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A theory for stimulated thermal Rayleigh scattering in gases is presented. The dependence
of the nonlinear gain on thermalization times for absorbed optical energy is derived. For
gas mixtures containing NO, as the molecule which absorbs optical radiation, the nonlinear
gain for antistokes-shifted back-scattered light increases with density due to the increased
rate of thermalization with density. Diffusion of optically excited molecules is shown not to
substantially affect the nonlinear susceptibility for NO, mixtures. In case I, is used as the
dye molecule, translational energy’is released immediately in dissociation following optical
absorption. This leads to little or no dependence of the nonlinear susceptibility on gas
density within wide limits. The antistokes shift for the scattered radiation is also calculated.
For gas mixtures containing I, the shift is equal to that previously predicted for absorbing
liquids — approximately half the laser linewidth. For mixtures containing NO,, the predicted

shift is somewhat less.

1. INTRODUCTION

The phenomenon of stimulated thermal Rayleigh
scattering (STRS), which was predicted by the
authors, * has been observed®~® in a variety of
liquids containing several dyes. This effect mani-
fests itself in nonlinear light scattering in the
backward direction. The scattered light shows
coherence narrowing and is antistokes shifted
from the central laser frequency by approximately
one half the incident laser radiation linewidth.
The density fluctuations responsible for the scat-
tering arise through liquid expansion following
optical absorption by the dye molecules and sub-

_sequent thermalization of the absorbed energy.
The equations of I indicate that this effect should
occur as readily in gases as in liquids, provided
that the absorbed optical energy is efficiently
thermalized. In fact, in gases the competing
process of stimulated Brillouin scattering is rel-
atively less important than in liquids, making
STRS even more easily obtainable.

The above conjecture has, in fact, been con-
firmed through observations of light scattering
from gaseous mixtures by Wiggins, Cho, Dietz,
and Foltz.® In addition, these investigators noted
a general increase in the STRS threshold as the
total gas density is decreased (while retaining a
constant value for the absorption coefficient at the
laser wavelength) when NO, is used as the dye.
This observation has not been accounted for
through previous theory. (The predictions of I,
if applied without modification to gases, indicate
that the thresholds for STRS would be independent
of density for ideal gases.) Accordingly, in the
present paper we give an explanation for this fact,
while developing an approach toward the quanti-
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tative understanding of STRS in gases. Compar-
ison” reveals that the present theoretical results
show substantial agreement with experimentally
observed thresholds for STRS in scattering from
mixtures of NO, with CH, and with CO,.
Physically, we might expect that as pressure is
lowered, the effects of competition between pro-
cesses which distribute the locally absorbed en-
ergy would appear. For example, if character-
istic diffusion times are comparable with times
necessary for collisional de-excitation of optically
excited molecules, this competition might result
in an increase in the threshold for STRS. As
will be seen, however, the results of the present
analysis indicate that even when these times are
comparable, there exists only a very limited de-
pendence of the threshold on the diffusion rate,
even though the predicted thresholds exhibit a
sensitive dependence on the thermalization rate
(maximum gain ~ thermalization rate ~ density).
This follows, in a general way, from the fact that
as the diffusion rate increases, the maximum of
the gain function (before convolution with the laser
profile) decreases as expected; but at the same
time, the width of this gain function increases
proportionally. Upon convolution with the laser
profile, the resultant gain function is sensitive
mostly to the product (height times width) of the
narrower function, and is therefore largely in-
sensitive to the diffusion rate. [See Eq. (15) ver-
sus (13). Similar arguments apply for thermal
conduction rates. This accounts for the fact that
in I, the convoluted Rayleigh gain profile is by and
large insensitive to the rate of heat conduction. ]
In case the dye molecules are not NO,, but in-
stead are I,, for example, the considerations are
somewhat different. It will be shown that over

374



181 NONLINEAR THERMAL RAYLEIGH SCATTERING IN GASES

wide variations in density (down to densities at
which mean-free paths become comparable with
the dimensions of the fluctuations which give rise
to the light scattering) there is no pressure de-
pendence for I, - ideal-gas mixtures. This re-
sults from the fact that the heat energy is deliv-
ered to the gas through dissociation, which is es-
sentially instantaneous.

Finally, the antistokes shifts for the STRS ra-
diation are discussed. For gas mixtures con-
taining NO,, the predicted shifts are smaller by
a factor V3 than the corresponding shifts for
liquids, as calculated in I. For gases containing
I, as the dye molecule, the shifts are essentially
the same as for liquids.

II. THEORETICAL CONSIDERATIONS
A. NO, as the Dye Molecule

The model to be used in this paper is largely the
same as that adopted in I. It consists of a set of
linearized hydrodynamic equations and the wave
equation for the optical electric field, suitably
modified to account for the coupling between the
light and the absorbing medium through hydro-
dynamic driving terms and a nonlinear polariza-
tion term. The equations derived in this study
differ from the previously used set only in that the
driving term for the energy (heat conduction)
equation now becomes

nea . (w)E%*/4w ,

eff
_where agsf(w) is a function which we call the
“effective” absorption coefficient. In general,
aeff(w) is complex and frequency dependent (the
frequency w is defined below), its real part hav-
ing a value different from @, the extinction coef-
ficient for low intensity light at the laser wave-
length. The complex character of aeff(w) is re-
quired because the thermalization of absorbed
energy in gases proceeds at a slower rate than
in liquids, resulting in time-lag effects. An ex-
plicit form for ag¢s(w) can be found by solving a
diffusion equation for internal energy density,
which has production (due to absorption of opti-
cal photons) and dissipation (due to thermaliza-
tion) terms. We assume that losses due to flu-
orescence are negligible at the pressures of in-
terest.

The diffusion equation for stored internal ener-
gy density « is

au(t)
ot

ncaE%(t)

- DVPu(t) = v -u(t)/T, (1)

where E(¢) is the opt.ical electric field, # the index
of refraction, c the velocity of light, D the dif-
fusion constant for molecules having internal elec-
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tronic or vibrational excitations, and 7 the ef-
fective relaxation time for thermalization of the
absorbed energy. This equation must be used
with the linearized hydrodynamic equations,

82 c? 5
3 PO = = VEp(t) = L 2 o p()
0

2 2 _
-Gl vrg-- Ll v @)
(the Navier-Stokes equation) and
C (y-1)
<] v 9
PoCy o T(t) - AVET(t) - —F o p(t)
=u(t)/T (3)

(the heat-conduction equation), to specify the be-
havior of the temperature fluctuations 7', and
density fluctuations p in the presence of the opti-
cal fields. The notation of Eqs. (1)-(3) is stan-
dard, and has been defined in I. If the ambient
gas density is very large, so that D and 7 become
negligibly small, Eqs. (1) and (3) lead to a heat-
diffusion equation identical to Eq. (2) of I, which
presumably represents a valid description for
many liquids and dyes.® (We shall call this the
“liquid limit,” therefore.)

By employing standard methods for solving Egs.
(1)-(3), that is, by letting

E(t) =EL(t) +Es(t) 4)

with E7 (t) and Eg(#), the incident and back-scat-
tered electric fields, being given by

EL(t)=%ELexp[— i(kLz—th)]+c.c. (5a)
and
Es(t)=§Es exp[i(ksz +wst)]+c.c. , (5b)

where c.c. represents the complex conjugate,
together with

p(t) = 3 pexp[-i(kz — wt)]+c.c. , (5¢)

T(t) =3 Texp[-i(kz — wt)] +c.c. , (5d)
and

u(t) = $u exp[-i(kz — wt)] +c.c. , (5e)

k being the magnitude of the vector difference be-
tween wave vectors for the scattered and incident
radiation,

k=kL +ks (6a)

and w the frequency difference between incident
and scattered radiation,
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w=w (6b)

L™ %>
we find, upon substitution of Eqs. (4), (5a), (5b),
and (5e) into Eq. (1) (keeping only the cross terms
in E;E§ and E Eg)

ncaE _E* ,
LS T )

47 1+iwt’

Here 7' is a time associated with the dissipation
of internal energy fluctuations (characterized by
wave vector k) through the combined influences of
thermalization through collisions and the diffu-
sion of excited molecules,

1/7'=1/7 +Dk2, (8)

Substitution of Eq. (7) into Eq. (3) with the aid of
Eq. (5d), leads to an equation for T in which the
right-hand side is simply

*
ncaELES (I_I 1 > ©
T l+iwt’ /"

4T
In the liquid limit (7= 7 =0) the quantity in the
brace is unity. Thus the effects of diffusion and
of the finite thermalization rate are solely that in
the linearized hydrodynamic equations for p and
T, the extinction coefficient, «, is now replaced
by an effective value,

@)=a 1
T l+iwr’ "

“_
p

@ (10)

We therefore proceed by the direct substitution
of agff(w) for @ in the expression for nonlinear
susceptibility in I (keeping in mind that this
susceptibility is proportional to p*). Assuming
monochromatic input light, the effective non-
linear susceptibility is now

_ n2-1) n?+2 5
Xnps“@) =357 3 1Bl

1
1-iwt’

X<Bncacozk2 T’
y T
+n"’—l B

2 Po
2,2 2 .
X[(_wz+£¢_imw)
¥ P,
v-1

—— 2 7
(- g2 4 pova)>

— 2 7 A
X (= 2k +zp0va)+z
xp.C C Zkzw]“l (11)
0v 0 ’

where local field corrections have been taken into
account, and where the factor (@, /M) (n*+2)/3
in I has been replaced by (z? - 1)/4mp, in accor-

dance with the Clausius-Mosotti relation.®

In typical situations for gas mixtures containing
NO, as the dye, aggp(w) is very small for fre-
quency displacements of the order of the Brillouin
displacement frequency, w B= Co®. Accordingly,
the thermal Brillouin doublet will largely be ab-
sent and only the electrostrictive contributions to
xNLs(w) will be present for these frequency dis-
placements. The resulting gain per unit length
ile

n?-1 (n?24+2 \2 N
32mn? ( 3 > kleLl
1

w gl"B

B
X 2 2 I 2
pOCO (wFw )+41“B

GB(w)Si

(12)

B
for w=+wp, where
— 2 2
I‘B—nk /p0+>\k /pOCv

is the linewidth associated with Brillouin scat-
tering. Near zero frequency the electrostrictive
contribution is small,’ while thermal effects lead
to a gain per unit length for the scattered wave,
given by

2_1 n242 Bca
G, (w)=-2"2 EE._|?
R 8mn 3 S L pOCp
1 ’
o z(rR+r) )

T (w2+%I‘R2)(w2+%1’"2) o (13)

where I''/2(= 1/7’) is the combined rate of decay
for internal energy fluctuations and I'g(=2)k2/
POCp) the linewidth associated with spontaneous
Rayleigh scattering,

1. Effects of Finite Laser Linewidth

As was indicated in I, the laser linewidth is
often large in comparison with Brillouin and
Rayleigh linewidths in spontaneous light scatter-
ing. Hence, the resultant scattered field at any
given frequency is proportional to the summation
of products of nonlinear polarization with the am-
plitudes associated with individual Fourier com-
ponent wavelets contained in the incident laser
pulse. Assuming that no coherence exists be-
tween the wavelets (likewise the contributions
to the scattering at a given frequency for differ-
ent Fourier components of the input radiation),
the resultant gain functions are simply propor-
tional to the convolutions of the laser profile
with the narrow gain profiles specified by Eqgs.
(12) and (13). This certainly may not be true in
practice, but the main features of the present
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problem can probably be understood through this
model. The resulting effective gain profiles, as
functions of frequency displacement, w, are's!!

G eff(w) =

2
(2 -1y <n2+2
B + —em——

32m? 3 )kS]EL

1
wg (T +I"B)

pOCOZ (w ¢wB,)2 + %(1“

2
|

X

T 7; (14)
for w=twpg, and

2
eff(w) nw-1n*+2

_ |2 Bcoz
8mn 3

PoC »

r

x{[ T, +3(0,+T)] /7}

w
I"R)z] [w?+ %(I"L +T'7]

(15)

assuming a Lorentz profile of width I'y, for the
laser line shape.

The intensity for the nonlinear scattering pro-
cess depends primarily on the maximum value

XT 2. 1
[w +4(I‘L+

for the sum of the gain functions, Eqs. (14), (15).

Because of this importance, we must know
(GR®")ax» along with the frequency displace-
ment which maximizes this function. From Eq.
(15) it is easily seen that the latter is given by

O =T (2@)-1{[(1"L+ rR)‘*
+ 14(1"L + I‘R)Z(FL+ )2+ (l"L + TR

- N 2 _ )21 172
(C, +TpP=(r +TPP2 . (16)
The fact that wpyax is negative indicates that,
as in I, antistokes shifts in the scattered light
are expected. In the liquid limit, 1/7'> I'y,
~_ 1

w o Z=3(T, +Tp) | (17)
is found, which is identical to the result found in
I. On the other hand, if I'g and I'’ are both sub-
stantially less than I'y, (which is typical for NO,-
gas mixtures at densities less than 100 amagats)
we find a different result,

I =—(2V3) [I" +2(I" +T] . (18)

The difference in these results is interesting. It
arises from the fact that the wings of the narrow
distribution, Eq. (13) [the convolution of which
yields Eq. (18) for wmax] are very much less
pronounced than they are in the liquid limit for
the same equation [which leads to Eq. (17)].

The antistokes shift is smaller in NO,-gas mix-
tures than in liquids, other things equal. It is

disturbing that the observations of Wiggins ef al.”
appear not to confirm this prediction.

Let us now confine our attention to NO, mixtures
for which ', I''<I'r. This typifies the range
10-100 amagats, which has been extensively
studied in Ref. 7. Using Eq. (18) for wmax, the
maximum effective Rayleigh gain is

2

eff B2 -1)n*+2
R ’'max  16m 3
Bca 1
> C 1 7] 2
pocp[rL+2(rR+r)] T

(e k]E‘

X (19)

Inasmuch as 7, T'p, and I [for densities at which
I’ is at all significant in Eq. (19)] all vary as
po-!, and the remaining product is roughly inde-
pendent of density, > the power required to obtain
a given scattered light intensity (assuming experi-
mental geometry, laser frequency content, and
pulse duration to be the same from observation to
observation) is related to the NO, extinction co-
efficient and total density p, through the relation

P\
~L (1+l> , (20)
Po 0

a X (power for
given level of

scattered light)

with p,,, the density at which I'y and 3(Tp+T
are equal lying typically in the range 2-3 ama-
gats. The observations reported in Ref. 7 ap-
pear to confirm the validity of Eqs. (19), (20)
for NO,-CO, and NO,-CH, mixtures.

2. Relationship Between Thermalization Times
and ac

By comparison of (G Reff)max and (GBeff)max
as obtained through Eq. (14), one can deduce an
expression for acr, the value of @ for which
these are equal, in the form®?

+ 2(1"‘ + I"')]2
(I"L+ TB) :

ni-1n"+2 p B[ L
cr 3%, 3 BCC

a (21)

For practical purposes this expression can be
simplified, inthat I'p, I/, and I'g are usually
considerably smaller than I'y, and errors
caused by their neglect in Eq. (21) tend to com-
pensate. Since I'y, the index of refraction and
the gas thermodynamic properties are presuma-
bly known, there exists the possibility of deter-
mining 7 through the measurement of ag,. (The
values of 7 so determined differ from the more
usual vibrational relaxation times, inasmuch as
in the present situation, both electronic and vi-
brational degrees of freedom are optically ex-
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cited and, accordingly, larger amounts of energy
per molecule must be thermalized, perhaps
through simultaneous or parallel processes. The
relaxation times are, in fact, optical-acoustic
ones characterizing the thermalization of energy
absorbed at the laser wavelength.) The thermal-
ization times have been determined experimental-
ly” with the result that 7=6x1078 sec for NO,-CO,
mixtures and 1x10°7 sec for NO,-N, mixtures
(consisting mostly of CO, or N,), normalized to
1-amagat density.

Finally it is interesting to observe that while
(n? - 1) varies as p,, 7T varies as p,~! and the
other factors in Eq. (21) are largely insensitive
to density. Consequently, acy is itself not very
sensitive to variations in density. Typical values
for a, are, indeed, small as orig}nally sup-

posed, being of the order 0.01 cm™".
B. I, as the Dye Molecule

When iodine is used as the molecule which ab-
sorbs optical energy, the considerations are
somewhat different. Thermalization then pro-
ceeds via dissociation, which instantaneously de-
livers the kinetic energy of the product atoms to
the gas. Thermal expansion then takes place as
soon as sufficient numbers of gas molecules
share the energy (within a few kinetic collisions).
Hence, the assumptions for the liquid limit (in-
stantaneous thermalization) are applicable for
densities ranging down to those for which the
diffusion rate D%? becomes comparable with the
collision frequency (typically 1-5 amagats).
Generally speaking, therefore, for mixtures con-
taining I, (for which the absorption coefficient
« is fixed) the properties of STRS remain un-
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changed for densities ranging as low as those
mentioned above.

At the same time, I, is less efficient in trans-
ferring absorbed optical energy into heat, since
only a small fraction f (=0.14) of the absorbed
energy appears as translational energy, the re-
mainder being used as potential energy of dis-
sociation. Hence, the effective value of a to be
used with Eq. (11) is

@ g =fa . (22)

Accordingly, for mixtures containing I,, the
maximum effective thermal Rayleigh gain is

eff n?-1n%+2
R )max~ 8m 3 kSlEL

XBcaf/pOCp(l"L +Tp) . (23)

At the same time, a., increases with density,
being somewhat larger at higher densities and

G |2

“smaller at lower ones than in corresponding mix-

tures with NO,. The observations of Wiggins,
Cho, Dietz, and Foltz® at densities near 50 ama-
gats appear to support these conclusions.

Finally, the maximum in the gain function again
falls at

~-_1
© 2(1"L+1“R) , (24)

as in liquids.
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The theory of absorption line shapes is reviewed as a special case of the kinetic theory of
gases. Correspondence with low-frequency transport results in corrections to the impact
theory and the statistical theory of line-broadening. These corrections are observed to be
related to the general question of non-Markovian effects in kinetic theory. The various clas-
sifications of line-broadening are described in terms of the most important driving mechanisms
of the absorbing atom distribution function and the damping mechanisms due to collisions.
High-frequency transport on the other hand suggests a modification of the correlation func-
tion approach closely related to the results of elementary scattering theory. The wing spec-
trum of a line may thus be analyzed in terms of the relevant microscopic collisional rates.

I. INTRODUCTION

The theory of spectral line shapes is dominated
by two basic attitudes. The theorist with an ur-
gentdesire for results constructs a model designed

‘ to account for the salient features of the effects

of environment on the absorption (emission) char-
acteristics of an atom. The less daring person
stalks the problem from a more distant vantage
point prescribed by rigor and very often finds
himself in a tangle of perturbation theory. !=3 The
ability to describe the line shape for the full spec-
trum of frequencies requires the talents of both
these individuals, and it is the objective of this
paper to provide a framework within which this
joint effect may proceed. The task of providing

a comprehensive outline of all possible line broad-
ening mechanisms is outside the scope of this
work. Where detail is necessary for illustration,
the application of theory to plasma broadening
will be considered.

The modern theory of line shapes usually begins
with the Fourier transform of the spectrum. If
light shines on an isolated atom, a light quantum
of energy 7 5 =€f— €; may be absorbed with a
probability amplitude fixed by the dipole matrix
element connecting the initial and final states,

where €f, €; denote the energies of the final and
initial states, respectively. If the atom is now
taken to represent a macroscopic absorbing sys-
tem, a giant quantum-mechanical object with a
complex set of energy levels and stationary states,
the same probability averaged over an ensemble
of initial states and summed over final states
yields the shape function

Sw)= 2 8lw=-w_) I (fIMIi) 12p,, (1.1)
X fi i
,f
where M is the electric moment of the entire sys-
tem. Alternatively, in terms of its Fourier trans-
form

S(w)=1"Re [ are™"

o(£) 1.2)

with P(#)= (M(£) M(0)). 1.3)

Re denotes the real part and the brackets stand
for averaging over the initial ensemble. The time
dependence of M is realized through
i/nHt -7/Ht
M(t):e/ Me / s (1.4)
with H the full Hamiltonian for the absorbing sys-
tem.



