivial
representations of Eq. (5.14) contain arbitrarily high
isospins. This is in contrast to the representations in
Eq. (5.10) which, as long as the number of terms in the
sum over 7 is finite, contain only a finite number of
different isospins.

18 See Refs. 3 and 5; S. Fubini, in Proceedings of the Fourth
Coral Gables Conference on Symmetry Principles at High Energies
1967, edited by A. Perlmutter and B. Kursunoglu (W. H. Freeman
and Co., San Francisco, 1967).

1 M. Gell-Mann, in Proceedings of the International School of
Physics “Ettore M ajorana” Erice, Italy, 1966, edited by Z. Zichichi
(Academic Press Inc., New York, 1966).

20 It is known that every generalized function concentrated at a
single point x, can be represented as a (finite) linear combination
of §(x—xo) and its derivatives. This theorem is mentioned by
I. M. Gel'fand and G. E. Shilov, in Generalized Functions
(Academic Press Inc., New York, 1964), Vol. 1, Chap. I, Sec. Al1.4.
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The representation in Eq. (5.13) is localized at the
point Xo. To obtain a more general representation we
may replace Xq by an operator h which commutes with
T4 and b:%, which gives

f“ (X_L) =T9% (Xj,— h)+b,“V’5 (X,L— h) (515)

or

Fo(ky)=T¢ exp(iki-h)+ik:b;* exp(tki-h).  (5.16)
Still more general representations can be obtained by
taking a sum in analogy with Eq. (5.10), which yields

Fo(ky) =Y exp[iky-h® (T +ikbe®), (5.17)

where h™, Te( and b+ satisfy

[T"’(’),Tb(s)J=i3¢3€abcT°(’) ,

[T2™) b2 @) ]=18rseapchi”,
[h®,h® =[50 p®]=[b" h]

=[h®,T+&7]=0.

Note that some of the b;*® could be zero; if they all
vanish, we recover the representation in Eq. (5.10).
There is, of course, no reason why terms like ¢;;* and
coefficients of higher derivatives of 6 functions in Eq.

(5.12) cannot be present. The most general representa-
tion at a point is, in an obvious notation,

fo(x)=T4%(x,—Xo)+ - - -
+dij...pq°'[V5Vj' . 'Vquls(Xl—Xo)], (519)

where the final term multiplies an Nth-order derivative
of a 6 function, with IV arbitrarily large but finite. The
general reducible representation constructed from these
representations at a point is clearly

Fi(k) =Y exp[ik,-hOJ[Te® ...
+ (dijo- - pa®Pikitk;e - ik yikg)],

(5.18)

(5.20)

where the h” commute with everything, including
each other. All quantities of a given index (r) commute
with quantities for other indices (s), and for a given 7

one has
[Ta (r)’Tb(r)]= ’LeabcTc(f) ,
[To®) iy ™ J= ieasedlijop e |
[dijeepa®?,8h1eers®@]=0,

plus a number of commutation relations for the coeffi-
clents of lower powers of 7k, which are suppressed in
Eq. (5.19). We note that Eq. (5.21) implies that the
representation contains arbitrarily high isospins.

As long as the various sums in Eq. (5.20) are finite,
this representation can be given a well-defined mathe-

(5.21)

CURRENT ALGEBRA AT INFINITE MOMENTUM

1817

matical meaning. Furthermore, this representation is
the most general one which can be constructed from
representations at a point. For an algebra, like that in
Eq. (5.3), built on a finite, discrete grid of points rather
than a continuum, all representations can be con-
structed by taking sums and products of representations
at a point. We do not know under what conditions, if
any, this is true for a local algebra. To the extent that
this is true, Eq. (5.20) represents the most general
representation of the local algebra.

Finally, we should ask ourselves which representa-
tions are relevant for physics. We cannot, of course,
really answer this question but there are a couple of
points which should be made. Suppose we look at a

. free-field. theory of nucleons. For each sector with a

fixed baryon number of say, 1, the states |N%) can
contain one nucleon, one nucleon and one nucleon-
antinucleon pair, one nucleon and two pairs, etc. Let M
be the number of pairs in a state. Then from the con-
nectedness structure of the F’s discussed in Sec. II, we
know that the F’s do not connect states of different M,
in the free-field theory. Furthermore, for each fixed M,
the representation can be shown to be that in Eq. (5.10)
where the 7% are all Pauli matrices and the sum runs
over 2M 41 terms corresponding to one nucleon and M
pairs. Thus, for the free-field theory the representation
can be explicitly constructed; it is simply a stack of
representations like that in Eq. (5.10) with the sums
running over 1, 3, 5, 7, - - -, terms. Now it may or may
not be true that when an interaction is turned on, the
representation remains the same up to a unitary trans-
formation. For the sake of argument, however, let us
suppose that it does. What, then, is the difference
between the interacting and noninteracting theories?
The answer lies in the angular condition. In the free
theory, each term 37 exp(ik,-h,) in the sums satisfies
the angular condition by itself. When the interaction is
turned on the individual terms no longer satisfy the
angular condition. In fact, the angular condition now
couples together subspaces containing sums of 1, 3, 5,
7, -+ -, terms in the F (k)’s. This is simply a consequence
of the fact that the old “bare particles” are no longer
eigenstates of the mass operator M. In the interacting
theory, then, the angular condition is satisfied only
when we sum over an infinite number of terms like
e (r) exp[ik.h(r)].

While the above discussion about the behavior of
Lagrangian field theories is, at best, heuristic, it does
suggest that in the real world one needs an infinite sum
of terms or representations like that of Eq. (5.10) in
order to satisfy the angular condition. One may or may
not have further terms like the 5, in Eq. (5.17).

APPENDIX

In order to calculate the limits of w (k) and w’(k) it is convenient to express the Lorentz transformations (3.13)
by which they are defined in the vecfor representation of the Lorentz group. However, since the ¥ axis remains inert
during all of the transformations in (2.13), it is sufficient to consider only the (¢,2,%) subspace of the vector space,
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on which space the rotations around the y axis with angle ¢ and the accelerations along the z axis with velocity »
are represented by the matrices

R()<(1) y ‘0> Koy = (11{ 0 A1)
?= 0 _;:i(;ls;b cscl)rslg ’ g —(1_1,2)1/216 0 (1__7)2)1/2)’ (

respectively.
In the representation we obtain at once for the first three matrices in (3.13)

iq -1 1 /(@?+4m)r2 —q 0O\/1 0 O\/1 O 0
[ R(—19) K(—*--)] R(9) =—-( —q (@?+4m2)r2 0 )(0 -1 0)(0 cosf —-sinﬂ)
(243?12 2m 0 0 2m/ \O 0 —1/\0 siné cosf
1 /(@+2m2)12 g cosf —g sind
( —q — (*F4m*)M2 cosf  (g*-+-4m?)H/? sin0).

0 —2m sinf —2m cosf

(A2)

To evaluate the last three matrices, we first make the expansions
(K2+%k2)1/2(l€2+m2+‘};k2)_”2= 1_~4m2/8K2+0 (1/[64) ,
cosp=r (P+1E) 2= 1—F?/824-0 (1/x%) , A
sing=—k/2k+0(1/¢%), (a3)
v=1—E%/82+0(1/x%).
We then have, to order 1/x2
K@) R(—3k 00K (1) (- me+-12)112)

% 1 —(1—E¥/8) 0 \/1 0 0\« 1 1—dm?/8¢ 0
=]—E<—(1-—é€2/8x2) 1 0 >(0 1—kY/8e¢  —k/2% )-(1—4%2/&2 1 0)

0 E/2¢/\O k/2x 1—£2/8k2/ m 0 m/k
1 3mr+m2+k2 m?2—m?+k2 2km
=——( m'2—m? 3m2+m’? —-2/em> . (A4)
2mE kE kE 2mE
The matrix

1 0 0
] (AS)

R(w)= [O cosw  Sinw
0 —sinw cosw

is then from (3.13) equal to the product of the matrices (A2) and (A4). However, to evaluate w we do not have to
multiply the matrices explicitly. We avoid the multiplication, and also the explicit calculation of g, by noting

that from (AS)
tanw= —a35/as3, (A6)

where a;; are the matrix elements of the product matrix, and that these two particular matrix elements involve
only the last row of (A2). Calculating them by insepection from (A2) and (A4), we obtain

. (—2m sinf) (3m?+m"2)+ (—2m cosf) (RE) _ [3m2+-m"2+kE cotd ' A7
(—2m sin) (—2km) -+ (—2m cosf) (2mE) (—2km)=+2mE cot
On the other hand, in the limit x — o, we obtain from (3.9)
cotd= (—m'*+m?)/kE. (A8)

Inserting this result into (A7), we obtain
Im-++m'2— (m2—m?) k 4m? 2mk

—2km—-2m(m"?—m?)/k B 2m k2—m2-+m'? _k2——m’+m'2.

tanw=



