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The requirement of asymptotic gauge invariance in the scattering of a graviton by a spinless particle and
in the annihilation of two spinless particles into two gravitons is analyzed, and it is shown that the necessary
gauge conditions are satisfied by the scattering matrix elements for these processes. The scattering and anni-
hilation cross sections for various graviton polarization states are also obtained.

l. INTRODUCTION

HE quantum theory of gravitation in Qat space'
has several features similar to those of quantum

electrodynamics; in particular both theories share the
property of invariance under gauge transformations.
Some consequences of gauge invariance in S-matrix
theory have been discussed by Weinberg, ' and recently
the gauge invariance in the scattering of a graviton by
a spinless particle has been examined by Jackiw. ' We
shall, however, show that, by imposing only the require-
ment of asymptotic gauge invariance, we obtain weaker
gauge conditions than those used by Jackiw, and we
shall verify our gauge conditions by investigating the
scattering of a graviton by a spinless particle and the
annihilation of two spinless particles into two gravitons.
The cross sections for these processes will also be ob-
tained and compared with the earlier results. ' ~

We shall essentially conhne ourselves to the consider-
ation of asymptotic gauge invariance. An examination
of the unitary condition for the Smatrix in the annihila-
tion of two particles into two gravitons reveals a peculiar
difEculty observed by Feynman, ' but we shall not dis-
cuss this aspect of the annihilation process here.

According to the Lorentz-covariant expansion pro-
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cedure, ' we can express the gravitational coupling terms
for neutral spinless particles as

L - = k~:hu.L(~-.Uo)(~.Uo)—'& (~ Uo)(~ Uo) —-'~ ) 'UoUQ: ——'s~')"
X:(h„„h,„—2h„„h&„)UpUO.'+O(K~), (1)

and for charged spinless particles as

I.; i,= —)i.h„.g(B„U*)(B,U)
', 1„,(a,U*)(a—,U) —;~„.& U*Uj:—

—s)i'p,' (h h,„—2h„.h„.) U*U:+0(ii'), (2)

while the graviton-graviton coupling terms are

+int ——2)i. (hpv —
g ~pvhpp) [2 (r)unhap) (~vhap)

(B,h, —)(8 h),),)+(r)ph„)(r) h,p)+ ', (8 h),y)-(8 h„,)
(8 h„p)—(i) h,p) j:+0()i'). (3)

The above coupling terms are given as ordered products,
in which Uo and U represent the Geld operators for
neutral and charged spinless particles, and h„, represents
the field operator for gravitons. The coupling constant
~ is related to Newton's constant of gravitation G as
)i'= 16)iG/e4, while p is related to the spinless particle
mass m as IJ, =Niejh.

In the initial and Gnal states the contribution of the
observable gravitons to the scattering operator in the
interaction picture is obtained by means of the Fourier
decomposition

p eh q')'
h =V-'i' & I I

La~„(k)e'(t r-aoxo)

) &2h03
4(Q)e-i(t r so*0)J (-4)

' The Lorentz-covariant expansion procedure for the Lagrangian
density was originally introduced in Ref. 1, and we have followed
the procedure given there. However, we have verified that a
slightly diferent expansion procedure, based on g„,=q„,+~h„„
leads to the same S-matrix elements for the processes considered
in this paper.
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ko ——(k(,
where invariance under (12) evidently leads to the

(5) condition

au„(k) = e„„,+(k)a~(k)+eu„, (k)a (k), (6)
k„3E„„=0. (14)

Di:(x—~') = lim
+0 (2ir)'

dk e"&'—*'& (9)

We shall denote the space-time coordinates as
su=(x;, ixo), while an asterisk will be used to denote
the complex conjugate of a number or the Hermitian
conjugate of an operator.

2. GAUGE CONDITIONS FOR SCATTERING
MATRIX ELEMENTS

I et the scattering operator for a process involving
an arbitrary number of observable gravitons in the
initial and final states be given by

S=M'„„,)„... .e,i,...a,„*(q)ai„*(q') .
~-e(P)~ ~(P')". , (1o)

where 3I/ is symmetrical with respect to the indices p
and v as well as other similar pairs of indices, while

au„*(q), and a e(p), , which can be expressed in
the form (6), satisfy the relations

V.~"*(q)=o, ~„*(q)=o, pe~-e(P) =o, ~-(P) =o, (11)

and we have suppressed creation and annihilation oper-
ators for particles other than gravitons. Asymptotic
gauge invariance requires that (10) be invariant, when
it is subjected to transformations of the form"

e"+(k)=2 '"{L"'"(k)e."'(k) -""'(k)e."'(k)3
ai[e &'&(k)e„~'&(k)+e i'&(k)e„"'(k)]) (7)

where a+(k) and a (k) are annihilation operators for
gravitons with their spin axes parallel and antiparallel
to k, while e&"(k) and e&'&(k) are unit vectors such that
k, e&'~(k), and e&"(k) are mutually perpendicular, and
e4('& = e4('& =0. In the intermediate states the contribu-
tion of the observable as zve/l as nonobservable gravitons
to the scattering operator is obtained by means of the
contraction

k „,(x)k &,(x') = ick(S„,—S„,+S„,S„, S„„S„,)—
XD p (x—x'), (8)

with

When S is of the form 3fu.uu„(k), we again obtain the
condition (14).

Let us next consider the case

k„'3E„„,),p ——0, AM„„,),p ——0. (17)

However, in view of (11), the additional terms also
vanish, if k Afp„,pp and k,kf„„,z, can be expressed in
terms of some quantities fui and fur' as

k„'cV„,,i, = ki f,„+k,f&u bi,k.f.u,—
kuM'u„)„——ku'f„i, '+k„'fui' bu„k, 'f.i,'.— (18)

The conditions (18) are again su%cient, when S is of the
form cV„i,au,*(,k')a i(uk) or M'„, ,i,a„„(k')ai,(k). Thus
the relations (18), which are evidently weaker than (17),
represent the gauge conditions.

Sy generalizing the above argument, it is found that
if the initial and final states contain n observable gravi-
tons, so that

S=M„,„,,...,„„„„a„„,*(k"') a„„,„(k'"&), (19)

then the gauge conditions are given by

k.u'"'&ui ..- ...= 2 (kui"'f. iu;-" "'+k.i"'fuiu;-" "'
l&y

—4i.ikii"'fbi.." ""'), (2o)

where the indices of f represented by dots can be ob-
tained from the indices of 3f by dropping p&, s&, p„,
and g„.

S= cV„,,luau, *(k')ai, (k),

which transforms under (12) as

S~M„„i,au, *(k')ui, (k)
id'—u iu[ku.9.*(k )+k„7u*(k') jai p(k)

+i' „)„a„*„.(k )['k li~(uk)+kl, ~(gk)$

+Aalu„gu[ku'P, .*(k')+k, '7~„*(k'))

X [kali, (k)+kuki(k) j. (16)

The additional terms in (16) vanish, if

au, *(q) —+ a„„*(q)—iqu7 „*(q)—ii7,l~u*(q),

o-e(P) ~ ~-e(P)+'p-7 e(P)+ipe7-(P)
(12) 3. GRAVITON SCATTERING BY

SPINLESS PARTICLE

In order to derive the gauge conditions imposed by
the above requirement, we first. consider the simple case

S=Mu, au,*(k),

"The asymptotic gauge transformation is given by

h„„ li„„+a„~„+-a„x„,
svhere h„, is the free-field operator for any observable graviton
in the initial or final state, and A„ is an arbitrary massless free-
field operator.

The diagrams for the scattering of a graviton by a
spinless particle are shown in Fig. 1, where the propa-
gation four-vectors" of the graviton and the particle
are denoted by k and p in the initial state and by k'

and p' in the final state. The scattering operator for

"The propagation four-vector p„of a free particle of mass m
satisfies the relation p„'= —y2 with @=me/A, and the momentum
and energy of the particle are Ap and cApp, respectively.
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these diagrams can be expressed as

S=4V '(24r) 48(p+k —p' —k') (p,p, 'k, k,')-' 2(4'cki4')

X (~„,»+&,.»'+&,.)„+C,.,i„)
Xap,*(k')44»(k) 44*(p')a(p), (21)

P P

C,.» = 444'(~, i,&;+4p~e —4.»p)

with"

(25)

'5 v, »p, K&, txp= sym[2~pa~vp»a~pa' 2~pÃ~vn~pp»e

—-', b„.b.p8..»,+&,i,&..&,p&..+44.&.A»~ p

+-,'b„),b„b„b p
—b„),b,.8„8 p+-'b„.~ .~„~ p

+4~pv4P~xo~pa+4~1 v~eP~aa@p —
g ~pv~), .~pP~. a

—44.~»~-~.o] (26)

It is understood that the quantity within the square
brackets in (26) is to be symmetrized with respect to
the pair indices pv, Xp, and ~o..

After lengthy calculations and considerable simplifi-
cation, we find that

k, 'A„„,» 4p„'[2pgp, +p——ik,+ki p„—», (k p)7,
k,'&,.,i,'=4p, [—2pi, 'p, '+pi, 'k, +kip, ' —», (k p')7,
k.'&..»=4p, '[—2pip, —

peak,
—4p, +», (k p)]

+4p, [2P~'p, ' p~'k, ki p, '+»—,(k p')—7

,'(dpi, kp+bppki, ——»pkp)(k p)(k' —p)/(k' k),
k, 'C„„)„———4'4 '( —S„i,kp' —Sppki, '+»pk„'),

so that

k.'(~;,i„+~,.»'+ &;,x,+C;,i„)
=k&,f,„+k,fj,„»pk,f.„, (27)—

where
', 8„„(1.p)(1, 'p)/(k—'

1,). . (28)

The relation (27) shows that the scattering operator (21)
satisfies the first gauge condition in (18); similarly it
can be shown that the second gauge condition in (18)
is also satisfied.
"The definition (26) enables us to express the graviton-graviton

coupling (3) as —K5„,, &, , p h (a.h&,)(a&h..):.

where 44(y) and a*(p') are the annihilation and creation
operators for the spinless particle, while A„, ),„A„„,)„',
Bp, $p and Cp &p which represent the contributions of
the diagrams (a), (a'), (b), and (c), respectively, are
given by

~ .~ = [(k'+P')'+v'?'
X [P„'P,'+-,'(P„'k,'+k„'P,') —-,'&„,(k' P')]

X[P,P„+-', (Pik, +»P,)—,'», (k p)], (22)

~",ip'= [(P' k)'+v'—7 '

X [p„p.—-', (p„k.'+k, 'p, )+-', 8„,(k' p)]
x[p'P' —k(pi'kp+»Pp')+2»p(k P')7, (23)

&",»= [(k' —k)'7 '(2P'P. +~"~')
X[—k (kp' —ko)8„,,)„,„...p+k '(kp' —kp)

X»p, pv, ze, ap+ka kodes~, pv, »,ns] &
(24)

P

(b) (c)

FIG. i. Graviton scattering by a spinless particle. A wavy line
represents a graviton.

In order to derive the scattering cross section, we
shall use the laboratory system, so that

It is then easy to see that the contributions of the dia-
grams (a) and (a') vanish and the contributions of the
remaining diagrams take a much simpler form, so that
(21) reduces to

S=i V '(2~)48(p+k —p' k')(I4P —k ko—)O'o"(-', ckrP)—
X [-,'pkoko'/(ko —ko') ]a;,*(k')44,;(k)44*(p') O(p)

ol

S=i V '(2m)'6(p+ k p' k') (,—', ck—i4')—
X[(14koko'/po')' 2/(ko —ko')7{[1+(k'k')/koko'72
X[444*(k')a+(k)+4r, *(k')a (k)7
g[1-( k')/k, k.'7 [a+*(k')~ (k)

+~-*(k')~+( )7}a*(p')a(p) (31)

The resulting scattering cross sections for various
polarization states of the gravitons are

do++ do 6'm' COt'(-', 0) COS4(-', 8)

dQ dQ c' [1+2csin'(-'8)7'

do-+ do:+ G'm'

dQ dQ c4

sin'(-', 0)

[1+24sin'P g)7'

(32)

where ~ is the incident graviton energy in units oI mc'-

and 0 is the graviton scattering angle. Thus, on averag-
ing over the initial polarization states and summing
over the final ones,

do 6'm' cot4(-', 9) cos4(-', 8)+sin4(-', 8)

[1+2' sjn~(ig)72
(33)

P=O, po v, , k——=k'+y', p+kp ——ko'+pp', (29)

and for convenience we shall choose the polarization
vectors associated with the gravitons such that

1'yk k'Xe&'&(k')
'"(k') =e'"(k)=, e"'(k') =-

Ik'xkl
'

(3o)
kxe&'&(k)

e&'&(k) =



P

(b}

Pre. 2. Annihilation of two neutral or oppositely charged spinless
particles into two gravitons.

which reduces in the nonrelativistic approximation to

The scattering operator (35) can then be expressed as

5= —i V '-( 2m) 48(p+ p' —k —k') a(p') a(y)
X{La+*(k')a+*(k)+a *(k')a (k)j(F,+F,'+Fo+F,)

+[a+*(k')a *(k)+a *(k') a+(k)1(F,+F,')),
(40)

~'c& L~' —(p —k)'(y+k)'3'
p

p"[a'+(p —k)'3

do. 6'm'
LCOt4(-,'8) COS4(o'8)+Sin4(-,'8)j .

40
(34)

«'cA [ju4-(y+k)'(p-k)'j'
p

po'[ a'+(y+k)'j
The nonrelativistic cross section (34) agrees with all
the earlier results, ' ' but the general form (33) disagrees
with the result given by DeWitt. ' The amplitude for
graviton-particle scattering has also been given. by
Chester" without deriving the cross section for this
process.

4. ANNIHILATION OF SPINLESS PARTICLES
INTO GRAVITONS

where
fvv= 4~vv(k'p)(k''p)l(k' k) v (37)

so that the gauge conditions (18) are satisfied here in
the same manner as in the scattering process.

It is convenient to use the c.m. system for the deri-
vation of the annihilation cross section, .so that we have

y'= —p, k'= —k, po'= po= ko'= ko, (38)

and we choose the polarization vectors associated with
the two gravitons as

I I~y/
e&'&(k') =

[k'Xp'l

kxy
e&'&(k) = =e&'&(k')

[kXy[
(39)

kXe&"(k) = —e&'&(k') .
k'X e&'&(k')

e&'&(k') =- —, e&'&(k) =

"A. N. Chester, Phys. Rev. 143, 1275 (I966).

The treatment of Sec. 3 can be extended to the annihi-
lation of two neutral or oppositely charged spinless
particles with propagation four-vectors p and p' into
two gravitons with propagation four-vectors k and k'.
The diagrams for this process are shown in Fig. 2,
and the scattering operator is given by

5=i V '(2or) 48(p+ p—' k k') (popo'k—oko—') 'Io(pcs«')

X (@vv,kp++vv, xp ++vv, kp+Ovv, kp)

Xa.'(k')a~, *(k)a(y')a(y) (35)

where, as is well known, A„,,q~, A„„,q, ', B„,,q„and
C„„,qv can be obtained by replacing k and p' by —k and
—p' in the corresponding quantities of Sec. 3. It is
then easy to see that

k'(~;,xp+&;,~v'+&;, )v+G, .~p)

= k),f,„+k,f),„bg,k,f,„, (36)—

o =orG' /4C444P,

while in the extreme relativistic approximation

(48)

o =84rO'E'/15c'. (49)

These results are qualitatively in agreement with the
earlier estimates of Wheeler' and of Ivanenko, ~ but
the numerical factors in (48) and (49) disagree with
the 6eld-theoretical results given by DHVitt. '

»= —,'.~'c&[:p'( '—4po') —(p —k)'(y+k)'jlpo',

F,=—4'4."cA(p'/po') .

The resulting cross sections for various polarization
states of the two gravitons are

do++/dQ= do /dQ= (O'E'/4coP) L1—P' —P' sin'8

+P' sin'8/(1 —P' cos'8)j' (42)

do~ /dQ= der 4/dQ= (O'E'/4c'P)

XP sin 8/(1 —P cos'8) j' (43)
with

E=c'kp» P=[pl/po=&/c~

where E is the particle energy, e is its velocity, and 8 is
the angle between k and y.

The 6rst and second subscripts of o in (42) and (43)
denote the polarization states of gravitons with the
propagation vectors k and k', respectively. The total
cross section can be obtained by integrating both do++
and do over 8 from 0 to —,'~ and integrating either
d8+ or d8 + over 8 from 0 to m. Thus,

o++=0 = (o&G'F.'/4coP'){P 3P'+3P' P'— —
+(l 2P'+3P' —2P'+lP') l—L(1+0)/(1—P)j},

(45)

o+ = (orG'8'/2coP') {7P —(53/3)P'+ (191/15)P'—P'

+( o+ 1oP' 9P'+—2P'+ op')—
Xln[ (1+P)/(1—P)j& (46)

and the total cross section is given by

o'=o'~~+o' +o'p

In the nonrelativistic approximation the cross section
reduces to


