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where v(q) is the Fourier transform of the Cou-
lomb potential. In this fashion one may also ac-
count for plasma polarizability in the case of
more complex contributions to o+(k).

Since the nonequilibrium expansion is identical

to that of the equilibrium expansion, the effect of

polarizability on o is easily determined.
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Measurements on the liquid-solid phase transition of He -He mixtures have been performed
by means of a strain-gauge technique. It was found that the freezing curves of mixtures with

initial concentrations of greater than 5% He merged into a common curve with negative slope
in the P-T plane. This curve is interpreted to be a three-phase equilibrium line or univariant

involving the coexistence of bcc solid helium and the two phase-separated liquids, one rich in

He and the other rich in He . A number of other univariant lines involving these and other
phases of helium have also been observed. Univariants intersect at quadruple points which

are defined as points where four phases coexist. A quadruple point has been observed in these
experiments involving coexistence of bcc solid helium, hcp solid helium, and the two phase-
separated liquids at a temperature T= 0.37'K and a pressure P= 26 atm. The data is discussed
in terms of a three-dimensional phase diagram which is consistent with the Gibbs phase rule
and with the results obtained by other investigators.

I. INTRODUCTION

A number of interesting phenomena have been
observed in liquid and solid He'-He4 mixtures.

Phase separation below about 0. 85 K in the liq-
uid mixtures was first discovered by %alters and
Fairbank. ' The maximum temperature at which
phase separation occurs was found to be lowered
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as the pressure on the sample increased. ' It has
recently been observed that He' remains soluble
in He' in concentrations less than about 6. 3% down

to absolute zero. '~' Phase separation was dis-
covered in solid mixtures of He' and He' below
0. 38 K by Edwards, McWilliams, and Daunt. '
A crystallographic phase transition between a
body-centered cubic (bcc) and a hexagonal close-
packed (hcp) solid phase has been studied in He'-
He' mixtures by Vignos and Fairbank. ' Both
pure He' and pure He' have regions of negative
slope in their freezing curves. ' ' Similar be-
havior has been noted in He'-He' mixtures in this
laboratory'0 and at Leiden

In this paper, measurements on the liquid-solid
phase transition of He'-He' mixtures, primarily
by strain-gauge techniques, are described. The
measurements were carried out at temperatures
below 1.5'K, pressures from 20 to 40 atm and
concentrations from 0 to 100% He'. A phase dia-
gram is deduced which is consistent with the Gibbs
phase rule, the results of these experiments, and
the results discussed in Ref. 1-9. Preliminary
results of the investigations described in this
paper have been published previously. ' &"&' The
results of parallel investigations at other labora-
tories are compared with the present results.
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Two different experimental chambers were em-
ployed to obtain the data presented here. The
first, shown in Fig. 1, provided the bulk of the
data above 0.4'K while the second, shown in Fig.
2, was used at temperatures down to about 0.15'K.
Both designs made use of strain gauges in order
to provide pressure measurements when the fill
line was blocked with solid, isolating the cham-
ber from the external pressure gauge. This ex-
perimental technique is similar to that used by
Baum et al. '

The first apparatus consisted of a hollow cop-
per cylinder containing a nuclear magnetic res-
onance (NMR) coil. A 1.27-cm-diameter brass
sleeve with a 0. 015-cm wall fitted over this cyl-
inder and was soft soldered at both ends. An an-
nular region 0. 008-cm wide between the brass
sleeve and copper cylinder contained the sample.
Two 0. OV9-cm holes connected the annular region
with the cavity containing the NMR coil. The
sample entered the chamber by means of a 0.015-
cm-i. d. Cu-Ni capillary. The strain gauge, a
Baldwin SR-4 120-0 transducer, "was glued to
the center of the brass sleeve. A second gauge
glued to the copper block served as a dummy for
temperature compensation. The difference in re-
sistance of the two gauges was measured using a
modified Blake- Chase-Maxwell 32- Hz bridge. "

A Speer 4VO-Q, 2 W resistor" was used to
measure the temperature. This resistor was cal-

FIG. 1. The first apparatus.
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ibrated using the vapor pressure of the He4 bath,
the vapor pressure of He', and the nuclear sus-
ceptibility of solid He' near the melting curve.
The resistance was measured using a 25-Hz bridge.

The He' bath was pumped to 1'K, and the He' re-
frigerator cooled the apparatus to 0. 37'K. To
provide isolation from the He4 bath, the apparatus
was enclosed in a brass exchange gas can which
was soldered in place using Wood's metal. The
electrical leads emerged from the exchange gas
can through Kovar-glass seals. We used cw NMR
measurements, similar to those described ear-
lier, "to determine when solid was present in the
chamber. The solid possesses a much shorter
longitudinal relaxation time T, than the liquid,
making the solid resonance more difficult to sat-
urate. The presence of a resonance signal which
was difficult to saturate indicated that solid was
present in the chamber.

Unfortunately, the magnetic field necessary for
the NMR measurement adversely affected the
strain gauges, making it impossible to use the two
techniques simultaneously. It was necessary to
thermally cycle the gauges in order to obtain
meaningful data after they had been exposed to the
magnetic field.

To obtain data at lower temperatures, the sec-
ond apparatus was constructed. Figure 2 shows
the part of the cryostat which was cooled below
1'K and which was contained in an exchange gas
can that was immersed in the He4 bath. This ap-
paratus made use of adiabatic demagnetization of
the paramagnetic salt, chromium potassium alum
(KCr Alum) to obtain temperatures below 0. 35'K.
The apparatus was also designed for specific-heat
measurements of the mixtures as a function of
temperature and pressure.

The chamber itself consisted simply of a 2.5-cm-
long, 0. 64-cm-diameter, 0.015-cm-wall stain-
less-steel tube into whose ends were soft-soldered
copper end pieces. As shown in Fig. 2, a copper
rod was soldered between the end pieces to com-
plete the copper support frame. About 1500 bare
No. 40 AWG copper wires, hard soldered to the
lower copper end piece, filled nearly half the vol-
ume of the chamber and furnished thermal contact
within the stainless-steel tube. An 0. 028-cm-i. d.
Cu-Ni capillary entered the chamber through the
top end piece to admit the sample.

The strain gauge was fabricated from about 120
cm of No. 40 AWG Advance" wire, heavy Form-
var insulated, wrapped non inductively around the
center of the stainless-steel tube, and secured
with household cement. " A similar gauge was
wound on the copper rod for temperature com-
pensation. It was possible to detect pressure
changes of 0.04 atm with these strain gauges.

Temperature measurements were made using an
8~ -Hz ac mutual-inductance bridge to measure the
paramagnetic susceptibility of a cerium magnesium

nitrate (CMN) pill thermally attached to the cham-
ber. Primary and secondary coils were situated
outside the exchange gas can in the He' bath. The
CMN pill contained about 10 g of the powered salt
and was held together by Castolite, "a thermo-
setting plastic. Thermal contact to the sample
was provided by 2000 insulated No. 40 AWG cop-
per wires which were hard soldered to the lower
end piece of the sample chamber. A Speer 470-0,
2-W carbon resistor was also soldered to the
lower end piece for use as a secondary thermom-
eter. A heater, made from 230 cm of No. 40
AWG Advance wire and having a resistance of
210 0 was wound on the copper frame and secured
with varnish.

All the electrical leads initially were No. 30
AWG Advance wire. Later, the strain-gauge
leads were changed to No. 30 AWG niobium wire
in an effort to avoid magnetic problems. The nio-
bium leads were spot welded to small pieces of
nickel sheet, which were then soldered to No. 36
AWG copper wires which in turn were soldered to
the strain gauges.

The experimental chamber was suspended from
the cooling salt pill by means of a 0. 32-cm-diam-
eter, 0. 009- cm-wall stainless-steel tube. The
refrigerator salt pill was 10-cm long and 2. 5 cm
in diameter and contained about 60 g of potassium
chrome alum salt. About 1500 No. 40 AWG cop-
per wires distributed through the salt were sol-
dered to a copper plate at the bottom of the salt
to provide thermal contact with the sample cham-
ber, while about 500 separate No. 40 AWG copper
wires extended upward through the salt to the cop-
per top plate to provide contact through a lead
heat switch to the He' refrigerator. The wires
and salt were again bonded together with Casto-
lite. The heat switch was a strip of 99. 999'%%u&&-pure

lead, 3. 8-cm long, 0.6-cm wide, and 0.025-cm
thick, fastened at each end with Wood's metal. A
similar heat switch of 99.999% pure tin was used
to connect the salt pill with the sample chamber.
This switch was later replaced by a copper strap
when specific-heat measurements were completed.
The salt pill was suspended from the He' refrig-
erator by a 0. 32-cm diameter, 0.009- cm wall
stainless-steel tube 2. 5- cm in length.

A solenoid rated at 15 kG with a persistent cur-
rent switch supplied the field for demagnetization.
The magnet was suspended by a stainless-steel
tube which extended through a sliding "0" ring
seal at the top of the cryostat so that the magnet
could be raised to remove it from the region of
the strain gauges.

Difficulties were caused by magnetic field ef-
fects giving rise to poor reproducibility in the
strain gauges. In order to remove these magnetic
field effects as much as possible, the Advance
leads from the strain gauges were replaced with
niobium, and a superconducting lead shield was
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placed above the chamber to protect it from the
magnetic field. With this configuration, the strain
gauges in the second apparatus functioned repro-
ducibly at temperatures below about 0. 5 K. Thus
it was possible to use the overlap with data taken
with the first apparatus to obtain reliable mea-
surements over the entire temperature range even
though the strain gauges were still unreliable
above 0. 5'K.

III. EXPERIMENTAL PROCEDURE

To make the samples, pure He' gas and pure He4

gas were mixed in a glass manifold incorporating
two & -liter Toeyler pumps, The concentrations
were determined by measuring the pressure of a
fixed volume of each constituent. The ratio of the
pressure of He' so obtained to the total of the He'
and He4 pressures was taken to be the concentra-
tion.

With the first apparatus, after the helium bath
had been pumped down to the desired temperature,
the sample was admitted and the pressurization
was carried out in the following way: A known
gas volume of a given He' concentration was con-
densed into a 1.5-cm3 copper chamber which was
immersed in a small auxiliary Dewar containing
liquid He4 at 1.O'K. A capillary connected the
copper chamber with the sample chamber in the
main cryostat and with an external Bourdon pres-
sure gauge. " The copper chamber, the sample
chamber, and the Bourdon gauge were then iso-
lated from the glass gas-handling system by
means of a high-pressure ball valve. The copper
chamber was then removed from the auxiliary
Dewar producing pressures up to 40 atm. The
pressurization was normally carried out when the
temperature of the sample chamber was below
l. O'K. The temperature was chosen so that
when the final pressure was achieved, the sample
was still entirely liquid. With pressurization
completed, the helium bath was pumped to about
1'K. After the He' exchange gas was removed,
the He' refrigerator was started and the sample
was cooled at a speed appropriate for taking data
and for maintaining equilibrium. The strain
gauges were calibrated against the external pres-
sure gauge using sample pressures below those
needed to form solid. Separate runs were made
to determine the small temperature dependence of
the strain gauges in order to make the necessary
corrections.

The procedure with the second apparatus was
only slightly more complicated. As the outer
helium bath was pumped down, the susceptibility
of the CMN salt was calibrated against the vapor
pressure of He'. The procedure for pressurizing
the sample was identical to the procedure with the
first apparatus. When the bath reached its lowest
temperature, about 1.3'K, the magnet was posi-

tioned and turned on. With the heat of magnetiza-
tion of the KCr alum salt removed, the exchange
gas was pumped out and the He' refrigerator
started. When the sample chamber and the salt
pill had cooled to 0. 7 K, the magnet was turned
off in about 3 min. When the tin heat switch was
in use, the field was at first reduced to a level
just above the critical field of tin and was held at
this value until the chamber reached its lowest
temperature. The field was then reduced to zero,
allowing the tin to become superconducting. and
thermally isolating the chamber for specific--heat
measurements. Later, with a copper strap re-
placing the tin, the field could be reduced to zero
without stopping. The magnet was then raised to
remove it from the vicinity of the strain gauges
and the CM¹

The specific-heat measurements were made
with the help of an electric timer which auto-
matically turned off the heater power after a pre-
set time interval. A measured amount of heat
was added using the heater and the resulting
change in temperature was noted. The amount of
heat added was determined by measuring the volt-
age across and the current through the heater.

The freezing curve of a mixture is the locus of
points in the P-T plane where solidification be-
gins to take place. The melting curve is the locus
of points where melting begins. These two curves
coincide for pure substances, but in general do
not coincide for mixtures.

The freezing curves were obtained in several
different ways. In method (1) the NMR signal
could be used to detect the first formation of solid
as the sample was cooled at constant pressure.
Since the solid has a shorter spin-lattice relaxa-
tion time than the liquid, the onset of solidifica-
tion was easy to observe. A repetition of this
procedure at different pressures made it possible
to map out the freezing curve. This method was
useful only for the positive-sloped region of the
freezing curve where the capillary remained open
and pressure communication with the external
pressure gauge was possible.

In method (2) the strain-gauge reading and the
temperature were monitored continuously and plot-
ted on a P-T diagram. This method gave fairly
accurate results for the negative-sloped region of
all the mixtures because in this region, the curve
did not depend on concentration. A difficulty
arises in the positive-sloped region owing to the
difference bebveen the liquidus and solidus. Vari-
ations in starting pressure and sample volume
could change the path of the experiment through
the two-phase region of the PTX space. For the
24. 2% and 38.4% mixtures, however, the differ-
ence between liquidus and solidus is not too great.
The curves measured for these mixtures are near-
ly independent of the starting pressure. At higher
He3 concentrations there is a considerable spread
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between liquidus and solidus. The difficulty is il-
lustrated in Fig. 3 which shows a series of runs
with different initial pressures for an 82. 3% mix-
ture where a substantial difference exists between
the locations of liquidus and solidus. Different
starting pressures lead to a variety of different
curves.

Method (3) is similar to method (1) except the
strain gauges are used to detect the formation of
solid. The sample is cooled at constant external
pressure, starting at a temperature higher than
that at which solidification takes place. When
solidification begins, the fill line blocks and the
pressure in the chamber drops as further solid
forms. Thus the strain-gauge readings show an
abrupt change in slope (kink) as a function of tem-
perature as shown in Fig. 3. The locus of these
kinks in the P-T plane is the freezing curve for
the mixture.

A similar method can be used to measure melt-
ing curves. With the sample at a high pressure,
the He' refrigerator was employed to cool the ap-
paratus. Pressure versus temperature measure-
ments were taken. At sufficiently low tempera-
tures, the P versus T curve would become hori-
zontal, showing that the chamber was full. of solid.
The point at which this kink occurred yielded a
point on the melting curve (solidus) for the mix-
ture.
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FIG. 3. Strain-gauge measurements on an 82.3% mix-
ture of He in He for several starting pressures. The

solid line is the freezing curve for this mixture. Be-
cause of the large separation of liquidus and solidus for
this mixture, the data depends strongly on starting pres-
sure I'z.

IV. RESULTS AND DISCUSSION

A. Freezing-Curve Measurements Above 0.4 K

Figure 4 shows smoothed freezing-curve mea-
surements for pure He4 and mixtures with He' con-
centrations of 4. 69%, 18.8%, 24. 2%, and 38. 4%
obtained with the first apparatus. These curves
are averages of many runs with each mixture,
using method (1) and method (2). Figure 4 also
shows freezing-curve measurements using method
(3) on mixtures of 59. 6% and 82. 3% He' in He' and
on pure He'. The experimental points are shown
for these three concentrations. The curves for
all of the mixtures reach lower pressures than
those for either pure substance, indicating that
solid mixtures can exist at lower pressure than
the pure substances. The most striking feature
of these results is that all mixtures have freezing
curves which tend to merge into a common line
below about 0. 6 K with the exception of the 4. 69%
mixture. This behavior can be explained in terms
of three-phase equilibrium.

The Gibbs phase rule relates the number of co-
existing phases, P, to the number of components
c according to the equation

Q+f =c+2,

where f is the variance or the number of thermo-
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FIG. 4. The solid curves correspond to data obtained
in this laboratory by strain-gauge techniques for various
concentrations of He. n (data points indicated by sym-
bol V) —100% (pure He ), 0 (~ ) —82.3%, m (0 —strain-
gauge data, 0 —NMR data) —59.6%. Experimental
points are not shown for the remaining curves because
the strain gauges used in taking the data corresponding
to them were temperature dependent and the necessary
temperature corrections were made using the smoothed
data. f —0% (pure He ), g —4.69%, h —18.8%, i —38.4%,
j —24. 2%. The dashed lines are results obtained at
other laboratories by other techniques. a —100%,
5 —100% c —84.2% d —80.1% e —60.3%.
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dynamic degrees of freedom. In fact, f is the
number of variables chosen from the pressure,
temperature, and independent c(;~centratjon vari-
ables in the various phases which can be arbitrar-
ily changed without disturbing the equilibrium.
In the case of the He'-He' binary system, c =2
and the set of thermodynamic variables consists
of the pressure, the temperature, and the con-
centration of He' in each of the coexisting phases.
In particular, when three phases coexist in a bi-
nary system there is only one thermodynamic
degree of freedom possible. If one of the thermo-
dynarnic variables is specified in this situation,
then all of the other variables will be determined.
In particular if the temperature of a system of
three coexisting phases is chosen, then the pres-
sure and also the concentrations in the three
phases will be fixed. If the temperature is taken
to be the independent variable, each of the other
thermodynamic variables will depend only on the

temperature.
Thus for, each temperature there is a unique

pressure at which the three-phase equilibrium
can exist. . The locus of equilibrium conditions
in the P-T p].ane for a given set of three phases
is then a. curve called a univariant (variance
equals one). This univariant is the analog of, for
instance, a liquid-vapor coexistence curve for a
one- component system. The location of the uni-
variant and the concentrations in the three phases
are independent of the concentration of the initial-
ly homogeneous mixture.

The results of Fig. 4 show the existence of just
such a univariant for He'-He' mixtures below
0. O'K. Since phase separation is known to occur
in liquid He'-He' mixtures under pressure, ' it is
reasonable to assume that two of the three phases
in equilibrium are liquid phases. Since the crys-
tal structure of the solid mixtures is known to be
body-centered cubic (bcc) in this region, ' we can
infer that the three phases which are in equililib-
rium are the bcc solid and the two liquids, L,
(He' rich) and L, (He' rich). This univariant will
henceforth be designated bcc] Ly L2.

Some of the results obtained by other
groups ~"» carryjng on sjmjlar jnvestj. gatjons
have been represented as dotted lines for com-
parison in Fig. 4. Additional comparisons with
results of other investigators will be presented
later in the article. The pure He4 freezing curve
is flat below about 1'K within our precision.
However, more precise investigations have shown

a shallow minimum at 0. 8'K and a negative slope
of 0. 008 atm/ K. '~' our He' freezing curve lies
somewhat below that of Baum ef, al. ' but some-
what above that of Grilly et al. " Reference to
Fig. 4 shows that the He' freezing curve mini-
mum should be very sensitive to small amounts
of He4 impurity which may explain the discrep-
ancies among the various He' results.

Since the univariant line is analogous to the or-
dinary liquid-vapor equilibrium of a one-compo-
nent system, it might be expected that a general-
ization of the Clausius-Clapeyron equation might
hold. The condition for phase equilibrium in a
multicomponent system is that the chemical po-
tentials for a given component are equal for all
the coexisting phases. Using this condition and
the Gibbs-Duhem relationship, '4 the following
equation can be derived for the slope of the uni-
variant curve:

bcc& bcc bcc& bcc)

bcc—bcc bee& bcc)
L (+3 3 ++4 4

where the nzj are the number of moles of each
component i in the respective phases j and the

and Sjj are the respective partial molar vol-
umes and entropies. This equation can be writ-
ten in a more familiar way as follows:

dP/dT= b S/& V,
where ~S is the entropy change when a specified
amount of solid is melted and ~V is the accom-
panying volume change as for a one-component
system.

The region of negative slope can be qualitatively
understood in terms of this equation. Because
the solid is always the higher pressure phase,
thermodynamic stability requires that the volume
of the solid is always less than the liquid volume.
Thus a negative slope would imply that the solid
entropy is greater than the liquid entropy. As the
temperature is reduced, a number of ordering
effects occur in the liquid. There are the phase
separation, the superfluid ordering in the He4

rich phase, and the Fermi liquid ordering in the
He' rich phase. The onset of phase separation in
the solid occurs at considerably lower tempera-
tures and on the basis of experimental work on
pure solid He', magnetic ordering in the solid
probably does not occur until millidegree tem-
peratures are achieved. ""The analogue of the
Clausius- Clapeyron equation cannot be used to
estimate the entropy change on solidification until
measurements of 4 V have been performed.
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B. Freezing-Curve Measurements Below 0.4'K
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FIG. 5. Strain-gauge data for a number of mixtures
obtained with the second apparatus. The locations of
three-phase equilibrium lines are indicated.

With the second apparatus it was possible, using
magnetic cooling, to make strain-gauge measure-
ments of the freezing curves of the solutions in
the temperature range from 0. 15 to 0. 5 K. Data
taken with this apparatus are shown in Fig. 5. A
preliminary account of this work has been pre-
viously published. ' The freezing curve for a con-
centrated mixture containing 78% He' shows a
negative slope below 0. 37'K, whereas curves for
the dilute mixtures containing 1%, 5/o, 7. 8/0, and
18% He', respectively, have positive slopes at the
lowest temperatures. With the 38% mixture,
either a positive or a negative slope at the lowest
temperatures could be obtained depending on the
sample pressure before cooling to form solid.
For example, an initial pressure of 32 atm at
1.4'K yielded a negative slope below 0. 37 K while
a starting pressure of 28. 5 atm yielded a positive
slope in the same temperature range. All of the
mixtures except the 1% mixture appeared to fol-
low the same freezing curve with negative slope
above 0. 3V'K, in agreement with the data pre-
sented in the previous section.

During a typical run, the region of positive
slope was not seen until the cooling reached about

0. 25'K. At 0. 25'K, the pressure suddenly
dropped and a bri. ef warming occurred. The mix
ture would then follow the positive-sloped freez-
ing curve shown in Fig. 5 to the lowest tempera-
ture. On warming, the mixture would follow the
positive-sloped freezing curve shown in Fig. 5
all the way up to 0. 3V'K, where it joins the curve
with negative slope which it would then follow as
the temperature increased. At the point where
the positive-sloped curve meets the negative-
sloped curve, a brief cooling took place. The ef-
fect seen during the cooling part of the run is at-
tributed to supercooling. The data shown were
taken only on warm up to avoid this apparently
spurious effect.

The negative-sloped curve above 0. 3V K has
been interpreted to be the bcc,-L,-L, univariant
as discussed in the previous section. The data in
Fig. 5 show that the freezing curves of amide
range of mixtures also coincide for the region of
positive slope below 0. 3V'K. This implies that
the positive-sloped curve is also a univariant
curve.

Below 0. 3V'K the liquid will consist of the two
coexisting phases, the He'-rich liquid L, and the
He'-rich liquid L2. Since pure liquid He' and mix-
tures dilute in He will solidify in the hexagonal
close-packed (hcp) phase for high enough pressures
and low enough temperatures, ' it is reasonable to
assume that L&, if sufficiently dilute, will start to
freeze into the hcp solid. Therefore we assume
that the third coexisting phase is the hcp solid and
is nearly pure He . The positive-sloped univariant
is therefore labelled hcp-L, -L,.

The generalization of the Clausius- Clapeyron
equation as applied to the hcp- Ly L2 univariant
would imply that the entropy of the solid is less
than the liquid entropy. This is reasonable if the
solid is nearly pure He4 and so has very little spin
entropy and entropy of mixing. It is evident that
there is still considerable entropy in the two liq-
uids, since the He4-rich phase still contains con-
siderable' He', and the two liquids are not highly
degenerate Fermi systems above 0. 1'K.

It can be seen from Fig. 5 that above the pres-
sure at which the hcp-L, -L, and the bcc,-L,-I,
univariants intersect, the negative- sloped curve
continues on toward higher pressures and lower
temperatures. Figure 5 also shows that mixtures
with initial concentrations of 38% and 78% follow
this curve, implying that this curve is a third uni-
variant. At high enough pressures, it is reason-
able to assume that the He'-rich liquid L, will all
be solidified. Hence the third univariant is as-
sumed to involve three-phase equilibrium among
the hcp solid, the bcc solid, and the He'-rich liq-
uid L„and is labeled bcc„-hcp-L, . At the point
of intersection of the three univariants, four phases
coexist. This corresponds to a quadruple point
which will be discussed in further detail in Sec.V.
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As mentioned in Sec. II, exposure to magnetic
fields during the adiabatic demagnetization pro-
cedure resulted in poor reproducibility in the Ad-
vance strain gauges at temperatures above 0. 5'K
making it difficult to obtain directly a proper ab-
solute-pressure calibration. The absolute pres-
sure was estimated by matching the portion of the
negative-sloped curve, bcc,—L,—L„obtained with
the first and second chambers in their common

temperature range 0. 37 to 0. 50 K. An attempt was
made to overcome this difficulty by using commer-
cial strain gauges which were designed for use at
low temperatures in magnetic fields. With these
gauges it was possible to obtain an absolute pres-
sure calibration to an accuracy of 0. 3 atm by
comparing strain-gauge readings with the pres-
sure as determined from the external Bourdon
gauge above 1'K.

C. Melting Curve of a 78%%uo Mixture

The third experimental method (method 3) de-
scribed in Sec. III was used to determine a portion
of the melting curve and a portion of.the freezing
curve of a mixture with a 78% He' concentration.
As the pressurized liquid sample was cooled, the
sample chamber pressure indicated by strain-
gauge measurements first began to drop at the on-
set of solidification corresponding to a point on the

I
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I

I I I I I
I

I I
I

40—

38—

Starting pressure
0 40 atm
o 39.25atm (cooling )
+39.25atm (warming) 0o

Freezing
Curve

freezing curve. The sample chamber pressure
continued to drop on further cooling until the cham-
ber was filled with solid at which point the pres-
sure became constant. This point corresponds to
a point on the melting curve. Figure 6 shows
points obtained on the freezing curve and the melt-
ing curve of the V8% mixture using this method
with different starting pressures. Typical sets of
data are shown in Fig. 7. The measured freezing
curve is in good agreement with the freezing curve
of a T8% mixture measured by Zinovieva" as
shown in Fig. 6. At a given temperature, the
freezing curve of this mixture is several atmos-
pheres below the melting curve. The data ob-
tained on these runs were reproducible on the
warm up, indicating that the solid formed was
probably fairly homogeneous, so that the melting
curve point was really appropriate for the initial
concentration. The time needed to cool down the
sample until it became all solid was of the order
of 8 to 10 h. In their phase-separation measure-
ments, Edwards, McWilliams, and Daunt' noticed
equilibrium times in the solid of less than a few
minutes, indicating that the solid was probably
homogeneous in these melting-curve experiments.
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FIG. 7. Strain-gauge measurements on the 78% mix-
ture showing how freezing and melting curve points were
determined.
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D. Phase Separation in Solid He3-He4 Mixtures
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FIG. 6. Freezing and melting curves for the 78% mix-
ture obtained with the second apparatus. The solid line

is the freezing curve for a 78% mixture from Ref. 22.

Edwards, McWilliams, and Daunt' discovered
phase separation in solid He'-He' mixtures by
means of specific-heat measurements. The peak
of the phase-separation curve was found by them
to occur at 0. 38 K. A similar experiment was
carried out in this laboratory using the second
apparatus described in Sec. II. The heat capacity
of a mixture containing 78% He' was measured as
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FlG. 8. Heat-capacity measurements on the 78% mix-
ture for several initial pressures. The final pressure
of the sample was about 9 atm lower than the initial
pres sure.

a function of temperature, and the results are
shown in Fig. 8. The volume of the experimental
chamber was 0. 44 cm'. Assuming the molar
volume of the solid mixture to be 24 cm'/mole,
the value of C/R at the peak of the curve is 0. 9
+0. 1, whereas Edwards et a/. ' find a value of 1.0
for a 79/~ mixture. The temperature correspond-
ing to the onset of phase separation is in good

5agreementwith the results of Edwards et al.
The melting-curve measurements discussed above
provide reasonable assurance that the specific-
heat peak is in a region of the phase diagram where
only solid is present.

Univorian)
Curv4 ~

Univariont $urfoc4

bcc)-Li- L&

(ii) phase separation in solid He'-He' mixtures, '
(iii) the hcp-bcc phase transition in solid He'-

mixtures, '
(iv) the behavior of the freezing curves of He'-

He' mixtures described in this work and also by
others. "~22

A preliminary version of this phase diagram has
been previously published. "

A useful way to begin discussion of the construc-
tion of the phase diagram is with a further exami-
nation of the Gibbs phase rule, which was intro-
duced in Sec. IV(A). Since Q

~ I, the maximum
value for f is three for a two-component system.
Thus the representation of a binary system re-
quires a three-dimensional phase diagram. In
this case, the three variables are the pressure,
P, the temperature, T, and the He3 concentration,
X. The maximum number of phases which can co-
exist is four, in which case f =0. This condition
defines a quadruple point and can only exist at
isolated points in the PTX space. The quadruple
point is the analog of a triple point in a single-
component system.

The situation with three phases in equilibrium
and f = I has been discussed in Sec. IV(A). The
univariant or three-phase equilibrium is repre-
sented in PTX space by a ruled surface whose pro-
jection is a curve in the P-T plane as is shown
schematically in Fig. 9 for the bcc,-L,-L, uni-
variant. The location of two-phase and single-
phase regions are also indicated in the figure.

The intersection of univariants is a quadruple
point corresponding to the coexistence of four
phases. A quadruple point will always be the in-
tersection of four univariants" (three-phase equi-
librium lines) since there are four ways of com-
bining four phases taken three at a time. The
analog for a single-phase system is the inter-
section of three two-phase equilibrium lines at a
triple point. The intersection of the univariants
bccy Ly L2 hcp- Lj L2 and bcci-hcp- L, observed
experimentally implies the existence of the qua-

V. PROPOSED PHASE DIAGRAM

A phase diagram is proposed in an attempt to
understand the complex behavior of He'-He mix-
tures observed in this work and in the work done
at other laboratories. The following phenomena
were taken into account in the construction of this
phase diagram:

(i) phase separation in liquid He'-He' mix-
tures, '~2

bCC)

c, + L)

FIG. 9. Schematic PTX diagram of the univariant
surface along which the bcc~ solid and the two phase-
separated liquids are in equilibrium.
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FIG. 10. The phase separation in liquid He-
He mixtures. & —Zinovieva. It is not known
if the phase separation is complete at O'K and
at elevated pressures. The ~ line is extrapo-
lated to meet the phase separation at its peak.

druple point bcc,-L,-L,-hcp and a fourth inter-
secting univariant bcc,—hcp- L, .

A number of other rules" must also be kept in
mind when constructing a phase diagram. In a
T-X plane, if the liquidus and solidus correspond-
ing to the onset of solidification and onset of melt-
ing, respectively, have a maximum or minimum,

they must touch at the extremum point (Gibbs-
Konovalow theorem). " This point of contact is an
azeotropic point and the locus of azeotropic points
in PTX space is an azeotropic hne or line of equal
concentration.

A critical line and a univariant line (three-phase
line) both end at their intersection. At the inter-
section of a pure substance line, such as the
melting curve of pure He' or pure He4, with an
azeotropic line, only the latter comes to an end,
with the azeotropic line being tangent to the pure
substance line. The same is true for the inter-
section of an azeotropic line with a univariant
line.

Finally, the intersection of a pure substance line
with a univariant must occur at the pure substance
triple point corresponding to the equilibrium of
those three phases which are in equilibrium along
the univariant.

The phase diagram is presented as a series of
7.'-X diagrams, each drawn for a different pres-
sure. Only those curves where data points are
shown have been experimentally verified. The ex-
perimental points shown in the figures have been
taken from the results of this work and the re-
sults of other investigators.

At pressures lower than those needed for the
formation of solid, the only feature of the phase
diagram is the liquid phase separation which gives
rise to the two liquids L, and L, as shown in Fig.
10. The lambda line is shown to intersect the
phase separation at its peak in accordance with
work done in this laboratory at saturated vapor
pressure. " It has not been established whether

, phase separation is complete at the higher pres-
sures, although it is known to be incomplete at
saturated vapor pressure. '~ 4 As the pressure is
increased, the solid appears. Existing results
are not accurate enough to establish with certain-
ty whether the solid first nucleates outside or in-
side the liquid phase separation region. Figures
11 and 12 show sequences of T-X diagrams for
each of these possibilities, respectively. The
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FIG. 11. (a) The bcc~ solid has formed

outside the liquid phase separation re-l gion. This case leads to a minimum in
the azeotropic line. (b) At a slightly
higher pressure the bcc~ solid region has
increased and intersected the liquid phase
separation giving rise to univariant bcc~-

' L~-4.
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giving rise to the univariant bcc~-L~-I 2,
(b) At a slightly higher pressure, the bcc~
solid region has increased and the situa-
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first possibility leads to a minimum in the azeo-
tropic line on the I'-T diagram while the second
does not. The pressure at which solid first forms
and the concentration of this solid were chosen to
be 22. 8 atm and 45% respectively, as inferred by
LePair et al

Both sequences lead to Fig. 13. Here, at 24
atm, the solid, which has body-centered cubic
(bcc) crystal structure, is a well-established
island surrounded by liquid. This is related to

the fact that He'-He' mixtures can exist as a solid
at pressures below the lowest melting pressure
of either He' or He'. The liquid phase separation
is still evident at the bottom of the figure. The
horizontal line labeled bcc,-L,-L, is the inter-
section of the T-X plane I'=24 atm with the ruled
univariant surface along which bccy Ly and L,
are in equilibrium. Choosing P determines both
the temperature and the concentrations of the

I i I i ) i ) i 1

l.6—

I.O

I-

20 40 60
X (/He~)

FIG. 13. At 24 atm the bcc~ solid region has
become larger and the peak of the liquid phase
separation has disappeared. 0 This work;
0 LePair et al. ; A Zinovieva.

a I a I ~ 4 ~l
20 4G 60 80

X(/ He )

FIG. 14. At 25. 6 atm the hcp solid has
formed, isolating a region of liquid I ~. Three
univariants are shown. 0 This work; V

Vignos and Fairbank; & Le Pair et al.8 $1.

Zinovieva; + Lipschultz et al.22. 30



410 P. M. T E DRO%' AND D. M. LE E 181

I
'

I
'

I

l.2

l.0
0

20 40 60
x(/. He~)

80

FIG. 15. At 26 atm and 0.37 K, the four
phases, hcp solid, bcci solid, liquid Li, and

liquid L2 are in equilibrium, i.e. , a quadruple
point exists at this temperature and prqssure.

I0 This work; V Vignos and Fairbank. ; E3 Le
Pair et al. ; ~ Zinovieva; 4 Lipschultz etii . . 22

, 30

three phases in accordance with the discussion of
the phase rule. Figure 13 resembles a,n ordinary
eutectic diagram with two liquids and one solid
rather than two solids and one liquid coexisting.

Figure 14 is drawn for a pressure of 25. 6 atm.
The question of what happens as the He4-rich
hexagonal close-packed (hcp) solid begins to form
at about 25. 0 atm is related to the melting curve
minimum in pure He4. This is treated in detail
by LePair et al. "and will not be discussed here.
At 25. 6 atm, the hcp solid stretches along the
left side of the diagram and has isolated a pocket
of liquid, L, . Two more univariants have ap-
peared, hcp-L, -L, and hcp-bcc, -L, . The uni-
variant hcp-bcc, -L, appears twice because it is
thought to have a minimum in the P-T plane, and
the plane P = 25. 6 atm cuts it at two different
temperatures. The projections of the hcp-L, -L,
and bccy Ly L, univariants in Fig. 14 onto the
P-T plane are shown in Fig. 5. These figures
show' that hcp bccy Ly and bccy Ly L2 move to
lower temperatures as P increases while hcp-L, —

L, moves to higher temperatures.

In Fig. 15 at 26 atm the three univariants in
Fig. 14 have met at about 0. 3'II K. At higher
pressures, no He -rich liquid L, can exist. This
point is the quadruple point labelled Q, deduced
from the experimental results earlier in the paper
[ Sec. IV(B)] corresponding to the coexistence of
four phases, hcp, bcc„L„and L, . The four
intersecting univariants associated with this qua-
druple point are bcc,-L,-L„hcp- L,-L„bccy-
hcp- L„and bcc, -hcp- L, .

The interpretation of the experimental results
obta, ined in this work in terms of a, quadruple
point is supported by observations by Zinovieva"
who visually detected the stratification of an 86. 8%%uo

mixture into two liquid phases at temperatures of
0. 30 and 0. 35 K and a pressure of 26 atm with no
what determine the path of bcc,-hcp-L, . Since
pure liquid He' and pure solid He' are in equilibri-
um along the He' melting curve, the behavior
shown in Fig. 20 i.s reasonable if the hcp solid is
pure He4 at absolute zero.

The hcp-L, -L, curve is shown merging into the
pure He' melting curve as the temperature ap-
proaches zero. If Fig. 14 is correct, then as the
pressure decreases from 25.6 atm and the hcp-
Ly L2 line moves tow ard lower temperatures, L,
and L, become purer until at absolute zero the
pure hcp solid will be in equilibrium with the pure
He' and pure He' liquids assuming complete phase
separation at absolute zero. In this condition the
solid will be at the bottom of a container with the
He' liquid above it and the He' liquid on top. If
phase separation is complete at absolute zero, He'
atoms cannot spontaneously pass into either liquid
He' or solid He' whereas the He' atoms can move
freely from liquid to solid. Thus it seems reason-
able that the three-phase equilibrium curve hcp-
L,-L, should extrapolate to the He4 melting curve.
If the liquid phase separation is incomplete at ab-
solute zero, as is the case for saturated vapor
pressures'~4 that is, if L, can have finite concen-
tration of He' at absolute zero, then the situation
can be quite different. If the hcp solid meets the
liquid phase separation surface in such a way that
it "traps" a region of L, on the low-temperature
side, then the univariant hcp-L, -L, will have a
minimum. Figure 21 shows a series of T-X dia-
grams for incomplete phase separation which
leads to a minimum in the hcp-L, -L, line on the
P- T dlagl am.

The other univariants end more routinely.
Figures 11 and 12 show why bcc,-L,-L, must end
at the peak of the liquid phase separation. The
termination of bcc,-bcc,-L, at the critical point
of the solid phase separation can be understood
by noticing how Fig. 17 evolves from Fig. 16.
Less is known about the termination of bcc,-bcc,—

hcp. It is thought that the critical curve (labeled
CP) for the solid phase separation is nearly in-
dependent of pressure. ' As the pressure is in-
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creased the hcp-bcc phase transition occurs at
higher He' concentrations. As the hcp-bcc transi-
tion moves across toward higher He' concentra-
tions, it carries bcc,-bcc,-hcp with it until it hits
the peak of the curve, CP in Fig. 19. At this point
on the P-T diagram bcc,-bcc, -hcp should terminate.
Very little is known about the solid phase separa-
tion, however, so this statement lacks verifica-
tion. Finally, the bce, -hcp-L, line must end at
the pure He4 melting curve at the lower triple
point. In Fig. 20, points shown on the bcc,-hcp-
L, univariant were obtained by Lipschultz et al.
in ultrasonic experiments. " From the shape of
the T-X diagrams in Figs. 10-19, the location of
the azeotropic line on the P-T diagram is also
solid being present. These observations agree
qualitatively with the data in Fig. 5 and with the
proposed phase diagram presented here if her
observations were made in the two-phase region
between hcp-L, -L, and bcc,-L,-L, (Fig. 14). In
the same manner that a triple potnt is useful in
establishing a fixed temperature point in a single-
phase system, a quadruple point in the He'-He'
system provides a fixed temperature point below
1'K, which is not a function of pressure or im-
purity content.

The location of the line bcc, -hcp-L, is shown in
Fig. 16 at 26.2 atm. This line also appears in
Fig. 5. In the high-temperature region of the
diagram, the univariant hcp-bcc, -L, has disap-
peared and the boundaries of the two solid phases
have met at the X =0 axis. This point corresponds
to the lower triple point' in pure He'.

In Fig. 17 at 26.5 atm, the solid-phase separa-
tion' first appears and is thought to be a phase
separation into two bcc phases labeled bcc, and
bcc, . This gives rise to another univariant, bcc,—

bcc,-L,. CP marks the critical point of the solid-
phase separation. Along the pure He4 axis, the
thin region of bcc solid' in pure He' is in evidence
at about 1.5 K. The data points in this figure be-
long to the bcc,-hep-L, line and not to the bcc,-
bcc,-L, univariant. The projection of the two uni-
variants onto the PT plane is shown in Fig. 20.

At 26.75 atm, in Fig. 18, the univariants bcc,-
bcc2 L2 and bee y hcp L2 have met giving rise to
a second quadruple point, with the four phases
bcc„bec„hcp, and L, coexisting.

Again there must be four univariants meeting at
this quadruple point. The other two, bcc,-bcc,-hcp
and bcc,-hcp-L„are shown in Fig. 19 at 30 atm.
These surfaces, too, are shown in Fig. 20„pro-
jected onto the P-T plane. At 30 atm, pure He'
has begun to solidify, isolating a small pocket of
L, in the lower right-hand corner. This is related
to the minimum in the He' freezing curve.

The location of all of the univariant surfaces is
summarized in Fig. 20 where their projections on
the P-T plane are shown. The parts of the surfaces
which have been measured in this laboratory have
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FIG. 16. At 26.2 aha only the uniyariant
bcc~-hcp-L2 rem. ains. L~ cannot exist at this
pressure. The lower triple point of pure He

is at about 1.45 K. Q This, work; ~ Vignos
and Fairbank . D Le pair et al. ; A Zino-8 ii.

vieva; & Lipschultz et al.

data points shown.
A few words must be said concerning the extrapo-

lation of some of the univariants beyond the region
where they have been measured. The ways of ter-
minating univariants were mentioned earlier in
this section. They can terminate at critical point
lines or pure substance lines, and at quadruple
points where four must meet.

The bce, -hcp-L, univariant has been drawn so
that it meets the pure He' melting curve at high
pressure and low temperature. This must be the
case if the hcp solid is essentially inert and does
not affect the situation at all. Then nearly pure
solid He' (bcc,) and nearly pure liquid He' (L,) are
clear.

Large portions of the phase diagram and the
existence of many of the three-phase surfaces
have not been verified experimentally suggesting
the need for further experiments.

Alternative diagrams have been suggested by
several other groups. "» ' The diagram pro-
posed by LePair et al." mainly agrees with the
one presented here. In addition, they discuss the



P. M. TEDHOW AND D. M. LEE

4.6—

4.4

4.2

I.O
0

I.O

0

.6

.2

20 40 60
X(%H e~)

20 40 60
x(%He&)

80

FIG. 17. At 26.5 atm the solid phase separa-
tion has appeared giving rise to a second bcc
solid bcc2 and a new univariant bcc~-bcc2-L2.
0 This work; V Vignos and Fairbank; Q Le
Pair et al. ; & Zinovieva; k, Lipschultz et
al. ; Edwards et al.

FIG. 18. At 26. 75 atm and 0.33'K a second
quadruple point occurs corresponding to the
equilibrium of bcc~ and bcc2 solids, hcp solid
and liquid L~. 0 This work; V Vignos and
Fairbank; & Le Pair et al. ; & Zinovieva
8 Edwards et aE.

phenomena related to the minimum of the He4

freezing curve and the formation of the hcp solid.
They also propose an alternative for the behavior
of the crystallographic phase transition, and con-
sequently, for the existence of the upper quadru-
ple point. This alternative requires that as the
pressure increases, the two-phase region between
the hcy and bcc solids increases at the low tern-
yerature end and that the solid phase separation
starts to grow on the low He' concentration side
of the bcc solid. As soon as this happens, the
univariant bcc,-bcc,-hcy appears. Figure 22
illustrates this possibility along with the relevant
I'-7.' diagram. As LePair et al."point out, there
are no data available to allow a choice to be made
between these two possibilities.

VI. CONCLUSION

Over the range of temperatures and pressures
so far investigated, the proposed phase diagram
agrees well wi.th experiment. The experiments

performed in this laboratory have demonstrated
the existence of a quadruple point for He'-He4
mixtures and the existence of several univariant
lines in the liquid-solid phase transition including
some which have a negative slope on the I'-7." dia-
gram. Extensions of these measurements to
lower temperatures and higher pressures would
be of interest. To understand the thermodynamics
of the univariant lines, measurements of the volume
change that occurs when liquid is converted to
solid would also be useful.
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FIG. 19. At 30 atm pure He has started to
solidify. The figure shows two univariants
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FIG. 20. The projections of the univariant surfaces
shown in the T-X diagrams (Figs. 11 through 19) are
projected onto the P-T plane. Also shown are the freez-
ing curves of pure He and pure He, the azeotropic line,
the critical point line CP of the solid phase separation
and the locus of the peaks of the liquid phase separation.
The quadruple points are labeled Q~ and Qq. Only the
portions of the univariants with data points have been
verified in this laboratory. The methods used in ex-
trapolating these curves are discussed in the text.
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The heat evolved when He is added to liquid He -He mixtures at the saturated vapor pres-
sure has been measured for temperatures in the region of 0.05'K. The startingconcentrations
varied between zero and six atomic percent of He . Since the variation of the energy with
temperature (the specific heat) is known, the experiments give the ground-state energy and
the He and He chemical potentials at O'K as a function of concentration. The measurements
were made in a calorimeter connected by a wire of high thermal resistance to a dilution re-
frigerator operating at - 0.02 K. The He was added through a long tube containing thermal
anchors connected to the refrigerator.

The results give the difference in binding energy for one He atom in He relative to pure
He as {E3-I 3 )/k~ ——{0.312 + 0.007) deg K, in excellent agreement with the theoretical value
of Massey and Woo. The concentration dependence of the energy and chemical potentials
agrees with predictions using the Bardeen, Baym, and Pines empirical interaction. The
osmotic pressure in a saturated solution at O'K is found to be (17.8+ 0.9) mm Hg.

INTRODUCTION

In the experiment described here, we have mea-
sured as directly as possible the ground-state or
O'K energy of He'-He solutions as a function of
X, the atomic concentration of He'. The measure-
ments have been carried out at zero pressure up
to the limit of solubility of He' in He' which, ac-
cording to the results of Ifft et al. ,

' is X, = 6.4%%uo.

The present experiment was primarily undertaken
to determine the binding energy of one He' atom in
liquid He' (E, in our notation) to compare with re-
cent theoretical estimates. ' ' In addition, the
variation of the ground-state energy with concen-

tration and the derived chemical potentials at O'K,
p»(X) and p«(X), provide an excellent test of the'
empirical quasiparticle effective interaction con-
structed by Bardeen, Baym, and Pines (BBP).'~'

Theory of the Experiment

The energy of a mole of mixture at O'K, H, (X),
is conveniently described by the excess energy (or
enthalpy, since P =0), H, , defined so that

Ho(X) =XHO(X= 1)+ (1 —X)HO(X= 0)+IID (X)
g

0 0 Z= —XN~L —(1 —X)N L yH (X) .


