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de/dnf(pm)

m* (p7)inBeV®
F16. 2. Curve ¢ shows mass-squared distribution for pr in
7N — pwN at W=2.8 BeV using do (wN — wN)/dt=ce*, where t is
in (BeV/c)? (original Deck effect). Curve b shows mass-squared
distribution for pw in KN — prA at W=3.52 BeV using for
do (KN — 7A)/dt the fit discussed in Ref. 6. Both (a) and (b)
have been arbitrarily normalized to the same peak.

momentum. The vertex function for KN — wA has
been chosen to fit the observed angular distribution as
discussed in Ref. 6. For comparison we have shown the
curve corresponding to Deck’s original calculation3
for N — pwN at 2.8 BeV c.m. energy. The curves show
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clearly that the kinematic enhancement in the K reac-
tion varies much more slowly over the low-energy
region of interest than does that from the = reaction.

From the above calculations, we conclude that a
more suitable reaction for searching for low-mass
resonances such as the 4;(1080) is KN — Apr (not
wp—> ppr), where the usual Deck-type background is
greatly reduced. In addition the possibility of inter-
ference between the kinematic background and the 4;
enhancement? is also reduced in the KN reactions
since the competing kinematic configuration will, in
general, favor an angular distribution different from
that of the 4;. Similar conclusions can also be drawn
for the K*(1300) from the reaction rp — AK*(890)m.

We wish to express our gratitude to Dr. Ralph P.
Shutt for encouragement and support, and one of us
(JMS) thanks Dr. R. Ronald Rau for the hospitality
shown him at Brookhaven during the summer of 1967
when this investigation was undertaken. Thanks are
due also to Dr. R. M. Lea and Dr. N. P. Chang for
helpful discussions.

9 G. Goldhaber, Phys. Rev. Letters 19, 976 (1967).
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A detailed comparison has been made between predictions of elementary one-pion exchange (OPE) and
existing experimental data. The Benecke-Diirr (BD) parametrization was used to describe the vertex
functions. The BD parametrization has one free parameter R for each vertex. The momentum transfer (z)
distributions as measured between 1.6 and 10 GeV/c for the reactions pp — A~ ~A* [A=A(1236)], pp —
AT, wtp — AT, and 77p — np® were used to fit the parameters Rayr, Ryww, and R, which describe
the NNz, ANw, and pwrmr vertices. With the three-parameter fit an excellent description of the data is
achieved for |#] <1 GeV? at all energies, a result which independently of any model demonstrates that the
energy dependence of these reactions is that of elementary OPE. From the R parameters, values for various
pionic rms radii were deduced : (ryn»?!2=1.064-0.04 F, (ran~2)1/2=0.8620.02 F, and (7 pr212=0.65=0.05 F.
The NN and AN= values agree with results from =N and ep scattering. As a further consistency check, the
BD parametrization was used to describe the (3, §) pion nucleon phase shift 833 in the neighborhood of the
A. A good fit to the 83; data is found. The value of Ran- agrees within 209, with that from the fit to the ¢
distributions. The OPE predictions were calculated for the reactions 7*p — pzta®r~ in absolute magnitude
and compared with available experimental results on effective-mass and momentum-transfer distributions
at beam momenta between 2.1 and 20 GeV/c. In general, the shape of the distributions is quite well re-
produced. Bumps which are present in the p2x mass distributions, and which may be taken as evidence for
the production of nucleon isobars, can be understood as reflections of the OPE process. The OPE contribu-
tions are substantial at all energies; they amount to ~409, near threshold and increase to ~909, at 20
GeV/c, in contrast to the naive expectation that at higher energies the exchange of particles with higher spin

will dominate.

I. INTRODUCTION

INCE the idea of the dominance of one-pion ex-
change (OPE) was developed a decade ago,! nu-
merous OPE calculations havé been carried out using
t Work supported by the U. S. Atomic Energy Commission

and the Bundesministerium fiir Wissenschaftliche Forschung,
Germany.

different techniques to calculate off-mass-shell correc-
tions for the vertex functions involved. For some reac-

* On leave of absence from the Deutsches Elektronen Synchro-
tron (DESY).

1C. Goebel, Phys. Rev. Letters 1, 337 (1958); G. F. Chew and
F. E. Low, Phys. Rev. 113, 1640 (1959); F. Salzmann and G.
Salzmann, 3bid. 120, 599 (1960); S. D. Drell, Phys. Rev. Letters
5, 278 (1960);{Rev. Mod. Phys. 33, 458 (1961).
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tions, a quite successful description of the experimental
data was achieved by either using a form-factor ap-
proach or by applying absorption corrections.?:* How-
ever, in general, these models predicted much too high
cross sections for processes where particles with higher
spins are involved, such as 7#=p — n 0.4

The failure can be traced back to the Born approxi-
mation which is used to calculate the off-shell behavior
of the vertex functions. At this stage, Diirr and Pilkuhn
(DP) proposed, in analogy to potential scattering, to
use instead of the Born factors the complete penetration
factors for the angular momentum barrier.® This type
of off-shell correction overcomes the difficulties with
particles of higher spin. Following DP, it was found that
experimental data on the processes 7tp — A++p? [where
A is the (3,2) 7N resonance with a mass of 1.236 GeV ]
and pp— A~~A*t+ were well described by the OPE
model for four-momentum transfers squared up to
~0.6 GeV2.5@ In subsequent analyses it was shown
that for the same range of momentum transfers this
approach leads to a remarkable agreement between the
OPE predictions and the data on the processes #+p —
Attrta=, pp— Attpr—, and ktp— Atk S®-@
However, at larger momentum transfers, the theoretical
cross sections were still larger than those measured
experimentally. ‘

Recently, a more satisfactory modification of the
vertex functions was proposed by Benecke and Diirr
(BD) which retains the previous advantage at low mo-
mentum transfers but which leads to a rapid falloff of
the vertex functions at high momentum transfers.”
Their approach introduces one free parameter R for
each partial wave contributing to the vertex function.
The parameters R have to be determined from experi-
mental data. It will be shown that after fitting the
parameters Ry, Ra, and R, for the NN7, NAr, and prm
vertices, the OPE model gives an excellent description
of the experimental differential cross sections up to
[t] =1 GeV? measured at incident momenta between

2E. Ferrari and F. Selleri, Phys. Rev. Letters 7, 387 (1961);
l(\igg‘}s) Cimento 21, 1028 (1961); Suppl. 24, 453 (1962); 27, 1450

% (a) N. J. Sopkovich, Nuovo Cimento 26, 186 (1962); (b) M.
H. Ross and G. L. Shaw, Phys. Rev. Letters 12, 627 (1964); (c)
L. Durand and Y. T. Chiu, ébid. 12, 399 (1964); Phys. Rev. 137,
B1530 (1965); 139, B646 (1965); (d) K. Gottfried and J. D. Jack-
son, Nuovo Cimento 34, 735 (1964); (e) A. Dar and W. Tobocman,
Phys. Rev. Letters 12, 511 (1964); (f) J. D. Jackson, J. T. Dono-
hue, K. Gottfried, R. Keyser, and B. E. Y. Svensson, Phys. Rev.
139, B428 (1965).

4J. A. Poirier, N. N. Biswas, N. M. Cason, I. Derado, V. P.
Kenney, W. D. Shepard, E. H. Synn, H. Yuta, W. Selove, R.
Ehrlich, and A. L. Baker, Phys. Rev. 163, 1462 (1967).

¢ H. P. Diirr and H. Pilkuhn, Nuovo Cimento 40, 899 (1965).

¢ (a) G. Wolf, Phys. Rev. Letters 19, 925 (1967); (b) P. Schlein,
in Informal Meeting on Experimenial Meson Spectroscopy, edited
by C. Baltay and A. H. Rosenfeld (W. A. Benjamin, Inc., New
York, 1968); (c) E. Colton, P. E. Schlein, E. Gellert, and G. A.
Smith, Phys. Rev. Letters 21, 1548 (1968); (d) T. G. Trippe,
Chih-Yung Chien, E. Malamud, J. Mellema, and P. E. Schlein,
Phys. Letters 28B, 203 (1968).

7 J. Benecke and H. P. Diirr, Nuovo Cimento 56, 269 (1968).
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1.6 and 16 GeV/c for the processes
bp— A AT, €Y
pp— Atn, @)
wtp— Attt 3)
7 p — np°. @

The rms radii (#2)!/2 derived for the vertices from the
fitted vertex functions are consistent with ep and =p
scattering: The pionic radius of the nucleon turns out to
be {(rywn.2)12=1.0640.04 F, which is about 209, larger
than the electric charge radius, but which agrees well
with the rms radius for #IV scattering of 1.1 F obtained
from an optical-model analysis of =V diffraction scatter-
ing data. The result for the prr vertex is (r,r.2)!/?
=0.6540.05 F. The rms radius for the AN= vertex,
(ran=*)*2=0.8620.02 F is within the errors the same
as that found for the ANy vertex. In the case of the
AN vertex, an additional consistency check was made
by fitting the (on shell) 8;; phase shift to the BD para-
metrization. A good description of 833, i.e., of the energy
dependence of the A width, is achieved for c.m.-system
energies up to 1.42 GeV with Ron shell=2.24-0.1 GeV—,
a value which agrees within 209, with R,°if skell=1.76
#+0.03 GeV~! as obtained from the fit to the momentum
transfer distributions.

The close agreement of the OPE curves with the data
for reactions (1)-(4) leads to the following conclusions.

(a) The energy behavior of the measured differential
cross sections for (1)-(4) is that of elementary OPE
(the off-shell corrections applied depend only on the
momentum transfer).

(b) At small momentum transfers (several times the
pion mass squared) the off-shell corrections approach
those given by the Born approximation (which is be-
lieved to be correct near the pole). The magnitude of
the cross section predicted by the OPE model for small
momentum transfers is therefore essentially a conse-
quence of the (measured) values of the ANw and prw
decay widths. The agreement at small momentum trans-
fers then means that the size of the differential cross
sections for (1)-(4) is that expected for elementary
OPE.

A third piece of evidence in favor of OPE comes from
the A and p decay distributions observed for (1)-(4):
They require a dominant contributions from theex-
change of a JP=0" object (see also remark below).

Finally, a recent direct check of the OPE model has
been made by Colton e al.? in the case of the reaction
pp — pnat. The experimental differential cross sections
for this reaction at small momentum transfers were used
to determine the w=+p elastic scattering cross section
o-+p(M) in the region of the (§,3) wV resonance by
a Chew-Low extrapolation. A comparison with the
measured values of o, +,(M) was made. It was found that

8 E. Colton, P. E. Schlein, E. Gellert, and G. A. Smith, Univer-
sity of California, Los Angeles, Report No. UCLA-1027, 1968
(unpublished). .
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the result depends critically on the extrapolation func-
tion used. A remarkably good agreement was accom-
plished with the DP parametrization which at small
momentum transfers is equivalent to that of BD.

These pieces of evidence have been taken as a justifi-
cation for the present analysis. The production mecha-
nism for reactions (1)-(4) may, however, be much more
complicated and the success of the elementary OPE
model accidental. In such a case, the model still has
some merit, in that it allows the description of a large
number of experimental data with few free parameters.
With all these precautions in mind, we assume from
now on that the dominance of elementary OPE is a good
hypothesis.

Encouraged by the success for reactions (1)-(4), an
attempt was made to determine the extent to which
OPE explains features of the reactions

wtp— prtwta, ©®)
7P — prinTr. 6)

To this end, the R parameters for all == — 77 and
wN — 7N partial waves which enter into the calculation
of the vertex functions have to be determined. This is
achieved by using experimental data on the reactions
7 p > urtr, 7 p— AttrrT, and ap— prpl. As
a byproduct, the 7'= 2 zr elastic scattering cross section
is obtained.

In calculating the OPE contributions to the reactions
7Ep — prrrta—, all possible OPE diagrams are evalu-
ated but the interference terms are neglected. The
comparison with the experimental data is done for the
entire range of beam momenta over which these reac-
tions have been studied, i.e., from 2 to 20 GeV/c. The
following conclusions can be drawn.

(a) The OPE contributions are quite substantial:
They amount to ~409, of the total reaction near thresh-
old, and increase to ~909, at 20 GeV/c. This result is
quite surprising because, naively, one expects at higher
energies the exchange of vector mesons and/or particles
of higher spin to become the dominant processes.

(b) The shape of mass distributions and of distribu-
tions of various other kinematical quantities which have
been studied are rather well reproduced by the calcula-
tion. This is especially true if the contribution of one of
the OPE diagrams is isolated (which can be done by
making a cut in the four-momentum transfer and/or
selecting events in the AT+ and/or p° regions).

Similar OPE calculations, applying Ferrari-Selleri
corrections, have been done earlier for reaction (5) at
4 GeV/c incident momentum.® Recently, Raubold!? has
investigated the OPE contributions for the reactions
(5) and (6), using the DP parametrization and taking
the interference terms between the different OPE dia-
grams into account. He concludes that above 4 GeV/c¢
the OPE model gives a fair description of these reactions.

# Aachen-Berlin-Birmingham-Bonn-Hamburg-London (I.C.)—

Miinchen Collaboration, Phys. Rev. 138, B897 (1965).
10 E, Raubold, thesis, University of Hamburg, 1968 (unpub-

lished).
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One remark is in place concerning the decay-angular
distributions of, say, the isobars produced in pp—
A-—A+*, Tt is well known that deviations from isotropy
are observed in the distribution of the azimuthal decay
angle of the isobar, in contrast to the prediction of a
pure OPE model such as the one used here. It is also
known that the observed deviations in the decay distri-
butions can be explained by the absorption model for
OPE.*® Therefore, an adequate description of both
differential cross section and decay distribution can be
expected from an OPE model which uses the BD
parametrization for vertex functions and takes absorp-
tive effects due to initial-state and final-state interac-
tion into account. Such a calculation has not yet been
done.

II. OPE CROSS SECTION AND BD
PARAMETRIZATION

In this section the cross-section formula for a typical
OPE diagram is given, in the BD approach. We con-
sider the contribution of diagram (a) in Fig. 1 to the
reaction wtp — prtrta—. The following definitions are
made:

7r+in) pin; pout, 7r+a; 7r+b, T
are the four-momentum vectors of the corresponding in-
coming and outgoing particles, where s= (rtin+ pin)? is
the square of total c.m. energy, p* is the c.m. momentum
in the initial state, = pin— (Pow+7t5)* is the square
of the four-momentum transfer, u is the pion mass, 7,
is the nucleon mass, m?= (r,4-77)% is the square of
wt r~ rest mass, 6 is the angle between incoming =+ and
outgoing w*, in the 7t,w~ rest frame, ¢, is the momen-
tum of the exchanged pion in the #%,n~ rest frame,
q:= P (t,u®,m?), where
P (mama?ms?)

<M1“—2m12(7n22+m32)+(m22—m32)2)”2

2

47%32

M?= (pour+7Ty)? is the square of prty rest mass, O is
the angle between incoming and outgoing proton in
the pousmts rest frame, Q= P (t,m 2 M?) is the momen-
tum of the exchanged pion in the powrty rest frame,
dopte=(m, cos,t)/d cosé and do,.+(M, cos®,t)/d cos®
are differential cross sections for the reactions =tz— —
mtr~ and wtp— wtp, respectively, where one of the
incoming pions is virtual with a mass squared of /.

The differential cross section corresponding to Fig.
1(a) is given by
da/d|t| dm d cosf dM d cosb

1 do,+p~(m, cosb,t)

—_ 212

/(2

——4773)#*28

G*(1)

(t—p?)?
dopr*(M, cos®,f)

xXMQ———, (7
¢ d cos® @

d cosf

U See, e.g., H. Pilkuhn, The Interactions of Hadrons (North-
Holland Publishing Co., Amsterdam, 1967), pp. 279 ff.
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F1c. 1. (a)-(c) The three OPE diagrams for the reaction #*p — prirtn~;
(d)-(f) the three OPE diagrams for the reaction 7~ p — prtr 7.

Here G(¢) is a correction to the pion propagator. The
other unknowns in Eq. (7) are the off-shell cross sections
dor*x-(m, cos0,t)/d cosd and dop.+(M, cosO,t)/d cosO,
which are connected to the corresponding on-shell cross
sections dox+.-(m, cosf)/d cosd and dop.+(m, cos®)/
d cos® for elastic 7tr~ and prt scattering. If we now
assume that the scattering at both vertices takes
place in states with definite angular momentum 7 and
L and definite parity, we can replace o,*x~(m,t) and
opn*(M 1) by their partial cross sections o, +,~!(m,t) and
oprtU(M,t). (This is, of course, true also for the differ-
ential cross sections.)

In the Born approximation, the off-shell cross sections
are related to the on-shell cross sections by!!

Q== (mt) = (¢:/Q)*'qo <= (m) 8
and
K:l:l Qt'J——ll2 2
Qe = (=) o), 9
K. Q-
where J is the total spin of the =}V state, g and Q are the
7w and 7N c.m.-system momenta:

q= P(ﬂ27#2;m2) )
Q= P("2)mpz;M2) )

and
Kyt=[(MEmy)*—1]'*,
Ka=[0fmpp— ",
and the + (—) sign applies for positive (negative) in-
trinsic parity of the =IV state. The following form of Eq.
(9) is better suited for our purpose: For L=J—3,

S 2 i) @)
WEm)—u\Q/

and for L=J-+1%,

(M T—mp)z—-M(Qz

— oot (M), (9"
i Q) Qo M), (@)

Qups (M 1) =

Qlo'm' +L(M)t) =

In both cases the upper (lower) sign applies for positive
(negative) intrinsic parity of the =V state. As one can
see from the definition of ¢, and Qq, the off-shell cross
sections in the Born approximation behave like 2! and
£LEL for large |¢|, and therefore, the OPE cross section
may diverge for large |{|. This unpleasant behavior
is the cause of difficulties with the OPE model when
reactions involving particles with higher spin were
considered.

A more appealing behavior of the off-shell cross sec-
tions is suggested by BD. For convenience, some of the
arguments given in their paper are repeated here. In
essence, BD assume that the elastic scattering of par-
ticles @ and b via

at+b—a'+b

can be described by the exchange of a scalar particle
with mass 7. (see Fig. 2). Then going off mass shell with
one of the particles, say, particle a, the relation between
the off-shell and the on-shell scattering amplitude as a
function of the off-shell mass of ¢ is obtained. As a result,
the factors (¢:)/¢)% and (Q./Q)?* which appear in Eqgs.
(8), (9"), and (9”) are replaced by the functions #;(¢.R)/
ui(gR) and ur(Q.R)/uL(QR):

ui(qeR)

ui\gq.

(10)

qion*n _l(m:t> = qOx*tn J(m) .

b — ) AP W

F16. 2. Approximation of the scattering process a+b— a’+b’ by
the exchange of a scalar particle ¥ with mass ..




1542
For L=J—1%,
Q‘UPW+L(M:t)
(MEmpy—t w@QB)
= oo b(M). (11
(M£mp)?—p* ur(QR) 0 0. )
For L=J+1%,
Qwor *L(M:t)
M »)i—u? R
_( Fmp)?—p? ur(Q )Qa,,,,*fL(M). (11b)

 (MFmy)*—t u(QR)

As before, the upper (lower) sign applies for positive
(negative) parity of the =V state.

In the above expressions 1/m, has been put equal to
R, and u,(x) is defined by

w(x) = (1/22%)Qu(141/247) , (12)

where Qi(2) are the Legendre functions of the second
kind. Special cases of the functions u;(x) are

wo(x) = (1/4x2) In(4x2+1),
(13)

1 r2x%24-1
ul(x)=—2[ o 1n(4x2+1)—1:l.

X X

The functions w#;(x) have the following general

properties:
w(x)~x? for a1, (14a)

ui(x)~x~2 In(42?) for x>1. (14b)

Hence, for small values of |x| the off-shell cross sections
have the behavior given by the Born approximation
which gives the proper behavior near threshold. For
large |¢| values, they behave like 1/£ and 1/¢, 1/8,
respectively, in contrast to the Born result. The mecha-
nism responsible for the vertex corrections will, in gen-
eral, be more complicated than that described by the
diagram of Fig. 2. Using the BD parametrization means
that its effect will be approximated by the exchange
diagram of Fig. 2 with an effective mass 1/R.

III. FIT OF G(¢) AND R PARAMETERS

In order to evaluate the OPE cross section in the BD
parametrization, we have to know the function G(¢)
and the parameters R. It is assumed that there is one
parameter R for each partial wave contributing to the
off-shell scattering cross sections. The function G(¢) and
the R parameters will be determined by fitting the OPE
cross section to the differential cross sections do/dt
measured experimentally. For this purpose the favorable
reactions are quasi-two-body reactions where one partial
wave (at each vertex) dominates the off-shell cross sec-
tions. The analyses, which have been done using form-
factor and absorption models, indicate that the pro-
cesses (1)—(4) are likely to be dominated by OPE.

GUNTER WOLF
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The relevant OPE diagrams are shown in Fig. 3.
"The corresponding OPE cross sections are conveniently
expressed in terms of the following quantities:

(M +mp)*—1t
l TANn(M:t) l =M
(M ~+-mp)?—pu?
#1(QeRa)
#1(QRs)

qOrtr _('m) ’

Q”znr"(M) ’ (13)

u1(q:R
| Tpen ) )
uil\gLiip

1+Rygn?
] TNNar(t) | 2— (_[)___N_QN_,,,zgz’
14+Ry%gns?

where g =P (u*my’,my*), qui=P(t,my",m,*), and g is
the NN coupling constant with g2=14.6 for =° and
g2=29.2 for %, Ra, R,, and Ry are the R parameters
for the ANw, prm, and NN= vertices. For the NNw
vertex, the off-shell behavior is calculated ¢ /e DP,®
since the BD parametrization leads to complex expres-
sions for bound-state scattering.

The OPE cross sections are then given for pp—
A——A*Tt by

d’o |
d|t|dmdM  4xsp*s

(16)

a7

[ Tana(mt)|?
G*(¥)

(t—u??

TAN,.—(M,t) I 2: (18)

for pp — Attn by!?

B ) T, (19)
dltldm dmipras NN e TR

l—u

for 7tp — At+p® by
dic

d|t|dmdM =47r3p*2s

| T pa (1) | 2

G*(1)
X ] TAN'A‘(M;t) l 2 ) (20)
(t—u?)?
for m=p — np® by
el T (1)
PRS- —| 1 par X 2 — «( 2,
d|t|dm 4wdp*ss " (t—u?)? ™

The differential cross sections do/d|¢| for the processes
(1)-(4) are obtained experimentally by considering all
events in certain AT+ and p° mass intervals which
typically are 200 MeV wide. The OPE cross sections
will be integrated over exactly the same A** and p°
mass regions. In this integration partial waves other
than the p waves from A++ and p° are contributing.

12 Equation (19) gives the cross section for the OPE diagram of
Fig. 3(b). It has to be compared to the cross section for events with
a prt mass of M produced at small momentum transfers ¢ be-
tween, say, target proton and the outgoing pn* system.
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pp e A++n

//”//W AT
p p
| ~— = i ~—
| p I p
|
t |
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o |
= P ® n
(b)

tions p — B-—AT+ (a), pp—-Atty (a)
(b), "fg — A0 (¢), 7 p i np°_(d).

Their effect on the off-shell corrections is supposed to
be negligible for the A*+ region. In the case of the p°
region, there are 7'=0, 2 s-wave contributions to
o-*x~(m) which, according to w7 phase-shift analyses,
amount to 10-209,.1% For these s-wave contributions,
a value of R=0.01 GeV~! was used in calculating the
off-shell corrections. A description of how the off-shell
corrections were made in the presence of several partial
waves is given in Appendix A. The elastic 7+~ and
7+ cross sections used in the calculations are shown in
Appendix B [Figs. 26(a) and 26(c)].

The experimental datal*'? on do/d|t| for the pro-

13 (a) G. Wolf, Phys. Letters 19, 328 (1965); (b) W. D. Walker,
J. Caroll, A. Garfinkel, and B. Y. Oh, Phys. Rev. Letters 18, 630
(1967); (c) J. P. Baton, G. Laurens, and J. Reignier, Phys. Letters
25B, 419 (1967); (d) E. Malamud and P. E. Schlein, Phys. Rev.
Letters 19, 1056 (1967).

14 5p— A~~A+*: (a) H. C. Dehne, E. Raubold, P. Soding, M.
W. Teucher, G. Wolf, and E. Lohrmann, Phys. Letters 9, 185
(1964); H. C. Dehne, University of Hamburg, thesis, 1964
(unpublished) (3.6 GeV/c); (b) Bonn-Hamburg-Milano Collabo-
ration, Phys. Letters 15, 356 (1966) (5.7 GeV/c); (c) V. Alles-
Borelli, B. French, A. Frisk, and L. Michejda, Nuovo Cimento
48, 360 (1967) (5.7 GeV/c).

15 pp— At*y: (a) S. Coletti, J. Kidd, L. Mandelli, V. Pelosi,
S. Ratti, V. Russo, L. Tallone, E. Zampieri, C. Caso, F. Conte,
M. Dameri, C. Crosso, and G. Tomassini, Nuovo Cimento 49,
479 (1967) (4.0 GeV/c); (b) H. C. Dehne, J, Diaz, K. Strémer, A.
%cl{;r}it)t, W. P. Swanson, and G. Wolf, bd. 53, 232 (1968) (10.0

eV /c).

16 7+p — A*+p0; (a) N. Gelfand, Columbia University, NEVIS
Report No. 137, 1965 (unpublished) (2.35 GeV/c); the data at
3-4 and 6.95 GeV /¢ have been taken from (b) D. Brown, G. Gidal,
R. W. Birge, R, Bacastow, S. Yiu Fung, W. Jackson, and R. Pu,
Phys. Rev. Letters 19, 664 (1967); (c) P. Slatterly, H. Kraybill,
B. Forman, and T. Ferbel, University of Rochester Report No.
UR-875-153, 1966 (unpublished) (6.95 GeV /c); (d) Aachen-Berlin-

Birmingham-Bonn-Hamburg-London (I.C.)-Miinchen Collabora--

tion, Nuovo Cimento 35, 659 (1965); (e) Phys. Rev. 138, B897
(1965) (4.0 GeV/c); (f) J. Ballam, A. Brody, G. Chadwick, Z. G. T.
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cesses (1)—(4) are shown in Figs. 4-7 for different beam
momenta. In a least-squares fit simultaneously done to
all these cross-section values [except those shown in
Fig. 6(e)], the function G(f) and the parameters Ra,
Ry, and R, were determined. The following ansatz has

been made:
G(t)=(c—u1)/(c—1). (22)

In a first fit, a value of 140 GeV? was obtained for the
parameter ¢ in Eq. (22). Therefore, we put G(f)=1 and
the fit was repeated. The resulting values for Ry, Ra,
and R, are given in Table I. The X2 of the fit was 161
with 98 deg of freedom. The errors of the R parameters
have consequently been increased by a factor of
(161/98)12, The OPE cross sections for the processes
(1)-(4) as resulting from the fit are shown by the curves
in Figs. 4-7. They follow closely the experimental points
for all four processes at all beam momenta. {The experi-
mental data for 7tp — At+p® at 16 GeV/c [Fig. 6(e)]
were not used for the fit. In this case, therefore, the OPE
curve is a prediction. }

IV. VERTEX FORM FACTORS

In this section we want to compare the vertex func-
tions as obtained from the above fits with the informa-
tion on these quantities from various other sources, e.g.,

Guiragossian, W. B. Johnson, R. R. Larsen, D. W. G. S. Leith,
and E. Pickup (private communication) (16.0 GeV/c).

17 7~p— np®: (a) Saclay-Orsay-Bari-Bologna Collaboration,
Nuovo Cimento 29, 515 (1963) (1.59 GeV/c); (b) Saclay-Orsay-
Bari-Bologna Collaboration, 1964 (unpublished report); Nuovo
Cimento 35, 713 (1965) (2.75 GeV/c); (c) J. A. Poirier, N. N.
Biswas, N. M. Cason, I. Derado, V. P. Kenney, W. D. Shephard,
E. H. Synn, H. Yuta, W. Selove, R. Ehrlich, and A. L. Baker,
Phys. Rev. 163, 1462 (1967) (8.0 GeV/c).
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Fic. 4. Differential cross sections do/d|t| for events of reaction
(1) in the A~——A** mass region. The curves give the result of the
OPE fit. (a) At 3.6 GeV/c (1.13<M3,4<1.33 GeV) [Ref. 14(a)];
(b) at 5.7 GeV/c (1.15<Mz3,4<1.35 GeV) [Ref. 14(c)].
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Fic. 6. Differential cross sections do/d [tg for events of reaction
(3) in the A**, p0 region. The curves in (a)-(d) give the result of
the OPE fit. The curve for the 16-GeV /¢ case, (e), is a prediction
of the OPE model. (a) At 2.35 GeV/c (0.675<m<0.825 GeV,
1.185<M <1.285 GeV) [Ref. 16(a)]; (b) at 3—4 GeV/c (0.68
<m<0.86 GeV, 1.12<M <1.32 GeV) [Ref. 16(b)]; (c) at 4
GeV/e (0.66<m<0.86 GeV, 1.12<M <1.32 GeV) [Ref. 16(d)];
(d) at 6.95 GeV/c (0.64<m<0.88 GeV, 1.12<M <1.42 GeV)
[Ref. 16(c)]; (e) at 16 GeV/c (0.68 <m <0.86 GeV, 1.12 <M <1.32

GeV) [Ref. 16(f)].

ep and wN scattering. In doing this, one has to keep in
mind that the vertex functions have been determined
from data at |{| $1 GeV? and, therefore, may not be
applicable at larger momentum transfers. In fact, the
calculated OPE cross sections are larger by a few
percent than those measured experimentally when inte-
grated over all ¢ values allowed by kinematics, implying

—— ++ . . . .
PP=L7"n that, in the absence of destructive interference with
o] other processes, the vertex functions fall off more rapidly
] at momentum transfers |¢]>1 GeV? than those given
- by the BD parametrization.
]
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Fic. 5. Differential cross sections do/|¢| for events of reaction
(2) in the A** region. The curves give the result of the OPE fit.
(a) At 4 GeV/c (1.08<M <1.40 GeV) [Ref. 15(a)]; (b) at 10
GeV/e (1.125<M <1.325 GeV) [Ref. 15(b)].

F16. 7. Differential cross sections do/d|¢| for events of reaction
(4) in the p° region. The curves give the results of the OPE fit.
(a) At 1.59 GeV/c (0.616<m<0.85 GeV) [Ref. 17(a)]; (b) at
2.75 GeV /e (0.65<m<0.85 GeV) [Ref. 17(b)]; (c) at 8.0,GeV/c
(0.675<m <0.875 GeV) [Ref._17(c)].
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TasrLe I. R parameters and rms radii (+2)!/2 as obtained from
* fits to the momentum-transfer distributions.

R R (r2yri2

Vertex (GeV™Y) (F) [€)
Ry NN~ 2.86+0.08 0.57+0.02 1.0623-0.04
Ra ANT 1.7640.03  0.3540.01  0.86=0.02
R, pr 2.31+0.19 0.4640.04 0.6540.05
Ry SulNw 0.03 0 0
Rpyy PuNm 0.34 fixed 0.1 0.14
Rpy, DyNw 4.5 fixed 0.9 0.9
Rpyg DysNw 5.5
Ry 5N 4.5 fixed 0.9 0.8
R’"l7 F17N7r 45 ﬂxed 09
Ry FyuNw 4.5 fixed 0.9 0.7
Ry () T=00=0(zr)  0.01 0 0
Ry Jrw 3.23+146 0.654+0.29 0.58+0.26
R, g 4.5 fixed 0.9 0.5
Rao (rm)T=21=0(z7) 0.0 £0.01 O 0
Ro, (rm)T=21=2(7r)  3.59£1.19 0.724£0.24 0.7240.24
Ry (rm)T=21=4(rx) 4.5 fixed 0.9 0.6

(i) It is common to define the form factor Fap.(f)
associated with the vertex abe as the ratio of the actual
vertex function V,u.(f) to the vertex function Va52(f)
given in the Born approximation

Fope(t)= V() / VareB (1) . (23)

This leads to
Fyn«()=[(1+Rn*qx*)/(1+Ru*qn ) 112, (23)
Fan«()= (Q/Q)[ur(Q:Ra) /u1(QRA) T, (23")
Fonx(®)=(¢/g)[ur(q:R,) /ua(qR,) 2, (23")

or, in general (except for bound-state scattering), to
a ! ul(quabw) 1/2
{2 )
qat ul(QaRabw)
qazl)(ﬂzymbzymGZ) )

Gat= P(t;mbz;maz) ]

with

where m, and m; are the masses of the particles ¢ and
b, and m,> u-+my.

Interpreting F(¢) as the Fourier transformation of
a spherically symmetrical density distribution, the rms
radius (#?)!/2 can be calculated from!8

(*)=6dF/dt'| v, (24)

where ¢/ ={—Ipo,=¢—u?. The rms radii obtained from
Eq. (24) for the various vertices are given in Table I.
Their values range from 0.6 to 1.1 F.

The pionic radius of the nucleon, (ryn.%)!?=1.06
#0.04 F, is larger by about 209, than the electric charge
radius of the proton, (r,?)!/2=0.83+0.02 F,! but is
rather close to the rms radius for the =V interaction,
(ry=2)2=1.1 F, as deduced from elastic =V scattering

18 R. Clementel and C. Villi, Nuovo Cimento 4, 1207 (1956).

19 This value of (r,2)!/2 was obtained from a straight-line fit to
the values of the electric form factor of the proton as measured at
momentum transfers below 1 F~2 by B. Dudelzak, G. Sauvage,
and P. Lehmann, Nuovo Cimento 28, 18 (1962); and T. Janssens,

R. Hofstadter, E. B. Hughes, and M. R. Yearian, Phys. Rev.
142, 922 (1966).

AND DOUBLE- PRODUCTION

180° T T 1 T

150° |- /

120° -

33 900 } Mg T(M) -
33 90° - o
tan 845 =
z{/ 33 Mg —MZ
MoQ U (RaQ) -
60° |- / . 0Q Ui Ry
TM) = T (Mo) 0= TTR.G,)
Mo = (1.233£0.001)GeV )
30t I, =(0.114 £ 0.00)) GeV
Rp = (2.2 £0.1) Gev™' J
0° ! It 1 |
1l 1.2 1.3 1.4 15
My (Gev)

Fic. 8. The (3,3) =N phase shift 833 as a function of the 7N c.m.
energy M. The data are taken from Ref. 21. The curve is the result
of a fit with the BD parametrization.

via the relation (ry.?)=44. Here 4 is the exponential
slope of the differential cross section for 7V elastic scat-
tering. The rms radius for the AN7 vertex, (ran.2)!/?
=0.864-0.02 F, agrees quite well with the same quantity
for the ANy vertex: (ran,2)!/2~0.84 F. The latter value
is obtained from the M1 transition form factor for the
AN~ vertex as measured in inelastic ep scattering.?°

(ii) In Table I, the rms radii for various other ver-
tices are also given. The fits of the corresponding- R
parameters are discussed in Sec. VI. One notices that
the rms radii for the baryonic vertices are of the order
of 0.8-0.9 F and for mesonic vertices 0.6-0.7 F, although
the values of the R parameters may differ by as much
as a factor of 2, due to the different masses and angular
momenta involved. Therefore, a good guess for the value
of R and hence for the form factor can be obtained by using
Eq. (24) and choosing a proper (r2)!/? value, e.g., 0.85 F
Jfor baryonic vertices and 0.65 F for pionic vertices.

(iii) Off-shell corrections for resonance scattering and
the deviation of on-shell scattering from a simple
Breit-Wigner formula are intimately connected. Both
are a consequence of the angular momentum barrier.
According to BD the same R value which governs the
off-shell behavior determines the energy dependence
of the resonance width. The appropriate place to test
this idea is the (£,3) 7V resonance for which very pre-
cise phase-shift data are available.2! The dependence of
833, the (3,3) phase shift, on the 7N rest mass M is ex-
pressed in terms of the (,3) resonance mass M, width
Ty and Ra by

tal’las;;(M) = MoF(M)/(Moz—M2> 5 (25)
with
MO 1
I'(M)=T, Q ka0 , (25")
MQo u1(RaQo)

where Q, Q are the c.m. momenta for =V masses of M,
and M, respectively. Figure 8 shows 833 as a function

20 W. Bartel, B. Dudelzak, H. Krehbiel, J. McElroy, U. Meyer-
Berkhout, W. Schmidt, V. Walther, and G. Weber, Phys. Letters
27B, 660 (1968).

21 A. Donnachie, R G. Kirsopp, and C. Lovelace, CERN Report
No. TH 838, 1967 (unpublished).
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Tasre II. Results from the Regge fits.
(a) do;Reese /dt=do;OPE /did;()s?*®; = 1,-- -, 4 for the reactions (1)-(4).
—i

(GeV?) alp) - di(t) da(t) ds(t) di()

0 —0.1 0.060-0.040 0.67+0.14 0.78+0.13 0.704-0.13 0.7940.12
0.1—-0.2 0.0 =0.013 0.9 +0.2 1.0420.07 1.1140.15 1.040.09
0.2—-0.3 0.0 =+0.078 1.063-0.41 1.00+0.33 1.104:0.43 1.0840.29
0.3—04 0.0 =0.15 1.204-0.90 0.88-+0.55 1.0840.75 0.844-0.42
0.4—0.5 0.0 =£0.21 0.98-:0.97 0.8540.72 0.9840.93 vee
0.5—0.6 0.03 +0.37 0.95+1.7 1.0141.57 0.67+1.16

(b) do;Reeee /dt=da;OPE [dt di(s/so;)2’ O —sD); =1, - -, 4 for the reactions (1)-(4).

o = —(0.051:£0.062) GeV-?
$01=0.58+1.1 GeV?
S02=2.9 £2.4 GeV?
so3=1.5 #1.5 GeV?
So4=1.3 +1.4 GeV?

do1=0.9010.044
do2=1.00-£0.049
d93=0.960.060
d0s=0.98-0.050

of M. Equations (25) and (25') were fitted to these
values for M up to 1.42 GeV, and the following param-
eter values were obtained:

Mo=1.23340.001 GeV,
[o=0.1140.001 GeV,
Ra=2.2-£0.1 GeV-1.

The experimental values on 835 are quite well described
by the fit (see curve in Fig. 8). The important result is
that the values obtained for R, from off-shell scattering
and from the analysis of 853 agree with each other within

~20%.
V. PION-REGGE TRAJECTORY

The experimental measurements on do/d|¢| for the
process (3) exhibit a striking shrinkage of the width of
the forward peak with increasing beam momentum (see
Fig. 6). At first glance, this may be taken as clear evi-
dence for a Regge behavior of the pion, assuming that
the process (3) is completely dominated by OPE. The
OPE calculations, however, which were done for an
elementary pion do show the same effect (see curves in
Fig. 6). As was explained in a previous note,’® the
apparent shrinkage in the OPE model is mainly due to

T T L T T T T

4 06
4 o4

-1 0.2

= =

a(t)

1-0.2

- --0.4

- -0.6
1 1 1 L L L L
-0.7,-06 -05 -04 -03 -0.2 -00 © Ol
t (Gev?)

Fic. 9. Effective Regge trajectory a(#) for the reactions (1)-(4) as
obtained from the fit discussed in Sec. V.

the large A*+ and p® mass intervals over which the data
have been taken.

One may ask whether the data, in addition to these
kinematical effects, possess any genuine shrinkage. In
order to study this question, the experimental data for
the reactions (1)-(4) were fitted to the following

equations:
do Reeee /dt= (do:°FE/dl)d (1)s2*®) ,

where the index ¢ refers to the reactions (1)-(4),
doBeeee/dt are the Reggeized cross sections, do;OFE/df
are the OPE cross sections given by Egs. (18)-(21),
d(t) are arbitrary functions of ¢, and a(f) is the effective
trajectory. A factor 1/sp*2~s~2 is contained in do;OPE/
dt. The factor do;°PE/dt takes care of the proper inte-
gration of the theoretical cross sections over the mass
regions.

The values obtained from the fit for d;(¢) and o(f) are
summarized in Table II. Figure 9 shows «(?) as a func-
tion of £. Also given in Table II are the results of a fit
where the expression d;(f)s?*®) was replaced by

di(1) 20O = dy(s/505)2% © =4

where d; and s,° are constants, and o/(0)=da/d!| ~0o.
The fit yields o/(0)= —(0.051+0.062) GeV—2. The net
result is that the effective trajectory is zero within the
errors for —0.6 GeV2<¢<0.

(26)

(26)

VI. DETERMINATION OF FURTHER R
PARAMETERS OF =z AND =N SYSTEMS

Knowing the values of Ry, Ra, and R,, we can go on
to determine the R parameters of other partial waves of
the w7 and 7wV systems.

(a) For instance, the experimental data on

Tp—nf (27)
agree with the assumption that this process is dominated
by OPE. The unknowns in the OPE cross section for
(27) are the elastic w7~ cross section o,*,~(m) in the
f° region and Ry, the R parameter for the frr vertex.
They were determined by fitting the OPE cross sections
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to the experimental cross sections do/d|¢| for (27) as
measured at 4 GeV/c?2® and 8 GeV/c¢ [Figs. 10(a)
and 10(b)].17( For o,+r-(m) a Breit-Wigner formula
centered around the f° was used. The value obtained
for Ry is

R;=3.23+1.46 GeV-1.

The resulting =7~ cross section is contained in Fig.
26(c). The value of o,+,-(m)=26=£2 mb at the f° mass
(1.26 GeV) may be compared with the unitary limit for
a T=0, d-wave contribution to o,+,~(m) which is
(80/9)wx?=28.5 mb at m=1.26 GeV. The experimental
points for do/d|t| of the process (27) are well described
by the fit [see the curves in Figs. 10(a) and 10(b)].

(b) There is experimental information available!?(®
[Fig. 10(d)] on the process

Tp— g, (28)

where g is a 77 resonance with mass m,=1.66 GeV’
T¢=1% and JP=3(?). This process presumably pro-
ceeds also via OPE and therefore an analogous fit can
be made to obtain o,*,~(m) in the g region, and R,.
The cross section ¢, +,~() in the g region as determined
by the fit is given in Fig. 26(c). The statistical accuracy
of g.+-~(m) when averaged over the g region is &= 109.
The value of or+,~(m) at m=m, of 7.5 mb is much
smaller than the unitary limit for a 7’=1 f wave of 28
wA%?=51 mb, indicating a high inelasticity for this partial
wave. This conclusion is supported by the experimen-
tal observation of a sizable 4w decay mode for the g
meson.?? The determination of R, is rather poor. This
is due to the small number of g° events so far observed
experimentally, and to the fact that with higher ==
mass the difference between the on-shell momentum ¢
and off-shell momentum ¢, becomes smaller for the
same ¢ value and therefore do/d|¢| is less sensitive to
the value of the parameter R. With R,=4.5 GeV—!
a good description of the experimental do/d|¢| values is
obtained [see curve in Fig. 10(c)]. It should be pointed
out that OPE calculations using a form factor or absorp-
tion corrections fail to fit the ¢ dependence of the cross
sections for the processes (27) and (28), because of the
relatively high f and g spins.® On the other hand, the
BD parametrization leads to a good fit with reasonable
values for the parameter R.

(c) The experimental data on the reaction

(29)

wtp — nrtet
and on the process

7P — At tgTa— (30)

22 Aachen-Birmingham-Bonn-Hamburg-London  (I.C.)—Miin-
chen Collaboration, (a) Nuovo Cimento 31, 485 (1964); (b) 31,
729 (1964).

2 See, e.g., Genova-Hamburg-Milano-Saclay Collaboration,
Nuovo Cimento 54, 983 (1968); C. Baltay, H. H. Kung, N. Yeh,
T. Ferbel, P. F. Slatterly, M. Rabin, and H. L. Kraybill, Phys.
Rev. Letters 20, 887 (1968); T. F. Johnston, J. D. Prentice, N. R.
Steenberg, T. S. Yoon, A. F. Garfinkel, R. Morse, B. Y. Oh, and
W. D. Walker, ibid. 20, 1414 (1968).
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Fic. 10. Differential cross sections do/d|¢| for the events of
the reaction 77p — %% The curves give the result of the OPE fit.
(a) At4 GeV/c (1.16<m<1.38 GeV) (Ref. 22); (b) at 8 GeV /c (1.17
<m<1.37 GeV) (Ref. 4). Differential cross section do/d|¢| for the
events of the reaction 7~ p — ng% The curve gives the result of the
OPE fit. (c) At 8 GeV/c (1.60<m<1.75 GeV) (Ref. 4).

can be used to determine the 7'=2 #r cross section,
or+r+(m), and the R parameters for the different partial
waves contributing. Previous OPE analyses!?(®),16(e),24,25
of the experimental data for (29) and (30) have shown
that consistent values for o,*,=(m) are obtained from
both reactions and for different beam momenta. The
relative contributions of the /=0, 2, 4 partial waves to
or*r+(m) have been taken from a =w phase-shift
analysis.!*@ (The exact treatment of the off-shell cross
section in the presence of several partial waves, is de-
scribed in Appendix A.) The experimental cross sections
for reaction (29) as measured at 4 GeV/c'®® and for
reaction (30) as measured at 1126 and 16 GeV /¢ 16
were then fitted to the corresponding OPE cross-section
formulas in order to find o, (), and the parameters
R Ry, Rae, Ros. Only experimental data at small
momentum transfers |#| 0.5 GeV? were used for the
fit.

The differential cross sections do/d|#| for the process
(30) as measured at 11 and 16 GeV/c are shown in Figs.
11 and 12 for different 7=~ mass intervals together with
the fitted OPE cross sections. Figure 13 shows the out-
come of the fit for or++(m). The cross-section values
obtained from two different reactions and at different
beam momenta agree within the errors with each other.
Below m=0.5 GeV the data are statistically insignifi-
cant and do not allow us to deduce o,+,+(m) to better

2 N. Schmitz, Nuovo Cimento 31, 255 (1964).
% Saclay-Orsay-Bari-Bologna Collaboration, Nuovo Cimento
35, 1 (1965).



182

1548 GUNTER WOLF
HGeV/e T p—=— A
0.28 < My < 0.48GeV | 0.48<Myr7 <0.6 GeV 0.6 <M 47 <0.8 GeV [Ros<maz<ioce
0.10

F1c. 11. Differential cross sections
do/d|t| for events of the reaction
11-GeV/c np— Attar—n™ (112<M

<1.34 GeV) for different #~7~ mass

1L0<Myr < 1.2 GeV 12 <M< 1.4 GeV

0.10

0.0l

1.4 <My <1.6 GeV

intervals (Ref. 27). The curves give
the result of the OPE fit.

05 O
I1t1 (Gev?)

than a factor of 2-4. At m=0.5 GeV, o+, +(m) is of the
order of 2025 mb and drops then to a value of 542 mb
at"m=1.5 GeV. About the same values for o, +,+(m)
were obtained earlier'®® in a form-factor analysis, and
also recently in a study?® very similar to the one de-
scribed here, which used the DP parametrization for
the off-shell corrections. The fit yielded the following R
values:

R20=0.04-0.01 GeV—1,
Ry, =3.594+1.19 GeV™! ’
Ry4=4.5 GeV™1.

The value of Ry4is not well established for the same rea-
sons mentioned above in the case of R,. The small value
of Ry indicates that the off-shell corrections for 7'=2
s-wave wm scattering are negligible. This result was ex-
pected since in the BD model the off-shell corrections
are mainly an effect of the angular momentum barrier.
The value of Ry, is approximately the same as that of
R 5 (E Rog).

(d) The main contributions to the =*p elastic scat-
tering below 2 GeV come from the Pj; and Fj; partial
waves. The parameter Rp,, has been determined above
(Rpy=R4). The value of Rp,, can, in principle, be ob-

16 GeV/c 7w p—=—att 7w

I 0.28< My <0.60GeV [ -
0.6 <My < 0.8 GeV

0.8< My < 1.0 GeV

- 1.5 <My qr < 2.0 GeV
1.0 < My < 15 GeV

oS olo
E| &
S———"
b,_:_’
° ©
0.0l 5
1 L | " i 1 n ! L " " 1 n I 1
0.5 05 O 05 O 0.5
11 (Gev?)

Fic. 12. Differential cross sections do/d|¢| for events of the reaction 16-GeV/c 7~ p — At+r—r~ (1.16 <M <1.32 GeV) for
different =~ mass intervals [Ref. 16(f)]. The curves give the result of the OPE fit.

26 Genova-Hamburg-Milano-Saclay Collaboration, Nuovo Cimento 57, 699 (1968).
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tained from a fit to data on pp— prtn with M.+
being in the region of the Fj; resonance mass (M r,,
=1.95 GeV). Since Mp,, is large, the momentum-
transfer distribution is not very sensitive to the value of
Ry, A value of 4.5 GeV—! was chosen for Rp,,. The ex-
perimental datal®® are compatible with this value.

(e) An attempt was made to determine the R param-
eters of the 7=} 7N partial waves from an OPE analysis
of measurements at 11 27 and 16 GeV/c¥® on the
process

T p — prp°. (31)

The OPE diagram for (31) is that of Fig. 1(d), with =+
and 7, being in the p® mass region. Only data at small
four-momentum transfers between incoming =~ and
outgoing p® were considered. In spite of that restriction,
there is a substantial amount (~309%,) of background
which is produced by the OPE diagram of Fig. 1(f).
Another complication comes from the fact that apart
from Pj; there are at least six more partial waves with
significant contributions to 7~ scattering below 2 GeV,
i.e., Su, P11, D13, Dys, F15, and Fy7.2! Because of these
reasons and because of the limited statistical accuracy
of the experimental data, only rough estimates of the
corresponding R parameters were obtained :

Rp,=0.34 GeV-!, Rp,=5.5 GeV!,
Rs,,=0.03 GeV-1,

The values of Rp,,, Rr,;, and Rr,, have been chosen to
be 4.5 GeV—L.

VII. COMPARISON OF REACTIONS
ntp — prixtx— WITH OPE
PREDICTIONS

For the comparison of the OPE predictions with the
experimental data on the reactions

wtp— prtataT, ()
P prtrr, (©)

a Monte Carlo program (OPEM) was written.22 The
program constructs events of type (5) or (6) which
then are weighted according to the OPE cross section.
With this method the theoretical prediction for any
experimental distribution of the reactions (5) and (6)
can be calculated since it is also possible to compute
quantities for systems involving particles from different
vertices [for instance, in the case of the prt distribu-
tion for reaction (5) both pz* masses were calculated
for each Monte Carlo event ].

This type of Monte Carlo calculations can be very
computer-time consuming, especially at high beam mo-
menta where the kinematically allowed range of four-
momentum transfers is large and where, therefore, the

% Genova-Hamburg-Milano-Saclay Collaboration, private com-
munication by P. v. Handel.

% The program opEM evolved out of a Monte Carlo program
originally written by P, Séding,
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F16. 13. Elastic cross section o.*,*(m) for =*r* scattering as
deduced from experimental data for the reactions 4.0-GeV/c
7tp— atrtn (O) [Ref. 16(e)], 11-GeV/c 7~p — Atz (O)
(Ref. 27), and 16-GeV/c 7 p — At+rn~ () [Ref. 16(f)].

majority of Monte Carlo events may have an extremely
small weight, depending on the method used for con-
structing these events. The ideal method of constructing
Monte Carlo events is one which leads to the same
weight for each event—as nature does. A procedure
which achieves this goal within a factor of 2-4, and
which was applied in the calculation, is described in
Appendix C. In evaluating the OPE cross sections, the
vertex functions were put equal to zero for momentum
transfers |¢|>1 GeV? for reasons discussed in Sec. IV.

A. Reaction (5): wtp — prwtmtn—

There are three OPE diagrams [Figs. (1a)-1(c)]
which contribute to reaction (5). Diagrams (a) and (b)
of Fig. 1, which give identical contributions, are domi-
nating by far the OPE cross section since the elastic
prt and mtr~ cross sections are, on the average, much
larger than the elastic pn~ and wtzt cross sections.
Therefore, since the R parameters relevant for the prt
and 7t7~ systems have been obtained with fair ac-
curacy, the OPE predictions for the reaction (5) are
supposed to be sound, except for the neglect of terms
due to the interference of the three diagrams.

The comparison of the OPE predictions with the ex-
perimental datalé().16().29.30 was done at beam mo-
menta between 1.95 and 16 GeV/c. Since there is no
free parameter left, the OPE calculations gives predic-
tions which are absolute in magnitude. The mass and
momentum-transfer distributions, as measured at dif-
ferent momenta, are shown in Figs. 14-17 together with
the OPE curves.

The outstanding features of reaction (5) are the pro-
duction of A*+, p® and f° a substantial fraction of

2 F. E. James and H. L. Kraybill, Bull. Am. Phys. Soc. 8, 342
(1963); and Yale University Report, 1963 (unpublished).

% Colurobia-Rutgers Collaboration, private communication by -
C. Baltay,
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which is due to the formation of the two-body states
At+p0 and A++f0 [see Figs. 14(c), 15(e), 15(f), 16(b),
16(d), 17(b), and 17(d)]. Comparing the experimental
distributions with the OPE predictions, one notes the
following.

(a) The fraction of the OPE contribution to reaction
(5) increases with increasing momentum (see also Table
III), being 409, at 2 GeV/c and ~909, at 16 GeV/c.

do-
480 g (Mb/GeV)

(b) The amount of A*+ production is correctly pre-
dicted to within 25%, over the whole momentum range.
At 2 GeV/c there appears to be a discrepancy with
respect to the position of the A**: Experimentally, the
At contribution is centered at ~1220 MeV, whereas
the OPE curve peaks at ~1190 MeV.

(c) The observed cross section for p° production is
larger than that predicted by OPE. The difference can

4 GeV/c Tp—pmtuta

do -
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Z 40015 400 +- 15 do
E | 2x2072 COMBINATIONS am (mb/GeV)
Z 320+ 2x2072 COMBINATIONS 320 ] w76 »
g Lo 1o }2 mp/P”% <0.3GeV
O 240+ (a) 240 (c) W60 0.66 < M+ 17~ <0,86 GeV
4 b
u | - I':‘L" (e)
e 1607, 160 1s S 40 538 EVENTS
@ 1 N E:.r 2
= 1]
S 80 80 220
=z =)
] . 2
0 0 : 0 ! ! et
0 L4 LB 22 26 0.2 0.6 1.0 1.4 1.8 0 L2 14 16 18
Mpr+ (GeV) Mo+ 7= (GeV) Mp7r ¥, (GeV)
9 b/ Gev) do do | : 2
14 am (mb/Ge m(mb/GeV) [4 -d‘,\—/'(mb/GeV) Itp/p 77 4, < 0.3 GeV
Z 120 120 = 112< M+ < 132 GeV
W 4 2072 EVENTS 4 2072 EVENTS g 4 o
w
L 80 (o) 80 (d) w 40 717 EVENTS
o o
@ 14
w 40 40 w20
s g =
2 2
zZ 0 L ot 1 zZ ol ]
0 14 1.8 22 26 02 06 10 L4 I8 02 04 06 08 1O L2 L4
Mp7r~ (GeV) Mar* gt (GeV) M7r"b1r' (GeV)

F1c. 15. Effective-mass distributions for the reaction 4-GeV/c ntp — pntatn~ [Ref. 16(e)]. The curves show the predictions of the
OPE model. (a) prt; (b) pr—; (c) mn~; (d) wtnt; () prta for events with a7y~ in the p region (0.66 <M r+,x~<0.86 GeV) and || p/px*4
<0.3 GeV?; (f) wtyr for events with pr, in the A region (1.12 <M pe*, <1.32 GeV) and |¢|p/prt, <0.3 GeV2
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F16. 16. Effective-mass distributions for the reaction 8.5-GeV/c n*p — patatz™ for events with proton momentum in the laboratory
system $,%* <1 GeV (Ref. 30). The curves show the predictions of the OPE model. (a) pr*; (b) pn, for events with #¥4z~ in the p°
region (0.66 <M ,*,,~<0.86 GeV); (c) #*z; (d) = un™ for events with pr¥, in the A+ region (1.136 <M.+, <1.336 GeV).

readily be explained by 4, production via
Ttp— pAsT,

with 4, subsequently decaying into p%+. The cross sec-
tion for this reaction is ~0.3 mb at 4 GeV/c16®© and
~0.2 mb at 16 GeV/c.18® The A, meson, of course,
cannot be produced via OPE in this reaction.

(d) The agreement between theory and experiment is
particularly good whenever the contribution of one of
the diagrams is separated out. This is done by either

requiring a small momentum transfer to one of the #r
or mN mass combinations or by selecting events in either
the p or A*+ band.

B. Reaction (6): xp — prtm =~

Three OPE diagrams can contribute to reaction (6).
They are shown in Figs. 1(d)-1(f). All three diagrams
are of the same strength but only for the first two dia-
grams (where 7~z are produced at one vertex and pa+
at the other) can the contributions be calculated with
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F16. 17. Effective-mass distributions for the reaction 16-GeV /¢ 7tp — prta*nr— [Ref. 26(f)]. The curves show the predictions of the
OPE model. (a) pr*; (b) prts for events with = *,7~ in the p region (0.62 <M ,+,,~<0.92 GeV); (c) =+r~; (d) =+ for events withpm,*

in the A region (1.08 <M p,*,<1.40 GeV).

TasLE III. Comparison of observed (¢®*?) and OPE-predicted
(09PE) cross sections. The contributions of the OPE diagrams

(a)-(f) shown in Fig. 1 are given separately.

(a) wtp— priatr

Beam
momentum s gOPE (mb)
(GeV/e) (mb) @)+ (b) (c) Total
1.95 3.640.20= 1.47 0.08 1.55
4.0 3.134:0.07> 1.80 0.17 1.97
8.5 2.3¢ 1.29 0.23 1.52
16 1.28+0.154 0.93 0.24 1.17
& Reference 29. ¢ Reference 30,
b Reference 16(e). d Reference 16(f).
(b) 7 p— prtrm™
Beam
momentum gexp oOPE (mb)
(GeV/e) (mb) (d)+(e) ) Total
1.59 0.88+0.042 0.13 0.44 0.57
2.1 1.6740.08> 0.22 0.45 0.67
2.75 1.8340.05° 0.34 0.50 0.84
4.0 1.95:£0.104 0.60 0.57 1.17
8.05 1.2740.07¢ 0.62 0.51 1.13
11 1.3 £0.1f 0.59 0.46 1.05
16 1.08+0.158 0.55 0.42 0.97
20 0.894-0.062 0.53 0.39 0.92
a Reference 17(a). d Reference 22. & Reference 16(f).
b Reference 31. ¢ Reference 32. h Reference 34.

¢ Reference 17 (b). f Reference 33.

some confidence. The R parameters for the 7—p system
are less accurate, and therefore the OPE cross section
given by the third diagram are not well determined.
For the comparison with the OPE model experimental
data for beam momenta between 2.1 and 20 GeV/c

TasLe IV. Coefficients d, of wr angular distributions.
dW /d cosb=7 d, cos™®.

(@) wtr™— atr
m

(GCV) do d1 dz (ia d4
0.28—0.4 0.5
04 —0.5 0.42 0.10 0.24
0.5 —0.6 0.35 0.21 0.45
0.6 —0.7 0.36 0.30 0.42
0.7 —0.8 0.27 0.38 0.69
0.8 —0.9 0.35 0.26 0.45
0.9 —1.0 0.37 0.17 0.39
1.0 —1.1 0.27 —0.10 0.69
1.1 —1.2 0.65 0 —2.82 0 3.95
1.2 —1.3 0.21 0 —1.95 0 4.70
1.3 —14 0.21 0 —1.95 0 4.70

(b) wErE— gErE
m
(GeV) do d» d,

0.28—0.8 0.5

0.8 —1.0 0.31 0.48 0.15

1.0 —1.2 0.30 0.18 0.70

1.2 —14 0.30 —0.36 1.60
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Frc. 21. Effective-mass distributions for the reaction 11-GeV /¢
7 p— prtr~r~ (Ref. 33). The curves show the predictions of the
OPE model. (a) pr*; (b) prtn.

8 P, H. Satterblom, W. D. Walker, and A. R. Erwin, Phys. Rev.
134, B207 (1964).

82 J. W, Lamsa, N. M. Cason, N. N. Biswas, I. Derado, T. H.
Groves, V. P. Kenney, J. A. Poirier, and W. D. Shephard, Phys.
Rev. 166, 1395 (1968). )

38 Genova-Hamburg-Milano-Saclay Collaboration, Nuovo Ci-
mento 47A, 675 (1967).

3 M. L. Ioffredo, G. W. Brandenburg, A. E. Brenner, B. Eisen-
stein, L. Eisenstein, W. H. Johnson, Jr., J. K. Kim, M. E. Law,
B. M. Salzberg, J. H. Scharenguivel, L. K. Sisterson, and J. J.
Szymanski, in Contribution to the Fourteenth International Con-
ference on High-Energy Physics, Vienna, 1968 (unpublished),
and (private communication).
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F1c. 22. Effective-mass distributions for the reaction 13-GeV/¢c 7~p — pntn—n~ (Ref. 34). The curves show the predictions of the
OPE model. (a) pr*; (b) pr—; (c) wtr—; (d) prr—, for events with m+r~; not in the p region (0.66 <M ,+,~,<0.86 GeV); (e) prtae for
events with pr+in the A region (1.15 <M ».+<1.35 GeV) and =z, not in the p region (0.66 <M.~ <0.86 GeV); (f) pn for events
with 77~ in the p region (0.66 <M r*;=,<0.86 GeV), pr* outside A region (1.15<Mps*<1.35 GeV), and |#] pror—e <0.2 GeV?; (g)
P16 for events with 77—, not in the p region (0.66 <M z+,-, <0.86 GeV), pz+ outside A region (1.15 <M ,+<1.35 GeV), and [¢|p/prs
<0.2) GeV?; (h) 7*n~ for events with " not in the A region (1.15 <M p,*<1.35 GeV), and #*z "7~ not in the 4 region (M5*:~~~<1.4
GeV).
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Fic. 23. Effective-mass distributions for the reaction 16-GeV/c n~p — prtn~n~ [Ref. 16(f)]. The curves show the predictions of the
OPE model. (a) prt; (b) pnt for events with |¢],/px*<0.25 GeV2; (c) pn~; (d) pr— for events with |¢]p/pr=<0.25 GeV2; (e) 7tn™;
) =7~ (g) prtn or events with |¢| p/prta<0.25 GeV?; (h) prtn—.

at various momenta. The pz* and #*tn~ mass distribu-
tions exhibit strong A*t+ and p° signals, respectively. In
addition, production of A? and of nucleon isobars
around 1500 and 1700 MeV is present in the pr— mass
distributions. Again the OPE curves are predictions for
shape and magnitude of the cross sections. If we take the
OPE predictions at face value, conclusions very similar
to those for reaction (5) can be drawn.

(a) The fraction of the OPE contribution to reaction
(6) increases with increasing momentum (see also
Table IV), being ~409, at 2 GeV/c and ~909, at the
highest energies.

(b) The shape of the #tp mass distribution in the A
mass region and the cross section for A** production is
remarkably well reproduced for momenta above ~4
GeV/e.

(c) The observed amount of p® production is larger
than predicted by OPE. Again the difference can be
explained by 4. production via

T p— pAi,
with 4, decaying into p%~. This conclusion is sup-
ported by the w*z— mass distribution shown in Fig.

22(h) for events outside the A region. There the OPE
curve is in close agreement with the data.
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(d) The OPE model predicts the production of A9,
N1513(D13) and ]\71633(F15), all of which show up in the
pr— mass distributions. The agreement with the experi-
mental pr— mass distributions is quite remarkable for
events which are produced at small momentum transfers
and which are free from reflections from A+ production
[Figs. 22(f) and 22(g)].

(e) The prta— mass distributions exhibit an accumu-
lation of events at the low-mass end and a strong peak
at high masses [Figs. 21(b), 22(d), 23(h), and 24(c)].
The high-mass peak is well accounted for by the OPE
model, and is a consequence of the peripheral production
of the wm system and of the forward-peaked = Nscat-
tering angular distribution entering at the baryon ver-
tex. The low-mass bump becomes more pronounced if
events in the AT+ region are selected and those with a
7t~ mass combination in the p® region are excluded; a
strong peak centered around ~ 1550 MeV emerges [see
Fig. 22(e)]. Now, the OPE curve nearly matches this
peak. Hence, the peak at 1550 MeV is—at least partly—
of kinematical origin, and cannot be taken as evidence
for the production of Niss and/or Nigss and for their
decays into prta— unless one wants to invoke the Chew-

Pignotti mechanism.? The situation is reminiscent of
that of the A; region in the 37 mass spectrum of
reactions (5) and (6).

(f) In Fig. 25, some momentum-transfer distribu-
tions, measured at 13 and 20 GeV/c, are compared with
the OPE model. If events from the A** region are
selected which have no #tz— combination in the p°
region [i.e., isolation of the OPE diagram of Fig. 1(f)]
the OPE predictions agree perfectly with experiment
[Figs. 25(a) and 25(b)]. If the opposite selection is
made (i.e., p°% no A*+t), the OPE curves agree only at
small momentum transfers with the data, the experi-
mental cross sections being larger at higher momentum
transfers [Figs. 25(c) and 25(d)]. The discrepancy can
be traced back to p° mesons coming from A, decay (see
above).

As mentioned above, the OPE contributions for reac-
tions (5) and (6) were calculated neglecting the inter-
ference terms between the OPE diagrams. The analysis
of Raubold!® indicates these terms to give a sizable
positive contribution at medium beam momenta and

3% G. F. Chew and A. Pignotti, Phys. Rev. Letters 20, 1078
(1968).
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F16. 25. Momentum-transfer distributions do/d|t| from events of the reaction 77p — pr¥r~r~ (Ref. 34). The curves show the pre-
dictions of the OPE model. (a) Distribution of the square of the four-momentum transfer |¢|,/a**+ for events with pz+ in the A region

(1.15<M p,*<1.35 GeV) and =+7~ not in the p region (0.66 <M +,~

<0.86 GeV) at 13 GeV/c; (b) same as (a) at 20 GeV/c; (c) distri-

bution of the square of the four-momentum transfer |¢|.~,0 for events with =z~ in the p region (0.66 <M *,~<0.86 GeV) and p=* not
in the A region (1.15<M »,+<1.35 GeV) at 13 GeV/c; (d) same as (b) at 20 GeV/c.

a small one at higher beam momenta (26 GeV/c).
Therefore, one expects the differences between the pres-
ent OPE calculations and the experimental data for (5)
and (6) at lower energies to become even smaller when
these interference terms are included in the calculation.

No attempt has been made to attack the problem of
the 4 region (which is commonly referred to as the
Deck effect®®), the reason being that the interference
terms mentioned above cannot be neglected when deal-
ing with this question.
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APPENDIX A: OFF-SHELL SCATTERING IN
PRESENCE OF SEVERAL PARTIAL WAVES

Consider the case of #tn~— mtr~ scattering with
one of the incoming pions having a mass squared of ¢,
and all other pions being on the mass shell. With the
definitions of Sec. II: m is the mtm— rest mass;
qe=P(t,u*m?) is the initial-state momentum in the
ntr~ frame; = P (u?,u?,m?) is the final-state momentum
in the mt7~ rest frame; and 6 is the c.m. scattering
angle, i.e., the angle between incoming and outgoing
nt in the m+7~ rest frame. The off-shell differential
cross section for this process is given by

do(m, cosb,f) 8m ¢
———————=——|> CrAT(m, cosb,)|?
d cosf m2q, T
8r

q
=— —|3A4°%(m, cosb,)+3AY(m, cosb,z)

m® g 1
+34%(m, cosb,t)|2. (A1)
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The partial-wave expansion for the isospin amplitudes
AT(m, cosb,l) reads

AT (m, cosb,f) =zn—2 Ql+1)a,"(m,t)Py(cosh). (A2)
g1

P(cosh) are the Legendre polynomials; following BD,
the amplitudes a;7(m,f) are expressed in terms of the
on-shell scattering phase shifts §;7, the inelasticity co-
efficients 5,7, and the parameters Re;:

"md) 1 (niTe2rm 1)[uz(q£m):|1/z 3
ar(myi) =—(n"e*" —1)| —— | .
! 27 " i(gRT1)

The functions #;(x) are defined in Eq. (12). If only one
partial wave contributes, one obtains

quo(m,t) =Cr*(16x/¢*) (21+1) | ;" (m,0) |*

(A4)

%z(q Tl

where the meaning of the coefficient Cz can be read off
from Eq. (Al); ¢»7(m) is the partial-wave cross section
and Cr?¢%T(m) is the contribution of the partial wave
to the on-shell elastic scattering cross section if all other
partial-wave amplitudes are zero. In the OPE calcula-
tions, instead of Egs. (A1)-(A3), the following approxi-
mation was used:
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with
BT =Croyrs(m)/S T Crtass 7 (m)
T 1

ie, 2> bf=1. (A6)

In Eq. (AS), ox*=-(m) is the total on-shell elastic scat-
tering cross section, dW (cosf)/d cosf gives the on-shell
scattering angular distribution with

d cosf=1.

L dW (cosH)
/_1 d cosf

The approximations made in Eq. (AS) are twofold: The
off-shell corrections are weighted by the partial-wave
cross sections, and not according to Eq. (A3); the off-
shell angular distribution is taken to be equal to the on-
shell angular distribution. For 7#*r* and #NV scattering,
formulas analogous to (A1)-(A6) apply. Equation (AS5)
is exact only if one partial-wave amplitude is nonzero;
therefore, a good approximation of do(m, cosf,t)/d cosf
is obtained whenever one partial wave dominates the
scattering amplitude, which is the case in the p® and f°
regions for 7z~ scattering, and in the A region for 7V
scattering. In the case of 7—p scattering, several partial
waves of the same strength are present in the region
from 1500 to 1700 MeV c.m. energy. Since, however,
the R parameters for the T=3 =N system are not well
determined, it is believed that Eq. (AS) gives an ade-
quate approximation also for this region.

o +x=(m, cosb,t) T”l(QtRTl) APPENDIX B: nx AND =N SCATTERING DATA
gt ———| 33 b USED AS INPUT TO OPE CALCULATIONS
d cosf T 1 u,(qRr1)
A. =N Scattering
dW (cosb) ; . . .
o A5 The cross sections for elastic 7t scattering as shown
quw s (m) ) ( ) . . o e
d cosf in Figs. 26(a) and 26(b) were taken from a compilation
150 o (mb)
o (mb) (a) L (c)
200 |- 100 -
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30 - T p TP . (b) © o {mb) ot (d)
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T1c6. 26. The elastic cross sections (a) for pr+t scattering; (b) for pn— scattering; (c) for o

Mt (Gev)

+z~ scattering; (d) for #*r* scattering.
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of Foccaci and Giacomelli.?” For the angular distribu-
tions, the experimental data of Lach?®® and of Helland
et al.®® were used up to M =2.1 GeV. At higher energies
the angular distributions were described by an exponen-
tial form appropriate for diffraction scattering:

aw 2BQ?
dcos® 1 —exp(—4BQ?)
Xexp[ —2BQ%(1—cos®)],

(B1)

with Q= P(u%m,2,M?) being the c.m. momentum and
B=17.0 and 7.7 GeV~? for ntp and 7 p scattering,
respectively.

The coefficients 5,7 were taken from the phase-shift
analysis of Bareyre et al.4

B. mx Scattering

Figures 26(c) and 26(d) show the #*z— and w¥yt
elastic scattering cross sections. They are based on
phase-shift analyses!®®):13( and on the results of the
fit discussed in Sec. VI. Polynomials in cosf were used
to describe the wr angular distributions at lower
energies:

aw
d cosf

=>"d, cos"f.

The coefficients d, are listed in Table IV. At higher
energies, m>14 GeV, the equivalent expression to
Eq. (B1) was used with B=5.6 GeV~2 for both =tz
and w*r* scattering.

The values of the coefficients &,7 were estimated from
phase-shift analyses.!?(®).13(d)

APPENDIX C: MONTE CARLO INTEGRATION -

The Monte Carlo integration of a function f(x) over
the interval {&s,xs}=2x,<x<xs is done by calculating
f(x) at N points &;, i=1, ---, N, randomly distributed
in {%,,%s} and summing up:

b N Xp—%q
[ seietin s en

The Monte Carlo integration of the OPE cross section
for, say, Fig. 1(a) is done in the same way. According

3 M. N. Focacci and G. Giacomelli, CERN Report No. 66-18,
1966 (unpublished).

#J. T. Lach, University of California Radiation Laboratory
Report No. UCRL-10718, 1963 (unpublished).

# J. A, Helland, T. J. Devlin, D. E. Hagge, M. J. Longo, B. J.
Moyer, and C. D. Wood, Phys. Rev. 134, B1062 (1964).
( 4‘;5 Bareyre, C. Brickman, and G. Villet, Phys. Rev. 165, 1730
1968).

AND DOUBLE- PRODUCTION

1559

to Eq. (7), the cross section is given by
d76(t,m:0:¢7M:®:q))
d|t|dm d cosb dp dM d cos® dP

1 1 dogtz-(m, cosff) 1
= " m2qr—
drdp*s " 2r d cosf (t—nu?)?
1 dop+(M, cos®,f)
XMQr— ———. (C2)
2T d cos®

In contrast to Eq. (7), the integration over the azi-
muthal angles ¢ and & (Treiman-Yang angles) in the
m+tn~ and prt rest systems has not yet been carried out
in Eq. (C2). The Monte Carlo integration of (C2) then
consists in selecting N sets v;: &, mi, 0;, iy M s, 0, &;
randomly distributed over the volume £,<t<tp, ---,
P, < B< P and summing the OPE weights g;,

d’a(t;,'m,-,- * ':q)i)
 d|t|dm---d®
(tv—ta) (mo—myg) - - - (Pp—By)
X .
N

8

(C3)

The volume {,<t<tp, --+, B, <P<P, contains the
whole kinematically allowed region. For parameter sets
9: beyond the kinematic limit, the weight g is set equal
to zero. From the set y; the four-momentum vectors
Py, J=1, -+, 4 of the four final-state particles can be
constructed. Hence, we now have events defined by the
vectors P;* and, as for real events, can calculate the
distribution of any quantity derived from those, the
only difference being that the weights of the events are
not equal to unity, but given by g..

A. Transformation of Variables

A Monte Carlo integration of the OPE cross section
in terms of the variable set y; is not very efficient: The
OPE cross section is large only (a) for small values of
[¢], (b) when m is in the p° region and/or M in the A
region, and (c) when cosf~1, cos®=1 in the case of
high #+7— and pr* masses. The main variation of the
OPE cross section comes from 1/(t—u2)? o+ ~(m),
d cost, and dW ,,+/d cos®. Therefore, instead of the
variable set y;, the following variables are used:

T()=1/(t—w?* (C4a)
[note: dT=—dt/(t—u??],
3y tp-(m)= / oxte(m)im!,  (Cdb)
cosf dW,- -
wrtr-(cosb) = —d cosf’, (C4c)
-1 dcost
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M
ot (M)= [ ope (M), (C4d)
Mg
and
cos© p1r+
Wpr*t(COS@)= —d cos®’. (C4e)
-1 d cos®’

Because of this change of variables, a factor of 10-100
is saved in computer time.

B. Statistical Accuracy

The number of Monte Carlo events required for a
reliable calculation of the OPE cross section depends on
the statistical accuracy of the cross section to be
achieved in each bin. Suppose we observe 7z events with
independent weights g;, =1, ---, # in a certain bin,
of, say, the pn* mass distribution. What is the error AG
of the cross section G

(Cs)
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in that bin? An estimate of AG can be obtained as fol-
lows: The distribution of the weights g; has a mean value

1 2
g=- Z £i, (Cﬁ)
n =1
a mean-square deviation
1 -
Agr=—{(X g2 —ng"], (CT7)
n—1
and an error of the mean
1 1/2
sg-(—— LT gd-np) . (o)
n(n—1)
Therefore,
n 172
26=800)~(—— (= 8 -27])
n—1
~(¥ gHV2 for w>1. (C9)



