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Low-energy pion-nucleon scattering phase shifts have been calculated using a model which includes onl
p and & intermediate states. This remarkably simple model yields good agreement with phase shifts

determined from experimental data. There are two adjustable parameters in the model. The even s-wave
scattering length Axes one of these, and the other is determined by the p-nucleon magnetic moment coupling.
The phase shifts are not sensitive to the choice of this coupling.

I. INTRODUCTION

' +ION-NUCLEON scattering has been studied exten-
sively for almost 20 years. Despite the large amount

of data which has been accumulated during this time,
there still does not exist a simple picture of the low-

energy pion-nucleon scattering process.
It is well known that perturbation calculations using

only pseudoscalar coupling of pions and nucleons give
incorrect predictions. Attempts to include the contribu-
tions from low-lying pion-nucleon and pion-pion res-
onances have improved the theoretical results. ' The
choice of which states to include has been based on a
variety of criteria.

In this paper we present a calculation of the s- and
P-wave pion-nucleon phase shifts for elastic scattering
based on a simple model which includes contributions
from pseudoscalar pion coupling to the nucleon
(I=J=-,') plus contributions from the E* (I=I=23)
and from two pion-pion resonances —the p (I=I=1)
and the e (I=J'= 0).' We have included only the lowest
energy states in each isotopic spin channel which could
signi6cantly contribute to the scattering.

The calculation is presented in the spirit of a phenom-
enological theory. Its main virtue is that it repro-
duces with good accuracy all the s- and p-wave phase
shifts while being extremely simple. There are no ad-
justable constants once the scattering lengths and p-
nucleon coupling are fixed. We do not adjust the param-
eters associated with the masses and coupling constants
of the various particles which enter the calculation—
these are taken from experiment. Thus our results are
fixed aside from the sometimes large uncertainties in
the experimental data.

The contributions to pion-nucleon scattering are ob-
tained from the diagrams shown in Fig. 1. We have as-
sumed the "narrow resonance" approximation in deal-
ing with the propagators for unstable particles. Further-
more, we have adopted the view of Amati and Fubini'
in setting the value of s= m* to fix the off-the-mass-shell
continuation of the i7* propagator. This procedure is

In a previous paper4 the authors have obtained the
s and p-w-ave scattering lengths for pion-nucleon scat-
tering by taking into account the contributions from the
exchanges of the lowest-lying meson and baryon states,
1.e.) Q) Q ) p) and e.

The effective Lagrangian of our model is given by

L;„,=t'g,Ny5~N ~+g,~~Ãe+g, .e~ ge

+igp~trNtty„+ (itc/2m~) o „.cj„j~N g„

+tg...y, ~Xci„~+(g*/m.)E„"jVci„n. (1)

The coupling constants are given as follows: g,2/4m-

=14.64, g, '/4~=2. 2, g*'/47rm '=0.37, ted=3. 7, and
g, '/4x. =11.To obtain g,~~ we have made use of the
universality of the p coupling to the isotopic spin cur-

(a3

N

(b)
N

ambiguous in that we could add a polynomial in s to
the propagator and obtain the same on-the-mass-shell
result.

II. MODEL

FIG. 1. Feynman diagrams for pion-nucleon scattering.

*On leave of absence from the Saha Institute of Nuclear (d3
Physics, Calcutta, India during 1967—1968.' See, e g , K. Nishijima, F.u.ndamental Particles (W. A. Ben-
jamin, Inc. , New York, 1963}.

P. Amati and S. Fubini, Ann. Rev. Nucl. Sci. 12, 359 (1962}. B. Dutta-Roy, I. R. Lapidus, and M. J. Tausner, Phys. Rev.B.Dutta-Roy and I.R. Lapidus, Phys. Rev. 169, 1357 (1968). 177, 2529 (1969}.
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rent. The coupling of the e to the nucleon is determined
from the even s-wave scattering length for pion-
nucleon scattering and is relatively insensitive to the
variations of a, &+& which appear in the literature. '

The amplitude for pion-nucleon scattering ~(k)
+E(p) ~ ~(k')+X(p') is given by~

M= (m~/4m-W)u(p')$ —A+i(k+ 0') yB/2)u(p), (2)

f&~ = ', -d cos8 P''(cos8)f&+P&+'(cos8) f2]
~ I

= (1/«W) ( (E+m~) $A &+(W m—~)B~]

+(E—m~)[ —A i+i+(W+mx)B&pi])

= (tanb&g)/q,

where 8' is the cm. energy. We then obtain the con-
tributions from the various exchanges:

AP&(cos8)d cos8,

g ~(+) —g ~(—) —0 (3a)

(
(+& —

g &I

km~' —s m~' —u)
(3b)

BP&(cos8)d cos8, (10b)

(1)( 1 1
A ~'+& =

I II ~ l(~&t+~~),
k-', ) km*' —s m*' —u/

(1'/ 1 1
l(pit+p ),

k-,') km*' —s m*' —ul

(4a)

(4b)

and 8 and q are the energy and momentum of the
nucleon in the c.m. system with total energy lV.

In order to evaluate the phase shifts we project out
the lowest partial waves corresponding to angular mo-
mentum / =0, 1, and 2. We then obtain the following:
XNcleon exchange

where

ng ', (g*'——/m—.')-', (m~+m*) =p&(m~+m*),

g, (+)-g, (+)-g, (+)-0
(4c) 1

Qo(xN)
m~ s 2g

(12a)P, (+) —g
2

g*' 1 E*+m~
q*' m~+ m*+— (m* —m~), (4d)

m 2 3 E*—m~ (12b)

(12c)

B~ '"' =+(g'/2q')Q&(»)

B2"'=~(g '/2q')Q2(x~),g*' 1 E*+m~

m~ 3 E —mjhf

2
pa=

3
(4e)

/x+ 1
Q.(*)=-: l-I4—1i

' (13a)
(+)—g (+)—0

where the Q„(x) a,re Legendre functions of the second
kind given byq* and 8* are the c.m. momentum and energy of the

nucleon when 8"=m*;

B,'-' = g...g,„,[2(1+«)/(m„' —t));
g, (—)=g (+)—g (—) —0

A. &+& = g, .g,„,/(m, ' —t) .

(Sc)

(6a)

(6b)

A. ' '= —.- -.( /2 )L( —)i( .'—t)], (Sb) (xy1)
Q (x) = l»nl

x—13
'

(x+1)
Q (*)=-', (3x' —1) 1

I

—
I

——',x,
kx —1&

(13b)

(13c)

and
s, t, and I are the Mandelstam variables, and the super-
scripts designate the even (+) or odd (—) amplitudes.
The advantage of using the even and odd amplitudes
rather than the isotopic spin amplitudes is that it en-
ables us to isolate the e and p contributions, respectively.
We shall present our final results in both representa-
tions.

The scattering amplitudes and phase shifts are then
defined as follows:

(14)x~——1—(s—mph' —2m ')/2q',

q' = $s—(m~+ m.)')$s—(m~ —m.)']/4s . (15)

Ã* exchange

Ao&+& = (n2 —2q'ng)/(m*' —s)+ni —(2q'~&(x, —1)+n')
)&Qo(x,)/2q', (16a)

A&&+& = -,'q'ng(m*' —s) '

(7)
—$2q'a&(x, —1)+n2)Q&(x,)/2q', (16b)

(g)
A &+&= —$2q'n (x,—1)+~ )Q2(x,)/2q' (16c)

fg f(E+m~)/«W) f2
——+(W m~)B), —

f& L(E—m~)/«W)L —A+(W+m~)B],
Bo&+& = (P2 2q'Py)/(m—*' s) Py- —' J. Hamilton and W. Woolcock, Rev. Mod. Phys. 35, 737

(1963). + 2q'P& x&—1 +Pi Qo x 2q' 17a
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Bt t+& = —,'q'pt(m*' —s)
—'

+L2q'Pt(x, —1)+Ps)gt(x,)/2q', (17b)

B '+'= L2q'P (x 1)+P 1Q (x.)/2q' (17c)

A st-& = -', (2q'nt —ns)/(m*' —s)+-', ~t
—L2q'nt(x, —1)+nsJgs(x, )/4q', (18a)

At& '= —-'sq'nt(m*' —s) '
—L2q' (x,—1)+,)Q (x,)/4q', (18b)

As& & = —$2q'nt(x, —1)+nsjgs(x,)/4qs, (18c)

Bo'-'=l(2q'P -P )/( *'—)—!P
+L2q'P. (x.-1)+P.JQ.(x.)/4q', (1»)

Bt &
—'= —-', q'pt(m*' —s)

—'

+L2q P.(.-1)+P.&g.( .)/4q, (»b)

B.-'= I.2q'P ( .—1)+P.]g,( .)/4q, (19c)

~lab
Channel (MeV)

S(+) 60
110
200

S&-& 6O
110
200

Z„,&+) 60
110
200

60
110
200

pgg2&+) 60
110
200

p (2&
—) 60

110
200

—1.54—2.08—2.78
0.14
0.22
0.36

—0.04—0.09—0.19
—0.02—0.04—0.07

0.02
0.05
0.11

—0.02—0.05—0.11

1.96
2.63
3.49

—0.12—0.19—0.33
0.01
0.03
0.08
0.01
0.02
0.05
0.06
0.24

—0.03—0.11

0.0
0.0
0.0
0.06
0.10
0.15
0.0
0.0
0.0
0.01
0.03
0.08
0.0
0.0
0.0

—0.00—0.01—0.01

—0.40—O.Si—0.63
0.0
0.0
0.0

—0.01—0.01—0.03
0.0
0.0
0.0

—0.01—0.02—0.04
0.0
0.0
0.0

(deg)

0.7
1.8
4.2
5.1
7.5

10.8
—2.0—4.2—78

0.1
0.8
34
4.3

15.3
94.0

—3.0—96—98.0'

TABLE I. Contributions of intermediate states to the phase shifts.

x,= 1—(m*' —2m~' —m '+s)/2q'

p exchunge

Ao+ =Ac+ =A2(+)=Bo+ =&i+ =&2+ =0&

(2O)

(21)

Bo' '= 2g.-g.-(1+a)gs(x.)/2q',

Bt' ' =2g.-g-.(1+a)Qt(x.)/2q',

Bs' ' =2g.-g».(1+~)Qs(x.)/2q',

where
x,= 1+m, '/2q'.

e exchange

(23a)

(23b)

(23c)

(24)

Ap( ) A] ( )
A 2( ) gp(+) g] (+) g2(+)

=Bo& 1=Bt&—
& = Bs&—

& =0, (25)

& o
+ = ge xwge pygo(xe)/2q

A, I+1 = g...g, „„gt(x,)/2q',

~s'+'= g--g»gs(x. )/2q'~

where

(26a)

(26b)

(26c)

A o
t—1 ———(g„..g„„~/2mN)

&&L2s—2m~' —2m '+m ')Q (x,)/2q' —1$, (22a)

A, t-& = —(g...g, „„~/2m~)
&&(2s—2m~' —2m '+m ')Qt(xp)/2q'

A, t—1 = (g...g,„„/2s~m)—

&((2s 2m~s 2m—'+ m,
—') Q(sx) /2 'q, (22c)

a N+ resonates at nz+ = 1236 MeV.
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FIG, 2. Phase shifts for pion-nucleon scattering in the S» channel.

x,= 1+m,s/2q'. (27) Fro. 3. Phase shifts for pion-nucleon scattering in the Sz& channel.

III. RESULTS

The phase shifts may be obtained from Eq. (9). It is
important to note that the contributions from different
intermediate states are individually quite large. Table
I illustrates the cancellations which take place between
the contributions from different intermediate states.

It is more useful to display our results in terms of the
1.(T,J) representation. Figures 2—7 show a comparison
between our phase-shift predictions and fits to the ex-
perimental data. ' ' The "experimental" results quoted

'L. D. Roper, R. M. Wright, and B.T. Feld, Phys. Rev. 138,
B19O (1965).

L. D. Roper and R. M. Wright, Phys. Rev. 138, B921 O965).
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FIG. 4. Phase shifts for pion-nucleon scattering in the P~~ channel. FIG. 7. Phase shifts for pion-nucleon scattering in the P» channel.
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FIG. 5. Phase shifts for pion-nucleon scattering in the P» channel.
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FIG. 6. Phase shifts for pion-nucleon scattering in the P13 channel.

from Roper and Wright' are their solution A, other its
to the data contained in this apper have the same quali-
tative features. Only for the I'» phase shift does the A
solution differ signihcantly from ours. For this phase
shift we have quoted the B solution.

IV. DISCUSSION

In spite of the simplicity of the model which we have
used, we have obtained good agreement between our
predicted low-energy phase shifts and experimental

results. It is of interest to explore the dependence of the
predictions on the various parameters which enter the
calculation.

The S*, p, and e widths' determine the A*X~, p~m,
and mr~ coupling constants. The "electric" pcVlV cou-
pling is obtained from the assumption of the universal
coupling of the p to the isovector current. On the other
hand, the "magnetic" coupling is adjustable. Ke have
used the value ~= 3.7 based on the anomalous magnetic
moments of the nucleons.

As a check we have also calculated the phase shifts
for ~=1.0 corresponding to no anomalous magnetic
moment. The results obtained in this case are essentially
unchanged (diITering by no rn.ore than 2'), except for the
already small I'» phase shift which turns over and be-
comes positive at a much higher energy. Since this dis-
agrees with experiment, it is suggested that this pro-
vides additional support for the use of ~= 3.7 as opposed
to ~= 1.0.

The &EX coupling is determined from the Sj/~'+&

scattering length. As shown in Ref. 4, the coupling
constant is insensitive to the exact value of this scatter-
ing length as long as it is small.

Our model is not expected to be good much above the
inelastic threshold (T~.b ——170 MeV). Ke have carried
out the calculation to high energies and, as anticipated,
we do not get agreement with fits to the experimental
data. '

A more elaborate picture of low-energy scattering
might also include the nonresonant background in each
channel, 6nite-width effects, and higher-energy res-
onances which are known to be present in these chan-
nels. However, this would introduce additional adjust-
able parameters into the model. Our results suggest
that these are not really needed at low energies and
instead that a simple model does given an adequate
picture of low-energy pion-nucleon scattering.

8 A. H. Rosenfeld et al. , Rev. Mod. Phys. 40, 77 (1968).
C. I.ovelace, in Proceedings of the Heidelberg International

Conference on elementary Particles, edited by H. Filthuth (Wiley-
Interscience, Inc. , New York, 1968), p. 79,


