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The requirement of asymptotic gauge invariance in the scattering of a graviton by a spinless particle and
in the annihilation of two spinless particles into two gravitons is analyzed, and it is shown that the necessary
gauge conditions are satisfied by the scattering matrix elements for these processes. The scattering and anni-
hilation cross sections for various graviton polarization states are also obtained.

1. INTRODUCTION

HE quantum theory of gravitation in flat space!
has several features similar to those of quantum
electrodynamics; in particular both theories share the
property of invariance under gauge transformations.
Some consequences of gauge invariance in S-matrix
theory have been discussed by Weinberg,? and recently
the gauge invariance in the scattering of a graviton by
a spinless particle has been examined by Jackiw.? We
shall, however, show that, by imposing only the require-
ment of asymptotic gauge invariance, we obtain weaker
gauge conditions than those used by Jackiw, and we
shall verify our gauge conditions by investigating the
scattering of a graviton by a spinless particle and the
annihilation of two spinless particles into two gravitons.
The cross sections for these processes will also be ob-
tained and compared with the earlier results.>7
We shall essentially confine ourselves to the consider-
ation of asymptotic gauge invariance. An examination
of the unitary condition for the S matrix in the annihila-
tion of two particles into two gravitons reveals a peculiar
difficulty observed by Feynman,® but we shall not dis-
cuss this aspect of the annihilation process here.
According to the Lorentz-covariant expansion pro-
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cedure,® we can express the gravitational coupling terms
for neutral spinless particles as

Ling= —3«: b (8,U0)(8,U0)
'—%6#1'(6» UO) (ap UO) —%5;414'4200[]0]3 — gk’

X H (I’luuhw“Zh;whw) UOUO: +O("3) ) (1)
and for charged spinless particles as
Liny= —x: 1 (8,U%)(8,U)
—%BMV(apU*) (apU) _%5”“2 U* U] :
— &% (s — 2hohy) U*U - 4+-0(%) ,  (2)

while the graviton-graviton coupling terms are

Ling= —3x: (huv_% 5nvkpp) [’%’ (auhaﬁ) (avhaﬁ)
- (avhua) (aah»\) + (aﬂhua) (6 ahvﬁ) ‘I‘% (aah»\) (6ah;w)
—(3altup) (daltng) 1: +0(x%) . (3)

The above coupling terms are given as ordered products,
in which Uy and U represent the field operators for
neutral and charged spinless particles, and %,, represents
the field operator for gravitons. The coupling constant
« is related to Newton’s constant of gravitation G as
k?=16wG/c%, while p is related to the spinless particle
mass m as u=mc/#.

In the initial and final states the contribution of the
observable gravitons to the scattering operator in the
interaction picture is obtained by means of the Fourier
decomposition

ch

1/2
hnv =V-1/2 Z ( ) [aw(k)ei(k-r—koxo)
x \2k

+a#,*(k)e“‘(k"'k°”°’] R

0

)]

9 The Lorentz-covariant expansion procedure for the Lagrangian
density was originally introduced in Ref. 1, and we have followed
the procedure given there. However, we have verified that a
slightly different expansion procedure, based on gu=nuw+xhu,
leads to the same S-matrix elements for the processes considered
in this paper.
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with
k(): lk! ’ (5)
(k) = e, (K)ay (k) + e, (k)a_(k), (6)

w2 (K) =271 [,V (k)e, ™ (k) — e, @ (k)e,® (k)]
+ile,®(k)e,® (k)+-e.® (k)e, (k) T}, (7)

where a, (k) and a_(k) are annihilation operators for
gravitons with their spin axes parallel and antiparallel
to k, while e ® (k) and e® (k) are unit vectors such that
k, e®(k), and e® (k) are mutually perpendicular, and
esW=¢,=0. In the intermediate states the contribu-
tion of the observable as well as nonobservable gravitons
to the scattering operator is obtained by means of the
contraction

hl#"(x)h')\p (x,) = iCh(au)\ayp_’_ 6;1;761')\ - auva)\p)
XDp(x—2a), (8)
with

1 1
Dyp(x—2") = lim /dk etk (v=2") .
e>+0 (27r)4 k2—1ie

We shall denote the space-time coordinates as
%, = (%:,3%0), while an asterisk will be used to denote
the complex conjugate of a number or the Hermitian
conjugate of an operator.

2. GAUGE CONDITIONS FOR SCATTERING
MATRIX ELEMENTS

Let the scattering operator for a processinvolving
an arbitrary number of observable gravitons in the
initial and final states be given by

S=M o ,eev8,78,- 0™ (@ ars*(Q) - -

aap(p)ays(p)- -+, (10)
where M is symmetrical with respect to the indices p
and » as well as other similar pairs of indices, while
a,*(q), -+ and aqs(p),- -, which can be expressed in
the form (6), satisfy the relations

305" (@)=0, a,,(q)=0, psaas(p)=0, aae(p)=0, (11)
and we have suppressed creation and annihilation oper-
ators for particles other than gravitons. Asymptotic
gauge invariance requires that (10) be invariant, when
it is subjected to transformations of the form?!0
aw*(q) — aw*(q) —ig\*(q) —ig),* (@),
aas(P) = @ap(D)+ipads(p)+ipsha(p).

In order to derive the gauge conditions imposed by
the above requirement, we first consider the simple case

S=M,a,*k), (13)

(12)

10 The asymptotic gauge transformation is given by
Tty = Dyt 0y 90,

where /,, is the free-field operator for any observable graviton
in the initial or final state, and A, is an arbitrary massless free-
field operator.

BHATIA, AND GUPTA

182

where invariance under (12) evidently leads to the
condition

EM =0, (14)

When S is of the form M ,a,,(k), we again obtain the
condition (14).
Let us next consider the case

S= M,“,,x,,a,,y*(k')ah (k) ) (15)

which transforms under (12) as

S— Mwykpduv*(k,)akp (k)
=M oy o[ RN (K) 4N ¥ (K) Jan, (K)
+ iM#v ,)\paw* (k/) [k))\p (k) + kp>‘)\ (k)]
+Mw,7\p[k#’}‘v*(k/)+kv,xu*(k’)]
X[k, (k)+Ea (k) ].

The additional terms in (16) vanish, if
kM yyp,=0, kM ,up,=0.

(16)

(17

However, in view of (11), the additional terms also
vanish, if &/M,» and k,M .5, can be expressed in
terms of some quantities f, and fa" as

kv,MW’)\p = k)\fpn+ kpf)\lt - 5Apkvau ’
kpMuv,)\,q = kyl v)\l+ kv/fy)\, - 6;4vkulfn)\, .

The conditions (18) are again sufficient, when .S is of the
form M, p,00% (k) ar,* (k) or M up,0.(k")ar,(k). Thus
the relations (18), which are evidently weaker than (17),
represent the gauge conditions.

By generalizing the above argument, it is found that
if the initial and final states contain # observable gravi-
tons, so that

S=M”l”lr"':l‘n”naﬂll’l*<k(l)) t a!‘n”n(k(n)) )

(18)

(19)

then the gauge conditions are given by

kVp(p)vax-m.unl'n: 2 (Rur® fonupe P+l frpye.. 4P
Ip

—6ﬂll’lk)\l(l)f)\l,b'~p“' (l’p)) ) (20)

where the indices of f represented by dots can be ob-
tained from the indices of M by dropping i, »i, pp,
and »,.

3. GRAVITON SCATTERING BY
SPINLESS PARTICLE

The diagrams for the scattering of a graviton by a
spinless particle are shown in Fig. 1, where the propa-
gation four-vectors'! of the graviton and the particle
are denoted by %k and p in the initial state and by &’
and p’ in the final state. The scattering operator for

11 The propagation four-vector p, of a free particle of mass m
satisfies the relation p,2= —u? with p=mc/%, and the momentum
and energy of the particle are #p and c#po, respectively.
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these diagrams can be expressed as
S=iV=2(2m)*8(p+k—p'— k) (popo'kok’ )~ (tcin?)
X (A /.w,)\p"l"Auv,)\pl'i" By.v,)\p"‘i' Cuv,)\p)

Xaw*(K)ar(k)a*(p)a(p), (21)

where a(p) and a*(p’) are the annihilation and creation

operators for the spinless particle, while 4.2, Ay,

By, and Cyy 5, which represent the contributions of

the diagrams (a), (2"), (b), and (c), respectively, are

given by

Ay pp=[(k+p")+p T

X[pd' 0 +3 (b’ k'R ) =38, p') ]

X[orpot+3(Drkot-kap,) =300,k p)],  (22)
A nvvkp, = [(Pl "k)2+#2]_1
XLpupr—3(puks + k) p)+ 56, (R - p)]
XIo'p' =3\ ko tTaps ) +300, (k- p1) ], (23)
Buvne=[(k' —k)*T1(2p pot Srou?)
X[ —kalks' —kg)8usrp,xo,a8t ko’ (k' —kg)
X O uvx0,08F Ra' Babeo uvro,as ], (24)
Cuv o= 512(8,000pF 8,p 01— 8,500 (25)

with!?
Ouv Np ko 0B = Syln[%aﬂaavﬂa)\xaw —56,00100,80x0
—30,k080 500t 04001k 8pp0 a3 0,kOradrpdap
+ 3608550k 00 o8 — 0,000 BpsO w10 ,1O0kBpo0ap
+ 30,0080k 00pat 10,0080k adnp —% 0,00c0,80 s
"ianvakp‘sw‘saﬁ]- (26)
It is understood that the quantity within the square
brackets in (26) is to be symmetrized with respect to
the pair indices u», Ap, and «o.

After lengthy calculations and considerable simplifi-
cation, we find that

kv,AuVJ\p = %P#l[zp)\?ﬂ‘iﬂj}\kﬁ"{' kkpp - 5)\,,(]6 * P)] )
Ry Aus o' =10l =20\ D, + o\ kot Trpy’ — 0, (k- 1)1,
kV,BM,)\p = T}Pﬂl[ —=2ppo— Dok, '"kkpn'}' 5)\p(k : P)]
+%Pu[2p)\lpp’ - Pklkp —kubpl—f— 6)\p(k ' 17,)]
— 212 (8nky Byl — Br,k")
—%(aﬂkkp'i_ 6#pk)\_5)\pku) (k : 17) (k, ’ P)/(kl ' k) )
kvlcnv,)\o = _%“2( - 6M)\kﬁ’ - 5Mpk>\l+ 5)\913#,) )
so that
k! (A iy ao~t A g’ By ao+Cuu o)
=k foutkpfru— 5>\pkﬂfﬂu y

Jow= =18,k pY(R"- p)/ (K- F). (28)

The relation (27) shows that the scattering operator (21)
satisfies the first gauge condition in (18); similarly it
can be shown that the second gauge condition in (18)
is also satisfied.

(27)
where

12 The definition (26) enables us to express the graviton-graviton
coupling (3) as — 3x8,s, n, co, ap Huv (Dadtn,) (Vghins) : -
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I16. 1. Graviton scattering by a spinless particle. A wavy line
represents a graviton.

In order to derive the scattering cross section, we
shall use the laboratory system, so that
k=k+4p', ptko=kd+p,

and for convenience we shall choose the polarization
vectors associated with the gravitons such that

p=0, po=p, (29)

W (k) =e® (k) ok @ (k") K Xxe®k)
e =eM (k)= , eOk)=—-——,
[k Xk k']
(30)
kXe® (k)
e k) =—
k|

It is then easy to see that the contributions of the dia-
grams (a) and (a’) vanish and the contributions of the
remaining diagrams take a much simpler form, so that
(21) reduces to

S=iV-22m)8(p--h—p — k') (upo koke' )~ 2 (bchi?)
X [sukoko' / (ko—ko") Jaii* (k') a.;(k)a*(p") a(p)
or
S=iV-22m) 8(p--k—p —F) (eche?)
X[ (ukoko'/ po') 12/ (ko—ko") K (14 (k- K') /Roko' J?
X[a*(K)ay (k) +a_*(k)a_(k)]
+[1—(k-K)/koks’ PLa* (k") a_(k)
+a*(k)ay (k) J}a*(0")a(p) .

The resulting scattering cross sections for various
polarization states of the gravitons are

&Y

doyt do__ G*m? cot4(36) cosi(36)

Q@ de ¢t [142esin2@O)]

’ (32)
doy— do_, G'm?  sin“(30)
@ de ¢ [142esin2(30)]’

where e is the incident graviton energy in units of me?
and @ is the graviton scattering angle. Thus, on averag-
ing over the initial polarization states and summing
over the final ones,

do  G*m? coti(30) cos*(30)+sin*(36)
Qo [1-+2e sin?(36) ]2

o (33)
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F16. 2. Annihilation of two neutral or oppositely charged spinless
particles into two gravitons.

(@)

which reduces in the nonrelativistic approximation to

do  G*m?

a ¢t

The nonrelativistic cross section (34) agrees with all
the earlier results,> % but the general form (33) disagrees
with the result given by DeWitt.> The amplitude for
graviton-particle scattering has also been given by
Chester'? without deriving the cross section for this
process.

[cot4(30) cost(30)+sin*(36)].  (34)

4. ANNIHILATION OF SPINLESS PARTICLES
INTO GRAVITONS

The treatment of Sec. 3 can be extended to the annihi-
lation of two neutral or oppositely charged spinless
particles with propagation four-vectors p and p’ into
two gravitons with propagation four-vectors & and %'.
The diagrams for this process are shown in Fig. 2,
and the scattering operator is given by

S=1V=2(2m)*6(p+p" —k—k) (popokoke’) 1 (FcTi?)
X (Auv,)\p+Aﬂv,)\p,+Bﬂv.)\p+Cu!,Xp)

X aw*(K)ar*(k)a(p')a(p) , (35)
where, as is well known, Aun, Awa', Buas, and
Cu»» can be obtained by replacing % and p’ by —k and
—p' in the corresponding quantities of Sec. 3. It is
then easy to see that

kul(A-;w,)\p+A-uv.)\p,+Buv.)\p+(j;_tlh)\p) _ .
=k)\fpu+kpf)tn—6)\pk0fﬂu ) (36)

fpu=%&w(k'P)(k,'P)/(kl'k)’ (37

so that the gauge conditions (18) are satisfied here in
the same manner as in the scattering process.

It is convenient to use the c.m. system for the deri-
vation of the annihilation cross section, so that we have

p'=—p, K==k, p/=po=ki/=ko, (38)

and we choose the polarization vectors associated with
the two gravitons as

where

K Xp’ kX
e(l)(k')= P , e(l)(k)= P =e(1)(k'),
[k Xp'| [kXp| (39)
k’Xe‘”(k’) kxe(l)(k)
e (k) =———", e®(k)=——=—e®(K).
[K'| k|

13 A. N. Chester, Phys. Rev. 143, 1275 (1966).
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The scattering operator (35) can then be expressed as
S=—iV=*(2m)*(p+p' —k—k")a(p')a(p)
X{la*(k)a*(k)+a*(k)a—(k) J(FatFo'+ Fst+Fo)
+[a*(k)a*(k)+a*(k)ar (k) J(Fat+Fa')}

(40)
where
. «%ch [ut—(p—k)*(p+k)*]*
128 pew(r—k)?]
I, :c2cﬁDt4—(p+k)“’(p—k)2]2’ 1)
128 pof[u+(p+k)?]

Fo=—ggx®ch[u*(u*—4po®) — (p—K)*(p+k) 2]/ po*,
Fom —bech(u/ po).

The resulting cross sections for various polarization
states of the two gravitons are

doy4/dQ=do__/dQ= (G2E*/4c%3)[ 1—B2—p? sin20

+B4sin%9/(1—B2 cos20) 2, (42)
doy_/dQ=do_/dQ= (G*E2/4c%8)
X [8% sind/(1—p2 cos?0) 2, (43)
with
E=chpy, B=]p|/po=1/c, (44)

where E is the particle energy, v is its velocity, and 6 is
the angle between k and p.

The first and second subscripts of ¢ in (42) and (43)
denote the polarization states of gravitons with the
propagation vectors k and k’, respectively. The total
cross section can be obtained by integrating both doy 4
and do__ over 0 from 0 to 3w and integrating either
db, . or db_, over 6 from O to w. Thus,

oy +=0__= (G’ E*/4c%3*){8—3B°+36°—p"
+ (3 —282+384—28%+36°%) In[(148)/(1—B)]} ,
(45)
oy—= (wG2E?/2c¢%6"){ 78— (53/3)B%+ (191/15)85—B"
+(—5+108%—984+26°+-35%)

XIn[(1+8)/(1-6)1}, (46)
and the total cross section is given by
o=044+o__+oy_. (47)

In the nonrelativistic approximation the cross section
reduces to

o= 1rG2m2/ 64/3 ) (48)
while in the extreme relativistic approximation
o=8rG*E*/15¢8. (49)

These results are qualitatively in agreement with the
earlier estimates of Wheeler® and of Ivanenko,” but
the numerical factors in (48) and (49) disagree with
the field-theoretical results given by DeWitt.?



