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Relaxation-fluctuation theory is developed for the single-particle distribution function of a
classical fluid. Fictitious potentials coupling to arbitrary functions of the internal variables
are used to extract equilibrium correlation functions from kinetic equations. In particular
the autocorrelation function in the microscopic quantity related to the single-particle dis-
tribution is studied. Two procedures are developed for the calculation of this function. To
lowest order they both result in the same approximate equation of motion. The first pro-
cedure assumes a linear functional dependence on the density of the collision term in the
exact equation of motion. The second uses a set of variational eigenfunctions of the Liou-
ville operator which were introduced by Zwanzig. The resulting equation of motion is an
“effective field” equation which had been proposed phenomenologically by one of the authors

in an earlier paper.

I. INTRODUCTION

The relation between linearized relaxation and
equilibrium correlation functions has long been
understood.! In several earlier papers this re-
lation has been exploited to calculate the density
autocorrelation function from kinetic equations.?™*
In this paper the approach is generalized through
the use of fictitious external potentials coupled to
arbitrary functions of the internal variables. Most
of the calculations are done for correlations of
the quantity

N
DEF,p)=2 8(F-7.)6(p-D.),
j=1 J J

but the method is clearly seen to be more gen-
erally applicable.

In Sec. II we consider the linearized relaxation
of the single-particle distribution [i.e., the
average of D(r,p) in the time-dependent ensemble]
due to the presence of a fictitious potential cou-
pling to that quantity. This is shown to be the

autocorrelation function of the fluctuation of
D(r,p) from its equilibrium value. This result
is expected since it is a special case of linear
response theory.! By deriving it explicitly, how-
ever, we see more clearly how it may be used to
calculate the correlation function

f(r,p,tIr’,p)=(D(r,p,t)D(r’,p’,0))

from a given approximate kinetic equation with a
well-defined initial condition.

The quantity f(*,p,¢It’,p’) defined above is a
natural momentum-dependent generalization of
the van Hove density autocorrelation function
G(r-r',t). Interms of f, all correlation func-
tions of single-particle quantities are given by
simple integral formulas such as

-,

(i@, i, 0)y =m=2 [a®p d® "D fF,D,t1T,D")

for the current-current correlation function.
Beginning in Sec. III we consider approximate
calculations of f(r,p,¢Ir’,p’) appropriate to the
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high-frequency regime observed in inelastic neu-
tron-scattering experiments. We begin by writing
an exact equation of motion for f. To illustrate
the formalism we introduce a density ansatz for
the collision term in the equation of motion in
search of a description wherein high-frequency
longitudinal oscillations play a dominant role.
Since such a mode would dominate the short-

time behavior of the system, the coupling con-
stant is fixed by comparison with the short-time
expansion of the collision term. The resulting
equation is the modified Vlasov equation proposed
by Nelkin and Ranganathan,® and derived earlier by
the present authors?* in a closely related way.

In Sec. IV we start again from the exact equa-
tion of motion, but make use of approximate eigen-
functions of the Liouville operator. The functions
we use were introduced by Zwanzig® as trial func-
tions of the form

N - -

in a variational principle. These functions are
constructed here in a slightly modified form so
that D(r,p) may be expanded in terms of them.
With the dynamical approximation that these are
in fact eigenfunctions of the Liouville operator
with eigenvalue determined by Zwanzig’s varia-
tional expression, we recover the same modified
Vlasov equation derived in Sec. III. For the ini-
tial value problem of interest, the explicit ap-
pearance of the eigenfunctions and eigenvalues

is eliminated, and the final approximate equation
of motion is easily solved in closed form.

We conclude the paper with a brief discussion
of the physical reasons for the identity of the
results in Secs. IIl and IV, and some indication
of how the methods presented here might be
used to obtain more accurate approximate de-
scriptions of atomic motions in dense classical
fluids.

II. CORRELATION FUNCTIONS AND
LINEARIZED RELAXATION

We consider an N-particle classical system in
a volume § with the translationally invariant in-
ternal Hamiltonian

N pjz
H:j[?l-m—+U(r1,.,.,rN) . (2.1)

For £<0 the system is in a spacially inhomo-
geneous equilibrium state in the presence of a
momentum- and space-dependent external po-
tential ¢(r,p). At £=0 this fictitious external
potential is switched off, and the system is
allowed to relax to a spatially uniform equilibrium

state. The N-particle distribution function for an
ensemble of such systems is the solution of the
Liouville equation

BfN/atz—iLf , 2.2)

N
where iL= 2

<8H 9 9H 9
j=1

e —:—> , (2.3)
, r., 9r. 9p,

p] J J p]

and fp(X,?| ¢) depends on the 6N-dimensional
phase-point X, the time ¢, and is functionally
dependent on ¢ through the initial condition

fy 101 ¢)-—SREBEW] (2.4
' [ ax exp[- B(H + W)]
where W= [ [d%d*% ¢, p)DE,p), (2.5)
N
and D(r,p)= 20 8(r-r,)8(p-p.). (2.6)
j=1 J J

Since we are only interested in the linearized
relaxation of the system, it is convenient to de-
fine a functional derivative associated with a func-
tion A which gives the value of A to first order in
¢. Thus if

-

A(.a.l'f,ﬁ)s_% Qé(_:_f:ﬂ ’
6¢(r,p) '¢=0

@.7)

then
A(-+-1¢)=A(-=-1$=0)

-B [[arap AG---1F,5)0F,B)
(2.8)

plus corrections of higher order in ¢.

Since this functional derivative operation com-
mutes with time differentiation and with the Liou-
ville operator, f N also olgeys the Liouville equa-
tion (2.2). The value of f at £=0 may be found
by expanding (2.4) in AW and picking out the ker-
nel of the term of first order in ¢. Thus

Fy &, t=01F,5)=1 e ﬁ”[D(iﬁ)—ngM(ﬁ)]
(2.9)
In (2.9), Z is the canonical partition function for
the system with Hamiltonian H, and fj;(p) is a
unit normalized Maxwell distribution of momen-
tum. The Liouville equation for fj; may be
formally solved in terms of this initial condition
and the time evolution operator exp(-iLf) to give

~ - - ~iLt » - -
fy&tir,p)=e " f (X,t=0I7,p). (2.10)
The related-single particle function may be

written as
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AHE,p,tIF,D’)

= [axD(r, p)f (x,t1T",p"). (2.11)
Its initial value may be explicitly determined
using (2.9). The single-particle distribution
function f, so defined is normalized so that its
integral over r and p is equal to N. Putting (2.9)
and (2. 10) into (2. 11) yields

o6, 5- 3 1, 6]

2.12)

f@,5,t7,5)
<D(r p)e

where (- ++) represents a canonical ensemble aver-
age for an equilibrium system with Hamiltonian

H and temperature (¢8)~'. By adding and sub-
tracting factors (N/Q)fp(p), (2.12) may be writ-
ten in terms of the fluctuation 8D of D from its

equilibrium average (N/€)f3;(p). Thus

fi&,p,t1T’,p")= (6D, p,)DF’,p',0)) , (2.13)

where 8D(r,p,t)= ¢ 6D(r p), (2.14)
and the property
(ALB)=~((LA)B) (2.15)

has been used.

Equation (2. 13) states that the relaxation of the
one-particle distribution function, linearized with
respect to an external potential coupled to the one-
particle distribution function, is given by the auto-
correlation function of the fluctuations in this
quantity in the equilibrium ensemble. This is,
of course, a special case of the Kubo result’ re-
lating equilibrium correlation functions and linear
relaxation of an externally imposed disturbance.

The function f, is a momentum-dependent gen-
eralization of the van Hove correlation function
G(r,t), and can be given an analogous probabi-
listic interpretation. For this purpose it is more
convenient to work with a function f defined by

flx,tlx’)=(D(r,p,)D(x",p’,0)) . (2.16)
Noting that N-D(r,p,?) is the probablhty density
for finding a particle at x=(r,p) at time ¢ for a
member system of the thermodynamic ensemble,
it is seen that f(x,#|x’) is N? times the joint
probability density for finding a particle at x at
time ¢ and one at x’ at time zero. Since the
probability of finding a particle at x is

NXD(,p))=f),B)/2.

flx,t1x’) is (N°f3; (9)/9) times the conditional
probability that there is a particle at x at time

t if there was a particle at x’ at time zero. In
analogy to G(r,%), f(x,¢/x’) can be separated into
“self” and “distinct” parts, and similar probability
interpretations may be given.

By generalizing to include momentum depen-
dence, we are able to calculate any correlation
function of single-particle variables from a
knowledge of f. Thus consider two quantities

N N
A= 2 a(r.,p.) and B= 2 b(r.,p.).
jo1 9T jo1 3

Then (A(t)B(0))

=ffdsxdsx'a(x)b(x')f(x,tlx'). 2.17)
In particular the van Hove correlation function is
given by

GET-7't)= ——"(P(r t)p(r 0))

Q - -
=5 Jf@pa @ 5,017 ,5).  (2.18)

Several general properties of f(r,p,tIT’,p’)
can be deduced from the invariance properties
of the system. Translational invariance implies
that f depends on r and r’ only through the vector
displacement r —r’. Also by use of (2.16) one
can show that

f@,p, —=tIx’,p')=fF",p’,tIT,p). (2.19)

If the momenta of all the particles are reversed
at the initial instant, the canonical average should

not change. Hence

f@&,-p, -tIF’, -p')=fG,p,tIT',p'). (2.20)
Combining (2. 19) and (2. 20) yields

&', -p’,tIF, -p)=fE,p,t1T",p").  (2.21)

These equations also hold separately for the self-
part fg and the distinct part fz7. In particular Eq.
(2.21) when applied to the self-part expresses the
fact that the probability for a particle to go from
r’to T in a time ¢ equals the probability of the
flight from T to ¥’ in a time ¢ if the directions of
the initial and final momenta are reversed.

In concluding this section we note that the method
of fictitious potentials is clearly not limited to
potentials which couple only to single-particle
quantities. Thus one may deduce from a given
kinetic equation any correlation function of the
form

(D(xr,p,1)Q(0)) ,
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where @ is any function of the internal variables. off diagonal transport coefficients such as those
Thus an approximate kinetic equation not only
allows the calculation of transport coefficients
involving single-particle quantities, but also the are present.

which occur when both particle and heat currents

III. KINETIC EQUATIONS

From its definition in Eq. (2. 16), the equation of motion for f may be directly computed to be

5 p o -y, - - - —1 - -
<—_+£'-a?>f(r,p,tlr’,p’)=9 Xz, b 5)e” oG 57,

a m
N
9 9
where iL,=— 2, ~—;U—-a*
j=1°%; °F

is the interaction part of the Liouville operator.
We find it more convenient to work with the Fourier-Laplace transform of f defined by

o > >y
FEB,s1p)=a" L [& (c-r )d3(F—F')fO°°e LG B EIF Bt

-

= YD(-k,p)s +iL)"'D(k,p’)) , (3.1)

N P
where DE.p)=2 e K TsG-5.). 3.2)
j=1 !
The equation of motion for F is
sF(&,p,slp’)=fK,p,t=01p") +i{[LD(~k,p)] (s +iL)*D(&,p")) . 3.3)

Separating L into its kinetic and potential parts (3. 3) becomes

(s —im='Kk* p)F&,p,s1p")=f&,B,£=01p") +AK,,s15"), (3.4)
- oD(-K,p - -
where A(k,p,slp')=—9'1<2. (—Qg . a0 *k p)) (s +z'L)'1D(k,p')> . 3.5)
J arj apj

In Eqs. (3.3) and (3.4)

I
&5, =015 =0 [ T T VBG 5 A7 5, 1= 017,57 3.6)

Integrating by parts the explicit appearance of U(r{,7g, ...,7)) may be eliminated from Eq. (3.5) to give
N

N 8 _ (oD(-k,p) 1 -,
AB<150-- 55 (D o (PP g pE51)) 3.7
- J

To illustrate the use of this formalism we consider a simple collective approximation. The best known
such approximation is the linearized Vlasov equation which is the classical limit of the random phase
approximation. This is not a sensible approximation, however, for short-range forces. Its natural
generalization to the case of short-range forces is to approximate A(K,p,s|p’) as a linear functional of
the excess density.

A®,p,s1p’)=K(,p,slp’) [d®""F&,p",sIp’). (3.8)

In order to use the ansatz (3.8) we must evaluate K, which can be done approximately by comparing term
by term the expansions in powers of s™* of Eqs. (3.7) and (3.8). The lowest-order term in the expansion
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of K is given by

3fM(§) (Sk" 1)

__._“85 “BSE (3.9)

K,=ik *

The calculation is similar to that of de Gennes® for the moments of S(E,w), and will not be presented here.
If we combine the ansatz (3. 8) with the lowest -order approximation (3. 9) for K, and substitute into Eq.
(3.4), we obtain

( zE -) af (p) ( i 1)
- ' = T f=0ln’ . 34 21 "l/ >
s-—-= | F(k',p,sIp’)=f(k,p,t=01p") + ik o8 B, Jap"'FE&,p" s1p’). (3.10)

This is just the linearized Vlasov equation with the Fourier transform of the intermolecular potential re-
placed by

=B re®) == [(Sp - 1/SLI YN .

If one integrates out the dependence on p’in Eq. (3. 10), one obtains the equation used by Nelkin and
Ranganathan® for the calculation of S(k,w) in liquids. They obtained this equation phenomenologically
by modifying the linearized Vlasov equation to give the correct short-time behavior of the desired cor-
relation function. In the discussion given here we see that the essential feature of this approximation is
the assumption of a linear functional dependence on the density as stated in Eq. (3.8).

In an earlier derivation® we obtained the integral of Eq. (3.10) over p’ by working with the functional
derivative of the one-particle distribution function with respect to a momentum independent external po-
tential. This gives the same result for S(E,w), but it does not allow the calculation of other one particle
quantities such as the transverse current-current correlation function. In the present derivation we see
readily that Eq. (3.10) leads to the ideal-gas result for the transverse current-current correlation func-
tion, a result in rather poor agreement with Rahman’s molecular dynamics calculations of this quantity.”

It is possible to calculate more terms in the high-frequency expansion of the kernel K, retaining the func-
tional ansatz of Eq. (3.8). Because of the importance of the transverse modes in dense fluids, it seems
clear that improvements on the theory should rather be made by improving the functional ansatz. This is
discussed briefly at the end of the paper.

IV. EIGENFUNCTIONS OF THE LIOUVILLE OPERATOR

Classical correlation functions of the form (A(¢)B(0)) may be expressed in a form suitable for calcula-
tion with approximate sets of eigenfunctions of the Liouville operator. In particular we will consider
F(&,p,s1p’).

The most convenient starting point is the second line of Eq. (3.1) which gives an exact formal expression
for the Fourier-Laplace transform of f. It is convenient to view this expression as a matrix element of
the resolvent operator (s +iL)~! between two elements in a space of functions of 6N variables. An inner
product of two functions in this space is defined by

(¢1|¢2>=<¢’f¢2> s (4.1)

where ( ) is a thermodynamic average which we have taken over a classical canonical ensemble. If sets
of orthonormal basis functions are known, one may write out the usual expansion theorems. In the prob-
lems considered here, however, such a set of functions is not known. A more limited expansion theorem
for a subspace spanned by some set of functions is sufficient for the present calculation. Thus for any
function | ¢) in a subspace spanned by the set of functions |z) (not necessarily orthogonal)

|¢>=f am)in) , 4.2)

where f denotes a sum and/ or mtegral over the range of the labeling index z.
For the calculation of f(I,p,¢|7’',p’), we work in the subspace Vg of all functions of the form

N
=2 zp(Fj,Bj). (4.3)
j=1
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Zwanzig® has constructed a set of approximate eigenfunctions of the Liouville operator of the form (4. 3).
(We refer to this paper as Z1.) The functions determined in Z1 may be slightly modified to have the
desired completeness property over the subspace Vg. Our first step is to construct this set of functions
spanning V. It should be emphasized that this is a mathematical construction which is entirely indepen-
dent of any dynamical approximations. Once this set has been constructed it will be applied to the equa-
tion of motion for F(E,E ,S Ip’). An approximate equation of motion is obtained in closed form under the
approximation that the basis functions we have constructed are eigenfunctions of the Liouville operator.
They will be solutions of the approximate eigenvalue equation given in Z1, An important simplification of
the results in Z1 is obtained in that the explicit appearance of the eigenvalues and eigenfunctions is elim-
inated.

If functions of the form (4.3) are chosen to make

A=(¥|L1¥) /(T ¥) (4.4)
an extremum, then for translationally invariant systems

> > - ZE M -I:
ZPG,E(I’,P)—‘)’E,E(V)G ) (4.5)
where the function y3; § is taken as a function of the velocity v=p/m for convenience, and U and k label
the eigenfunctions, Letting i and v be the components of U and v, respectively, in the direction of K, it
is shown in Z1 that yy k satisfies

-

Bo[i-Tlys (@=K-dlS-1] [@0'6, G s G), (4.6)

q,k
When -yu i is chosen to make Eq. (4.4) an extremum. The approximate eigenvalue 17 E has been written
x=u-k, for convenience. ¢3;(v’)in Eq. (4.6) is a unit normalized Maxwellian dlstrxbutlon of velocities,
and S 1s the usual structure factor. In Z1 Eq. (4.6) was shown to have solutions for all real numbers u
by expressing y in terms of the usual van Kampen-Case eigenfunctions of the Vlasov equation.® The trans-
verse velocity components play no role in this development, For our purposes, however, it is necessary
to include the dependence on the transverse components in order that we have a set of functions which
spans Vg.

The solution of Eq. (4.6) may be studied by a slight extension of the results of van Kampen and Case.
Since the equation is homogeneous in 7’u i the arbitrary normalization may be chosen such that the inte-
gral on the right-hand side of Eq. (4 6) is one. The solution is then seen to be p(Sg —1)(v - )~ ! plus an
arbitrary function of the velocity v times 6(u - v). In order to treat the velocity components in a symmet-
ric way and to construct a set of functions in which D(E,ﬁ) may be expanded, we have chosen the arbitrary
function to be proportional to a § function of the transverse velocities. With this choice, application of the
normalization condition gives the solution in the following form

Vi E V)= BSg- I{P(y—-p)? +1r[e1(u)/E2(ﬁ)] sw-u)}, @.7

where e (1)=1+u(S; - 31 [¢,,0)/ (- V)]av ,

e (u)=u(s§‘— 1)¢

9 ), Ez(ﬁ)=¢M(u1)¢M(u2)ez(u). (4.8)

M(u

P denotes a Cauchy principal value, and i, and ., are the transverse components of 4. The eigenfunction
Iu k ) thus has an eigenvalue 7\u E= =K - U which is infinitely degenerate in the transverse components of the
labeling vector 1. In the Appendlx these functions are shown to be complete on the single-particle sub-
space V.

Because of the completeness of the |u,k) on Vg, one may write

IDE, D) = deupou)lu k). (4.9)

We are now in a position to obtain an approximate kinetic equation for F. The equation of motion (3.3)
for F(K,p,sIp’) can be written in the form

SF([&,p,s1p’)=f&,p,t=01p") - [duQ-(D(&,p) 14L/(s +iL)I4, -k ) D(p’, 1) (4.10)
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If we now make the approximation that the |4,k ) are eigenfunctions, i.e.,

Llu,k )=Aﬁ,El'u,k Y, (4.11)

we have
A- _=(D[,p)IT, -k)
- - - - > - du u, -k ’ ’ -, -
ry _ - Yy _ 2 =z 3 4
sF([K,p,s15')=f&,,t=01p") -1 [ g i o 269 (4.12)
u, -k

Also in this approximation F may be written

F&,p,s1p’)= [du2 (D(&,p)Iy, -K) D(p'u)(s+zh» g - (4.13)

The appearance of the eigenvalues in (4. 12) will now be eliminated by first computing xu -k
X (D(k P )lu -k) by using the eigenvalue equation for y 3 k and then regrouping terms to be simple opera-
tions on F, The result will be a closed equation in F,

By a straightforward calculation

-

T - &Y= = N (D - 3,, 17 v/ Ny o .."II
(D(k,p)lu, -k) NfM(p)[Y“’ _g(o/m)+ (S 1) [a% ¢V )"y“, gl (4.14)
Using the eigenvalue equation (4. 6) for vy, -k vields
"E, _E<D(k,p)lu, -k)=-N(&- p/m)fM(p)'y{;’ _E(p/m). 4.15)
If this is put into (4. 12) it is seen that to this approximation this gives the free-particle streaming term

(tk - p/m)F it 73, -k were replaced by the term in brackets in (4.14). Making this replacement and sub-
tracting a compensatmg term yields

ik - k.D.sID’ ik - 3, 17 =17 ntZ,
B p,5,5150- EB 7 (3)sg-1 [ D famo, Gy 6 )GT%%"%):‘)‘ (4. 16)

for the second term on the right-hand side of Eq. (4.12). Using (4.13) to calculate [d°p F(&,p,s|p’),
the second term in (4. 16) is seen to be

~ @K« B/m)fy (B)(Sp-1)8;™" [&°p"'F(&,B",s1B’).
Collecting terms, one has
(s =ik B/m)F(&,B,515) = f&,5,015") - Gk - 5/m)f,, ®(S - 1)/S] [ap"F&,B",s15" (4.17)

which is a closed equation for F. It is easily solved and there is no explicit appearance of the eigenfunc-
tions. [The interchange of the order of integrations in getting to (4. 12) and (4. 17) has not been verified
explicitly since the exact form of D (p,u) is not known, ] .

The work of this section has been exact up to and including Eq. (4.10). An expansion scheme with (4, 17)
as the zeroth approximation may be derived from this equation if L is replaced by (L - Aq, -k T)+ Ay, -k
and considering (L - Au -1 ) as a perturbation. A deeper analysis of the meaning of such an expansmn
is, however, necessa.ry

The above derivation demonstrates the important role of the continuous nature of the eigenvalue spectrum
in leading to an expression for F which has phase mixing (or Landau damping). [Note that (4.17) is the
same form as the linearized Vlasov equation.] A discrete spectrum would have led to an expression for
F in terms of a sum of simple poles located at each eigenvalue. Thus although improved eigenfunctions
have been calculated by Nossal and Zwanzig®'° (denoted NZ), the discrete nature of their spectrum does
not lead to interesting structure in F. An improved theory of this type should combine the more relevant
dynamical content of the eigenfunctions in NZ with the phase mixing due to particle motion that we have
included here.

REMARKS method is most readily applied when we have a
valid kinetic equation such as the appropriately
Section II has provided a formal method for linearized Boltzmann equation for rare gases or

calculating certain correlation functions. This the Vlasov equation for plasmas. For a liquid
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there is of course no generally valid kinetic equa-
tion.

in Secs. III and IV we have derived a modified
Vlasov equation as an approximate kinetic equa-
tion for the high-frequency motions in simple
liquids. The same equation was derived by two
apparently unrelated methods. The first method
assumed that the collision term in the exact equa-
tion of motion could be taken proportional to the
local excess density. The second method assumed
that certain sums of single-particle functions could
be taken as eigenfunctions of the Liouville opera-
tor, For the problem studied, both methods are
closely connected to short-time expansions, and
both methods emphasize the importance of high-
frequency density oscillations. That they should
give similar results is thus not surprising, but
that the results are identical is not well under-
stood.

The calculation presented here did not account
for the transverse motions in any realistic way
nor did it include the dynamical information
available in the fourth frequency moment of S(E,w).
These features are contained in the improved
variational eigenfunctions of NZ, but this calcu-
lation does not allow for the important phase
mixing associated with the continuous nature of
the eigenvalue spectrum.

Clearly the next level of improvement would be
to construct eigenfunctions which include the dy-
namical information in NZ and the continuous
spectrum caused by selecting functions from
larger regions of function space as in Z1, In NZ
high-frequency eigenfunctions were constructed
which were linear combinations of the density,
the three components of the particle current and
the time derivatives of the latter. The seeming-
ly most natural generalization of this which in-
cludes more freedom in function space would be

¥ =¥, +iLV,.

¥, and ¥, are sums of single-particle functions
whose form is to be determined by the variational
principle. Such functions are presently being
considered.

The identity of the results of Secs. III and IV
also suggests that the eigenfunctions of NZ may
be used as a guide for making an improved ansatz
on the collision term. The functionspace formal-
ism of Sec. IV is presently being applied to ex-
pand the collision term as a sum over the high-
frequency modes studied in NZ. This is a natural
generalization of the density ansatz of Sec. III,

APPENDIX

If the set of functions \Ifﬁ % is to be complete
on Vg, it must be shown that for any

N s
Q=2 QF,)e" "
j=1 7

there must exist a function ¢(@) such that

Q(\7)=fd3u Q(G)YE EG;) . (A.1)

Using the expression (4. 8) for v i this becomes
)
QW) =¢,, (e, (q(v)
+Op=DP[dupq@ -p)t.  (A.2)

Multiplying by ¢,7(v)éps(v9) and integrating over
v, and v, (the transverse components of v) yields

QW) =¢,, (Ve (V)
+(Sz = DP [7_ dppdp)v-p)t, (A.3)

where
Q)= [avav, 31 (v, (v,)RE)
and

)= fdp,dp,q@).

If g(1) exists then ¢(0) may always be calculated
from (A.2). Thus one must show that ¢(u) al-
ways exists for a given @(v). But this statement
of the question through (A. 3) is exactly that for
the purely longitudinal eigenfunctions set forth
in Z1. Since there are in one-to-one correspon-
dence with the complete set of van Kampen-Case
functions, as shown in Z1, ¢ always exists (for
reasonably well behaved @). Hence the set
V3 k is complete on V.

ACKNOWLEDGMENTS

We would like to thank Prof. Philippe Meyer
for extending the hospitality of the Laboratoire
de Physique Theorique et Hautes Energies at
Orsay. In particular we would like to to thank
Dr. Loup Verlet for the opportunity of working
in his research group. We would also like to
thank Professor Joel Lebowitz and Professor
John Sykes for communicating their recent work
on a closely related problem prior to publication.
The portion of this work performed at Cornell
was supported by the U. S. Atomic Energy Com-
mission under Contract No. AT(30-1) 3326. The
work of one of us (MN) at Orsay has been sup-
ported in part by a John Simon Guggenheim Me-
morial Fellowship.



181 FLUCTUATIONS OF DISTRIBUTION FUNCTION IN FLUIDS 437

*Laboratoire associé au Centre National de la
Recherche Scientifique.

IR. Kubo, Lectures Theoret. Phys. 1, 120 (1956).

M. Nelkin and S. Yip, Phys. Fluids 9, 380 (1966).

5s. Ranganathan and M. Nelkin, J. Chem. Phys. 47,
4056 (1967).

M. Nelkin and P. Ortoleva, Neutron Inelastic Scat-
tering (International Atomic Energy Agency, Vienna,
1968), Vol. I, p. 535.

SR. Zwanzig, Phys. Rev. 144, 170 (1966).

SP. G. de Gennes, Physica 25, 825 (1959).

"M. Nelkin and S. Ranganathan, Phys. Rev. 164, 222
(1967).

®R. Balescu, - Statistical Mechanics of Charged Parti-
cles (Interscience Publishers, Inc., New York, 1963).
" PR. Nossal and R. Zwanzig, Phys. Rev. 157, 121
(1967).

g, Nossal, Phys. Rev. 166, 81 (1968).

PHYSICAL REVIEW

VOLUME 181,

NUMBER 1 5 MAY 1969

Effect of Boundary Conditions on the Stability of a Nonuniform Plasma in a Magnetic Field

C. N. ’ Lashmore-Davies

United Kingdom Atomic Enevgy Authovity Reseavch Gvoup, Culham Labovatory, Abingdon, Bevkshirve, England

(Received 23 January 1969)

The propagation of high-frequency electrostatic waves is considered in a plasma in which
there is a zero-order temperature gradient perpendicular to the uniform magnetic field. The
frequency range is such that the ions do not respond to the perturbed fields (this condition is
satisfied if oz/pi <k J_d resulting in w > Wegy W Wpi s where w,; and wpi are the ion-cyclotron
and jon-plasma frequencies and @, p;, k 1 and d are the scale length of the temperature gradi-
ent, the ion Larmor radius, the perpendicular component of the wave vector, and the electron
Debye length, respectively). For w Kwgg, p,<<d <A 1 and a specific form of the temperature
gradient the differential equation for ¢ is reduced to an elementary form where w, w,, are
the wave-and electron-cyclotron frequencies and A | and p e the wavelength perpendicular to
the uniform magnetic field and the electron Larmor radius, respectively. ¢ is the electro-
static potential. For A, <a the exact solution is very close to the local solution of Mikhail-
ovskii and Pashitskii which neglects the effects of the boundaries. However for A 2 o the
plasma is unstable to shorter axial wavelengths than predicted by the local theory. It is shown
that the instability is due to the interaction of a positive energy wave with a negative energy
wave. When the phase velocities of the two waves are different the plasma is stable. However,
when the nonuniform plasma is adjacent to a cold resistive plasma, instability may again re-
sult. This is analogous to the resistive wall amplifier of Birdsall, Brewer and Haeff.

The relevance of these results to the stability of low frequency waves in a nonuniform plasma

is pointed out.

1. INTRODUCTION

There is a class of plasma instabilities which
occur only in a nonuniform plasma in a magnetic
field. These instabilities are usually referred
to as drift instabilities! and are of great impor-
tance for research on thermonuclear fusion. H
such instabilities are confined to the interior of
the plasma due to the unstable wave growing to
nonlinear proportions faster than it can propagate
a scale length in the direction of the nonuniformi-
ty! then the effect of the boundaries will be unim-
portant. The condition for this to be the case is
that the wavelength transverse to the magnetic
field be much less than the scale length of the
nonuniformity. * Waves in a cylindrical plasma,
of low azimuthal mode number, do not satisfy

this condition and Chen? has shown that the
growth rates obtained from a nonlocal solution
(i.e., solution of boundary-value problem) are
markedly different from the growth rates obtained
from the local solution.,

In this paper we consider a high-frequency
drift instability discovered by Mikhailovskii and
Pashitskii® in which only the electrons respond to
the wave fields. Whereas Mikhailovskii and
Pashitskii made use of the local approximation®
we obtain the nonlocal dispersion relation taking
into account the effect of the boundaries.

In Sec. 2 we derive the dispersion relation for
semi-infinite slab geometry and obtain a general-
ization of Ref. 3. The instability is shown to re-
sult from an interaction between a positive ener-
gy wave and a negative energy wave. In Sec. 3



