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Consistency of Low-Energy Parameters and Soft-Pion Scattering Theory*

M. G. Oi.ssoN arm LEAv TvaNEat
Department of Physics, University of Wisconsin, 3Iadison, Wisconsin 53706
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The parameters of low-energy m7i., vrE, and 71.X~ ~7IE scattering and their consistency with current-
algebra predictions are discussed. It is found that the isospin-zero mm scattering length is (0.24~0.03)m„—I
quite independent of the exact value of f . An effective value of f near 85 MeV seems to be preferred.
Experiments are suggested which will clarify the situation further.

~

'HE application of soft-pion techniques to scatter-
ing processes has always been subject to the

uncertainty in the pion decay constant f When.

evaluated directly from the pion decay lifetime' f =94
MeV is obtained, but when f is related to ntV scattering
through the Goldberger-Treiman (GT) relation we get
fr= (M/G)g~/go =82 MeV. The purpose of this paper
is to reexamine this problem and some related ones in
the light of recently published work.

The unsubtracted, antisymmetric x-E dispersion
relation evaluated' using the most recent experimental
data gives the following relation between the isospin
scattering and the Born term:

g,t,—g, te
——5.25f'—(0.122~0.002) . (1)

In addition to the usually accepted value of the 7rÃ$
coupling constants f'= 0.081&0.003, independent deter-
minations of f'=0 079&0 002 .and f'.=0 076&0 004. .
are obtained from one-pion exchange (OPE) fits to
$-37 data. 4 Using the sum rule (1), a value for the anti-
symmetric scattering length a&f2 —a3~2=0.29%0.02 is
obtained. Direct experimental evidence from low-energy
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~&
——0.035~0.005.

The soft-pion calculation of u& is free of ambiguity and
is given by'

~i= (16/f-)', (2)

resulting in the value f =86&6 MeV, again closer to
the GT value of 82 MeV than the vr-decay value
94 MeV.

The sof t-pion calculation of the mass-shell
amplitude is not unique. A new parameter' g measuring
the deviation from the o- model must be given before
the ratio

(3)
~ R. A. Donald, W. H. Evans, W. Hart, P. Mason, D. E. Plane,

and E. J. C. Read, Proc. Phys. Soc. (London) 87, 445 (1966).' M. G. Olsson, Phys. Rev. 162, 1338 (1967).' J. E. Augustin et al. , Phys. Letters 288, 508 (1969).
S. Weinberg, Phys. Rev. Letters 17, 616 (1966).

'M. G. Olsson and Leaf Turner, Phys. Rev. Letters 20, 1127
(1968).
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n+P elastic scattering gives' ai&,—ast2 ——0.30~0.02. The
soft-pion calculation for ~E scattering gives

+ip —&st2=(45/f ) =0 23, for . f =94 MeV
=0.30, for f =82 MeV.

A value f near 85 MeV is indicated.
For air scattering a sum for the p-wave scattering

length has been proposed' which can be quite accurately
evaluated. This rule has a number of attractive features,
including the small contribution of threshold s waves
and asymptotic part relative to the intermediate region
(primarily the p meson). Using the latest values of
the p resonance parameters' (m, = 770&4 MeV,
I',=111+6MeV) from e+e colliding beams, we find
that (in units of rrt ')
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so that as is only slightly dependent on f . For the usual
values of f„, as changes by only 0.01, giving

~o= 0.24~0.03.
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The parameter $ falls between zero and minus one for

f ranging between 80 and 95 MeV. The isospin-two
scattering length a~ is, however, more sensitive to the
value of f~; as= (0.08&0.01)—(29/f )', giving an as

varying between —0.01 and —0.04. Thus the amplitude
for s- p~ s. s.+n is nearly proportional to a,. Hence,
ao is determined from the production cross section
almost independently of f and P.

On the other hand, a measurement of s.+p —& s.+s.+n

near threshoM would determine u2 directly, since both
of these quantities depend on $ and f in similar ways.
A third production reaction s. p ~ s'7r'n is useful, since
it is sensitive to the relative sign of ao and a2.

From Ref. 9 we can explicitly calculate the above
cross sections:

I80 220 260 300 '340 380 420 460
T (MeV)

I'zo. 1. The pion lab kinetic energy (T ) dependence of
Q')&phase space for wg ~ wwE.

o (s p ~ 7r s.+n) =
I
u (—+n) t

'Q'X phase space,

o (s p-+ vr's'n) = Ia(00n) I'-', Q'Xphase space,

o(s.+p~ +s+sn)= Ia(++n) I'-', Q'Xphase space,

a(—+n) = —1.36+0.6(,
a(00n) = 2.11—0.3$,

a (++n) = 1.51+0.6$.

The factor of ~ appearing in the later two cross sections
takes into account the identity of the final pions. The
quantity Q'X phase space (where Q is the incident c.m.
pion momentum) is shown in Fig. 1. Use of the above
relations gives cross sections in pb. Other production
cross sections near threshold are much smaller;

o (vr 7r+n)

-Q'Xphase space
2

(1.36—0.6()=1.7&0.16. (4)

of s-wave scattering lengths can be calculated. It can where (with f =82 MeV)
be further shown' that the same parameter $ enters
into the threshold amplitude for the process mX —& m m X.
One such reaction vr p~s- s.+n has been measured
close to production threshold. The ratio of measured
cross section to three-body phase space has the follow-

ing dependencem on f and $

2us —5as ——18a~——(68/f )'.
Using (3)—(5), we hand that

(5)

us ——(0.20&0.02)+ (16/f )', (6)
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The measurements used are at the two lowest energies
where data are available. "The p-wave s.-s. scattering
length is related to the s-wave lengths in the soft-pion
scheme' ' by

o (s.+p ~ s+s-'p) = o (s. p ~ vr s'p) = -', o (s.+p —+ 7r+s.+n) .

The above predictions for production cross sections
are expected to be accurate in an energy range where

all the Anal particles are in relative s waves.
We have shown that by use of pion production data

the s-wave xm scattering lengths can be determined
directly independent of the parameters $ and f . A
value of f consistent with all pion scattering processes
is f 85 MeV, which is close to the GT value. This f
is an "effective" value containing all of the uncertainties
of the zero-mass extrapolation, and seems to be the one

appropriate for use in soft-pion calculations.


