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momentum. The vertex function for EÃ —+xA. has
been chosen to fit the observed angular distribution as
dlscusscd ln Rcf. 6. Fol coIQparlson we have shown thc
curve corresponding to Deck's original calculation'
for mE —+ ~g at 2.8 3CV c.m. energy. The curves show

Fro. 2. Curve e shows mass-squared distribution for pal- in
mÃ ~p~g at g =2.8 BeV using dg (~&~ zr3$ jdt =pe+, where t is
in (BeV/c)2 (original Deck eft'ect). Curve b shows mass-squared
distribution for pw in EE —+pmA at iV=3.52 BeV using for
do(EX —+ mA) jdt the fit discussed in Ref. 6, Both (a} and (b)
have been arbitrarily normalized to the same peak.

clearly that the kinematic enhancement in the E reac-
tion varies much more slowly over the low-energy
region of interest than does that from the x reaction.

From the above calculations, we conclude that a
more suitable reaction for searching for low-mass
resonances such as 'the Ag(1080) 1s K)V~Aps (not
s p —+ pprr), where the usual Deck-type background is
greatly reduced. In addition the possibility of inter-
ference between the kinematic background and the A~
enhancement' is also reduced in the KÃ reactions
since the competing kinematic configuration will, in

general, favor an angular distribution different from
that of the A~. Similar conclusions can also be drawn
for the E'*(1300) from the reaction e.p ~AX*(890)e..

We wish to express our gratitude to Dr. Ralph P.
Shutt for encouragement and support, and one of us
(IMS) thanks Dr. R. Ronald Rau for the hospitality
shown him at Brookhaven during the summer of j.961
when this investigation was undertaken. Thanks are
due also to Dr. R. M. Lea and Dr. N. P. Chang for
helpful discussions.
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A detailed comparison has been made between predictions of elementary one-pion exchange (OPE) and
existing experimental data. The Benecke-Burr {BD) parametrization was used to describe the vertex
functions. The BD parametrization has one free parameter E for each vertex. The momentum transfer (t)
distributions as measured between 1.6 and 10 GeV/c for the reactions pp —+ Z 6++

I 4=~(1236)j, pp —&

5~n, x+p —+ D~po, and m=p ~ np' were used to fit the parameters ggg, g~~, and Rp which describe
the EEm, d,Em-, and pm~ vertices. %ith the three-parameter fit an excellent description of the data is
achieved for (r

~
(1 GeV' at all energies, a result which independently oi any model demonstrates that the

energy dependence of these reactions is that of elementary OPE. From the g parameters, values for various
pionic rms radii were deduced: (r~~ 2)"2= 1.06%0.04 F, (rz& ')" =0.86~0.02 F, and (rp )'I =0.65&0.05 F.
The %Ex and AFm values agree with results from 7' and ep scattering. As a further consistency check, the
BD parametrization was used to describe the ($, $) pion nucleon phase shift bg3 in the neighborhood of the
h. A good Bt to the 833 data is found. The value of Aq~ agrees within 20% with that from

theist

to the t
distributions. The OPE predictions were calculated for the reactions x+p ~ px+x+m in absolute magnitude
and compared with available experimental results on e6'ective-mass and momentum-transfer distributions
at beam momenta between 2.1 and 20 GeV/c. En general, the shape of the distributions is quite well re-
produced. Bumps which are present in the p2m- mass distributions, and which may be taken as evidence for
the production of nucleon isobars, can be understood as rejections of the OPE process. The OPE contribu-
tions are substantial at all energies; they amount to ~40'Pz near threshold and increase to 90 jo at 20
GeV/c, in contrast to the naive expectation that at higher energies the exchange of particles with higher spin
will dominate.

I. INTRODUCTION

INCR the idea of the dominance of one-pion ex-
change (OPE) was developed a decade ago, ' nu-

merous OPE calculations have been carried out using

$%'ork supported by the U. S. Atomic Energy Commission
and the Bundesministerium fiir Wissenschaftliche Forschung,
Germany.

different techniques to calculate oQ-mass-shell correc-
tions for the vertex functions involved. For some reac-

~ On leave of absence from the Deutsches Elektronen Synchro-
tron (DESV),' C. Goebel, Phys, Rev. Letters 1, 337 (1958); G. F. Chew and
F. E. Low, Phys. Rev. 113, 1640 (1959); F. Salzmann and G.
Salzmann, ibid. 120, 599 (1960); S. D. DreH, Phys. Rev. Letters
5, 2N (1960);1Rev. Mod. Phys. BB, 458 (1961).



tions, a quite successful description of the experimental
data was achieved by either using a form-factor ap-
proach or by applying absorption corrections. "How-
ever, in general, these models predicted much too high
cross sections for processes where particles with higher
spins are involved, such as s P —+ Ifs

The failure can be traced back to the Born approxi-
mation which is used to calculate the OB-shell behavior
of the vertex functions. At this stage, Burr and Pilkuhn
(DP) proposed, in analogy to potential scattering, to
use instead of the Born factors the complete penetration
factors for the angular momentum barrier. ' This type
of OK-shell correction overcomes the difBculties with
particles of higher spin. Following DP, it was found that
experimental data on the processes Ir+p —+ I'd++ps Lwhere
Ik is the (—'„-',) Irili' resonance with a mass of 1.236 GeVj
and pp~ E 5++ were well described by the OPE
model for four-momentum transfers squared up to

0.6 GcV'. '~'& In subsequent analyses it was shown
that fol thc same 1ange of momentum transfers thIS
approach leads to a remarkable agreement between the
OPE predictions and the data on the processes Ir+P ~
6++II+7r, PP —+ d++Plr-, and k+P —+ 6++ks. '&b&-'s&

However, at larger momentum transfers, the theoretical
cross sections were still larger than those measured
experimentally.

Recently, a more satisfactory modi6cation of the
vertex functions mas proposed by Beneckc and Burr
(BD) which retains the previous advantage at low mo-
mentum transfers but which leads to a rapid falloff of
the vertex functions at high momentum transfers. '
Their appI'oach introduces one free parameter E. for
each partial wave contributing to the vertex function.
The parameters R have to be determined from experi-
mental data. It will be shown that after Qtting the
parameters E~, Rq, and 2, for the EEm, Ehm, and pxm.

vertices, the OPE model gives an excellent description
of the experimental differential cross sections up to
lil = 1 GeV' measured at incident momenta between

2 E. . Ferrari and F. Selleri, Phys. Rev. Letters 7, 38T (1961);
Nuovo Cimento 21, 1028 (1961);Suppl. 24, 453 (1962); 27, 1450
(1963).' (a) N. J. Sopkovich, Nuovo Cimento 26, 186 (1962); (h) M.
H. Ross snd G. L. Shaw, Phys. Rev. Letters 12, 627 (1964); (c)
L. Durand and Y. T. Chiu, zooid. 12, 399 (1964); Phys. Rev. 137,
81530 (1965); 139, 3646 (1965); (d) K. Gottfried and J. D. Jack-
son, Nuovo Cimento 34, 735 (1964); (e) A. Oar and %.Tobocman,
Phys. Rev. Letters 12, 511 (1964); (f) J. D. Jackson, J.T. Dono-
hue, K. Gottfried, R. Keyser, and B.E. V. Svensson, Phys. Rev.
189, B428 (1965).

4 J. A. Poirier, N. N. Biswas, N. M. Cason, I, Derado, V. P.
Kenney, W. D. Shepard, E. H. Synn, H. Yuts W. Seiove, R.
Ehrnch, snd A, L. Baker, Phys. Rev. 163, 1462 1967).' H. P. Diirr and H. Piikuhn, Nuovo Cimento 40, 899 (1965).' (a) G. Wolf, Phys. Rev. Letters 19, 925 (19M'); (b) P. Schlein,
in Iefmma/ Meetilg oe Exper&neeta/ Meson Spectroscopy, edited
by C. Baltay and A. H. Rosenfeld (W. A. Benjamin, Inc., New
York, 1968); (c) E. Colton, P. E. Schlein, E. Gellert, and G. A.
Smith, Phys. Rev. Letters 21, 1548 (1968); (d) T. G. Trippe,
Chih-Yung Chien, K. Malamud, J. Mellema, and P. E. Schlein. ,
Phys. Letters 28$, 203 (1968).

z J. Benecke and H. P. DOrr, Nuovo Cimento 56, 269 (1968&.

1.6 and 16 GCV/c for the processes

pp~ Z—6++,

PP ~ +++II

s+p ~ +++pe

Ir p-+np' (4)

The rms radii (r')I" derived for the vertices from the
fitted vertex functions are consistent with eP and IrP
scattcllng: The plonic radius of thc nucleon turns out to
be (rIrsI ')'"= 1.06+0.04 F, which is about 20% larger
than the electric charge radius, but which agrees well
with the rrns radius for ~X scattering of 1.1 F obtained.
from an optical-model analysis of xE diGraction scatter-
ing data. The result for the plrs vertex is (r, s)II'
=0.65+0.05 F. The rms radius for the BLVD vertex,
(rsII s)III=0.86&0.02 F is within the errors the same
as that found for the AXE vertex. In the case of the
AXx vertex, an additional consistency check was made
by flttlng 'tl1c (011 shell) bss pllasc sl11ft to tile BD para-
metrization. A good description of 833, i.e., of the energy
dependence of the 6 width, is achieved for c.m. -system
energies up to 1.42 GeV with Rg' '""'=2.2&0.j. GeV—',
a value which agrees within 20% with Es'""811= 1.76
&0.03 GeV ' as obtained from the 6t to the momentum
transfer distributions.

The close agreement of the OPE curves with the data
for reactions (1)—(4) leads to the following conclusions.

(a) The energy behavior of the measured differential
cross sections for (1)—(4) is that of elementary OPE
(the OB-shell corrections applied depend only on the
momentum transfer).

(b) At small momentum transfers (several times the
p1011 lllass squared) tile 06-shell colTcctlolls Rppl'oacll
those given by the Born approximation (which is be-
lieved to be correct near the pole). The magnitude of
the cross section predicted by the OPE model for small
momentum transfers is therefore cssentiaBy a conse-
quenCe Of the (IISSuSNred) ValueS Of the LLÃs and pIrlr

decay widths. The agreement at small momentum trans-
fers then means that the size of the differential cross
sections for (1)—(4) is that expected for elementary
OPE.

A third. piece of evidence in favor of OPE comes from
the 6 and p decay distributions observed for (1)—(4):
They require a dominant contributions from theex-
change of a 5~=0 object (see also remark below).

Finally, a recent direct check of the OPE model has
bccn Dlllc by Colton 8$ 6/. 1n thc case of thc Icact10Il

pp -+ prIIr+. The experimental differential cross sections
for this reaction at small momentum transfers were used
to determine the s+p elastic scattering cross section
o +a(M) in the region of the (ss, ss) s.X resonance by
a Chew-Low extrapolation. A comparison with the
measured values of o +„(3E)was made. It was found that

s E. Colton, P. E, Schlein, E. Gellert, and G. A. Smith, Univer-
sity of California, Los Angeles, Report No. UCLA-1027, 1968
(unpublished).
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the result depends critically on the extrapolation func-
tion used. A remarkably good agreement was accom-
plished with the DP parametrization which at small
momentum transfers is equivalent to that of BD.

These pieces of evidence have been taken as a justifi-
cation for the present analysis. The production mecha-
nism for reactions (1)—(4) may, however, be much more
complicated and the success of the elementary OPE
model accidental. In such a case, the model still has
some merit, in that it allows the description of a large
number of experimental data with few free parameters.
Kith all these precautions in mind, we assume from
now on that the dominance of elementary OPE is a good
hypothesis.

Encouraged by the success for reactions (1)—(4), an
attempt was made to determine the extent to which
OPK explains features of the reactions

One remark is in place concerning the decay-angular
distributions of, say, the isobars produced in pp —&

6++. It is well known that deviations from isotropy
are observed in the distribution of the azimuthal decay
angle of the isobar, in contrast to the prediction of a
pure OPK model such as the one used here. It is also
known that the observed deviations in the decay distri-
butions can be explained by the absorption model for
OPE. '('~ Therefore, an adequate description of both
differential cross section and decay distribution can be
expected from an OPE model which uses the BD
parametrization for vertex functions and takes absorp-
tive en'ects due to initial-state and anal-state interac-
tion into account. Such a calculation has not yet been
done.

II. OPE CROSS SECTION AND BD
PARAMETRIZATION

zr+p -+ pzr+zr+zr-,

~ p~p~+~ ~.
(5)

(6)

To this end, the E parameters for all zx —+ xm and
7rE —+ ~E partial waves which enter into the calculation
of the vertex functions have to be determined. This is
achieved by using experimental data on the reactions
zr p~zzzr+zr, zr p~ 6++zr zr, and zr p —+ pir po. As
a byproduct, the T= 2 7' elastic scattering cross section
is obtained.

In calculating the OPK contributions to the reactions
zr+p -+ pn. +n.+zr, all possible OPE diagrams are evalu-
ated but the interference terms are neglected. The
comparison with the experimental data is done for the
entire range of beam momenta over which these reac-
tions have been studied, i.e., from 2 to 20 GeV/c. The
following conclusions can be drawn.

(a) The OPE contributions are quite substantial:
They amount to 40% of the total reaction near thresh-
old, and increase to 90% at 20 GeV/c. This result is
quite surprising because, naively, one expects at higher
energies the exchange of vector mesons and/or particles
of higher spin to become the dominant processes.

(b) The shape of mass distributions and of distribu-
tions of various other kinematical quantities which have
been studied are rather well reproduced by the calcula-
tion. This is especially true if the contribution of one of
the OPE diagrams is isolated (which can be done by
making a cut in the four-momentum transfer and/or
selecting events in the 6++ and/or p' regions).

Similar OPE calculations, applying Ferrari-Selleri
corrections, have been done earlier for reaction (5) at
4 GeV/c incident momentum. ' Recently, Raubold" has
investigated the OPE contributions for the reactions
(5) and (6), using the DP parametrization and taking
the interference terms between the different OPE dia-
grams into account. He concludes that above 4 GeV/c
the OPE model gives a fair description of these reactions.

' Aachen-Berlin-Birmingham-Bonn-Hamburg-London {I.C.)—
Miinchen Collaboration, Phys. Rev. 138, 3897 (1965}.' E. Raubold, thesis, University of Hamburg, 1968 (unpub-
lisbed}.

In this section the cross-section formula for a typical
OPE diagram is given, in the BD approach. We con-
sider the contribution of diagram (a) in Fig. 1 to the
reaction zr+p ~ pzr+zr+zr . The following definitions are
ma, de:

+. + +in' p'in' Pouts ~ eq ~ bp ~

are the four-momentum vectors of the corresponding in-
coming and outgoing particles, where s= (zr+;„+P;„)z is
the square of total c.m. energy, p* is the c.m. momentum
in the initial state, t= (p;„—(p,„z+zr+i)j' is the square
of the four-momentum transfer, p is the pion mass, m„
is the nucleon mass, zrz'=(zr+, +zr )' is the square of
x+ m. rest mass, 0 is the angle between incoming ~+ and
outgoing x+ in the ~+,m rest frame, q& is the momen-
tum of the exchanged pion in the m+ x rest frame,
q, = P(t, tz', ziz'), where

p(zzz, ', zzzzz ziz, ')

m, ' —2m, '(m. '+m, ') +(m, ' —m, ') ')
"'

4m3'

M'= (p,„&+zr+i)' is the square of pm+i, rest mass, 0" is
the angle between incoming and outgoing proton in
the p, „&zr+b rest frame, e& P(t,za„z,——M') is the momen-
tum of the exchanged pion in the p, „zzr+i, rest frame,
da. + (zN, cos8, t)/-d cos8 and da.„„+(M,cosO",t)/d cosom

are differential cross sections for the reactions x+m

zr+zr and zr+p —+ zr+p, respectively, where one of the
incoming pions is virtual with a mass squared of t.

The differential cross section corresponding to Fig.
1(a) is given by"

d'a/d~t~ dzrz d cos8 dM d cos8

do +, (zzz, cos8, t-) G'(t)
SS g~

4zr'p*'s d cos8 (t —tz') '
da.„..(M, cosO, t)

XM'e,
" ' '. (7)

d cosa

"See, e.g., H. Pilkuhn, The Irlteractioes of IIadrorls (North-
Holland Publishing Co., Amsterdam, 1967), pp. 279 Q.
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FIG. 1. (a)—(c) The three OPE diagrams for the reaction ~+p ~ p7I+m. +7T

(d)—(f) the three OPE diagrams for the reaction 7I- p ~ p7T+m. 7T .

Here G(t) is a correction to the pion propagator. The
other unknowns in Eq. (7) are the off-shell cross sections
do. + -(m, cos8, t)/d cos8 and do„+(M, c osO~, t) /d cosO~,

which are connected to the corresponding on-shell cross
sections do + -(m, c so8)/ dcos8 and do„+(m, cosO)/
d cosO~ for elastic rr+rr and prr+ scattering. If we now
assume that the scattering at both vertices takes
place in states with definite angular momentum / and
I. and definite parity, we can replace a+ (m, t) an.d-
aa, +(M, t) by their partial cross sections o„+ -'(m, t) and
ore, +~(M,t). (This is, of course, true also for the differ-
ential cross sections. )

In the Born approximation, the off-shell cross sections
are related to the on-shell cross sections by"

q,a. + -'(m t) = (q,/q)"qa. + -'(m) (8)
and

t W'J—1/2 2

Q,o„. i(M, t) = . ——Qo „+i(m), (9)
Q

J—1/2

where J is the total spin of the re state, q and Q are the
mm and ~E c.m. -system momenta:

q
=P (tr', tr', m'),

Q =P(tr', m„s,Ms),
and

E~'= [(Mam„)' —t]'I',
Xg ——[(M&m~) s —tr'1'ts,

and the + (—) sign applies for positive (negative) in-

trinsic parity of the xX state. The following form of Kq.
(9) is better suited for our purpose: For I.=J—rs,

(Mam„)' —t Q, "
Q«" "(M,t) = — Qo""(M) (9')

(M&m„) s tr
s Q—

In both cases the upper (lower) sign applies for positive

(negative) intrinsic parity of the rrlV state. As one can

see from the definition of q& and Q&, the off-shell cross
sections in the Born approximation behave like 3" and
t'~+' for large

~ t~, and therefore, the OPE cross section

may diverge for large ~tI. This unpleasant behavior

is the cause of difhculties with the OPE model when

reactions involving particles with higher spin were

considered.
A more appealing behavior of the o6-shell cross sec-

tions is suggested by BD. For convenience, some of the

arguments given in their paper are repeated here. In
essence, BD assume that the elastic scattering of par-
ticles u and b via

a+b —+ o,'+b'

u, (q,R)
q,o.+ '(m, t) = —-qa. +. '(m) -. -

u&(qR)
(10)

o'

can be described by the exchange of a scalar particle x
with mass m (see Fig. 2). Then going off mass shell with

one of the particles, say, particle u, the relation between

the off-shell and the on-shell scattering amplitude as a
function of the off-shell mass of a is obtained. As a result,

the factors (q&)/q)" and (Q&/Q)'~ which appear in Eqs.

(8), (9'), and (9")are replaced by the functions u~(q, R)/
u((qZ) and ur. (Q,R)/ur, (QR):

and for L=1+2,
(M&m„)' —tr'I'Q, '~

Q ...'(M, t) =
I

—
Q .-"(M).

(M&m„)s —t ~Q

b
I

b

(9 ) Fro. 2. Approximation oi the scattering process a+b ~ a'+b' by
the exchange of a scalar particle x with mass m .
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For 1.=J—-'„

Qga,.z(M, t)

The relevant OPE diagrams are shown in Fig. 3.
The corresponding OPE cross sections are conveniently
expressed in terms of the following quantities:

(Mam, )' t —uz(Q, R) (M+m )'—tQ,. (M). (11a)
(M&mo)' p—' uz(QR) (M+m„)' —p'

For L=J+-,',

Q,o„..z(M, t)

(M&m„)' —p' ur, (Q,R)
Qo.„+z(M) . (11b)

(M&m„)' t —ur, (QR)

ui(Qd4)
X Q ...(M), (»)

ui(QRg)
ui(qgR p)

I T...(m, t) I'—=m'- qo...-(m), (16)
ui(qRp)

I+RN qN
-(t) I'=—(-t) Y,

1+%&'qadi P
As before, the upper (lower) sign applies for positive
(negative) parity of the zX state.

In the above expressions 1/m, has been put equal to
R, and u&(x) is defined by

where q~=P(p', m„', mo'), q~~ P(t, m——„',m„'), and g' is
the %Em coupling constant with g'= 14.6 for ~0 and
g'= 29.2 for ~+. Eq, E„and E~ are the R parameters
for the AX~, p~~, and EXm vertices. For the EEm
vertex, the off-shell behavior is calculated 0 lu DP, ~

since the BD parametrization leads to complex expres-
sions for bound-state scattering.

The OPK cross sections are then given for pp~
6++ by

u((x) = (1/2x')Qg(1+1/2x') (12)

where Qq(s) are the Legendre functions of the second
kind. Special cases of the functions u~(x) are

up(x) = (1/4x') ln(4x'+1),

1 -2x'+1
—ln(4x'+1) —1

2x' 4x'
ui(x) =

ug(x) x ' ln(4x') for x))1. (14b) f r pp ~ A

1

,—, I T~~.(m, t) I'
The functions u~(x) have the following general d [t [dmdM 4o'p*'s
properties: G'(t)

u((x) x" for x((1, (14a) x —IT. -(M, t)l', (»)
(t—p')'

Hence, for small values of [ x [ the off-shell cross sections
have the behavior given by the Born approximation
which gives the proper behavior near threshold. For
large [t[ values, they behave like 1/t' and 1/t, 1/t',
respectively, in contrast to the Born result. The mecha-
nism responsible for the vertex corrections will, in gen-
eral, be more complicated than that described by the
diagram of Fig. 2. Vsing the BD parametrization means
that its eBect will be approximated by the exchange
diagram of Fig. 2 with an effective mass 1/R.

IIL FIT OF G(t) AND R PARAMETERS

In order to evaluate the OPE cross section in the BD
parametrization, we have to know the function G(t)
and the parameters E. It is assumed that there is one
parameter E. for each partial wave contributing to the
off-shell scattering cross sections. The function G(t) and
the E parameters will be determined by 6tting the OPE
cross section to the differential cross sections da/dt
measured experimentally. For this purpose the favorable
reactions are quasi-two-body reactions where one partial
wave (at each vertex) dominates the off-shell cross sec-
tions. The analyses, which have been done using form-
factor and absorption models, indicate that the pro-
cesses (1)—(4) are likely to be dominated by OPE.

d'0. G'(t)—[To,tr (m, t) [' —[T~~.(t) [', (19)
d

[
t

[
dm 4n'p*'s (t—p') '

for 7r+p —+ A++p' by

—[T,.„(m,t) I'
d

I
t

I
dmdM 4~'p*2s

G'(t)
X I Tonr (M, t) [, (20)

(t p')'—
for ir-p —+ up' by

d 0 1 G'(t)—
I T~N. (t) I' (»)

d [t [dm 4or'p*'s (t—p, ')'

The differential cross sections do./d[t[ for the processes
(1)—(4) are obtained experimentally by considering all
events in certain 6++ and p mass intervals which
typically are 200 MeV wide. The OPE cross sections
will be integrated over exactly the same 6++ and p'
mass regions. In this integration partial waves other
than the p waves from 5++ and p' are contributing.

'2 Equation (19) gives the cross section for the OPE diagram of
Fig. 3(b). It has to be compared to the cross section for events with
a Px+ mass of 3f produced at small momentum transfers t be-
tween, say, target proton and the outgoing pm+ system.
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Their effect on the off-shell corrections is supposed to
be negligible for the 6++ region. In the case of the p
region, there are T=O, 2 s-wave contributions to
o + -(m) which, according to rra. phase-shift analyses,
amount to 10-20%."For these s-wave contributions,
a value of R=0.01 GeV ' was used in calculating the
of'f-shell corrections. A description of how the off-shell
corrections were made in the presence of several partial
waves is given in Appendix A. The elastic m+x and
~+p cross sections used in the calculations are shown in
Appendix 3 LFigs. 26(a) and 26(c)7.

The experimental data" 'r on do/d~t~ for the pro-

~3 (a) G. Wolf, Phys. Letters 19, 328 {1965);(b) W. D. Walker,
J. Caroll, A. Gar6nkel, and B. Y. Oh, Phys. Rev. Letters 18, 630
(1967); (c) J. P. Baton, G. Laurens, and J. Reignier, Phys. Letters
258, 419 (1967); (d) E. Malamud and P. E, Schlein, Phys. Rev.
Letters 19, 1056 (1967).

'4 pp~ 2 5++: {a) H. C. Dehne, E. Raubold, P. Soding, M.
W. Teucher, G. Wolf, and E. Lohrmann, Phys. Letters 9, 185
(1964); H. C. Dehne, University of Hamburg, thesis, 1964
(unpublished) (3.6 GeV/c); (b) Bonn-Hamburg-Milano Collabo-
ration, Phys. Letters 15, 356 (1966) (5.7 GeV/c); {c) V. Alles-
Borelli, B. French, A. Frisk, and L. Michejda, Nuovo Cimento
48, 360 (1967) (5.7 GeV/c).

~~ pp~ 6++us: (a) S. Coletti, J. Kidd, L. Mandelli, V. Pelosi,
S. Ratti, V. Russo, L. Tallone, E. Zampieri, C. Caso, F. Conte,
M. Dameri, C. Crosso, and G. Tomassini, Nuovo Cimento 49,
479 (1967) {4.0 GeV/c); (b) H. C. Dehne, J, Diaz, K. Strcmer, A.
Schmitt, W. P. Swanson, and G. Wolf, ibid. 53, 232 (1968) (10.0
GeV/c).

"w+p —+ d++p'. (a) N. Gelfand, Columbia University, NEVIS
Report No. 137, 1965 (unpublished) (2.35 GeV/c); the data at
3-4 and 6.95 GeV/c have been taken from (b) D. Brown, G. Gidal,
R. W. Birge, R, Bacastow, S. Yiu Pung, W. Jackson, and R. Pu,
Phys. Rev. Letters 19, 664 (1967); (c) P. Slatterly, H. Kraybill,
B. Forman, and T. Ferbel, University of Rochester Report No.
UR-875-153, 1966 (unpublished) (6.95 GeV/c); (d) Aachen-Berlin-
Birmingham-Bonn-Hamburg-London (I.C.)—Miinchen Collabora-
tion, Nuovo Cimento 35, 659 (1965); (e) Phys. Rev. 138, S897
{1965)(4.0 GeV/c); (f) J.Ballam, A. Brody, G. Chadwick, Z. G. T.

cesses (1)—(4) are shown in Figs. 4—t for different beam
momenta. In a least-squares fit simultaneously done to
all these cross-section values Lexcept those shown in
Fig. 6(e)j, the function G(t) and the parameters Za,
R~, and R, were determined. The following ansatz has
been made:

In a 6rst 6t, a value of 140 GeV' was obtained for the
parameter c in Eq. (22). Therefore, we put G(t) = 1 and
the 6t was repeated. The resulting values for R~, R~,
and R, are given in Table I. The X' of the fit was 161
with 98 deg of freedom. The errors of the R parameters
have consequently been increased by a factor of
(161/98)'t'. The OPE cross sections for the processes
(1)—(4) as resulting from the 6t are shown by the curves
in Figs. 4—7. They follow closely the experimental points
for all four processes at all beam momenta. {The experi-
mental data for rr+p —+ 3++p at 16 GeV/c LFig. 6(e)]
were not used for the fit. In this case, therefore, the OPK
curve is a prediction. )

IV. VERTEX FORM FACTORS

In this section we want to compare the vertex func-
tions as obtained from the above 6ts with the informa-
tion on these quantities from various other sources, e.g. ,

Guiragossian, W. B. Johnson, R. R. Larsen, D,. W. G. S. Leith,
and E. Pickup (private communication) (16.0 GeV/c).

~7 m p -+ epo. (a) Saclay-Orsay-Bari-Bologna Collaboration,
Nuovo Cimento 29, 515 (1963) (1.59 GeV/c); (b) Saclay-Orsay-
Bari-Bologna Collaboration, 1964 (unpublished report); Nuovo
Cimento 35, 713 (1965) (2.75 GeV/c); (c) J. A. Poirier, N. N.
Biswas, N. M. Cason, I. Derado, V. P. Kenney, W. D. Shephard,
E. H. Synn, H. Yuta, W. Selove, R. Ehrlich, and A. L. Baker,
Phys. Rev. 163, 1462 (1967) (8.0 GeV/c).
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FIG. 4. Differential cross sections d~/d It! for events of reaction
(1) in the 5 —6++ mass region. The curves give the result of the
OPE fit. (a) At 3.6 GeV/c (1.13&Mq, z&1.33 GeV) LRef. 14(a)j;
(b) at 5.7 GeV/c (1.15&Mq, z &1.35 GeV) LRef. 14(c)j.
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FIG. 6. Differential cross sections do./d I
I for events of reaction

(3) in the ~++, p' region. The curves in (a —(d) give the result of
the OPE fit. The curve for the 16-GeV/c case, (e), is a prediction
of the OPE model. (a) At 2.35 GeV/c {0.675&m&0.825 GeV,
1.185&3II&1.285 GeV) )Ref. 16(a)g; (b) at 3—4 GeV/c (0.68
&m&0.86 GeV, 1.12&M&1.32 GeV) LRef. 16(b)j; (c) at 4
GeV/c (0.66&m&0.86 GeV, 1.12&M&1.32 GeV) LRef. 16(d}g;
(d) at 6.95 GeV/c (0.64&m&0.88 GeV, 1.12&M&1.42 GeV)
LRef. 16(c)j; (e) at 16 GeV/c (0.68 &m &0.86 GeV, 1.12 &M &1.32
GeV) LRef. 16(f)g.
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ep and IIX scattering. In doing this, one has to keep in
mind that the vertex functions have been determined
from data at ! t I

& 1 GeV' and, therefore, may not be
applicable at larger momentum transfers. In fact, the
calculated OPE cross sections are larger by a few

percent than those measured experimentally when inte-
grated over all t values allowed by kinematics, implying
that, in the absence of destructive interference with
other processes, the vertex functions fall off more rapidly
at momentum transfers

It!�

) 1 GeV' than those given

by the BD parametrization.
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FIG. 5. DiBerential cross sections dn/I t! for events of reaction
(2) in the b++ region. The curves give the result of the OPE fit.
(a) At 4 GeV/e (1.08&IIf&1.40 GeV) LRef. 15(a)j; (4) at 10
GeV/c (1.125 &M &1.325 GeV) /Ref. 15(b)g.

FIG. '6 Ditferential cross sections ~/ dlt! dfor events of reaction
(4} in the p region. The curves give the results of the OPE fit.
(a) At 1.59 GeV/c (0.616&m&0.85 GeV) (Ref. 17(a}j; (b) at
2.75 GeV/c (0.65&m&0.85 GeV) /Ref. 1/(b) j; (c) at 8.0',GeV/c
(0.675&m&0.875 GeV) LRef. 17(c)g.
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TABL'Y. T.. R parameters and rms radii (r')'" as obtained from
fits to the momentum-transfer distributions.

180
I

Vertex
R

(G.v-i)
R (r2)1/8

(F) (F)

150'—

R+
Rg
Rp
R„~i)
R~~~
Rni3
Rnis
RF15
RFI~
R1,7
Rpp
Rf
R,
Rgp
R.2

R24

NNm.
AEm
P'7l ql

$11E~I'II'
DI8N~
DI:Nvr
PIbÃm.
Ii 17N7f.
I'37Nm.

(-) =' -(-)
gal ql

(m.~)~ " p(qt-~)

(~~) ="='(m~)
(mm. )~="=4(~m.)

2.86&0.08
1.76+0.03
2.31a0.19
0.03
0.34 fixed
45 fixed
5.5
4 5 fixed
4.5 fixed
4 5 fixed
0.01
3.23&1.46
4 5 fixed
0.0 &0,01
3.59&1.19
4.5 fixed

0.57~0.02
0.35&0.01
0.46&0.04
0
0.1
0.9

09
0.9
0.9
0
0.65W0.29
0.9
0
0.72a0.24
0.9

1.06&0.04
0.86&0.02
0.65&0.05
0
0.14
09

0.8

0.7
0
0.58&0.26
0.5
0
0.72&0.24
0.6

120'—

33 90'

60'

50'—

00
1.2

M, r(M)
tan 8

M —M0
MOQ uI (R&Q)

~(M) ~ (Mo)
MQ (R Q )

Mp ( I.255 + 0.001)GeV

l~ = (0.114 ~ 0.001) GeV

R& = (2.2 + 0. 1) GeV
I I I

1.5 1.4 1.5

M„~ (GeV)

Fio. 8. The (,—,') ~N phase shift 533 as a function of the m-N c.m.
energy M. The data are taken from Ref. 21.The curve is the result
of a fit with the BD parametrization.

(i) It is common to define the form factor F,b,(t).
associated with the vertex abc as the ratio of the actual
vertex function V, b,(t) to the vertex function V b,,v(t)
given in the Born approximation

F.b, (t) = V.b„,(t)/V. b, (t). (23)

This leads to

Fx~.(t) = t (1+R~'q~')/(1+R~'q~ ')j'" (23')

Fp~-(t) = (Q/Q~)Lui(eiRb)/ui(QR~) j'", (23")

Fp~ (t) = (q/q, )/u, (q,Rp)/u, (qRp)]'t', (23"')

or, in general (except for bound-state scattering), to

(~.)'(~ (~.J4 .))'"
with

q =P(u', mb', m, '),
q. ,= F(t,mb', m.'),

where m and mg are the masses of the particles a and
b, and m, )tb+mb.

Interpreting F(t) as the Fourier transformation of
a spherically symmetrical density distribution, the rms
radius (r')'" can be calculated from"

(r')=6dF/dt'i; p, (24)

where t'=t —t~,~, ——I,—p'. The rms radii obtained from
Eq. (24) for the various vertices are given in Table I.
Their values range from 0.6 to 1.1 F.

The pionic radius of the nucleon, (r~~„P)'~'= 1.06
&0.04 F, is larger by about 20% than the electric charge
radius of the proton, (r ')'t'=0. 83&0.02 F" but is
rather close to the rms radius for the xE interaction,
(r~ ')'"= 1.1 F, as deduced from elastic v.X scattering

'" R. Clementel and C. Villi, Nuovo Cimento 4, 1207 (1956).
'9 This value of (r„')'" was obtained from a straight-line fit to

the values of the electric form factor of the proton as measured at
momentum transfers below 1 F by B. Dudelzak, G. Sauvage,
and P. Lehmann, Nuovo Cimento 28, 18 (1962);and T. Janssens,
R. Hofstadter, E. B. Hughes, and M. R. Yearian, Phys. Rev.
142, 922 (1966).

with
tanbpp(M) = Mpl'(M)/(Mp' —M'),

MpQ ug(Rye)
I'(M) = r,

Me. (R.e.)
'

(25)

(25')

where Qp, Q are the c.m. momenta for n-X masses of Mp
and 3E, respectively. Figure 8 shows 5» as a function

~P W. Bartel, B.Dudelzak, H. Krehbiel, J. McElroy, U. Meyer-
Berkhout, W. Schmidt, V. Walther, and G. Weber, Phys. Letters
27S, 660 (1968).

~' A. Donnachie, R G. Kirsopp, and C. Lovelace, CERN Report
No. TH 838, 1967 (unpublished).

via the relation (r~ ')=42. Here 2 is the exponential
slope of the differential cross section for xE elastic scat-
tering. The rms radius for the 61Vv. vertex, (rqb ')'"
= 0.86+0.02 F, agrees quite well with the same quantity
for the 61Vy vertex: (rpN~')'"~0. 84 F. The latter value
is obtained from the M1 transition form factor for the
61Vy vertex as measured in inelastic eP scattering. 'P

(ii) In Table I, the rms radii for various other ver-
tices are also given. The 6ts of the corresponding R
parameters are discussed in Sec. VI. One notices that
the rms radii for the baryonic vertices are of the order
of 0.8—0.9 F and for mesonic vertices 0.6—0.7 F, although
the values of the R parameters may differ by as much
a,s a factor of 2, due to the different masses and angular
momenta involved. Therefore, a good guess for the value

of R and hence for the form factor can be obtained by using
Eq. (Z4) and choosing a proper (r')"' value, e g , 0.85. F.

for baryonic vertices and 0.65 Ffor pionic vertices

(iii) OR-shell corrections for resonance scattering and
the deviation of on-shell scattering from a simple
Breit-Wigner formula a,re intimately connected. Both
are a consequence of the angular momentum ba,rrier.
According to SD the same R value which governs the
off-shell behavior determines the energy dependence
of the resonance width. The appropriate place to test
this idea is the (pp, pp) vX resonance for which very pre-
cise phase-shift data are available. "The dependence of
bpp, the (aa, ap) phase shift, on the vX rest mass M is ex-
pressed in terms of the (pa, —,') resonance mass Mp, width
Fo and Rz by
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TABLE II. Results from the Regge 6ts.

(a) do+esse/dh —do&OPa/dtd, (t)ssa&c&. h 1 ~ ~ ~ 4 for the reactions (1)-(4).

{Gev~)

0 —0.1
0.1—0.2
0.2—0.3
0.3-0,4
0.4-0.5
0.5-0.6

0.060&0.040
0.0 a0.013
0.0 &0.078
0.0 a0.15
0.0 +0.21
0.03 +0.37

dI{t)

0.67+0.14
0.9 &0.2
1.06m 0.41
1.20a0.90
0.98+0.97
0.95&1.7

d2(t)

0.78&0.13
1.04m 0.07
1.00&0.33
0.88&0.55
0.85&0.72
1.01+1.57

da{t)

0.70+0.13
1.11+0.15
1.10+0.43
1.08+0.75
0.98+0.93
0.67~1.16

0.79a0.12
1.04&0.09
1.08&0.29
0.84&0.42

d0I =0.90+0.044
d02 =1.00+0.049
d0, ——0.96+0.060
d04= 0.98+0.050

(h) da;n'ss'/dt = do;opE/dt d;(s/saf)'~'&'& &' &s&; 4= 1, ~, 4 for the reactions (1)—(4).
n'= —{0.051%0.062) GeV 2

s0I =0.58+1.1 GeV'
s0g=2.9 +2.4 GeV2
$08=1.5 +1.5 GeV~
s04=1.3 +1.4 QeV~

0= 1 233+0.001 Gev

Fo= 0.114%0.001 GCV,

Eq=2.2&0.1 GCU '.

of 3/t. Equations (25) and (25') were 6tted to these thelarge 6++ and p'mass intervals over which the data
values for M up to 1.42 GCV, and the following param- have been taken.
eter values were obtained: One may ask whether the data, in addition to these

kinematical effects, possess any genuine shrinkage. In
order to study this question, the experimental data for
the reactions (1)—(4) were 6tted to the following
equations:

The experimental values on 833 are quite well described
by the 6t (see curve in Fig. 8). The important result is
that the values obtained for Eg from o&-shell scattering
and from the analysis of b33 agree with each other within
-20Fo.

V. PION-REGGE TRAJECTORY

The experimental measurements on do/d&tj for the
process (3) extubit a striking shrinkage of the width of
the forward peak with increasing beam momentum (see
Fig. 6). At first glance, this may be taken as clear evi-
dence for a Regge behavior of the pion, assuming that
the process (3) is completely dominated by OPE. The
OPE calculations, however, which were done for an
elementary pion do show the same ehfect (see curves in
Fig. 6). As was explained in a previous note, s&'1 the
apparent shrinkage in the OPE model is mainly due to

0,6

do r& s«8/dt= (d.o"opE/dt)d (t)s' &'& (26)

where the index s refers to the reactions (1)—(4),
do,a"&s'/dh are the Reggeized cross sections, do, opE/dh

are the OPE cross sections given by Eqs. (18)—(21),
d, (t) are arbitrary functions of t, and u(t) is the effective
trajectory. A factor I/sP*'~s ' is contained in do;opn/
dh. The factor do, oPE/dt takes car.e of the proper inte-
gration of the theoretical cross sections over the mass
rCglons.

The values obtained from the 6t for d, (t) and u(t) are
summarized in Table II. Figure 9 shows u(t) as a func-
tion of t. Also given in Table II are the results of a 6t
where the expression d, (h)s'~&'i was replaced by

d, (t)s' "'= (df/ ss)e' '"&" &'&, (26')

where d; and se' are constants, a,nd u'(0)= du/dt I

—
& e.

The fit yields u'(0) = —(0.051&0.062) GeV s The net
I'csult 1s that thc effective tra)cctory ls zero wlthln thc
errors for —0.6 GcV'& t(0.

0e2

—'-0,2
p,

- -0.4

VI. DETERMINE TroÃ OF FURTHER Z
PARAMETERS OF me AND ~N SYSTEMS

Knowing the values of E~, Rq, and R„we can go on
to determine the E parameters of other partial waves of
the xx and ~N systems.

(a) For instance, the experimental data on

"0.7. -0.6

—-0.6
1

-0.5 -0A -03 -0.2 "O.l 0 O.l

f (Gev~}

FJG. 9. Effective Regge trajectory o.{t) for the reactions {1)—{4)as
obtained from the 6t discussed in Sec. V.

agree with the assumption that this process is dominated

by OPE. The unknowns in the OPE cross section for
(2"/) are the elastic sr+sr cross section o + -(srs) in the
fe region and Rr, the E parameter for the fsre vertex.
They were determined by itting the OPK cross sections
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to the experimental cross sections do/d~tI for (27) as
measured at 4 GeU/erst'I and 8 GeV/c /Figs. 10(a)
and 10(b)j.'rt'& For o + -(m) a Breit-Wigner formula
centered around the f' was used. The value obtained
for Ey 1s

jV~——3.23~1.46 GeV '.

10—

I.o--

I I I I

(0)

4.0 GeV/c 8 GeV/c

0.1

0
vr p ~nf~m+ Yr

ii I I I I

1.0

The resulting m+z cross section is contained in Fig.
26(c). The value of o + -(m) = 26&2 mb at the f' mass
(1.26 GeV) may be compared with the unitary limit for
a T=O, d-wave contribution to o + -(m) which is
(80/9)sA'= 28.5 mb at m= 1.26 GeV. The experimental
points for da/d(t( of the process (27) are well described
by the fit Lsee the curves in Figs. 10(a) and 10(b)j.

(b) There is experimental information available" I'
LFig. 10(d)7 on the process

s.-P ~ ng',

0 I
I I I

0

0.1

I—o—$

0.5
001 I I I I I I

0 0.5

0
77 P~llg

vr

where g is a mx resonance with mass tng=1. 66 GeV'
T~= 1+ and 7~=3 (?). This process presumably pro-
ceeds also via OPE and therefore an analogous fit can
be made to obtain o. + -(m) in the g region, and R,.
The cross section o + -(m) in the g region as determined
by the fit is given in Fig. 26(c). The statistical accuracy
of o + -(m) when averaged over the g region is & 10%%u~.

The value of o + -(m) at m=m, of 7.5 mb is much
smaller than the unitary limit for a T= 1 f wave of 28
vr'A'= 51 mb, indicating a high inelasticity for this partial
wave. This conclusion is supported by the experimen-
tal observation of a sizable 4x decay mode for the g
meson. "The determination of R, is rather poor. This
is due to the small number of g' events so far observed
experimentally, and to the fact that with higher ~x
mass the difference between the on-shell momentum q
and of'f-shell momentum q& becomes smaller for the
same t value and therefore do/d(t( is less sensitive to
the value of the parameter E. With R,=4.5 GeV '
a good description of the experimental do/d( t( values is
obtained Lsee curve in Fig. 10(c)].It should be pointed
out that OPE calculations using a form factor or absorp-
tion corrections fail to fit the t dependence of the cross
sections for the processes (27) and (28), because of the
relatively high f and g spins. 4 On the other hand, the
BD parametrization leads to a good f1t with reasonable
values for the parameter E.

(c) The experimental data on the reaction

(29)
and on the process

(3o)

2~ Aachen-Birmingham-Bonn-Hamburg-London (I.C.)—Mun-
chen Collaboration, (a) Nuovo Cimento 31, 485 (1964); (b) 31,
729 (1964)."See, e.g. , Genova-Hamburg-Milano-Saclay Collaboration,
Nuovo Cimento 54, 983 (1968); C. Baltay, H. H. Kung, N. Yeh,
T. Ferbel, P. F. Slatterly, M. Rabin, and H. L. Kraybill, Phys.
Rev. Letters 20, 887 (1968);T. F. Johnston, J.D. Prentice, N. R.
Steenberg, T. S. Yoon, A. F. Gar6nkel, R. Morse, B. Y. Oh, and
W. D. Walker, ibid. 20, 1414 (1968).

001 I I I I I I

0 0.5

I t 1 (GeV ) ~

Fro. 10. Differential cross sections do/d(t( for the events of
the reaction m p ~ nf '. The curves give the result of the OPE 6t.
(a) At 4 GeV/c (1.16&no(1.38 GeV) (Ref. 22); (b) at 8 GeV jc (1.17
&nt&1.37 GeVl (Ref. 4). Differential cross section do/d(t( for the
events of the reaction m p —+ ng'. The curve gives the result of the
OPE 6t. (c) At 8 GeV/c (1.60&m(1.75 GeV) (Ref. 4).

can be used to determine the T=2 ~x cross section,
o + +(m), and the R parameters for the different partial
waves contributing. Previous OPE analyses"'~& "(' ' "
of the experimental data for (29) and (30) have shown
that consistent values for o + +(m) are obtained from
both reactions and for different beam momenta. The
relative contributions of the l=O, 2, 4 partial waves to
o + '(m) have been taken from a sar phase-shift
analysis. "I'& (The exact treatment of the off-shell cross
section in the presence of several partial waves, is de-
scribed in Appendix A.) The experimental cross sections
for reaction (29) as measured at 4 GeV/c"I'& and for
reaction (30) as measured at 11"and 16 GeV/c ""&
were then 6tted to the corresponding OPE cross-section
formulas in order to find o + ~(m), and the parameters

+$0 +22 +24. Only experimental data at small
momentum transfers (t(&0.5 GeV' were used for the
fit.

The differential cross sections da/d(t( for the process
(30) as measured at 11 and 16 GeV/c are shown in Figs.
11and 12 for different x ~—mass intervals together with
the 6tted OPE cross sections. Figure 13 shows the out-
come of the fit for o + +(m). The cross-section values
obtained from two different reactions and at different
beam momenta agree within the errors with each other.
Below' et=0.5 GeV the data are statistically insigni6-
cant and do not allow us to deduce o. ~ +(m) to better

~'
¹ Schmitz, Nuovo Cimento 31, 255 (1964).

~5 Saclay-Orsay-Sari-Bologna Collaboration, Nuovo Cimento
35, 1 (1965).
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the result of the OPE fl.t.
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than a factor of 2—4. At m= 0.5 GeV, o + ~(ss) is of' the
order of 20&5 mb and drops then to a value of 5+2 mb
at m= 1.5 GeV. About the same values for o + ~(m)
were obtained earlier" ('~ in a form-factor analysis, and
also recently in a study" very similar to the one de-
scribed here, which used the DP parametrization for
the off-shell corrections. The 6t yielded the following R
values:

E2p= 0.0+0.01 GeV'

822=3.59&1.19 GeV ',
824=4.5 GeV '.

The value of 82~ is not well established for the same rea-
sons mentioned above in the case of R,.The small value
of E2p indicates that the oG-shell corrections for 7= 2
s-wave mm scattering are negligible. This result was ex-
pected since in the SD model the off-shell corrections
are mainly an e8ect of the angular momentum barrier.
The value of E2~ is approximately the same as that of
Ef (=—Res).

(d) The main contributions to the rr+p elastic scat-
tering below 2 GeV coIDe froIQ the I g3 and Pay paItlal
waves. The parameter EI„has been determined above
(Rr»=En). The value of Ep» can, in principle, be ob-

l6 GeV/c a p~h 7r 71

—0.28 & fAvf 7f. & 0.60GeV—
0.6&re~~& 0.8 GeV 0.8& fn~&& I.OGeV eV

I,5 & m 7f 7f- & 2.0 Ge V

o.Io

O.ol—

I I I

0.5 0 0.5 0

I t I (GeV )

0.5 0 0,5 0 0.5

Fto. 12. Differential cross sections d~/dI I~ for events of the reaction 16-GeV/c s p —+ a++s s {1.16&&(1.32 GeV) for
different s. s mass intervals LRef. 16{f)].The curves give the result of the OPE fit.

~' Genova-HaInburg-Milano-Saclay Collaboration, Nuovo Cimento 57, N9 (1968}.
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VII. COMPARISON OF REACTIONS
~+p ~p~+~+~ WITH OPE

PREDICTIONS

For the comparison of the OPE predictions with the
experimental data on the reactions

~+p~ ps+~+~-,

x-p-+ p~+~-vr-, (6)

a Monte Carlo program (OPEM) was written. "The
program constructs events of type (5) or (6) which
then are weighted according to the OPE cross section.
With this method the theoretical prediction for any
experimental distribution of the reactions (5) and (6)
can be calculated since it is also possible to coinpute
quantities for systems involving particles from different
vertices Lfor instance, in the case of the per+ distribu-
tion for reaction (5) both ps+ masses were calculated
for each Monte Carlo eventj.

This type of Monte Carlo calculations can be very
computer-time consuming, especially at high beam mo-
menta where the kinema, tically allowed range of four-
momentum transfers is large and where, therefore, the

"Genova-Hamburg-Milano-Saclay' Collaboration, private com-
munication by P. v. Handel.

The program opEM evolved out of a Monte Carlo program
originally wr&tten by P, Soding,

tained from a fit to data on pp~ ps+n with M„+
being in the region of the F37 resonance mass (Mr„
=1.95 GeV). Since Mr„ is large, the momentum-
transfer distribution is not very sensitive to the value of
Ep». A value of 4.5 GeV ' was chosen for Rp». The ex-
perimental data" & & are compatible with this value.

(e) An attempt was made to determine the R param-
eters of the T= 2xX partial waves from an OPE analysis
of measurements at 11 and 16 GeV/c" &'I on the
process

7I P~P7f P

The OPE diagram for (31) is that of Fig. 1(d), with s+
and 7r being in the po mass region. Only data at small
four-momentum transfers between incoming x and
outgoing p were considered. In spite of that restriction,
there is a substantial amount ( 30%) of background
which is produced by the OPE diagram of Fig. 1(f).
Another complication comes from the fact that apart
from F33 there are at least six more partial waves with
significant contributions to 7r p scattering below 2 GeV,
i.e., S~~, P~~, D~e, D~5, F~~, and F~7."Because of these
reasons and because of the limited statistical accuracy
of the experimental data, only rough estimates of the
corresponding R parameters were obtained:

R&11 0.34 GeV ', E~»= 5.5 GeV

R8„=0.03 GeV '.
The values of ED]3 EI », and E&» have been chosen to
be 4.5 GeV-&.

+ + + + (l71b)
7r Tr ~ 7r 7r

[ I (

+ 4GeV/c7r p nm m

IIGeV/c w p 6 c w

IGGeV/c~ p = 6 w w

50

20

l0

t I I

0.2 0.4 0.6 0.8 I .0 l.2 l.4 l.6 I .8 2.0
+- +- (Qev)

Fro. 13. Elastic cross section o + +(m) for 7r+7r~ scattering as
deduced from experimental data for the reactions 4.0-GeV/c
m+p~~+~+n (Q) { Ref. 16(e)j, 11-GeV/C m p~ &++7r m (O)
(Ref. 27), and 16-GeV/c 7r p ~ 6++7r 7r (~) )Ref. 16(f)).

A. Reaction (5):cc+p ~ pcc+cc+cc

There are three OPE diagrams )Figs. (1a)—1(c)j
which contribute to reaction (5). Diagrams (a) and (b)
of Fig. 1, which give identical contributions, are domi-
nating by far the OPE cross section since the elastic
pn.+ and w+~ cross sections are, on the average, much
larger than the elastic pn and ~+~+ cross sections.
Therefore, since the R parameters relevant for the p~+
and x+x systems have been obtained with fair ac-
curacy, the OPE predictions for the reaction (5) are
supposed to be sound, except for the neglect of terms
due to the interference of the three diagrams.

The comparison of the OPE predictions with the ex-
perimental data~«e»~«')' 30 wa, s done at beam rno-
menta between 1.95 and 16 GeV/c. Since there is no
free parameter left, the OPE calculations gives predic-
tions which are absolute in magnitude. The mass and
momentum-transfer distributions, as measured at dif-
ferent momenta, are shown in Figs. 14-17 together with
the OPE curves.

The outstandin'g features of reaction (5) are the pro-
duction of A++, p', and f', a substantial fraction of

~9 F. E. James and H. L. Kraybill, Bull. Am. Phys. Soc. 8, 342
(1963); and Yale University Report, 1963 (unpublished).

"Columbia-Rutgers Collaboration, private communication by
C. Baltay,

majority of Monte Carlo events may have an extremely
small weight, depending on the method used for con-
structing these events. The ideal method of constructing
Monte Carlo events is one which leads to the same
weight for each event —as nature does. A procedure
which achieves this goal within a factor of 2—4, and
which was applied in the calculation, is described in.

Appendix C. In evaluating the OPE cross sections, the
vertex functions were put equal to zero for momentum
transfers

~
t I )1 GeV' for reasons discussed in Sec. IV.
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FIG. 14.Effective-mass distributions
for the reaction 1.95-GeV/c w+p ~
pal-+m+2r (Ref. 29). The curves show
the predictions of the OPE model. (a)
ps.+; (b) ps.+,, for events with

~trav~„+,

&0.6 GeV'; (c) 7f+gr for events with
p7r+ in the 6 region (1.12&&„+
&1.32 GeV) and (t(v~~, + &0 6GeV'. .

I

I.3 I.5 l.7
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which is due to the formation of the two-body states
6++p and 6++fs Lsee Figs. 14(c), 15(e), 15(f), 16(b),
16(d), 17(b), and 17(d)j. Comparing the experimental
distributions with the OPE predictions, one notes the
following.

(a) The fraction of the OPE contribution to reaction
(5) increases with increasing momentum (see also Table
III), being 40% at 2 GeV/c and 90% at 16 GeV/c.

(b) The amount of 6++ production is correctly pre-
dicted to within 25% over the whole momentum range.
At 2 GeV/c there appears to be a discrepancy with
respect to the position of the 6++: Experimentally, the
6++ contribution is centered at 1220 MeV, whereas
the OPE curve peaks at ~1190MeV.

(c) The observed cross section for ps production is
larger than that predicted by OPE. The difference can
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FrG. 15. Effective-mass distributions for the reaction 4-GeV/c 2f.+p —+ p21.+21.+7f. LRef. 16(e)j.The curves show the predictions of the
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FIG. 16. EGective-mass distributions for the reaction 8.5-GeV/c m.+p ~ px+m. +m for events with proton momentum in the laboratory
system p~" &1 GeV (Ref. 30). The curves show the predictions of the OPE model. (a) ~+; (b) p~+ for events with ~+fw in the p0

region (0.66&% +& -&0.86 GeV); (c) m+~; (d) m+f~ for events with pm+~ in the &++ region (1.136&%~ +8&1.336 GeV).

readily be explained by A2 production via

vr+p —+ pAe+,

with A2 subsequently decaying into p'~+. The cross sec-
tion for this reaction is 0.3 mb at 4 GeV/c "Ie& and

0.2 mb at 16 GeV/c. "&'& The Ae meson, of course,
cannot be produced via OPE in this reaction.

(d) The agreement between theory and experiment is
particularly good whenever the contribution of one of
the diagrams is separated out. This is done by either

requiring a small momentum transfer to one of the mm

or m X mass combinations or by selecting events in either
the po or b,++ band.

B. Reaction (6):ee-p —e pee+ee ee

Three OPE diagrams can contribute to reaction (6).
They are shown in Figs 1(d)—1(f).. All three diagrams
are of the same strength but only for the 6rst two dia-
grams (where e-e- are produced at one vertex and pe+
at the other) can the contributions be calculated with
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Beam
momentum

(GeV/ )

1.95
4.0
8.5

16

(a) ~+P~P~+~+;

&exp

(mb)

3.64&0.20'
3.13+0.07'
2 3c
1.28~0.15~

&opm (mb)
( )+(b) ( )

1.47 0.08
1.80 0.17
1.29 0.23
0.93 0.24

1.55
1.97
1.52
1.17

TABLE III. Comparison of observed (0'"&) and OPE-predicted
(~ ~) cross sections. The contributions of the OPE diagrams
(a)-(f) shown in Fig. 1 are given separately.

some con6dence. The E parameters for the ~ p system
are less accurate, and therefore the OPE cross section
given by the third diagram are not well determined.

For the comparison with the OPE model experimental
data for beam momenta between 2.1 and 20 GeV/c

TABLE IV. Coefficients d„of ~~ angular distributions.
d8'/d cos8= g d„cos"8.

(a) m+m —+ ~+a

a Reference 29.
~ Reference 16(e).

' Reference 30.
d Reference 16(f).

Beam
momentum

(GeV/c)

1.59
2.1.

2.75
40
8.05

11
16
20

(mb)

0.88&0.04'
1.67&0.08b
1.83'0.05'
1.95&0.10~
1.27&0.07'
1.3 &O.if
1.08a0.15~
0.89&0.06"

0.13
0.22
0.34
0.60
0.62
0.59
0.55
0.53

0.44
0.45
0.50
0.57
0.51
0.46
0.42
0.39

0.57
0.67
0.84
1.17
1.13
1.05
0.97
0.92

+ Reference 17(a).
b Reference 31.
e Reference 17(b).

d Reference 22.
e Reference 32.
f Reference 33.

I Reference 16(f).
h Reference 34.

0.0P~ (mb)
(d)+ (e) (f) Total

(GeV)

0.28 —0.4
0.4 —0.5
0.5 —0.6
0.6 —0.7
0.7 —0.8
0.8 —0.9
0.9 —1.0
1.0 —i.i
1.1 —1.2
1.2 —1.3
1.3 —1.4

(GeV)

0.28 —0.8
0.8 —1.0
1.0 —1.2
1.2 —1.4

0.5
0.42
0.35
0.36
0.27
0.35
0.37
0.27
0.65
0.21
0.21

0.10
0.21
0.30
0.38
0.26
0.17—0.10
0
0
0

0.24
0.45
0.42
0.69
0.45
0.39
0.69—2.82—1.95—1.95

do

0.5
0.31
0.30
0.30

d2

0.48
0.18—0.36

(b) ~+~+~ ~+~+

3.95
4.70
4.70

0.15
0.70
1.60
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at various momenta. The ptr+ and rr+tr mass distribu-
tions exhibit strong 6++ and p signals, respectively. In
addition, production of 60 and of nucleon isobars
around 1500 and 1700 MeV is present in the ptr mass
distributions. Again the OPE curves are predictions for
shape and magnitude of the cross sections. If we take the
OPE predictions at face value, conclusions very similar
to those for reaction (5) can be drawn

(b) The shape of the 7r+p mass distribution in the 5
mass region and the cross section for 6++ production is
remarkably well reproduced for momenta above ~4
GeV/c.

(c) The observed amount of ps production is larger
than predicted by OPE. Again the diGerence can be
explained by A~ production via

tr p~ pAs-,

wlth Ag decaying into p 7l . This conclusion ls sup"
ported by the m+x mass distribution shown in Fig.
22(h) for events outside the A region. There the OPE
curve is in close agreement with the data.

(a) The fraction of the OPE contribution to reaction

(6) increases with increasing momentum (see also
Table IV), being 40% at 2 GeVttc and 90% at the
highest energies.

FlG. 23. EQ'ective-mass distributions for the reaction 16-GeV/c ~ p —+ p7f' x 7f' tRef. 16(f)j.The curves show the predictions of the
OPE modeL (a) pe+; (b) ps.+ for events with ltl„g„,+&0.25 GeV', (c) pr; (d) pir for events with Itl„t~ -&0.25 GeV'; (e) ir+s
(f) s v ,'(g) pir+s or events with It r „t„+-&0.25 GeVs; (h) pir+v .
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(d) The OPK model predicts the production of 6',
~Visis(Dia) and Xi68s(Fi5), all of which show up in the
px mass distributions. The agreement with the experi-
mental pn. mass distributions is quite remarkable for
events which are produced at small momentum transfers
and which are free from rejections from 6++ production
LFigs. 22(f) and 22(g)j.

(e) The pm+a mass distributions exhibit an accumu-
lation of events at the low-mass end and a strong peak
at high masses I Figs. 21(b), 22(d), 23(h), and 24(c)).
The high-mass peak is well accounted for by the OPE
model, and is a consequence of the peripheral production
of the m-z system and of the forward-peaked m %scat-
tering angular distribution entering at the baryon ver-
tex. The low-mass bump becomes more pronounced if
events in the 6++ region are selected and those with a
7r+~—mass combination in the p' region are excluded; a
strong peak centered around 1550 MeV emerges Lsee
Fig. 22(e)g. Now, the OPE curve nearly matches this
peak. Hence, the peak at 1550 MeV is—at least partly-
of kinematical origin, and cannot be taken as evidence
for the production of iVqq~s and/or Vasss and for their
decays into pm+ad unless one wants to invoke the Chew-

Pignotti mechanism. '~ The situation is reminiscent of
that of the Aj region in the 3x mass spectrum of
reactions (5) and (6).

(f) In Fig. 25, some momentum-transfer distribu-
tions, measured at 13 and 20 GeV/c, are compared with
the OPE model. If events from the 6++ region are
selected which have no x+m combination in the p
region I i.e., isolation of the OPE diagram of Fig. 1(f)j
the OPE predictions agree perfectly with experiment
LFigs. 25(a) and 25(b)j. If the opposite selection is
made (i.e., po, no 5++), the OPK curves agree only at
small momentum transfers with the data, the experi-
mental cross sections being larger at higher momentum
transfers )Figs. 25(c) and 25(d) j. The discrepancy can
be traced back to p' mesons coming from A& decay (see
above).

As mentioned above, the OPE contributions for reac-
tions (5) and (6) were calculated neglecting the inter-
ference terms between the OPE diagrams. The analysis
of Raubold" indicates these terms to give a sizable
positive contribution at medium beam momenta and

"G. F. Chew and A. Pignotti, Phys. Rev. Letters 20, 1078
(&we).
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Pro. 23. Momentum-transfer distributions d/d I etl from events of the reaction s. p ~ pets. s (Ref. 34). The curves show the pre-
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(1.15&&„+&1.35 GeV) and 7r+7r not in the p region (0.66&& + -&0.86 GeV) at 13 GeV/c; (b) same as (a) at 20 GeV/c; (c) distri-
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a small one at higher beam momenta (&6 GeV/c).
Therefore, one expects the differences between the pres-
ent OPE calculations and the experimental data for (5)
and (6) at lower energies to become even smaller when
these interference terms are included in the calculation.

No attempt has been made to attack the problem of
the A region (which is commonly referred to as the
Deck effect"), the reason being that the interference
terms mentioned above cannot be neglected when deal-
ing with this question.
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APPENDIX A: OFF-SHELL SCATTERING IN
PRESENCE OF SEVERAL PARTIAL WAVES

COnSider the CaSe Of ~+7r —+7I-+71- SCattering With
one of the incoming pions having a mass squared of t,
and all other pions being on the mass shell. With the
definitions of Sec. II: m is the x+m rest mass;
q~=E(t, ti', m') is the initial-state momentum in the
s+7r frame; q =E(ti', tis, ms) is the final-state momentum
in the ~+71- rest frame; and H is the c.m. scattering
angle, i.e., the angle between incoming and outgoing
7r+ in the 7r+7r rest frame. The off-shell differential
cross section for this process is given by

der(m, cos8, t) 8w q—=——i+ CrAr(m, cos8, t) I

'
d cosH m~ q~

87I. q=——
I tsA'(m, cos8, t)+qA'(m, cos8, t)

m'
q&

+eA'(m, cos8, t) 1
'. (A1)
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~ ~ WithThe artial-wave expansion for the isospin amplitudes
Ar(m cos8t) reads

b&r C——r'o. + '(-m)/P P Cr'o +. '"-(m))

l

A "(m, cos8,t) =—p (21+1)a~r(m, t)P~(cos8) . (A2)
q l

P&(cos8) are the Legendre polynomials; following liD,
the amplitudes a~"(m, t) are expressed in terms of the
on-shell scattering phase shifts bl~, the inelasticity co-
efficients pl~, and the parameters Rz l'.

1 Qg(qgRr()
ag (m, t) =—(qg e"'"—1) . (A3)

2'L N((qRr()—

The functions e&(x) are defined in Eq. (12). If only one
partial wave contributes, one obtains

q&a(m, t) =Cr'(16~/q')(21+1) I a&r(m, t)1'

Ni(qBrs)
=Cr2 qo' ' (5$)

N((qRrg)
(A4)

where the meaning of the coeKcient Cz can be read off
from Eq. (A1); 0' r(tn) is the partial-wave cross section
and Cr'0' r(m) is the contribution of the partial wave
to the on-shell elastic scattering cross section if all other
partial-wave amplitudes are zero. In the OPE calcula-
tions, instead of Eqs. (A1)—(A3), the following approxi-
mation was used:

do. + -(m, cos8, t) N&(q, Rr&))
q~ ——Z Z b~'

d cos8 & & ai(qRri) 1

dW(cos8)
Xqo. +.-(m)—,(AS)

d cos9

i.e., P P b~r =1. (A6)
l

I E . (AS) 0 + -(m) is the total on-shell elastic scat-
tering cross section, dW(cos8)/d cos8 gives the on-s eon-shell
scattering angular distribution with

' dW(cos8)
d coso=&.

d cosO

The approximations made in Eq. (AS) are twofold: The
oR-shell corrections are weighted by the partial-wave
cross sections, and not according to Kq. (A3); the off-
shell angular distribution is taken to be equal to the on-
h ll gular distribution. For m+x+ and m.N scattering,

formulas analogous to (A1)—(A6) apply. Equation ( )
is exact only if one partial-wave amplitude is nonzero;
therefore, a good approximation of do (m, cos8, t)/d cos8
is obtained whenever one partial wave dominates the
scattering amplitude, which is the case in the p' an f'
regions for m+m scattering, and in the d, region for xN
scattering. In the case of 7r p scattering, several partial
waves of the same strength are present in the region
from 1500 to 1700 MeV c.m. energy. Since, however,
the R parameters for the T=

& mN system are not well

determined, it is believed that Kq. (AS) gives an a e-

quate approximation also for this region.

APPENDIX 8: ~~ AND ~N SCATTERING DATA
USED AS INPUT TO OPE CALCULATIONS

A. mN Scattering

The cross sections for elastic ~+p scattering as shown
in Figs. 26(a) and 26(b) were taken from a compilation
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I"io. 26. The elastic cross sections {a) for Px+ scattering;
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~+w+ scattering{b) for pm scattering; (c) for x+m. scattering; (d) for ~+~ scattering.
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of Foccaci and Giacomelli. '~ For the angular distribu-
tions, the experimental data of Lach" and of Helland
et c/. 39 were used up to 3E=2.j GeV. At higher energies
the angular distributions were described by an exponen-
tial form appropriate for diffraction scattering:

d cosO' 1—exp( —4BQ')

&&expL —2BQ'(1—cosO)j, (B1)

1 1 do + -(es, cos8,$) 1
5$ /g-

er'p*s 2s. d cos8 (&
—~')'

1 do~, +(3f, cose, t)
X~'Q,— . (C2)

2Ã d cosO.

to Eq. (7), the cross section is given by

d'a (t,m, 8,y,M, O~P)

di ti dm d cos8 dP ddt d cosO dC

with Q=E(p', m„',M') being the c.m. momentum and
8='l.o and 7./ GeV ' for s+p and s p scattering,
respectively.

The cocKcients bg~ werc taken from thc phase-shift
analysis of Barcyre et el.40

3. ~ Scattering

Figures 26(c) and 26(d) show the s+s and
elastic scattering cross sections. They are based on
phase-shift analyses" (~& "{~~and on the results of the
6t discussed in Sec. VI. Polynomials in cos8 were used
to describe the ~m angular distributions at lower
cncrglcs:

=P d cos"8.
d cos8

The coeScients d„arc listed in Table IV. At higher
energies, m&I.4 GeV, the equivalent expression to
Eq. (31) was used with 8=5.6 GeV ' for both x+s
and ~+7I-+ scattering.

The values of the coeKcicnts b~~ wire estimated froIn
phase-shift analyses. "{'&"(~&

In contrast to Eq. P), the integration over the asi-
muthai angles @ and 4 (Treiman-Yang angles) in the
s+s and ps.+ rest systems has not yet been carried out
in Eq. (C2). The Monte Carlo integration of (C2) then
consists in selecting P sets y, : t;, m;, 8;, P;, 3E;, 0;, 4;
randomly distributed over the volume f,&t&tq, ~ ~,
C &4 &C q and summing the OPE weights g;,

d 0(t;,m;, p~)
g»=

divide . d4

(4—E,)(eg—m.) . .(Cp —C.)
(c3)

The volume t,&f&1y, ~ ~, C,&C&Cg contains the
whole kinematically allowed region. For parameter sets

beyond thc kinematic llIQit thc weight g ' ls sct equal
to zero. From the set y; the four-momentum vectors
I'g», J= 1, ~, 4 of the four final-state particles can be
constructed. Hence, we now have events de6ned by the
vectors I'q' and, as for real events, can calculate the
distribution of any quantity derived from those, the
only difference being that the weights of the events are
not equal to unity, but given by g;.

APPENDIX C: MONTE CARLO INTEGRATION

The Monte Carlo integration of a function f(x) over
the interval {x„xq}=x,(x(xq is done by calculating
f(x) at E points x;, i = 1, , llew, randomly distributed
in {x„xq}and summing up:

N $$ So
f(x)A=lim g f(x;)

A. Transformation of Variables

A Monte Carlo integration of the OPE cross section
in terms of the variable set y; is not very CKcient: The
OPE cross section is large only (a) for small values of
i ti, (b) when rN is in the p0 region and/or M in the d
region, and (c) when cos8~1, cos0~1 in the case of
high s+s and ps+ masses. The main variation of the
OPE cross section comes from 1/(t —p')', 0 + -(m),
d cos8, and dW'~, +/d cosO~. Therefore, instead of the
variable set y;, the following variables are used:

The Monte Carlo integration of the OPE cross section
for, say, Fig. 1(a) is done in the same way. According

'7 M. N. Focacci and G. Giacomelli, CERN Report No. 66-i8,
1966 (unpublished)."J.Y. Lach, University of California Radiation Laboratory
Report No. UCRL-I0718, 1963 (unpublished).

g9 J. A. Helland, 'f. J. Devlin, D. E. Hagge, M. J. Longo, B.J.
Moyer, and C, D. Wood, Phys. Rev. 134, B1062 (1964).

4O P. Bareyre, C. Brickman, and G. Villet, Phys. Rev. 165, 1730
(1968).

&(~)=—1/(~ —u)'

Lnote: d T= —dh/(t —p')'j,

0 + -(m')dm',

apses dt/I/'

a .-(cos8)= —d cos8',
4 cos~

(C4a)

(C4b)

(C4c)
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0 „+(M')dM',
in that binP An estimate of d,C can be obtained as fol-
lows: The distribution of the weights g, has a mean value

and

«„,+(cos0) —=
cps 0 dpi —d cosa'.

d cosO~
(C4e)

1 n

g=-Z g',
'0 i=1

(C~)

Because of this change of variables, a factor of 10—100
is saved in computer time.

B. Statistical Accuracy

The number of Monte Carlo events required for a
reliable calculation of the OPE cross section depends on
the statistical accuracy of the cross section to be
achieved in each bin. Suppose we observe n events with
independent weights g, , i=1, , e in a certain bin,
of, say, the pzr+ mass distribution. What is the errorDG
of the cross section 6

a mean-square deviation

and an error of the niean

1 1/2

&g = ——C(Z g")—zzg'j
zz(zz —1)

Therefore,

(c7)

(C8)

n

G=Z g'
i=1

(C&)


