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Magnetopiezotransmission Studies of the Indirect Transition in Germanium

R. L. AGGARWAJ; M. D. ZUTzcK, * AND BENJAMrN LAxt
Francis Bitter 1Vational Magnet Laboratory, f Massachusetts Institute of Technology, Cambridge, Massachusetts 02I39

(Received 11 June 1968)

The indirect transition in germanium at T 20'K has been examined with magnetic Gelds up to 90 kG,
using the high-sensitivity piezotransmission technique. Samples were in the Voigt conhguration in which
the Poynting vector of the radiation Geld is perpendicular to the applied magnetic Geld. The spectra recorded
with light polarized either parallel or perpendicular to the magnetic fmld applied along a L001j, LI11j, or
L110$ direction exhibit a series of sharp peaks, in contrast to the corresponding series of less distinct steps
which are observed in the conventional magnetoabsorption spectra for the indirect edge. At high magnetic
Gelds the piezotransmission peaks have been resolved over a spectral range of more than 0.1 eV which
extends from the zero-Geld edge at 0.77 eV to photon energies at which the direct transition dominates.
From the energy spacings of the peaks, we have deduced the cyclotron eftective mass m, for the L~ con-
duction band and its variation as a function of the energy 8 measured from the bottom of the band. For
large 8, ns, is found to vary linearly with 8, in agreement with the results of the (tt pl perturbation analysis.
But the observed slope of the m, -versus-G curve is greater than that expected from theory. Linear
extrapolation of the experimental curve gives for the eBective mass at the bottom of the band
m, (0) = (0.129&0.002)mo for H~~L001$. Similarly, for H~~L111j and $110j, we obtain for the light electron
mass at the bottom of the conduction band m&, (0) = (0.079+0.001)mo and (0.095+0.001)nto, respectively.
Assuming that the ratio of the longitudinal to the transverse effective masses is mt (0)/m~(0) 20, the above
values for rn. (0) and rn~, (0) give the transverse effective mass rn&(0) = (0.078&0.002)nso, (0.079&0.001)me,
and (0.079+0.001)nso for H~~$001j, $1117,and (110j, respectively. ntt has been estimated from the series
of peaks due to the heavy electron mass. Using an average value for ms. /nse ——0.352 with H~)$1101, we
find that nt~/me = 1.54+0.06.

I. INTRODUCTION

~ 'HE indirect edge due to the phonon-assisted
optical transitions between the valence band at

the F point and the L~ conduction band in germanium
has been the subject of several investigations. ' ' The
effect of an applied magnetic Geld on the indirect tran-
sition was 6rst observed by Zwerdling et al. 4 with fields

up to 39 kG and later by Halpern' ' with magnetic
fields as high as 74 kG. The inagnetoahsorption spectra
exhibit one or more series of oscillations due to transi-
tions from the quantized Landau levels near the top of
the valence band to those of the conduction band. The
observed energy spacings between the peaks of the
magnetoabsorption spectra were used for a determina-
tion of the electron effective masses. ' Since magneto-
oscillations, even under the most favorable conditions
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of low temperatures and high magnetic fields, were ob-
served only at photon energies close to the edge, ' it was
not possible to study the effective masses at energies
other than those corresponding to the band extrema.
This limitation may be overcome by employing one oJ
the several modulation techniques' " that have been
used very successfully in the observation of interband
magneto-optical transitions at photon energies far re-
moved from the band edge. ' ""

We have used the stress modulation technique' "to
examine the indirect transition in germanium at low
temperatures with magnetic 6elds up to 90 kG. Mag-
netopiezotransmission spectra exhibit sharp oscillations
up to photon energies at which the direct transition
dominates. The observation of magneto-oscillations at
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energies higher than those investigated before' has made
possible a determination of the electron effective mass
as a function of the energy relative to the band edge.
Preliminary results for the nonparabolicity of the L&

conduction band have been reported previously. "The
purpose of the present paper is to give a more detailed
account of this work. The experimental results are pre-
sented in Sec. IV, following a theoretical review in Sec.
III of the energy bands in germanium subjected to ap-
plied magnetic field and uniaxial stress.

II. EXPERIMENTAL PROCEDURE

A schematic diagram of the experimental apparatus
used for the magnetopiezotransmission experiments is
given in I'ig. i. The present setup is very similar to that
used for magnetopiezoreQection previously. "Light from
a ribbon-type tungsten 61ament is focused on the en-
trance slit of a Perkin-Elmer monochromator equipped
with a Bausch and Lomb grating blazed for 1.6 p. Un-
chopped double-pass radiation from the monochromator
is focused by a suitable combination of plane and
spherical mirrors on the specimen which is positioned at
the center of a 4-in. Bitter solenoid for magnetic fields up
to 90 kG. A Polaroid HR sheet polarizer" is used to
orient the electric vector of the infrared (IR) radiation
either paraBel or perpendicular to the applied stress and
the magnetic field.

The mechanical stress is applied to the sample by
means of a lead-zirconate-titanate-type piezoelectric
transducer. The sample is attached to one face of the
transducer by means of vacuum grease applied to its two

"R. L. Aggarwal, M. D. Zuteck, and B.Lax, Phys. Rev. Letters
19, 236 (1967)."Polaroid Corp. , Cambridge, Mass. 02139.

ends (see I ig. 1) for the application of uniaxial stress to
the sample. The grease is used to ensure a rigid bond at
the low temperatures and to minimize the static stress
introduced due to the differential contraction between
the sample and the transducer during the cooling pro-
cess. The transducer is held in direct contact with the
Rat surface of a copper mounting block in order to
achieve good thermal conduction. A hole is cut in both
the transducer and the mounting block so that the radia-
tion may be transmitted through the sample. The entire
mounting block including the sample, the transducer,
and a pair of diagonal mirrors is mounted on the cold
finger of an optical cryostat. Kith liquid helium as the
coolant, the sample temperature was estimated to be

20'K. A periodic uniaxial stress is impressed upon the
sample by driving the transducer sinusoidally with an
audio oscillator. A peak-to-peak strain of 7)&10 ' at
500 cps was used in the present experiments.

The radiation transmitted through the sample is
focused on a PbS detector operating at room tempea-e
ture. The detector output is amplified by a low-noirs
broad-band amplifier. The signal is then fed into a
phase-sensitive amplifier PAR model JB-4.'4 The refer-
ence signal for the JB-4 is obtained from the oscillator
driving the transducer. The output of the JB-4 drives

a recorder which in turn feeds a digital data recording
system. Each set of data was obtained by sweeping the
photon energy of the radiation over the desired spectral
range at a constant magnetic field. The recorder signal
is proportional to the change in transmission AT. In
order to obtain the physically interesting quantity
AT/T, a second scan is made over the same energy range

2'Princeton Applied Research Corporation, Princeton, N. J.
08540.
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TABLE I. Electron eRective masses and conduction-band-edge splittings in uniaxially stressed germanium.

Direction of
stress and

magnetic field Ualley(s) m)tt mhe

L001)
Llli)

L110j

Any

2,3,4

I,3
2,4

("e+'5 e) (e»+e»+esg)
(="e+-',="~)(e~,+e»+e, g)

+3™tt(exy+eys+es)
(-"e+s" )(e**+e»+e**)

—2/9=. (e,„+e„.+e»)
(=„+, „)(e„+e»+e„)+',-„e,„
(-"e+z )(e~.,+e»+e„)—;-.„e,„

mg

(g ', )m-, (1+m /2mz)

z/3mz(1+2mz/mz) zzz-

3m((1+8mz/mz) '"

(m(mz) '"

without any stress modulation applied to the sample.
The light incident on the sample was in this case
chopped at a frequency of 150 cps and the phase-
sensitive amplifier was tuned for the 150-cps signal. The
digitized output for the above two scans was then pro-
cessed with the help of an IBM 7094 computer to obtain
/z T/T, which was subsequently plotted as a function of
the photon energy by the Calcomp incremental plotter.

Single-crystal specimens of high-purity germanium
(p 40 Q cm at 300'E.) were used in the experiments.
The samples were x-ray-oriented, and were sliced and
lapped so that their dimensions were approximately 20
mm in length, 3 mm in width, and 0.4 mm in thickness.
During the lapping process, the sample thickness was
ground to a —,

"wedge in order to avoid interference
effects in the transmitted light due to multiple reAec-
tions from the front and back surfaces of the sample.
After lapping, the samples were etched for 1—2 min. in
a solution of HNO3 and HF mixed in the ratio of 3:1.

III. THEORETICAL CONSIDERATIONS

The indirect absorption edge in germanium is due to
transitions between the valence-band states at the cen-
ter of the Brillouin zone and the conduction-band
minima at the I.points which lie along the (111)crystal-
lographic directions at the zone edge. "Such transitions
occur via an intermediate state with the emission or
absorption of a phonon in order to conserve total mo-
mentum in the initial and final states. ' ' Before con-
sidering the increase in sensitivity obtained by the use
of the piezotransmission technique for the observation
of indirect transitions with and without magnetic field,
we will briefly present the results of uniaxial stress and
magnetic fieM on the conduction- and valence-band
edges which are required for the analysis of the experi-
mental data.

A. Energy Levels in Uniaxially Stressed Germanium
Subjected to External Magnetic Field

1. I.g Conduction Bawd

In the absence of uniaxial stress and magnetic field,
the surfaces of constant energy in the vicinity of the

"S.I.ax, H. J. Zeiger, R. N. Dexter, and E. S. Rosenblum,
Phys. Rev. 93, 1418 (1954).

conduction-band minima in k space are ellipsoids of the
form

A2 A2

8(k) = (krs+kss)+ ks',
2m& 2m'

where 1., 2, and 3 define three mutually perpendicular
axes such that axis 3 is along the longitudinal direction
of the ellipsoidal energy surface; m~ and mt, are the elec-
tron effective masses parallel and perpendicular to the
longitudinal axis; and k~, k2, and k3 are the components
of the electron wave vector k relative to that for the
center of the ellipsoidal surface.

As in the case of free carriers, the application of a
homogeneous magnetic field produces a series of quan-
tized one-dimensional sub-bands for electrons with the
ellipsoidal energy surfaces of Eq. (1).Using the effective-
mass approximation of Luttinger and Kohn, " the en-
ergy levels for the ith ellipsoid are given by' "

8„&'&(k) = (n+-,')Azo, t'&+i't'k, '/2m, &'&a-', Pg, "&Izr, (2)

with oz, &" =eII/m, &"c, where the superscript (i) denotes
the ellipsoid under consideration; co, and m, are the
cyclotron frequency and the cyclotron effective mass,
respectively; e =0, 1, 2, etc. , denotes the Landau quan-
tum number, and k, and m, are the electron momentum
and eQective mass in the direction of the magnetic field,
respectively; P =eA/2moc, where mo is the free-electron
mass; and g, is the spectroscopic splitting factor parallel
to the magnetic field. m, &" and m, &" are given in terms
of m& and m~ as

m t'& =mzt mt/(mt cos'8&'&+mt sin'8&")]'", (3a)

m &'& =mt cos'8"'+ntz sin'8&" (3b)

where 8"' represents the angle between the applied mag-
netic field and the longitudinal axis of the ith ellipsoid.
Thus the cyclotron effective masses are not equa1 for all
the ellipsoids except when the magnetic field is along
a cubic axis, in which case

nt, =v3m, (1+2mz/mt) 't'- (4)

"J.M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955).
zz B. Lax, in ProceeCzngs of the "Znrzco termz" Internatzonat

SchooL of Physics, Course XXII, edited by R. A. Smith (Academic
Press Inc. , New York, 1963), p. 240.
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For the magnetic field along a [111]or [110]direction,
the four ellipsoids are divided into two groups with
distinct cyclotron frequencies corresponding to a light
electron mass m~. and a heavy electron mass mq. . If the
four valleys with their major axes along [111],[111],
[111],and [111]are labelled as 1, 2, 3, and 4, respec-
tively, it can be easily shown from Eq. (3a) that for
m»m& we obtain for H~~[111]

m), ——m. (')

mj„=m. (') =m. ('& =m. (4).

Similarly, for H][[110],

m. =m. (') =m. (')

(5a)

(5b)

These masses as deduced from Eq. (3a), using m~/m~

~20,"are sununarized in Table I.
In the absence of external magnetic 6eld the applica-

tion of uniaxial stress along an arbitrary direction in the
crystal would destroy the energy equivalence of the
(111) ellipsoids. Following Herring s deformation-
potential analysis, ""one can write the shift in energy
of the ith minimum as"

De, &'~=+ [ db p+ „E' &'&Ep&*'I]e p,
aP

sg = svv =sgs = s (511+2512)T )

1Ce „=e„,=e„=6S44T, (9)

' R. ¹ Dexter, H. J. Zeiger, and B.Lax, Phys. Rev. 104, 637
(1956).

29 C. Herring, Bell System Tech. J. 34, 237 (1955}.
30 C. Herring and K. Vogt, Phys. Rev. 101, 944 (1956)."D. K. Wilson and G. Feher, Phys. Rev. 124, 1068 (1961);

D. K. Wilson, ibid. 134, A265 (1964).' e p
———',(BN /8xp+Bzsp/Bx ), a@here u is the displacement vector

and x the position vector.

where ™~is the deformation potential for dilation and
„for shear, E (" are the components of a unit vector

pointing from the center of the Brillouin zone toward
the position in k space of the ith minimum, and e p are
the components of the strain tensor. "The subindices
n and P refer to the cubic axes of the crystal.

Ke will now consider the special cases where the stress
T is applied along the principal crystallographic direc-
tions. For T~~[001] the strain. components are"

e„=eye =Sg2T,
e„=SggT,
e „=e~,=e„=0,

where S~~ and S~2 are the complicance constants. Using
the strain components given above, it follows from Eq.
(6) that stress applied along a cubic axis does not lift
the degeneracy of the conduction-band minima but
merely shifts the edge by

Ae ( &+s )(s *+svv+s ) '

For T~~ [111],the strain components are"

and for T~ [110]
~2 x =~vs = '5 (511+ le) 2 1

e„=S32T,
e y=~S44T, &yz=ezx=0

(10)

Using Eqs. (9) and (10), it is shown from Eq. (6) that
a [111j or [110]uniaxial stress causes a splitting of the
band edge in addition to a shift in the mean energy of
the band minima. Total stress-induced energy changes
for all the valleys are given in Table I.

From the results summarized in Table I it is obvious
that the uniaxial stress applied parallel to the magnetic
held does not af'feet the degeneracies of the Landau-level
series for the conduction band. It simply raises or
lowers the different Landau ladders with respect to
one another.

e(k) = —6+Ah' (11b)

for the ps/s and pt/s bands, respectively. Here A is the
spin-orbit splitting, which is"-" 0.3 eV; A, B, and C
are the so-called inverse band mass parameters. The
upper and lower signs in Eq. (11a) refer to the heavy
and light holes, respectively.

The effect of an external homogeneous magnetic held
and uniaxial stress on the 7=2 band edge is obtained
from the solution of the Hamiltonian

H =Hs+H„ (12)

where Hs is the k p Luttinger Harniltonian. "H, is the
strain Hamiltonian given by Kleiner and Roth as

&.=D"(s**+s»+s-)+aD-[(i *' V') s**+cp ]-
+-,D„[2(JJ„}e„+c.p.], (13)

"F.Herman and J. Callaway, Phys. Rev. &9, 518 (1953).
'4 G. Dresselhaus, A. F. Kip, and C. Kittel, Phys. Rev. 95, 568

(1954); 98, 368 (1955); C. Kittel, Physica 20, 829 (1954).» r,'+
and F7+ are the double-group representations for the PS&2

and P&is states, respectively /see G. Dresselhaus, Ph.D. thesis,
University of California, 1955 (unpublished)g.

'6A. H. Kahn, Phys. Rev. 97, 1647 (1955), and references
therein.

ar M. V. Hobden, J. Phys. Chem. Solids 28, 821 (1962)."R.L. Aggarwal and B. Lax LBull. Am. Phys. Soc. 11, 828
(1966)g have determined the spin-orbit splitting 6=0.297&0.005
eV at T~20'K from magnetopiezoreRection experiments.' J. M. Luttinger, Phys. Rev. 102, 1030 (1956).

o%. H. Kleiner and L. M. Roth, Phys. Rev. Letters 2, 334
(1959).

Z. Valence Band near k =0
In the absence of strain and spin-orbit interaction the

top of the valence band occurs at the center of the Bril-
louin zone and is threefold-degenerate, corresponding to
p bonding orbitals on the germanium atoms. ss The six-
fold-degenerate state (including twofold spin degen-
eracy) is split by spin-orbit interaction into a fourfold
ps/s state (1"s+) and a twofold pi/Q state (I'7+) lying below
it.""Using the (k y) perturbation theory, Dresselhaus,
Kip, and IGttel obtained, near k=0, energy surfaces of
the form'4

e(P) +k2~P32k4++2(k 2$ 2+/ sk 2+/ 2$ 2)]1/2 (1 1a)
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where Dd, ", D, and D„are the valence-band deforma-
tion potentials. D„and D„are related to the corre-
sponding Pikus-Sir potentials" b and d as D„=——', b

alld D~~ = —z&3d.

It has been pointed out that for uniaxial stress along
a [001] or [111]direction FI. is diagonal in the repre-
sentation (J,M J), where Mq is the component of the
total angular momentum J along the stress axis."4'

The eigenvalues of H, may be written4'4'

same as in the unstressed case": de=0, —2, with AM J
=0 for E~~H and AMg=&1 for EJ H, where E is the
electric vector of the incident radiation. The relative in-
tensities of the various transitions should vary with
stress.

B. indirect Absorption Edge with Piezotransmission

The ratio of transmitted radiation to incident radia-
tion is given by

gs, =Dd "(e„+e»+e„)&{(2/9)D„'[(e„e»)—s+c p ]..
+sD-'(s*.'+c p))"' (1 g) 2& a&/1 —gsg 2ai— (16)

In terms of the Pikus-Sir deformation potentials, Eq.
(14) becomes

where 0, is the absorption coeScient, t the sample thick-
ness, and R the reQectivity given by

Ae„=u(e„+e»+e„)+{', b'[(e,-—e»)'+c.p.]
+d'(e*.'+c p.)}"' (15)

(rs —1)'+k'
R=

(rs+1)'+k'
(17)

The last term in Eqs. (14) and (15) represents one-half
the. .. 'strain splitting of the MJ=~~ and ~2 states,
whereas the first term gives the shift in the mean energy
of the split levels. It should be pointed out that Eqs.
(14) and (15) are valid for a general homogeneous strain
even though M J is a good quantum number only when
the uniaxial stress is along a [001]or [111]direction.
If there is no strain, i.e., if H, =O, the Landau-level
energies are obtained from the solution of H~. Luttinger
and Kohn" and Luttinger" obtain four groups of
Landau levels which are usually called the Landau
ladders a+, u, b+, and k . The + and —refer to the
light and heavy holes, respectively. In contrast to the
high quantum number limit, the Landau levels in a given
ladder for low quantum numbers are not equally spaced
in energy.

In order to obtain the energies of the Landau levels
in the presence of uniaxial stress the Hamiltonian given
by Eq. (12) must be solved. This has been done by
Hensel44 for H T~i[111], and by Blinowski and Gryn-
berg4' for Hi~T [001].In the high-stress limit the four
Landau ladders become equally spaced with wave func-
tions corresponding to M J=~, ——'„~, and —~, respec-
tively. For lower stresses, the eigenvalues may be ex-
pressed in terms of a strain parameter dined as the
strain splitting of the valence-band edge expressed in
units of AeH/mac. 44 Blinowski and Grynberg4' have
pointed out that for a [001]and [111]direction, stress
does not change the structure of the wave functions
which are linear combinations of the basis functions for
MJ g y Q y g and —

2 but only the amplitude of the
basis functions. Also, the selection rules for electric di-
pole transitions to the conduction band at F are the

'r G. E. Pikus and G. L. Bir, Fiz. Tverd. Tela 1, 1642 (1959)
LEnglish transl. : Soviet Phys. —Solid State 1, 1502 (1959)j.

4' H. Hasegawa, Phys. Rev. 129, 1029 (1963).
4s J. C. Hensel and G. Feher, Phys. Rev. 129, 1041 (1965).

4 J. C. Hensel, Solid State Commun. 4, 231 (T966).
~ J. Blinowski and M. Grynberg, Phys. Status Solidi 20, K10$

(1967).

where e and k are the real and imaginary parts of the
complex index of refraction

and

e*=n+ik

tr =4rrk/X,

where X is the wavelength of the radiation in vacuum.
If the contributions due to multiple internal reQections
in the sample are neglected, Kq. (16) simplifies to

T~(1 R)'e ~'. — (20)

This is a fair approximation for materials of high reQec-
tivity like germanium for which R~0.35 near the ab-
sorption edge.

Using Eq. (20), we may write for piezotransmission

2R dR
- —

— —tAn —nkvd.
1—R R

(21)

'L. M. Roth, B. Lax, and S. Zwerdling, Phys. Rev. 114, 90
(1959).

4' %'e have compared the reflection and transmission spectra for
a (001) sample at liquid-nitrogen temperature. In the spectral re-
gion of the indirect edge, the spectral structure observed in nR/ff
was found to be an order of magnitude lower in intensity when
compared with that for nl'/2' (to be published).

4' G. G. Macfarlane and V. Roberts, Phys. Rev. 97, 1714 (1955);
98, 1865 (1955).

Of the three terms contributing to hT/T, the 6rst is
relatively small'" and the third term merely produces
a background proportional to cx. Hence the spectral
structure observed in AT/T may be attributed to the
change in absorption coefBcient Aa caused by the ap-
plied stress.

Ke will now show how the application of stress en-
hances the structure in o. with or without the magnetic
held.

Following Macfarlane and Roberts, "the absorption
coeS.cient for the allowed indirect exciton in the ab-
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(22)

sence of an applied magnetic 6eld may be written"

(((0) =C~Lh(c —(eg —e,„We,h)j'",
ttxlO

l0—

I I l I i l I

T=l.oxlo "sec

—(D/CC) e+ 2
(dph I2 T

where Ace is the photon energy, eg the energy gap, e,„
the exciton binding energy, and e» the energy of the
phonons which are emitted or absorbed in the process.
D is a constant determined by the density of states as-
sociated with the valence and conduction bands, a prod-
uct of phonon and direct-transition matrices, and a
factor for multiple conduction-band minima. Therefore,
the change in n due to the strain Ae is

An(0) = 2Cg—fh—(c (eg —e % sph)$ 'l'dsg/deke, (23)

provided the stress-induced changes in e,„and mph and
C~ are neglected. It is evident from Eq. (23) that the
use of stress modulation technique would produce an
enhancement of the structure in o(, since &(r(0) has a
singularity at the transition energy

~ 9—
CP
Cl2

8—
7 0

6
3

2 5

4
1

1-8-6-4 -2 0 P. 4 6 8x)Q

~ ~ "~n, na~&~

FIG. 2. Plot of rL1+((c—(c»lcr j versus 1—(c„,„~/(c for the
relaxation time ~=0.2&(10 " 0.5&10 " and 1.0&10 "sec.

observed in magnetopiezotransmission should corre-
spond to those shown in Fig. 2, where

ACO = Gg
—6ex+ mph ~ (24) T[1+((c—(c„...)2T2]—'

In the presence of a magnetic 6eld the absorption co-
eKcient for indirect transitions between free Landau
states is given by"

(r(B) =2C~(h2(c„(d„)Q S(h(c —h(c„,„,), (25)

where

is plotted as a function of 1—(c, 2)(c for several different
values of v.. As 7 increases, the height of the peak in-
creases and the half-width decreases correspondingly.
Thus it should be possible to obtain an estimate for r
from the observed half-width of the peaks.

C. Nonyarabolicity and EfFective Masses
h&vms= &g+(221+2)h&c1+(222+2)h(cc2

~hccph+(~2g2 ~1gl)p+ ~

The most interesting feature of the present investiga-
tion for the indirect transition in germanium is the vari-
ation of the electron effective mass as a function of the
energy for the electron in the L~ conduction band. This
is deduced from the observed energy spacings ofltIthe

light electron peaks for the spectra shown in Figs. 5—7.
We ascribe this variation to the nonparabolic character
of the energy bands for increased momenta into the
Brillouin zone.

The application of Brillouin-Wigner perturbation
theory to nondegenerate bands in a cubic material at
4 =0 gives an energy-wave-vector relationship of the
form'0

Here S(h(c —h(c„,„2) is a step function, (c., and (c„are
the appropriate cyclotron frequencies for the two bands
with their anisotropy taken into account, e& and e2 are
the respective Landau quantum numbers, g» and g2 are
the appropriate spin g factors, and M~ and M2 are the
spin angular momenta. Due to the phonon transitions
there are no selection rules for n~ and e2. However, the
selection rules for the spin angular momentum are the
same, with AM =0 for EIIH and 6&=&1 for EJ H.

As in the zero-6eld case, the change in the absorption
coeKcient is given by

hu
1+—P' I, (27)

2222p 222p ~ e (h) -e (0)&

dEg
g(r(H)~2C~(hs(v„(c„) Q b(hcc h(p„,„2) Ae —(26)— .

%/%2 de

It follows from Eq. (26) that, with stress modulation,
strong singularities should be observed at photon en-
ergies for which Ace =Ace„„„in contrast to the steps ob-
served without modulation. However, if we take
into account the 6nite relaxation time v for an actual
crystal, the step function S(x) ~ arc tanx, where
x= ((c—(c 1 2)1.(' Therefore, in Eq. (26), (l(x) ~
TL1+ ((c—cc„,„s)2T2j '. Thus the line shapes for the peaks

4' B.Lax and S. Zwerdling, in Progress in Semiconductors, edited
by A. F. Gibson (John Wiley R Sons, Inc. , New York, 1960), Vol.
5, p. 221.

where m-;; are the momentum matrix elements for cou-
pling of the bands i and j, with j4i. It should be
pointed out that the presence of the perturbed energy
e;(h) in the energy denominator of Eq. (27) ensures that
the nonparabolic eRects are automatically included. In
a similar manner, the inclusion of the nonparabolic
effects in Eq (1) for th.e energy of the electron in an Lr

5 See, for example, G. Dresslhaus and M. S. Dresselhaus, in
Proceedings of the "Enrico fermi" International School of Physics,
Course XXXIV, 1065, edited by J. Tauc (Academic Press Inc. ,
New York, 1966), p. 198,
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Using Eqs. (29a) and (29b), Eq. (28) may be written

b(k) =-'A'(kis+kss)

( 1 1);(1,3)
X —+I —I, +, (30)

mp Em, (0) m/pe, (1,3')+h(k) 2mi

"2.5—

750
I

760
I I I

7 70 780 790
PHOTON ENERGY (rneV)

I

800
I

8IO

ellipsoid gives"

FIG. 3. Piezotransmission spectra of the indirect transition in
germanium at T~20'K for uniaxial stress T applied along the
L001j, L111$, and L110j directions.

in the approximation that m& is determined only by the
L3 band, which lies"»" ' 2.2 eV below the I.» con-
duction-band minimum. In the above equation, mi(0)
is the transverse mass at the bottom of the band. If the
term

A' ) e,(i 3')
(kis+kss)l 1——

2mp 5 es(1,3')+g(k) J

is neglected as being small, Eq. (30) simplifies to

( 2 I~is I'
8(k) = (kis+ kss)

I
1+—g

2m 0 mp &a es(1,3')+$(k)

A2 g(k) —1 Ask 2

(kis+kss)I 1y
2m, (0) E e,(1,3')J 2mi

(31)

For the nonparabolic ellipsoid of Eq. (31), the energy
+ I 1+ Z, I

(28) levels in the presence of a magnetic field along the longi-
tudinal axis of the ellipsoid are given by

i~is I'—=—
I 1+—Z

mi mph mp &s es(1,3')+$(k))
(29a)

—=—
I
1+—&

mi mp 4 mp &2' e (1,2')+ h(k))
(29b)

"In deducing Eq. (28) it is assumed that the transverse eKec-
tive mass involves only the matrix elements between the bands
L1 and LB. and the longitudinal mass is similarly determined by
the matrix elements between the bands LI and L2 .

where es(1,3') = er.,(0)—ei, (0) and e,.(1,2') = er, ,(0)—eI.„(0);s.is and iris denote s.i.,r, and xi,,r.,„respec-
tively.

Recalling the definitions of m~ and m~, it is obvious
from Eq. (28) that we now have

&n
h„I 1+ —

I
=(n+-,')A~, (0),

e,(1,3')J
(32)

provided we neglect the spin splitting, which is small,
and the terms containing k3, since the peaks in the spec-
tra correspond to ks =0. tp, (0) is the cyclotron frequency
at the bottom of the band. Solution of the quadratic
equation (32) gives

h~ = —-', es(1,3')+-,'I es'(1 3')+4e (1 3')nAcp (0)j'"

X 1+(
2Ao~, (0)

(33)
es(1,3')+4nA pp, (0)

Expanding the last radical on the right-hand side of the
above equation, a,nd retaining only the first two terms
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FIG. 4. Splitting of the
conduction-band and
valence-band edges un-
der a L001$, Lilij, and
L110] compression (not
to scale). The allowed
transitions are indicated
by full arrows for the
electric vector EiiT and
by the dashed arrows
for EJ 'L The numbers
in parentheses next to
the conduction-band
levels denote their
degeneracies.
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in the expansion, we get

h„=——',e (1 3')+-', Lea'(1,3')+4ea(1)3')tsAto (0)]'"
Ass, (0)

X 1+ i. (34)
ea(1,3')+4tth (t0o) &

Using Kq. (34), it can be shown that the cyclotron fre-
quency at energies above those corresponding to the
band minimum is given by

a).=re.(0)[1+28/es(1,3')]—'. (35)

Hence the cyclotron effective mass should increa, se
linearly with h as

m, =m, (0)L1+2h/e„(1,3')]. (36)

Using a value of 2.2 eV for e,(1,3'), Eq. (36) becontes

m, =m, (0)(1+0.91b), (37)

where h is expressed in units of eV.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

A. Piezotransmission Spectra Observed for
Zero Magnetic Field

In Fig. 3 are shown the piezotransmission spectra ob-
served wit. h samples stressed along the L001], L111],or
[110]direction. Prominent features of the spectra may
be understood in terms of the transitions corresponding
to the indirect exciton with the emission of a longitudinal
acoustic (LA) phonon. ' The corresponding transitions
involving the absorption of an LA phonon are not ob-
served due to the low temperatures used in the present
experiments. It should be pointed out that in addition
to the modulating stress, the samples may be subjected
to static (dc) stress produced as a result of the unequal
thermal contraction of the sample and transducer.
Using the values for the expansivity of germanium52

""D. F. Gibbons, Phys. I&ev. 112, 136 (1958l.

and of the PZT-4 transducer, " it turns out that the
sample would be under compression if the bond between
the sample and the transducer is attained at tempera-
tures below 160'K. In the following discussion we will

assume that the samples are under compressive stress.
The observed spectra are consistent with this assump-
tion. The dc stress is along the same direction as the ac
stress. This is evident from the geometry of the sample-
transducer configuration as can be seen in Fig. 1.

Due to the presence of the dc stress the indirect exci-
ton line should split into two or more components, de-

pending upon the orientation of the applied stress, The
transition energy e~ for each component can be calcu-
la, ted from the shifts and splittings of the conduction-
and valence-band edges using Eqs. (6) and (14) or (15)
along with Kqs. (7), (9), and (10), provided the stress-
induced changes in the phonon and the exciton binding
energy are neglected. The following values have been
used for the deformation potentials: q+rs „a=Et-
= —4 eV, '4 ™=:16.2 eV, ~ b= —2.6 eV, and d= —4.7
eV.'" The results are summarized in Table II in terms
of de&/de, the change in the transition energy of a given
component per unit change in the strain e along the
stress axis. e is rela, ted to e p as follows:

fo. TIIL001],

for T (t'111], e==-s, L(e,,+e»+e„)
(38)

+2(e„+e„,+e,,)],
for T)(L110], e==sL(e„+e»)+2e,„].
The expected number of components along with their
initial and final states are shown in I'ig. 4. The relative

"The expansion coeKcient n1 of poled PZT-4 (in the plane
normal to the direction of polarization) is estimated to be ~2
&10 6/'C in the temperature range 300—4'K according to D.
Berlincourt, Electronic Research Division, Clevite Corporation,
Bedford, Ohio.

'4 W. Paul, J. Phys. Chem. Solids 8, 196 (1959).
5 A. P. Smith, M. Car(iona, and F. H. Pollak, Bull. Am. Pllprs.

Soc. 12, 101 (1967),
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1. [001j Stress

According to the results summarized in Table II for
the intensities of the stress-induced components, I
should be equal to 15.0 for the high-energy components

E T.and —1.6 for the low-energy component with EJ
Since the low-energy component is expected to be very
weak in comparison to the high-energy component, only
the latter may be observed. This is actually the case
experimentally as can be seen from Fig. 3(a). For Ej~T,
I should be zero for the high-energy component and
—6.4 for the low-energy component. Thus we should
observe only the low-energy component in this case.
Experimental results shown in Fig. 3(a) do not agree
wl'th the above prediction since not only is the ow-

tedenergy component much weaker than that expecte,
but a peak on the high-energy side is also observed. The
high-energy peak, however, does not occur at the same

position as the high-energy peak in the case of the per-
pendicular polarization. The former is 1 meV higher
in energy relative to the latter, which indicates that

~ ~

they do not arise from a common transstion.

The observed splitting of 1.3 meV between the
high-energy component for EJ T and the low-energy
component observed with ElrT should be equal to the
splitting of the 7=2 valence-band levels lMsl =$ an
r for a L001J stress. Using the values of de~/de for the01 a
high- and low-energy components, we deduce that the
splitting of 1.3 meV corresponds to a static strain

2.0)&10 ', which would be produced by the stress
T 2.0&&10' dyn/cm' along the $001j direction. " It
should be pointed out that the above value of dc strain

"The dc strain introduced in the sample is not reproducible.
Variations of the order of 50% may be obtained between runs re-
peated on the same sample under similar conditions.



AGGARWAL, ZUTECK, AND LAX 180

420X IO

10—

H= 86.5 kG--- H=O

E Il H ll )I I Oj

I
t

I'I
I

I
I

I

Ir

/

I
/

I
/

/
/

/
/

/
/

/
/

2, 0X IO

760 780 800 820 840

I
I
I
I

I
I

I
I

I
I

I
I

/
I

I
I

/
/

/
/I

860 pro. 7. Magnetopiezotransmis-880
sion spectra Of the IndIrect transl

man~~m at ~
HIITIID)oj ~ith qlll:ootg.

IO

760 780 800 820 840
PHOTON ENERGY (meVj

860 880

in the sample is an order of magnitude larger than the
rms value of 2.5)&10 ' for the ac strain used in the
present experiments.

Z. $111jStress

A total of four components are expected in this case
as shown in Fig. 4. For EJ T, I should be equal to —3.2,
—4.8, 2.7, and 22.5 for the components labeled as 1, 2,
3 and 4 in Fig. 4. In the case of E~~T, I should be —12.8,7

0, 10.8, and 0, respectively, for the samecomponents.
The observed spectra shown in Fig. 3(b) seem to indi-
cate the presence of the four components as expected,
but their relative intensities are not in good agreement
with the predicted values. Weak structure observed on
the high-energy side of the component. 4 may. be due to
phonon modes other than LA mode.

The energy separation between the various compo-
t may be used to estimate the amount o static

stress on the sample. The observed splitting o
meV between the components 1 and 4 corresponds to
a strain e 1.8X10 ' or stress T 2.8X10s dyn/cm'
along the L111]axis."

3. [110]Stress

For this orientation of stress, Mg is not a good quan-
tum number for the stress-split J= ~3 valence-band edge
as mentioned earlier. Thus there are no selection rules
for the matrix elements for transitions to the inter-
mediate state assumed to be the conduction band at
k =0, and a maximum of four components could be ex-

pected for either polarization of E relative to T. The
observed spectra shown in I'ig. 3(c) indicate that the
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components 1 and 3 are clearly resolved for R1T,
whereas the components i and 4 are observed with
EJ T. Other components are not resolved as well. As
in the case of the [111$stress, weak structure on the
high-energy side of the component 4 is due to other
phonons.

The energy separation between the components 1 and
4 is 5.3 meV, which corresponds to the static strain
e~3.0X10 ' or the stress T~4.1X10" dyn/cm' along
the [110]direction. ""

O.IO

E

E
cn

0.09—

cn

0.08 —
-.=-.=—

ED

0.07
0

r(eV)

1

G02 0.04 0.06

Experiment

I

008 010 012

B. Magnetoyiezotransmission Spectra

In Figs. 5—7 are shown the piezotransmission spectra
recorded with light polarized either parallel or perpen-
dicular to the ma, gnetic field applied along a [001],
[111],or [110'direction. In each case, uniaxial stress is
parallel to the magnetic field. For all the three crystal
orientations relative to the magnetic field, the spectra
exhibit one or more series of sharp peaks which are re-
solved even at photon energies close to the direct edge.
The peaks have a half-width of 2 meV, which corre-
sponds to a value of 2.5X10 ' for Doi/io. From the curves
shown in Fig. 2, we estimate v~0.7xi0 "sec for the
observed value of A&a/o&. A detailed account of the
magnetopiezotransmission spectra for each orientation
of the magnetic 6eld is given below.

1. H arid 'P Parallel to [001$

For either polarization of the incident radiation,
there are two series of peaks with nearly equal spacing
between the consecutive peaks. The corresponding
peaks of the two series are, however, displaced from
each other by 2 meV. Furthermore, the energy sepa-
ration of the peaks in a given series corresponds to the
cyclotron frequency co, of the conduction electrons.
Thus each series of peaks may be interpreted as arising
from either a single Landau level or a group of Landau
levels in the valence band whose energies may lie in an
interval of approximately i meV, which is the resolu-
tion of the spectrometer for the conditions under which
the spectra shown in Figs. 5—7 were recorded. The two
series of peaks may be due to transitions froni the
lowest Landau levels which correspond to the two states
for the stress-split valence-band edge in the absence of
the magnetic field. But it is not obvious why transitions
from higher valence-band Landau levels are not ob-
served. It may be due to the fact that the intermediate
transition which involves the direct exciton bound to
the lowest Landau levels is considerably stronger corn-
pared with direct transitions between higher Landau
levels, Thus the indirect transitions from the higher
valence-band levels should be compa, ratively weak and
may not be observed.

Z. Hand 7 Parallel to [111j
In this case, one series of strong negative peaks with

large energy spacing and another series of weak peaks

FIG. 8. Plot of the transverse effective mass mf, for the I j con-
duction band in germanium at 2'~20'K for 811L111j as a function
of 8, where 8 is the energy measured from the bottom of the band.
The circles denote the experimental points for V=88.9 kG with
K&~~H. The experimenta1 curve is a least-squares fit of the data
points to a straight line. The dashed part of this line is to indicate
the data points not included for the 6t. The theoretical curve
shows the effective-mass variation as obtained from Eq. (37),
which was deduced from the use of the (k p) perturbation theory.

with smaller energy spacing are observed for both
E11H and EJ H. The sign of peaks in the weak series is
ambiguous. A comparison of the observed spacings with
those expected for the conduction electron shows that
the peaks with large spa, cing arise from transitions to
the Landau levels corresponding to the light electron
mass m&, . Similarly, the peaks with small spacing are
a,scribed to the heavy electron mass mg. . As in the case
of H11[001], each series of peaks appears to be due to
transitions from the lowest Landau levels of the valence
ba,nd.

3. H attd T Parallel to [110j
As in the previous case, two series of peaks with

different energy spacing are observed. An interesting
feature of this orientation of the magnetic field is the
strong dependence of the intensity of the peaks in the
two series on the direction of polarization of the radia-
tion relative to the magnetic field. For example, peaks
with small spacing are much more prominent in the
spectrum for EJ H than in that for E11H, as can be seen
from Fig. 7. On the other hand, the negative peaks with
large spacing have larger amplitude for E11H compared
with the spectrum for EJ H. These features are consist-
ent with those corresponding t.o the zero-6eld case in
that the positive peak is stronger forEJ T whereas the
negative peak is stronger for E11T. As in the case for
H11[111j, the peaks with the large spacing are inter-
preted as arising from transitions to the Landau levels
corresponding to rn. I, Similarly, the peaks with the small
spacing correspond to m~„..

C. Conduction-Band Effective Masses

The energy spacings between the successive peaks of
the light-mass series for the spectra shown in Figs. 5—8
can be used for deducing the light electron mass as a
function of the electron energy above that a,t the bottom
of the band.
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conduction band in germanium.
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0.12—
CO

C3

r

0.15 ~

Effective
mass

m~(0)/mo

oa&/ohio

a Reference 6.
b Reference 28.
& Reference 34.

Cyclotron
resonance

(4'K)

0.0819&0 0003b
0.082 &0.001'
1.64 &0 03b
1.58 ~0.040

Magneto-
absorption'

(1.7'K)

0.079

1.74

Magnetopiezo-
transmission

(20'K)

0.079&0.001

1.54 &0,06
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Fxo. 9. Plot of the cyclotron eGective mass m, for the 1.1 con-
duction band in germanium at T 20'K for 8 IIL001j as a function
of 8,. The circles represent the experimental points for IJ 8 with
II=86.3 kG. The curve is a least-squares Gt of the data to a
straight line. The dashed part of the line is to indicate the data
points not used for the fit.

The variation of the transverse effective mass m~,
which is the same as mg. for H11[111],is shown in Fig. 8
as a function of 8. Since the heavy electron mass mI„
~2.5m& for this orientation of the magnetic 6eld, it im-
plies that every alternate peak due to m&. may overlap
another peak due to mg. , resulting in a distortion of the
observed peak. This appears to be the case experi-
mentally. As can be seen from the spectra shown in Fig.
6, each alternate peak. corresponding to the large spac-
ing is noticeably broa, d for EJ H and the corresponding
peaks for EIIH alternate in intensity. In order to avoid
any error introduced by the above overlap, we have de-
duced the values of m& shown in Fig. 8 from the energy
spacing between alternate peaks instead of that between
the consecutive peaks. The experimental curve is a
least-squares 6t of the data to a straight line. The dashed
part of the line is to indicate the range of 8 which is not
used for the fit. Figure 8 shows that the increase in mass
is linear only for large values of 8, and the observed in-
crease is larger than expected from Eq. (37) since the
least-squares 6t gives

m, =mo(0) (1+1.5h) .

The apparent departure from linea, rity for small values
of h can be understood if the interband magneto-optical
transitions correspond to the creation of exciton states
in a magnetic 6eld. If the Coulomb binding energy de-
creases with increasing ~, the effective mass deduced
from the observed spectra should approach the true
effective mass for large m. Since the exact variation of
the exciton binding energy is not known, the mass at
the bottom of the band has been determined by extrapo-
lation of the line obtained for large 8. In this manner,
we obtain mo(0) = (0.079&0.001)mp. This is to be com-
pared with the value of 0.082mo as obtained from the

cyclotron resonance experiments. ""The above dis-
crepancy may partly be due to the neglect of Coulomb
binding energy, which may be appreciable even for
large m.

In Fig. 9 is shown the variation of the cyclotron effec-
tive mass as a function of h for HII[001] as obtained
from the spectrum for EJ H. As in the case of HII [111],
m, is deduced from the energy spacing between the
alternate peaks but only to reduce scatter in the data.
A least-squares fit for the data gives
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Fxo. 10. Plot of the light electron mass m~, corresponding to
H111110] for the 1.& conduction band in germanium at T~20'K
as a function of 8. The circles represent the experimental points
for EIIH with H=86.3 &G. The curve is a least-squares Gt of the
data points to a straight line. The dashed part of the line is to indi-
cate the data points not used for the f)I.t.

with m, (0) = (0.128+0.002)mp. Assuming the ratio
im/ m~o~20, sEsq. (4) gives m, (0) = (0.078~0.002)m, ior

the above value of m, (0). This value of m, (0) is in good
agreement with that obtained for HII [111].

In Fig. 10 is shown a plot of m~, as a function of h for
H11[110] with EIIH. m~. is deduced from the energy
spacing between the alternate peaks instead of that be-
between the consecutive peaks. As in the previous cases,
a. linear fit to the data gives

mg. ——m(, (0)(1+1.58),

with mt, (0) = (0.079&0.001)mp, which is in good agree-
ment with the value obtained for HII [111].
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A similar analysis for the variation of the heavy elec-
tron mass with 8 has not been attempted, since the cor-
responding peaks in the spectra are not resolved over
a large spectral range. However, an average value of
mI„may be used for a determination of m~. Considering
the case of H~~L110] with EJ H, we get an average value
of m~, .=(0.352+0.006)mo on the basis of the 6rst 10
peaks, excluding that due to the lowest (ran=0) exci-
ton. Using an average value of 0.081mo for m~ as ex-
pected from the variation shown in I'ig. 10, we Gnd

m~ ——(1.54+0.06)mo.

Table III gives a summary of the conduction-band-
edge effective masses obtained from the present work

along with the results of cyclotron resonance"- '4 and
magnetoabsorption experiments. '
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Magnetic Freeze-Out of Electrons in Extrinsic Semiconductors

M. I. DYAKQNov, A. L, EFRos) AND D. L MITCHELL*

A. F. Ice Physical Technical Irsslillle, Lersingrad, IIS.S.R.
(Received 16 October 1968)

The density of states was derived and the statistics of conduction electrons were studied for the case of a
strongly doped compensated semiconductor in an external magnetic field. The tail of the density of states
and the spread in the energy distribution of impurity levels were investigated, and the temperature and
magnetic field dependences of the concentration of electrons not localized in impurities were calculated. It
is shown that, because of the tail of the density of states, this concentration approaches a Gnite limit when
T —+ 0. The freeze-out of carriers begins when the magnetic field attains such a value that the binding
energy becomes larger than the rms potential energy of an electron in the field of the impurities. For sufIj.-
ciently large magnetic fields, the Fermi level will drop into the tail, although the electrons may remain degen-
erate. This last conclusion will also be true for uncompensated semiconductors.

I. INTRODUCTION

'~'N semiconductors with shallow donor (acceptor)
~ ~ levels the impurity band emerges with the con-
duction band at comparatively low impurity concen-
trations. It has been pointed out previously' 3 that the
impurity band will split off in sufFiciently strong mag-
netic fields. This is because of the disappearance of the
overlap of electronic wave functions situated on
neighboring impurity sites due to their constriction
to a cigar-shaped region under the inQuence of the
magnetic Geld. The radius of this region is of the order
of the magnetic length X= (hc/eII)'I' which may become
much smaller than the Bohr radius a. Thus, localized
states with a binding energy which increases with
magnetic Geld will appear'4 ' when the volume of the

* Visiting scientist under the exchange program between the
National Academy of Sciences U.S.A. and the Academy of
Sciences U.S.S.R. On leave from the Naval Research Laboratory,
Washington, D. C.

' Y. Yafet, R. W. Keyes, and E. N. Adams, J. Phys. Chem.
Solids 1, 137 (1956).' R. %. Keyes and R. J. Sladek, J. Phys. Chem. Solids 1, 143
(1956),' R. J. Sladek, J. Phys. Chem. Solids 5, 157 (1958).

4 H. Hasegawa and R. F. Howard, J. Phys. Chem. Solids 21,
179 (1961).

bound state (sr)'a) becomes less than the average
volume of an impurity (Z "), i.e. , 1VsrX'a(1.

This behavior becomes evident in the freeze-out
effect, i.e., the electron concentration begins to depend
on the temperature and magnetic Geld. This eftect was
studied in InSb by Sladek' and later by Beckman et al. '
and by Neuringer. v In earlier works, ' ' a theory for this
eGect was proposed which did not take into account the
shifts in the impurity levels due to the random impurity
potential. This is valid only for very lightly doped
semiconductors when the rms potential of impurities
is small compared to the binding energy of the electrons
8& and the thermal energy T (in units of energy).

In the present paper, we calculate the density of
states of a strongly doped semiconductor in a magnetic
Geld and construct the theory for freezing out. The tail
of the density of states of electrons in a magnetic held

'R. J. Elliot and R. Loudon, J. Phys. Chem. Solids 15, 196
(1960); R. F. %allis and H. J. Sowlden, ibid. 7, 78 (1958).

O. Seckman, K. Hanamura, and L. J. Neuringer, Phys. Rev.
Letters 18, 773 (1967).

' L. J. Neuringer, in Proceedings of the International Conference
on the Physics of SemicondNctors, Moscow, &68 (Publishing House
Nauka, Leningrad, 1968), p. 715.


