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A possibility that the electromagnetic current may have a unitary singlet component has been investigated
in connection with ¥y — Il decays. The Maki-Hara model of elementary particles seems to be experimentally
ruled out. As for the three-triplet model, it has been pointed out that we must have additional 1~ vector
mesons p’, ', and ¢’ with nonzero charm quantum numbers in order to saturate a new sum rule.

ECENTLY, there has been a great deal of theoret-

ical and experimental interest in the leptonic

decays of the vector mesons. Especially the validity of
the sum rule!:?

3m,L(p— W) =m.T(@— ) +mT(@—1) (1)

is of great interest. Although the experimental analysis
of the DESY group® shows that this relation is fairly
well satisfied, the Orsay data* seem to suggest a possible
violation. Hence, it would be worthwhile to reexamine
its validity from a theoretical standpoint. The sum rule
Eq. (1) has been obtained under the following three
conditions: (i) the validity of the first Weinberg sum
rule® with respect to the SU(3) group, (ii) the vector-
dominance approximation, and (iii) the octet nature
of the electromagnetic current without any unitary
singlet component. Although any violation of these
conditions can modify® the sum rule Eq. (1), we shall
restrict ourselves in this paper for a possible modifica-
tion of condition (iii) together with some remarks on
(ii). Specifically, we shall ask the following questions:

(a) Does the electromagnetic current of hadrons
contain a piece that transforms as a singlet under
SU(3)?

(b) To what extent can one differentiate between
various types of quark models?

A study of the leptonic decays of vector mesons may
settle”® questions (a) and (b) by means of the sum
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rule Eq. (1). A great deal of interest is also attached to
question (b), particularly in view of the fact that the
three-triplet quark model of Han and Nambu® seems
to be preferred over the usual quark model from
considerations of finiteness® of the lowest-order radia-
tive corrections to B decays, from an analysis of the
decay 7% — 2v, and from the possibility of achieving a
symmetric S-wave configuration for the nucleon as a
bound state of three quarks.

We first discuss questions (a) and (b), using only
the first Weinberg sum rule. Towards the end, we shall
use the second sum rule as modified in Ref. 1, and list
some detailed predictions for the leptonic vector boson
decays.

Weinberg’s first sum rule! may be written

* 1
/ ;/L;paﬁ(l) (mz)dm2=aﬁ,,g—l—b6a06,30
0
(a:6=0: 1: "';8)7 (2)

which, under the usual assumption of pole dominance
leads,’? among other results, to the relations

Gl /mi =Gl mS 4G /mg, 3)
7uGo/Ma?+04Gs/me*=0, 4)

where the various coupling constants are defined by
the matrix elements

OV, (0)| 0(B) =Gt (B) 2oV )2, (50)
OV (0) |9 (k))= G, 584 #) (&) (2RaV )2, (5D)
O]V, (0) [, d(B)) =0 g4 # (k) 2hoV 2. (56)

In terms of the ordinary quark field ¢(x), the vector
currents are defined by

V(@ () = 3iq (%) vuhag (%) , (6)

where a=0, 1, ---, 8 with \o=+/% as usual, although
we need not assume the explicit form Eq. (6) in what
follows.
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Now, if the electromagnetic current has a unitary
singlet term

Jum (@) =V,® @)+ 33V ® (@) +eV, O @), (7)
then the decay rate for V — Il is given by

=] o

where fv’s are expressed as™®
fo=Gy, fo=5V3Guteon, fo=3V3Gsteos. (9)

For the usual Gell-Mann-Zweig quark model, we have
e¢=0, while the Maki-Hara model* corresponding to
the charge assignment of (1,0,0,0) for the four quarks
gives e=+/%. As for the three-triplet model, the situa-
tion is a bit more complicated, and we shall discuss it
separately.

Using Egs. (3) and (4), we obtain from Egs. (8) and
(9) the following modification to Eq. (1):

LA4+2Z)m,I'(p— 1) =m T (w—> 1)+m I (¢ — 1), (10)
where Z is given by

ol B 2 ms

Z= 3e2<——+—-—>——=352——~>0 (11)
M2 G2 Mt G

Note that the linear term proportional to ¢, and o4 has

disappeared because of Eq. (4). Thus, if the electro-

magnetic current has a unitary singlet term, one

expects to have a departure from Eq. (1) given by

S=Im,I'(o — U)—m,I'(w— I)—myT(p— 1),
so that

(12)

I=—1Zm,I'(p— 1)<0. (13)

This negative sign for T agrees with the analysis of
the Orsay group.! However, since the experimental
error is fairly large, it would be premature to conclude
at present that a unitary singlet piece exists in the
electromagnetic current. It will certainly be of great
interest to have more accurate experimental data.

We remark that if the ordinary limiting procedure to
obtain the Schwinger term for the equal-time com-
mutator [V (x),V.® () Jsg=y, is used, then we get!s
one more condition 6=0 in Eq. (2) for the quark model
as well as for the Maki-Hara model. This corresponds
to the case of the exact nonet model, and leads to the
following additional relation:

GP2/mP2:Uw2/mw2+U¢2/m¢2 ’ (14)
which in turn gives Z=3€ from Eq. (11). Hence, the
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Maki-Hara model gives Z=2, so that Eq. (10) is now
written

m (o — 1) =m,T(w— )+msT(¢p— 1), (15)

which is ruled out by the experimental data already
available.

Next, let us proceed to a discussion of the three-
triplet model. Using the SU(3)®SU(3) notation,'
one has in this case

Jum(®) =V, 80 (x)+3V3V, &0 (2)+3V3V, 0¥ (%), (16)

with
V(B (x) =1(3)2q(x)yihappq () , a7

where X\, and ps (@, 8=0, 1, , 8) refer's to two
independent sets of 3)X3 matrices corresponding to
the ordinary SU(3) and to the charm SU(3) space,
respectively. Since the commutation relations among
V3B (x) now form an algebra corresponding to the
SU(9) group rather than SU(3)®SU(3), one can use
the method of Glashow, Schnitzer, Weinberg!” to obtain
an extension of the first Weinberg sum rule Eq. (2):

® 1
/ —Paa’,p8’ O (m?)dm? =adapbdarpr +basdsodarodsro, (18)
m

where the unprimed and primed indices refer to the
ordinary and charm SU(3) spaces, respectively. Note
that the asymptotic SU(9) formula Eq. (18) can also
be derived!® from the standard limiting procedure of
obtaining the Schwinger term.

Defining the coupling constants for the couplings of
p, w, and ¢ to the three pieces of electromagnetic current
in Eq. (16) analogously to Eq. (5), we obtain the
following results:

(1) If we have exact invariance with respect to the
charm SU(3), the charm current V,©® (x) could not
couple to w and ¢ (which are assumed as usual to belong
to charm singlet states), so that from Eq. 11 we would
have Z=0, and the original sum rule Eq. (1) would be
valid. However, the sum rule Eq. (18) for o’=8'50
in this case cannot be saturated unless one has a total
set of 81 vector mesons.

(ii) If we do not assume invariance under the charm
SU(3), we may avoid the introduction of extra vector
mesons, and the sum rule Eq. (18) can be saturated by
the usual p, w, and ¢ alone. However, in this case, one
gets Eq. (14) again from Eq. (18). Since e=2/V3 in
this case, we get Z=4 from Eq. (11). But the sum rule
Eq. (10) for Z=4 is badly violated experimentally.

(iii) If we give up the literal identification Eq. (17),
then Eq. (18) may not be valid. In that case, one can
avoid all difficulties mentioned above. We may, for
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instance, select a suitable subset of the currents in
Eq. (17) and invoke asymptotic SU(3)@SU (3) rather
than SU (9) without any contradiction in the saturation
of the resulting sum rule. But we have no way to
calculate oy, and hence Z will be a free parameter.

We shall now consider the second Weinberg sum rule
for asymptotically broken SU(3) and revert to the
notation used before:

/ pap® (M?)dm? = ¢35 +d8 a0dgotedsap - (19)
0

In principle, we could add!® a term proportional to
dsavdssy to the right-hand side of Eq. (19). However,
we adopt the atitude that such a second-order SU(3)-
violating effect is small, if it exists at all, in the asymp-
totic sum rule, so that Eq. (19) would still be valid to
a good approximation. Also, we assume in a similar
spirit that there is no cross-term proportional to 8oe0ss
+68a60;3 in Eq (19)

Now the sum rules Egs. (2) and (19) give us the
following relations for G, and Gy:

M2 (my?—ms?) 4 m2mg?
Gl=—o G- ——— G2, (20a)
m2 (Mg —m.?) 3 mg—m,*
M¢2 (’WLs — 2) 4 M¢ZMK*2
Go= G- G2, (20b)
m,2(my?— mw2) 3 met—m,?
mE=5%{Admg2—m,?), (20c)

where G, denotes the coupling of the scalar « to the
vector current defined by

O}V, &= (0) [k (k))=V2Gc(2koV ) k. (21)
Equations (20) reduce to those obtained in Ref. 1
when we set G,=0. For simplicity in further analysis,
we set m,=m, which is experimentally correct with
high accuracy. One then gets two solutions involving
o, and g4:

0o=Gy=0 (22)
or
’Wlwz G¢
[ —%ﬁG.b y O™ \/—-—‘; E“ . (23)
My

The first solution Eq. (22) gives I'(p — I)=T"(w — 1)
irrespective of the value of the parameter e. This being
in apparent contradiction with the experimental result,
we discuss only the second solution, Eq. (23). Then one

18 Several modifications of Eq. (19) have been proposed. See
Refs. 6 and 15; also, I. Kimel, Phys. Rev. Letters 21, 177 (1968);
T. Akiba and K. Kang, Phys. Rev. 172, 1551 (1968); K. Kang,
abid. 177, 2439 (1969).
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e @6—i) 1/G
T'(p—
r(q:—wz) 3<G¢> <m¢> -, G

oo i) ] e

w

For the Maki-Hara model, we have e=4/% so that
I'(¢p—1)=0, in contradiction to experiment. This
result [together with Eq. (15)] has been previously
obtained® by assuming the validity of SU(6), and it is
also obtainable from the naive quark-model considera-
tions where the ¢ meson is taken to be a bound state of
the ¢ system. However, here we have obtained this
result from a more general consideration. Together with
Eq. (15), this would imply that the Maki-Hara model
is experimentally ruled out in our approach.

Finally, we shall briefly comment about the deter-
mination of the parameter ¢ introduced by Schnitzer
and Weinberg? from the formula?!

1
—T(p—2mT(p— 1)

mP
1 /7e2\2/3—8\?2 zmﬂ_23/2
G -CO] @
36 \dxr 4 M,
Using the experimental value given by Ting,?* one finds
0=—1.014-0.24. Note that é=—1 implies that the
electromagnetic form factor of the pion satisfies an

unsubtracted dispersion relation.
Similarly, if we define the parameter « by

&=G,/Myfx, (26)

where fr is the decay constant for = — ur (fr=130
MeV), the value x=1 corresponds to the exact validity
of the KSRF relation.?? We may determine x experi-
mentally from the relation

T( 1 —47T<62>21 2x2 27
p )—3 - fatat. 27

)

Using the experimental value,? one finds x=1.124-0.07.
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