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p+D ~p+p+ n Reaction at 6.5 (E,&13 MeV*
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(Received 20 ¹vember 1968)

The D(p, 2p)a reaction was studied in a kinematically complete experiment at proton bombarding
energies of 6.5-13.0 MeV. Silicon surface-barrier detectors were used to record coincident proton-energy
spectra at the two sets of angles Hl= 30', 82= 30' and 8f, =30', 8~=8~, where 8j and 82 are on opposite sides
of the beam axis and tI~ is the proton angle corresponding to an n-P system with low relative energy recoiling
at 8f =30 . The spectra at Hf, =30', 8~=30' were dominated by the direct knockout or quasifree mechanism
and the spectra at Pl=30, 82=8„were dominated by the two-step sequential decay mechanism p+D~
p+d~-+p+ p+g, where d~ is a short-lived particle composed of a neutron and a proton in a '50 condguration.
The Kuckes-Wilson-Cooper form of the spectator-model calculation gives a good qualitative f'lt to the knock-
out data. A least-squares 6t of three forms of the density-of-states function to the E„=11MeV, g& ——30,
g„=77 data gave the best result with the renormalized density-oI-states function. Including the statistically
most signi6cant, independently measured spectra at bombarding energies of 9, 11, 12, and 13 MeV, a
neutron-proton singlet scattering length of —23.9&0.8 fm is obtained.

1. INTRODUCTION

"UCI EAR reactions vrhich leave three particles in
the 6nal state have been studied vrith increasing

interest in recent years, especially in cases where the
6nal state involves strong interactions betvrecn pairs
of nucleons. ' "Enhancements in the cross section can
be due to a, number of diferent reaction mechanisms.
These are as follows: (1) interaction of two of the 6nal-
statc particles in a state of their composite system
prior to thee breakup into two separate particles "' 6

~Work supported in part by the U.S. Atomic Energy Com-
mission.

t'Present address: Ios Alamos Scientific Laboratory, Los
Alamos, ¹M. '

f Present address: Institut de Physique NucNaire, Lausanne,
Switzerland.

$ Present address;. Institut "Ruder Boskovic, " Zagreb,
Yugoslavia.

j On ieave from Max pianck Institut iilr Kernpilysik, Heidei-
berg, Germany.

l%'. D. Simpson, %'. R. Jackson, and G. C. Phillips, Nucl.
Phys. A.103, 97 (1967); J. D. Bronson, %. D. Simpson, W. R.
Jackson, and G. C. Phillips, ibid. 58, 241 (1965); V. Valkovic,
%. R. Jackson, Y. S. Chen, S. T. Emerson, and G. C. Phillips,
ibid. A95, 241 (1967); V. Valkovic, C. Joseph, S. T. Emerson,
and G. C. Phillips, iNd. A106, 138 (1968);S.T. Emerson, Ph.D.
thesis, Rice University, 1968 (unpublished); M. C. Taylor,
Ph.D. thesis, Rice University, 1968 (unpublished) .

~ P. D.Parker, P. F.Donovan, J.V. Kane, and J.F. Mollenauer,
Phys. Rev. Letters N, 1S (1965).II. Slaus, J. %. Verba, J. R. Richardson, R. F. Carlson, and
L. S. August, Phys. Letters 23, 358 (1966).

4 M, Cerineo, K. Ilakovac, I.Slaus, P.Tomas, and V. Valkovic,
Phys. Rev. 133, 3948 (1964).

~ P. F Donovan, Rev. M. od. Phys. N, 503 (1NS).
~ H. Bru*ckman, W. Kluge, and L. Schanzler, Phys. Letters

248, 649 (1967).
~B. L. Cohen, E. C. May, and T. M. O'Keefe, Phys. Rev.

Letters 18, 962 (1967).
IE. Baumgartner, H. E. Conzett, E. Schields, and R. T.

Slobodrian, Phys. Rev. Letters 15, 105 (1966).
~ R. T. Slobodrian, - J. S. C. McKee, %.F. Tivol, D. T. Clark,

and T.A. Tombrello, Phys. Letters 258, 19 (1967).
'o K. %. McVoy, Phys. Rev. 121, 1401 (1961); M. Bander,

i%d. 184, $1052 (1964); R. P. Haddock, R. M. Salter, Jr.,
M. Zeller, J. B.Chirr, and D, R. Nygren, Phys; Rev. Letters 14,
318 (1965).

~C. Moazed, J. E. Ktter, H. D. Holmgren, and M. A.
Waggoner, Rev. Mod. Phys. N, 441 (1965),

(2) Iillaslf1'cc kllockollt lll willcil the holnparliing
partlclc interacts xnalnly with onc of the target con
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thcln& (4) order of cllllssloll lntcrfcrcncc~l (5) rcscattcr-
IIlg cBcctsq Rncl (6) spRtlai loca11zatlon. ra Diagra111s
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The coherent addition of the amplitudes from each of
these cftects ls posslMc, but slncc such lntcrfex'cnccs 4Rvc
not been observed, they have been neglected in the
prcscIl t pRpcl.

It is of utmost importance to understand thc con-
tributions from each of these c8ects as a function of the
kincIQatlc x'cglon observed so thRt cxpcrilnental sepa-
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This separation is usually possible in the kinematically
complete experiment. It is usually not possible in the
kinematically incomplete experiment, because even in
regions vrhcrc onc process shouM px'cdominate, another
process can signi6cantly influence the observed spectra. '9
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TAsx, E I. Experimental values of n-n scattering lengths.

Reaction
Scattering lengths

(fm)

Bombarding
energy
(MeV) Reference

d(~, y) 2n

T(d, 'He)2n .

d(n, p)2n

'He(d, T) 2P

'He('He, m) 2p

P(n, n)P

p{d, 2p) n

d(p, 2p) n

d(p, 2p)n

d{n, 2n) p

a = —16.4&1.3

a,.„=—16.2~2.0

a„„=—22. 5&2.0

a,,~= —7.827&0.007

+0.61
ap„=—7.69

0.67

a1&1

tI„„=-23.678~0.028

a „=—29.0&2.5

a p = —23.8+0.5

a„„=—23.9+0.8
a,= —26.4+2.9

200

32.5

low energy

29. 8

43. 7, 53

51.5

26.0

10

present work

~ B.Zeitnitz, R. Maschow, and P. Suhr, Phys. Letters 28B, 420 (1969).

reaction. In fact, it would be quite diNcu)t to dis-
tinguish this effect from a 6nal-state interaction between
the neutron and proton due to the effect of the singlet
state, since both are expected to occur at low relative
e Penergies. -

Since the phase-space effect can be calculated exactly,
only the final-state interaction (FSI) and quasifree
knockout (QF) processes require thorough experimental
investigation. In order to study the relative effects of
the FSI and QF processes, kinematic conditions must be
chosen. such that where one process is most likely, the
other one is least likely and vice versa. Thus, the FSI
is to be studied in the region where low nucleon-nucleon
relative energies are observable while theneutron energy
remains as high as possible. On the other hand, the QF
process must be studied where the spectator energy
approaches zero while the nucleon-nucleon relative
energies remain high. Since in the kinematically com-

plete experiment all particle energies and the relative
energies of all pairs of particles are uniquely determined,
the selection of the proper kinematic conditions is

possible. A complete discussion of the kinematics of
three-particle anal states is given in Ref. 1. The spectra
in which strong FSI are observable-are 6tted with the
Phillips-Griffy-Biedenharn (PGB) 's density-of-states
function. Where the spectra show strong QF effects,
the fitting is done with the Kuckes-Wilson-Cooper
(KWC) '4 form of the spectator-model calculation.

The neutron-neutron singlet scattering length is
probably one of the most important datum which is to
be extracted only from experiments with three particles
in the 6nal state, since free-neutron targets are not yet
availabl. For kinematically incomplete experiments
where more than one pair of Anal-state particles in.ter-

act strongly, the Watson-Migdal theory' "has been
unable to give values for a„„anda» which are con-
sistent with charge symmetry with sufhcient accuracy.
The main reason why the results are not very accurate
is that the Born and impulse approximations used in
many analyses are not valid at the bombarding energies
used in these experiments. Also, in most cases, a
"secondary" FSI can interfere suSciently with the
"primary" one to cast doubt on the completeness of
the analyses. In the two experiments T(d, 'He) 2e ' and

(b) (c)

tote

fe)

2

"K.M. Watson, Phys. Re~. 88, 1163 (1952)."A. B.Migdal, Zh. Eksperim. i Teor. Fiz. 28; 3 (2955) I English
transl. : Soviet Phys. —JETP 1, 2 (2955)g.

Fxo. 1. Diagrams representing the various reaction:mechanisms
possible in three-body final states: (a) two-step sequential, decay,
(b) quasifree knockout, (c) simultaneous breakup into phase
space, (d) order of emission interference, (e) rescattering, and
(f) spatial localization.
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Fie. 2. Block diagram of the expermental layout as used in run 3.

'He('He, n)2p, ' where the bombarding energies were
higher, and no signi6cant contribution from "second-
ary" final-state interaction. s was observed, the results
were somewhat improved. The d(m', y)2' reaction, "
in which there is only on.e pair of strongly interacting
particles in the 6nal state, yields a value for the neutron-
neutron scattering length which is probably the most
trustworthy to date. Table I gives a partial list of the
nucleon-nucleon. singlet scattering lengths as obtained
by various experiments.

As suggested by van Oers and Slaus, "the comparison
procedure should be tried in the case of the kine-
matically complete experiments to extract the a„„.
This means a model must be found w'hich yields either
of the well-known singlet a„„ora» from reactions
where the yy pand p-p final-state -interactions are
possible. Using this model, one can then have confidence
in the a„„extractedfrom a reaction, where the e-n
final-state interaction is produced by the same mech-
anism. Only recen. tly have eGorts at extracting the a„„
from kinematically complete experiments met with
good success. "'4 In the present work, the a„„is ob-

"W.T. H. van Oers and I. Slaus, Phys. Rev. 160, 853 (1967)."D. P. Boyd, P. F.Donovan, B.Marsh, and P. Assimakopoulos,
Bull. Am. Phys. Soc. 13,567 (1968);D. P. Boyd, P. F. Donovan,
and J. F. Mollenauer (private communication).

'4 A. Niiler, C. Joseph, and G. C. Phillips, Bull. Am. Phys. Soc.
13, 568 (1968).

tained from the D(p, 2p)N reaction using the PGB
density-of-states (DOS) function. A test of FSI theory
against the known value of c„„is a major purpose of
this paper.

2. EXPERIMENT

The data were taken in 6ve separate runs, each of
which di6ered from the others in some experimental
detail. The description of the setup for the run during
which most of the data were taken is given in fully, and
the diGerences made for other runs will be pointed out.

A proton beam from the Rice University tandem
Van de GraaR accelerator w'as used to bombard a
deuterated polyethylene foil target of approximately
1.0 mg/cm' thickness. Four silicon surface-barrier
detectors were moun. ted in the scattering chamber with
three of them in Axed positions and the fourth one
continuously movable. Referring to Fig. 2, 8&

——30', 82=
30', 84 =90', and 83=8„,vrhere 8„is the proton scatter-
ing angle corresponding to an yl psystem wit-h 50-keV
internal energy recoiling at 8&——30'. All detectors. were
placed at a distance of 5.08 cm from the target and all
had circular collimating slits of 25-p,-thickness tantalum.
The solid angles subtended by detectors 1, 2, and', 4
were 0.82/ 10 ' sr and that by detector 3 was 1.72' 10 '
si.

Detector-1, -2, and -3, signals were fed into the
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Run 1 11.0
10.0

9.0
8.0

30-77

30-75.4

30-73.2

30-70.2

30-30

30-30

30-30

30-30

Run 2 6.5

7.5

8 ~ 0

8.5
9.5

10.0

10.5

30-63.1

30-68.3

30-70.2

30-71.8

30-74.3

30-75.4

30-76.2

Run 4

9.0
9.5

10.0

10.25

10.50

10.75

11.0

ii.25

11.5

9.0
11.0

12.0

12.5

13.0

30-73.2

30-74.3

30-75.4

30-75.8

30-76.2

30-76.6

30-77.0

30-77.4

30-77.7

30-73.7

30-77.4.

30-78.7

30-79.2

30-79.7

30-30

30-30

30-30

30-30

30-30

30-30

30-30

30-30

30-30

TABLE II. Data for this experiment. Runs 2 and 4 yielded no
data for 8~4~.

recorded upon arrival of an accidental 1-2 or 1-3 gate.
Each word written is tagged with the proper gate and
ADC information. After the buffer is 6lled with 312
words, it is dumped onto magnetic tape while a second
bu8er is being 61led with incoming data. Since the
coincident counting rates were in the order of a few
per second, computer dead-time errors were negligible.

The polyethylene targets are quite unstable under
beam bombardment so that beam integration is not a
meaningful monitor of the experiment since the deu-
terium content of the target varies. Detectors 1 and 2,
being at fixed angles of 30', 30' in the chamber, were
used to count the recoil deuterons from the D(p, p) d
process and detector 4, at 90', was used to count the
scattered protons. The scalars used to count these
elastic scattering events were gated by computer live
time; the two-dimensional spectra w'ere then normalized
to the elastic p-d data obtained by Wilson" with the
Rice precision gas scattering chamber.

As was pointed out above, the data in this experiment
were gathered in five separate runs. In the erst run,
since the IBM-1401 computer analyzer was used, data
for only one set of angles could be collected at one time.
In this case, the data w'ere taken in three-parameter
format with a time-to-amplitude converter (TAC)
signal corresponding to the time difference between the
two detector signals being recorded along with the two
energy signals. The time spectrum has a peak approxi-

Run 5 11.0 40-40

analog-to-digital converters (ADC's) of the IBM 1800
computer-analyzer system. True and accidental gating
signals w'ere obtained for detector pairs 1-2 and 1-3

by means of a cosmic multiple coincidence unit re-

quiring both fast and slow coincidence. Accidental

gating signals were obtained by delaying the detector-1

signal into the fast coincidence unit by 400 nsec more

than was required to obtain true coincidences. The
coincidence time resolution for all four coincidence
conditions was approximately 100 nsec as determined

from a delay curve with protons elastically scattered
from deuterium in one detector and the recoil deuterons

in the other.
A true two-dimensional energy event between

detectors 1-2 and 1-3 is w'ritten in a buGer area of the

computer core upon arrival of a true 1-2 or 1-3 gate
signal, whereas an accidental event of the same type is

&t p, 2p) n

Ep=lo 75 MeV

so' e =y6.6'
Fzo. 3. Photograph of the computer oscilloscope display for

a typical run. Population along the curved band is due to the
d(p, 2p) n reaction. The straight lines are due to accidental from
p-d elastic and p-"C inelastic processes.

» A. S. Wilson (private communication).
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12

FIG. 4. The kinematics and pro-
jected data for Z„=11MeV, 8~=30',
Os=77'. The diagram in the upper
right-hand corner depicts the kine-
matics of this energy angle combina-
tion. The heavy solid curve is the
locus of kinematically allowed E&
versus E2,' the lighter lines and dotted
lines show the relative energies of the
three pairs of Gnal-state particles
as a function of Ej..The energy of the
undetected neutron as a function of
Elis indicated by the line marked E .
To the bottom and left are shown the
projections on the E& and E2 axes of
the events along the D(p, 2p) e locus
with the background subtracted. The
ordinate in mb/sr' MeV should be
multiplied by 0.866.
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mately 15 nsec wide corresponding to true d(p, 2p)n
events and a uniform background of accidental events.
An off-line computer sort of all three-parameter events
was made. An event was tagged as true if its time fell in
the true-time window and as accidental if its time fell in
a window of the same width but in the uniform, ac-
cidental region of the time spectrum. Another run was
the first data run with the IBM-1800 computer analyzer

and only the 0~= 30', 02=8~ data were obtained with the
trues and accidentals collected on separate gates.

The fourth run was made collecting data in the three-
parameter E~-E2—TAC conhguration with the IBM
1800 computer. In this run the detector slits were
rectangular rather than circular, and 8~ was the proton
scattering angle corresponding to the II-p system with
zero relative energy recoiling at 30 .One other spectrum

6-

I I I I I

-7

-6
E

5

~ac)

LLI

FH:. 5. Some as Fig. 4 for E„=11
MeV, 81 =30, 8~ =30'. The one-channel-
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background. The ordinate in mb/sr' MeV
should be multiplied by 0.866.
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f
8 I I Q I I I

I I

7- x E+P
12

) 5

4

N 3Ll- l

- 2

CU

LLJ

LLJ

0 (p, 2p) n

To = ~t MeV

8, =40

e, = 40
CU

E

0
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0
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3 4 5 6 7 8
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Fxo. 6. The ordinate in mb/sr~ MeV should be multiplied by 0.866.
Same as I'ig. 4 for E~= j.I MeV, HI =40, 82

——4D'.

was taken at E„=11Mev, Oi ——82 ——40'. The angles
were such that both the FSI and QF effects were
observable but neither at its optimum. This spectrum
was taken in the same format as those in run No. 1 on
the IBM-1401 computer.

Table II shows the bombarding energies and angle
settings at which data were taken for each run.

3. DATA AND ANALYSIS

Since the kinematics of final states containing three
particles have been thoroughly discussed in previous
work, ' only a short summary is necessary here. The
coincident measurement of the energies of two of the
three final-state particles along with their angles of
emission speci6es six out of the total of nine kinematic
variables involved. Four variables are speci6ed by
energy and momentum conservation equations so that
the experiment is actually kinematically overdeter-
mined, a fact which allows a convenient background
separation. Since the kinematics are completely deter-
mined, one can obtain functional relationships between
the energy of either of the detected particles and the
energy of either of the other two particles, or the
relative energies of any of the pairs of final-state
particles.

A locus of kinematically allowed energies in the
E1-E2 plane is thus speci6ed for each bombarding
energy, reaction Q value, and detector angle combina-
tion, where Ei and E2 are the detected particle energies.
For each position along the locus, there exists a uq. ique
relative energy for each of the three pairs of particles
and an energy for the third undetected particle.

Thus, in the D(p, 2p) e reaction, when the two protons
are detected, besides accidental events, the E1-I'2
plane should be populated only along one kinematic
locus. An example of the behavior of the actual data is
shown in Fig. 3. This 6gure is a photograph of the com-
puter oscilloscope screen with the data in an isometric
p1ot, the axes being Ei and E2, and the number of
events per energy cell appearing raised above the Ei-E2
plane. A high density of counts can be observed along
straight lines corresponding to accidental events due to
elastic scattering from deuterium and' inelastic scatter-
ing from carbon ("C), and also along a curved band
corresponding to the D(p, 2p) e reaction.

In Fig. 4, the kinematic situation for the E~=11
MeV, 8&=30', 02=77' spectrum is pictured. The so1id
closed curve in the upper right hand corner depicts the
locus of kinematically allowed events in the Ei-E2
plane. The various lighter lines and dotted lines represent
the relative energies of the three diGerent pairs of final-
state particles as a function of E1. Since E2 is a quad-
ratic function of E1, there are two solutions for the
relative energies corresponding to each value of E1.
E;,+ are these two solutions and correspond to the two
branches of the locus. The energy of the undetected
neutron is also shown by the curve labeled E„.

To the bottom and left side of the kinematics curves,
the data along the D(p, 2p) m locus are shown projected
on the two energy axes. A peak in the distribution occurs
at that value of Ei.-E2 which corresponds to a low
va1ue of the relative energy between the neutron and
the proton detected at 8& =30', E»+. In the Ei projec-
tion of the data, a rise in the yield is also observed for
that value of Ei which corresponds to a relative energy
between the neutron and proton'detected at 0~=77'
(823) approaching 50 keV. It can be shown that the
phase-space effect can also be responsible for a, peak
in this region of E1. Unfortunately, it is not possible
to distinguish betweeo these two effects by experimental
means in this region of phase space.

Figure 5 shows the kinematic situation and the pro-
jected data for the bombarding energy E„=11MeV
and the detector angles Hi=30', 8~=30'. The most
striking feature in this spectrum is that the peak in
the yield occurs at that Ei which corresponds to a
minimum in, the energy of the undetected neutron.
No structure attributable to the two-step sequential
decay is observed.

Figure 6 shows the kinematic situation and the pro-
jected data for the bombarding energy E„=11MeV
and 0&

——82 ——40'. Three distinct peaks are observed in the
E1 projection of the El-E2 spectrum. The central,
broad distribution corresponds to the minimum value
of the spectator neutron energy. The two outside peaks
occur at that Ei corresponding to low values of the
e-p relative energies, Eia+ and E23. A comparison of
Figs. 4-6 shows the importance of choosing the proper
kinematic region in order to separate the FSI and QF
eSects.
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D (p, 2p)n
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cl'D
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FIG. '7. An isometric plot of the 8&=30', 62=8„data projected on the E& axis for the ener ran e 7.5—11.
responding to 50-keV relative energy between the neutron and the roton de eeutron an t e proton detected at 30 in the E~ versus Ei plane is shown by the

Figure 7 is an isometric plot of the 8j =30' 8 =0
data projected on the E1 axis for the energy range 7.5-
11.5 MeV. The principal feature to note is that a peak
is observed in the cross section that is always associated
with low relative energies between the unobserved
neutron and the proton that was detected at 30'. The
second proton in each of these cases is detected at the
proton scattering angle corresponding to a d* with 50
keV of internal energy recoiling at 30'. The small
shars arp peaks appearing at some bombarding energies
around E1—1. MeV and E1—6—7 MeV are due to
imperfect background subtraction since the ADC's
used for true and accidental spectra did not have
exactly the same gains. Each of these peaks is associated
with either inelastic scattering from "C or p-d elastic
scattering.

Figure 8 is the isometric plot of the Hi=30' 0~=30'
d

1 ) 2

ata projected. on. the E1 axis over the energy range of
9-11.5 MeV. The line labeled E„(min) indicates the
position of the minimum "spectator" neutron energy,
and it can be seen that the center of the broad peak falls
quite closely at this minimum neutron energy position
for all bombarding energies.

The differential cross section is obtained by use of

the relation

d 0 Egg do' 1

dQ~dQ2dE; E,i dQ, i AQ2AE;

where E» is the number of coincident events per energy
interval, 5E; is the energy interval along the E; axis,
AQ2 is the laboratory solid angle of detector 2, E.i is the
number of recoil deuterons counted in detector 1, an.d
(do/dQ), q is the recoil deuteron cross section in detector
1from Ref. 25. The beam intensity, target thickness,
and solid angle of the detector counting the recoil
deuterons do not enter into the expression for the cross
section. Consequently, no accurate measurements of
beam intensity nor target thickness need be made,
eliminating a large potential source of error.

4. DISCUSSION

A. Reaction Mechanisms

The isometric plots of Figs. 7 and 8 provide a con-
venient method of identifying the observed structure in
the spectra. The peaks in Fig. 7 track along a relative
energy E»+~0 but not along any other relative energy
Hne or the minimum neutron energy line (these 1atter

D(p, 2pj n
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p+9-+p+ p+e REACTION AT 6. $ &E„&i3 MeV

p(k, ag) = (2pap/mh') [sin'(8+@)/Ej,

p(k, ag} = (2pag/~h') (sin'b/8),

(3)

(4)

where P=kax is the hard-sphere phase shift, aq is the
interaction radius betw'een two nucleons, 8 is the
nucleon-nucleon phase shift obtained from the CGcctivc
range theory, and I' is the penctrabBity, which asymp-
totically becomes ka& for the n-p case. Equations (2)-
(4) show the DOS functions as simpli6ed for the e-p
case. The more general forms of these expressions can
be obtained from Ref. I8. Since only two-body forces
are involved, the process must be a two-step sequential
decay mechanism in which the erst step is the forma-

cross sections over the energy range 6.5-11.5 MeV for
the sequential process and 9-11.5 MeV for the quasi-
free process. The yield for the sequential decay process
represents a summation of those individual channels
corresponding to an e-p relative energy 8~3+(300 keV.
This 300-keV limit is rather arbitrary in. the sense that
the 'So e-p interaction certainly extends above this
value. However, as can be seen from Fig. 4, for example,
on the low Ej side of the peak where the 1-2 and 2-3
in.teractions are less important, the yield drops to 10%
of the peak value at the Ela+=300-keV level. As wiH

be shown later, the noncoherent con, tribution, s from
the singlet p-p (E~2+) and the other singlet e-p (E23)
interactions are less than. 5% of the yield from the
primary singlet n-p (E~3+) interaction in this region
of the spectrum. The triplet e-p contribution is expected
to be smaller still (see Sec. 4 A 1 and Fig. 10).Further-
more, from Fig. 4, it can be seen that the spectator
neutron energy is considerably higher than 1 M;CV when
Ele+&300 keV so that con, tributions from the quasi-
free process in this region should also be negligible.

For the 30'-30 spectra, the yields for the quasifree
process represent a summation of yields from individual
channels corresponding to E„&0.75 MCV, where E„is
the energy of the undetected neutron. Again, the con-
tribution to the yield from the singlet- and triplet-final-
state interactions should be somewhat less than 5%
of the quasifree yield in this region of the phase space.

Flgllre 9(b) shows the ratio OIeq/tlgt fro'm 9.0—11.5
McV. It is notevrorthy that the quasifree process is
much stronger than the sequential process in this energy
range even though the sequential yield is maximized
while the quasifree is not. There is a slight upward
trend in this curve, which probably reQects the fact
that the quasifree data were not collected on the quasi-
free recoil axis.

l. Seqgen6ul decay. The PGB DOS function was
used to 6t the spectra at those angles where the spectator
neutron energy did not fall below 1.0 MeV. The three
forms of the DOS functions which vrcrc tried are

p(k, ag) = (p/mh'k) [(d/dk) (h+cg) —(1/2k) sin2(B+@)j,
(2)

tion of a singlet or triplet two-nucleon state along with
the third nucleon, and the second step is the decay of
the two-nucleon sta'tc. The particles in the two-nucleon
state must bc locallzcd within the interaction rRdlus cg
of each other long enough to allow' the third nucleon to
escape. Since only the phase shifts enter, the calculation
is equally applicable both to discrete bound states
or to the scattering states. Equation (2) gives the form
of the renormalized DOS in which the Anal-state tvro-
body wave function is normalized inside a large box of
radius E. In the case that the Anal-state wave function
is independent of energy for r&aj, the expression in
Eq. (2) reduces to that in Eq. (3). The Watson form
of the DOS is given by Eq. (4).

These three forms of the DOS are shown in Fig. 10(a}
for the I psinglet in-teraction. It can be seen that there
Rlc only small diGcrcnccs Rmong theIQ 1Q terms of thc
position of the peak and its width. Figure 10(b) shows
the renormalized forms of the singlet N-p, the triplet
e-p, and the singlet p-p DOS. All curves in Fig. 10 are
drawn to scale. The fact that the triplet n-p DOS is
more than an order of magnitude smaller than the
singlet e-p DOS for E„~(300keV allows it to be
neglected in the calculations.

The cross section for the sequential decay process is
given by

0;~(k) =
i Mrp i'p(k, ag)G(k), (5)

where MIg is the matrix element describing the erst
vertex of the reaction (cf. Fig. 1), p(k, a~) is the DOS
function, and 3 (k) is the kinematic factor transforming
the detector solid angles from the e-p cm system to the
laboratory. The Ml~ is assumed to have no momentum
dependence in all calculations.

A complete expression for the cross section would
include, in the 6rst order, a sum of terms like Eq. (5)
for each final-state pair of particles in. both the singlet
and triplet states, a quasifrec term and a simultaneous
three-body breakup (phase-space) term. Also inter-
ference terms should be in.eluded in this sct. How'ever,
in. the regions of phase-space where E„&I McV and
Ebs+&300 keV, RH but the singlet 1-3, $-2, and 2-3
interactions and phase space are neglected. Thus, the
cross section becomes

~(k) =Gap~a(k) &is(k)+Cnpim(k) &u(k)

C2g'pma(k) 323(k) +Cp,P(k) =(CN'+ C„')~3(k)s~(k)

=
Cmgpgg (k) Sgg (k)

+C28'p23(k) 3'2g (k) +Cp,P (k), (6)

where P(k) is the differential phase space. Now, over
the range of k in the data, p23(k) is very nearly a con-
stant, and S~(k)=P(k) so that the last two terms
may be combined:
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Fxo. 15. x ' versus a„„curvesfor the 6ve statistically most
signi6cant spectra. The values of C1g, C12, and C2g were determined
by a least-squares fit to the total spectra in each case. The detector
resolution function and energy losses in the target were folded
in, Table III gives the a „obtained from the individual curves.
The arrows indicate these values of a „.

in order to determine the weigh ting factors C~~, C~2, and
C2q. Before the least-squares 6t w'as made, the detector
energy resolution function and the energy loss in the
target w'ere folded into the individual DOS. Typical
values of the weighting factors for the energy range
9-13 MeV were C~g=C~g=1, C~2=0.3. Using these
calculated values of the weighting factors, it was
found that

C12P12+ CMP28 00—5C18P18 (9)
for the region of the peak where E~~+&300 keV.

Fits to the E„=11MeV, 8~=30', 8:=77' data with
the three forms of the DOS are shown in Fig. 11. In
this case, C~g=Cj~=C~=1, u„„=—23.71 fm, ro„„=
2.5 fm, a»= —7.69 fm, ro»=2.81 fm and no target
energy losses w'ere taken into account. The best 6t
for the spectrum was obtained by the renormalized
form so that this form was used in all calculations
thereafter.

Z. Quasifree knockout The .KWC" form of the
spectator-model calculation was used to fit the spectra
at those angles where the spectator neutron energy
dropped be1ow 1 MeV while the relative energies
between pairs of nucleons stayed above 300 keV. The
expression for the cross section is

«/dkdOdF1=(«/de)» I y(p8) I23 (1o)

TABLE III. Results of g' analysis for a ~8

(MeV)
81-82,

(deg)
(at min x')

(fm)

9.0 30-73.7 -24.2

1i.0 30-77.4 —25.0

11.0 30-77 -22.8

12.0 30-78.7 —24.4

13.0 30-79.9 —23.1

Average a„~=—23.9~0.8 fm

where a=0.232X10'8 cm ' and 0=1.202X10 18 cm '
Unfortunately, neither the impulse approximation
nor the requirement that the bombarding energy be
much larger than the binding energy of the deuteron is
valid at the energies used in this experiment. Still,
a rather good qualitative 6t to the data was obtained
as can be seen from Fig. 12. The calulated curve has a
greater width than the data and gives a higher cross
section by an order of magnitude. However, the position
of the peak is quite well reproduced.

Other data at higher energies"~ '4 are fitted progres-
sively better w'ith increasing energy, although even at
E„=145 MeV, the calculated curve is broader than the
experimental peak and predicts a higher cross section.

B. n-P Singlet Scattering Length

Analyzing the 11 MeV, 8y
——30', 82=77' data using

the values of scattering length and effective range
determined from elastic scattering experiments, '6 it
was found that the renormalized form of the DOS gave
the best fit (see Fig. 11).All of the y2 fits are made to
that region of the spectrum where the n-p relative
energy falls below 300 keV. Figure 13 shows the best
fits to the same data using the renormalized DOS and
varying the a„„.It is apparent that the u „=—23.71 fm
curve agrees with the data better than the —19.'71 or
—27.71 fm curves. A p' analysis gives a minimum in the
y' for the renormalized DOS at —24.2 fm, at —22.9 fm
for the Watson form, and at —25.1 fm for the sin2(b+Q)

2' H. P. Noyes, Phys. Rev. 130, 2025 {1963);M. A. Preston,
I'byes of the Eeclegs (Addison-Wesley Publishing Company,
Inc. , Reading, Mass. , 1962).

where da/dQ is the free proton-proton cross section, 3
is a phase-space factor, and g(P8) is the Fourier trans-
form of the initial deuteron bound-state wave function
with P8 being the momentum transferred to the spectator
neutron. Using the Hulthen w'ave function for the
deuteron,

4, (p ) E~«P—(&+P)8ji'27(&2+p 2/k2) (42+p 2/k2) j1-
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form (see Fig. 14). In this case and all subsequent
cases, the g' was ca1culated for u„~=—19.71, —21.71,—23.71, —25.71, and —27.71 fm while keeping ro„„=
2.5 fm, a»= —7.69 fm, and ro»=2.81 fm. No search
on ro„„wasmade owing to a lack of available com-
puter time. C~3, C~2, and C23 were all set to 1 in the
a,bove analysis and energy 1.osses in the target were not
folded in.

A more careful analysis was performed on the spectra
listed in Table III with the minimum positions in the
x' curves also shown. These individual g' curves are
shown in Fig. 15. This analysis differed from the earlier
one in two aspects. (1) C~a, C~2, and C2~ were the values
determined by a least-squares Gt to the total spectrum
in each case. (2) The energy loss in the target was folded
into the ca1culated spectra. Since the polyethylene

I I I I

-22 -26 -30
n-p Singlet Scattering Length (fm}

I'n. 16. The combined x„~curve for the Ave spectra listed in
Table III. An example of the x' curves of Boyd and Donovan
from which a„„=—23.8~0.5 fm was obtained is also shown.
The mean value of these 6ve equally weighted, independently
measured values of g

„

is —23.9&0.8 fm, where the quoted error
is 1 standard deviation.

targets deteriorate quite quickly under beam bombard-
ment, the spot on the target struck by the beam was
changed every 1-2 h. The change in the total target
thickness was estimated to be less than 10/~. In all
cases, the absolute energy scale was assumed uncertain
to ~160 keV and the data were shifted in 16-keV steps
until the minimum in the x' was found. In general, less
than 32 keV of shift was needed to obtain the minimum
x'. Only those channels in which the E»+&300 keV
were incorporated into the x' analysis.

Figure 16 shows the combined y2 curve for all Ave
spectra. One of they' curves of Boyd and Donovan from
which an e-p scattering length of —23.8+0.5 fm was
obtained is also shown.

The mean value of the Ave equally weighted, inde-
pendently measured values of a„„(seeTable III) is
—23.9+0.8 fm, where the quoted error is one standard
deviation. Although this value of a„„is not as accurate
as the one obtained from elastic scatteriog experiments,
it is one of the best values of the nucleon-nucleon
scattering lengths obtained from reactions with three
particles in the 6nal state. Since this type of reaction
is the only one from which a„„canbe extracted, there
is now hope that a more accurate value of a„„canbe
obtained, provided that the other obscuring effects
discussed above are carefully minimized.

One further point that must be made is that there was
a relatively small change in the value of the scattering
length with the change in one kinematic variable,
namely, E„.In kinematically incomplete experiments,
the experience has been that by varying the bombarding
energy or the angle at which one of the three Gnal-

state particles is detected, a considerable change occurs
in the extracted scattering length.
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