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An improved version of the theory for the temperature dependence of the hyperfine coupling constant of
rare-earth S-state ions in cubic crystals is developed which incorporates an exact spatial-averaging procedure
valid over the entire phonon-wavelength range. The improved treatment eliminates one of the major weak-
nesses and points of uncertainty in the theory, viz. , the ambiguity arising from the existence of separate
calculations applicable only in the long- or short-wavelength limits. The question of the range of validity of
these approximations is therefore removed. Contributions from both the acoustic branch, based on a Debye
spectrum, and the optical branches, based on an Einstein spectrum, are determined. It is shown that the new
expressions reduce exactly to those obtained in the long-wavelength limit, but not to those commonly
associated with the short-wavelength approximation. The improved theory is applied to the temperature
dependence of the hyperfjne coupling constant of '~'Eu~+ in CaF2, SrF2, and BaF&, and the results are com-
pared with those of the long-wavelength model as well as with the experimental data. Good qualitative
agreement with experiment is obtained, and possible sources of the disagreement between the observed
magnitude of the temperature decrease in the hyperhne constant and that predicted by the improved theory
are discussed. In addition, calculations of the rigid-lattice values of the hyperhne constant of Eu'+ are made,
and it is found that these values are not equal in the alkaline-earth fiuorides, the diGerences lying outside
the error limits. Finally, the improved treatment shows that some of the results produced by the long-wave-
length approximation are in fact spurious.

sarily questionable, since the temperature range over
which either of these opposing approximations is valid
is not known.

Calculations based on the long- or short-wavelength
approximation encounter other difhculties as well. Both
the acoustic and optical branches of the phonon spec-
trum should, of course, be included in such calculations.
Generally, one considers the acoustic branch only and
employs the approximation kE«1, but calculations in-
cluding both acoustic and optical branches using M))1
have also been performed. ' Some portions of the phonon
spectrum are necessarily excluded in treatments involv-
ing any of these approximations, and of course the region
M=1 has never been treated at all. In addition, it is
commonly found' that orbit-lattice calculations which
invoke the point-charge model yield magnitudes of the
coeS.cients which are considerably smaller than the ex-
perimentally observed values. It is important to know
how much of this discrepancy can be attributed to the
use of the long- or short-wavelength approximations.

It is the purpose of this paper to present a calculation
of the temperature dependence of the hyperfine coupling
constant for rare-earth ions which includes an exact
treatment of the phonon wavelength. Spatial averaging
over products of the normal coordinates of the molecu-
lar cluster, which has previously been accomplished only
by utilizing the long- and short-wavelength approxima-
tions, is achieved here by expanding the normal coordi-
nates in spherical Bessel functions so that the spatial
averaging is valid over the entire phonon-wavelength
range. The analytical expressions obtained are suK-
ciently simple so that there is no longer any advantage
to performing the calculation in either the long- or

I. INTRODUCTION

HE orbit-lattice interaction VoL describes the in-
Quence of the phonon Geld on the orbital motion

of electrons in impurity ions. It has been successfully
applied to the study of spin-lattice relaxation times of
ions in crystals by Van Vleck' and by Orbach. ' Although
it plays a negligible role in the crystal field splitting of
S-state ions,"the orbit-lattice interaction has a pro-
nounced effect on the temperature dependence of the
hyperfine coupling constant of these ions. Simanek and
Orbach' first demonstrated this effect for the MgO:Mn'+
system. Their calculation was based on the long-wave-
length approximation, i.e., kE«1, where k is the phonon
wave vector and E. is the interionic distance. Good
qualitative agreement with experiment was obtained,
but Huang' later argued that the long-wavelength ap-
proximation was not appropriate for the high-tempera-
ture region. He then applied the theory to Mn'+ in
alkali halides using the opposite approximation, i.e.,
kE))1, and also obtained good agreement with the data.
It is interesting to note that both approximations have
also been used in the analyses of spin-lattice relaxation
data. "Consequently, an ambiguity has developed in
the general theory of the orbit-lattice interaction, since
calculations may be performed using either the long- or
the short-wavelength approximations. The validity of
the results obtained from these calculations is neces-

~ Work conducted under the McDonnell Douglas Corporation
Independent Research and Development Program.

' J. H. Van Vleck, Phys. Rev. 57, 426 (1940).
r R. Orbach, Proc. Roy. Soc. (London) A264, 458 (1961).' T. J. Menne, J. Phys. Chem. Solids 28, 1629 {1967).' T. J. Menne, Phys. Rev. 170, 356 (1968).
' E. Rim6nek and R. Orbach, Phys. Rev. 145, 191 (1966).' C. Y. Huang, Phys. Rev. 158, 280 (1967).
r C. Y. Huang, Phys. Rev. 154, 215 (1967). s M. Blume and R. Orbach, Phys. Rev. 127, 1587 (1966).
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short-wavelength limits. Moreover, it is shown that the
new calculation correctly reduces to the expressions ob-
tained previously by Menne, Ames, and Lee' in the
limit Mg& j..

Both the acoustic and optical branches are included
in the calculation and are treated by means of the Debye
and Einstein approximations, respectively. Then the
improved theory is applied to the analysis of the tem-
perature-dependent hyperfine constant A(T), as well
as its rigid-lattice value ARL, for the Eu + in CaFs, SrFs,
and BaF2 data. ' ' Results of this analysis are compared
with those obtained from the long-wavelength theory.

We wish to emphasize that, besides the use of ap-
proximations concerning the phonon wavelength, there
exist other weaknesses in the present theory for the tem-
perature dependence of the hyper6ne constant for both
iron-group and rare-earth ions, e.g., use of the point-
charge model with covalency and overlap neglected, "
inclusion of nearest neighbors only, use of a constant
Debye temperature over an 800'K temperature range,
neglect of local modes, and use of improper lattice
eigenvectors of the host crystal. Seeking to improve the
theory, and in order to evaluate the zero-point phonon
contribution to the hyperfine field, Orbach and co-
workers" " invoked a linear diatomic chain model of
the lattice which enabled them to treat both the acoustic
and optical branches of the spectrum. Their approach
represents an improvement with respect to effects aris-
ing from the entire crystal lattice, whereas our exact
treatment of the phonon wavelength represents an im-
provement in the treatment of effects arising from the
local environment of the rare-earth ion. Thus, we believe
that the exact phonon-wavelength method presented
here is a signihcant advance over the approximate treat-
ments and serves to remove one of the major weaknesses
and points of uncertainty in the model. Further im-

provements in the theory are desirable but dificult to
achieve at this time.

A similar calculation for the temperature-dependent
hyperlne coupling constant of the iron-group S-state
ions is being performed and will be reported shortly.

II. IMPROVED CALCULATION

A. Syatial Averaging

The model describing the eGect of lattice vibrations
on the hyperfine field of rare-earth ions possessing a half-
filled 4f shell ('S7/s ground state) in a cubic environ-
ment was developed in Ref. 9 and is equally valid here.
We admixed excited ns orbitals (n&6) into the ground

4f orbitals by a first-order perturbation in the orbit-

~ T. J. Menne, D. P. Ames, and Sook Lee, Phys. Rev. 169, 333
(1968).

"Sook Lee, D. P. Ames, and T.J. Menne, Phys. Letters 28A,
369 (1968).

u E. Rime, nek and Nai Li Huang, Phys. Rev. Letters 17, 699
(1966)."R.Orbach and E. Simdnek, Phys. Rev. 158, 310 (1967).

r' R. Calvo and R. Orbach, Phys. Rev. 164, 284 (1967).

where

Ps.= (t't/2tog„, M)-'ts(ape'" 4'+ante '""") (2)

and where all symbols have been de6ned in Ref. 9.
It is necessary now to evaluate the average hyperhne

field (Isit,») by calculating the average over all direc-
tions in k space of quantities like

(4 & Ctt& cosk Rts cosk Rts)=—(n,P,j,l). , (3)

where n and P are any of x, y, and s, and j and l are any
of j., 2, 3, and 4, while 0. denotes either the longitudinal
(l) or transverse (t) mode. Note that (tr,P,j,l) is sym-
metric in n and P and in j and l. ln the past, this averag-
ing has been accomplished by making either (a) the
long-wavelength approximation, i.e., k Rte«1, and ex-
panding the cosine to erst order in M for the iron-group
ions' (even normal coordinates) and to second order in
kR for the rare-earth ions' (odd normal coordinates),
or (b) the short-wavelength approximation, i.e., k R,. s

»1, and treating the quantity in Eq. (3) as a constant' '
(independent of k). However, it is possible to perform
the spatial average in Eq. (3) exactly by making use"
of the following expansion" in spherical Bessel functions
j„and spherical harmonics Y„:

00 n
e'~ "=4sr g t'"j „(ItR) p F "(8sys)F„e(8tt,pter), (4)

where 8t and pt are the polar and azimuthal angles of
the vector F. Then we find that

cosk Rt' cosk. Rt'=2sr P g s'"I's (8s,&s)

in which

e~o m~P~

~Ej.-(&R )1'.--*(8.„~.,)
+js (&R-)l"s-"*(8tt Air )j, (&)

R~—=Rt'a R,'. (6)

As an example, consider the quantity (x,y, 1,3)t for the
longitudinal mode. We have

C,st= sin8s cosset s, C„st sin8s sinps, ——

'4 M. Born and K. Huang, Dynamsca/ Theory of Crysta/ Latteces
(Oxford University Press, London, 1954).

'~ The author is grateful to Dr. J. G. Broerman for pointing out
the potential utility of this expansion in performing the directional
averages.

'~L. I. Schiff, QNuntum Mechanics (McGraw-Hill Book Co.,
Near York, 1955).

lattice interaction VoL and then calculated the matrix
element of the contact hyperfine operator in the per-
turbed ground state

~

sS',Me). The result is given by Eq.
(14) of Ref. 9 in terms of the 10 antisymmetrical normal
coordinates g, of the XYS molecular cluster depicted in
Fig. j. of that reference. %hen the ionic displacements
Q, are expanded in lattice waves, '4 one obtains

Qs. =2 P Ps,C' s' cosk R;s,
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TABLE I. Spatial averages of the quantities (ss,p, j,l), in Eq. (3) for both the longitudinal and transverse modes.

130

Ã7Z

jz

1,2; 1,4
2,3; 3,4

1,3
2,4

11'33

1,3; 1,4
2,3; 2,4

12
3,4

171722

172 7 1 3
2,4; 3,4

1,4
273

22 33

Longitudinal

0
0

—Us(PI)
:i2(PI)—

—
s js(Ps)
0js 2)

0
0

0js(PI)—-', js(pl)
0 js(ps)—s js(Ps)

0
0

l js(PI)
-0js(PI)

—:js(ps)—ljs(ps)

(~P j,f).
Transverse

0
0

sjs(PI)—sjs(PI)
~22 js(PS)-h js(Ps)

0
0

sjs-(PI)
s js(PI)—~I' js(Ps)

—:.i2 ~)

0
0

—l js(PI)
0js(PI)

—I'2 js(ps)
I'2 js(ps)

1,2; 1,3; 2,4; 3,4}
1,4; 2,3

1,1; 2,2; 3,3; 4,4}

1,3; 1,4; 2,3; 2,4}
1,2; 3,4

1,1; 2,2; 3,3; 4,4}

1,2; 1,4; 2,3; 3,4}
1,3; 2,4

1,1.; 2,2; 3,3; 4,4}

fs j2(P2) Isjs(PI)+sLjo(pl)+ jo(P2)j}
j2(pl) j2(p2)+ Ljo(pl)+ jo(P2)$}

sD+jo( s)3

fl js(ps) —'js(pl)+lL jo(pl)+ jo(P2)3}
{ j2(pl) 0j2(p2)+sLjo(pl)+jo(ps)g}

Kl+ jo(ps) j
f-', j2(P2) lsj2(PI)+sL jo(pl)+ jo(p2) 3}
f s&2(pl) —sos(ps)+ sL&0( I)+jo(ps) 3}

0[1+jo(ps) j

f I'2 js(ps)+—(1/24) js(PI)+a Ljo(pl)+ jo(ps) j}
f I 2 js(PI)+ sj 2(P2)+ 0Ljo(pl)+ jo(ps)) }

s(1+jo(ps) g

{—I'2 j,(ps)+ (1/24) js(PI)+-'0(jo(pl)+ jo(ps) g}
{ 12j2(PI)+0js(P2)+sLjo(pl)+ jo(p2)j}

0 Ll+jo(ps) 3

{ lsjs(P2)+(1/24)js(P ) I+/ sj(ol)pj+ (0)pgs}

f—'.js(pl)+ljs(ps)+sL jo(PI)+jo(ps)3}
0 Cl+ jo(ps)]

so that

Co,s'C„s' ——sin282 sings costs

i/4 qr»/8q is
= —-I —

I
I-

I
(1"—1' ').

4(5 i (3i
Now

(»r 13)2

kr 0 p

C,s'C 2' cosk Rr cosk Rsp sin82d8g, dsjls

=-: Z Z '-Lj..(kR )l'.--*(8.„~.,)

where

A,*s(ss,res) =

+&,„(kR )Y,„-'*(8,y )$A *&(~,~), (9)

22}'

C.s'C „ss&2. (8 42)2
0 0

&(sin82 d8&dllss. (10)

The quantity in Eq (10) can e.asily be evaluated by sub-
stituting for Cs,&'Cs„s' from Eq (8) and by. making use of
the orthogonality properties of the Y„.In this manner

the number of terms in the summation of Eq. (9) is also
severely restricted, and hence we Anally obtain

(x,y, 1,3)g= —s jsI (8/3) "skRg

in which E is the rare-earth-ion-to-ligand distance.
In a similar manner we have evaluated all of the

averages (n,pj,l), for both the longitudinal and trans-
verse modes, and they are recorded in Table I. Use has
been made of the following definitions:

pp= kR, p&= (8/3) t~skR, ps= (Qss)kR, ps= 2kR. (12)

To treat the displacements nrem of the central (rare-
earth) ion, we erst note that

&N Q +ssC'ak I (13)

(I I').=l 2 I&"I' (14)

for all n= x, y, s and 0.= l or t. It remains then to deter-
rnine the averages

(Q" ).= (Q' }8 ) (15)

and these are presented in Table II in units of
Z...I~..l

.
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B. Final Exyressions TABLE II. Spatial averages of the quantities (QpPs'),
in Eq. (15) in terms of gs, i Ps, i

'.
There are three acoustic modes for each k, and 3n —3

optical modes, where n is the number of atoms per unit
cell. To include all branches but maintain the total
number of modes Axed, any function f(a&.,k.) must be
surLUned over E, values of k, where E, is the number of
unit cells in a crystal of volume V, for each polarization
direction in every branch. Replacing this sum by an
integration yields the following operation for each
branch:

x,y

SjZ

—vis(Po)
2 J2(W)
212(no)—2'(Po)
XJ2(~0)—2i2(W)
sio(w)

2 j2(P2)
—2J2(Po)
—2&2(Po)

ki2(Po)—si2(Po)
2j2(Po)
astro(po)

(Q' P~).
Longitudinal Transverse

where

3 No P' 3 k~

g g f(~ .s, k.) = —g f.(k)k'dk, (16)
o' l. k 2&2 trig 0

kD ——(62r'~ /y) tl 2 —(62r2~/n y) "'

(all u)

generally determined by assuming that the entire pho-
non spectrum can be described by a Debye distribution,
we must employ, from Eq. (17), the value of the
"reduced Debye temperature" Q'' given by

E is the total number of atoms, and where co~, was
eliminated by means of the dispersion relation appro-
priate to the branch in question.

Acoustic branch. A Debye spectrum and the disper-
sion relation ~g, =v,k, where e is the velocity of sound
for the 0-th mode, are used for the acoustic branch. Since
the experimental value of the Debye temperature Q is

Q~ = Q~/ntis (18)

We can now evaluate Eq. (14) of Ref. 9 by means of
Tables I and II and by recalling that only those cross-
product terms between normal coordinates transforming
like the same component of the repeated I'4„ irreducible
representation are nonzero. Then we And

8~ (ee'is 1496k (kB+2 8'i'p 2
(II...)=—g.e5"I —

I Z U
I I I +1 I

3 ERs) ~.s' 5103p2rs5 A ) o he~ —1

1 16 ( 7 i 3
t

7462
X —1+ I

5j2(po') —jo(po') I+ I
755js(pi') — jo(pr')

I

sP- 187k 9 ) 2618( 9

1 ~ 3731 q 1 ~ 11389 i- 2- 16 ( 7
I

720js(ps')+ jo(»')
I

—
I

655j2(ps') — jo(»') I +—1—
I 2 j2( o')+-jo(po') I

1309'E 3 ) 1309( 9 ) s22 187 i 9

3 (755 7462 y 1 3731 i 1 )655 11389
j2(p.')+ jo(p2') I+ 360j.(p.')- jo(ps') I+ I j2(ps')+ jo(ps ) I

~d~, (19)
2618( 2 9 ) 1309 3 i 1309( 2 9 )

where
po = K x, pg'= (8/3)' 'K x ps = (—')' 'K'x, ps~= 2K~x,

K =RkBT/s. k, x= boo/kBT,
and 0-=l or t. Ke have also dined

(z„lr lz..)(z...lr lz„)
Q..l ~() le-").

L~(4f) —&(neHL~(4f) —&(n'e)j

(20)

(21)

(22)

The zero-point contribution can be integrated exactly, so that we 6nally obtain for the hyperfine constant

A(T) =A(0){1—LF,.'+F„(T)g).

The thermal acoustic-phonon contribution is

F„(T)=D„T2(I)+I(),

(23)

)e i 2) 8'/T

o

16 ( 7 i 3 p 7462

187k 9 ) 2618( 9
1+ I

5js(po') —jo(po') I+ I
755js(pt') — jo(p~')

I

1 / 3
I

72ojs(ps')+
1309i

731
jo( ") I

—
I 655'.( ")—

3 ) 1309(

11 389 Xds:

9 i e —1
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7 3 755 7462
)—

I Ij p»')+-j p»') —-- —j j ')+ jap|'))
187 k 9 2618 2 9

1
+ I

360jp(pp')—
1309E

and the zero-point acoustic-phonon contribution is

3731 1 655 11 389 — xdx
jo(»') +

I
j2(»')+ jo(p ') (26)

3 1309( 2 9 e' —1

D, 0' ' 1 1 1 608 23213 16 j52 31 240
F, == —v I + s"— +— + I

cos"p ——cossp — (slllsp —s111sp )
2 s 2vIP v 1' 1309 vj 8v, 1683(vj v1 187s

14 257
+

20 944

8129
COSSI +—

20 385 1 1571
cosa'' — sins~' —sins~'

20 944']sg' 5236

9622
COSSp'+ coss2

1620 1 17 284 l6 883 1965—coss3 + cossp + (slnsp slnsp ) . (27)
1309'pg' 47 124 v) v ] 5236m ]s3'

The subscripted s's are given by

sp~ ——s/v„sI~ ——(8/3) 'j' s/v, ,

s = (-') '"s/v sp ——2s/v

and unsubscripted s is defined as

s=—Rkao" /h.

The constant D„ in Eqs. (24) and (27) is

(28)

(29)
$D —kg)R ~ (36)

and ka is given by Eq. (17). The unitless constant D,a
in Eqs. (32) and (35) is

and the zero-point optical-phonon contribution is

F"'= p D"L(M /~1+2)L I+ (~ /~I —1)L2] (35)

We have defined

in units of ('K) '.
Optical branch. An Einstein spectrum and the con-

stant-frequency dispersion relations A&I, ~= co~ and co~&= co&

are used for the optical branches. Then for each op
'

branch we find for the hyperfine constant

D Aq'tv, '1
(3»

2 ka/ ER Mj

tical
Contributions to the hyperfine constant from the

various branches are additive, so that the final expres-
(31) sion for A(T) becomes~(T)=~(o)(1—LF"'+F"(T)3) .

The thermal optical-phonon contribution is
A(T) =A(0)(1—

I F.,'+Q (F.,')„$

81r gjI jj(S,) ee' p 2992k ka)2 8m. gee(S,) jee' ' 1496k 1P U.. —I, (30)
3 H, ', ~' 5103PIr'v jP h 3 3 H JV, ' 5103PIrP Rp)j

( 0)I/p) I 2
F.,(T) =D., I + —II.,

(8aru1/aaT 1 eaartjkaT 1)
n—1—I:F-(T)+2 (F"(T)).l) (38)

(32)
ea~ j j&aT 1j

Pa
LI = (1122yD —224jI(yn)

1683

—(V'-')(1599)j L(8/3)'"y j
—V3(1599)jIL(gp')ya)+ 1627jI(2yz&)), (33)

C. Comparison with Previous Results

By expanding the expressions" for j„(p) about p=0,
we obtain

P P p pj o(p) ~1—+- —,i ~(p) ~—+" (39)
6 120 15 210

L2—
1309

(224jp(y)+453jpL(8/3)'"yj
0

288j2I (v p)yj 262j2(2y))yPdy (34)
F,.(T) -+ CTP x'L(e —1)j-'dx, (40)

Substitution of these expansions into Eqs. (25) and (26)
yields
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TABLE III. Values of the parameters for CaF2, SrF2, and BaF2.

Host

CaF2
SrFg
BaFg

2.37b

2.5kb

2.69b

St
(10' cm/sec)

7 36e

5.46'
4.48"

(10' cm/sec)

3 34'
2.92'
2.30"

P
(g/cm'}

3021

4.32'
4 89h

coi(1)~
(10"Hz)

8.72d

7.05d

6.j.4d

4 84ci

4.09d

3.47d

6.07e

5.28g

4.58'

a ](1) ~)(2) =~](2).
(&0» H ) (&0" Hz)

o+

{'K)
508'
38Of

282h

O~~

('K)

352
264
j.96

a (1) refers to the infrared-active and (2) to the Raman-active optical branch.
b R. W. G. Wycko8, Crystal Structures (Wiley-Interscience Inc. , New York, 1963), 2nd ed. , Vol. 1.
o D. R. Human and M. H. Norwood, Phys. Rev. 11V, 709 (1960).
~ W. Kaiser, W. G. Spitzer, R. H. Kaiser, and L. E. Howarth. Phys. Rev. 12K, 1950 (1962).
& R. S. Krishman and ¹ Krishnamurthy, J. Phys. (Paris) 26, 633 (1965).
f D. Gerlich, Phys. Rev. 136, A1366 (1964).
I I. Richman, Phys. Rev. 133, A1364 (1964).
h D. Gerlich, Phys. Rev. 135, A1331 (1964).

where

8' gee(S,) (ee'q (32)(53)A

3 H. +'r ~.~' (81)(343)p7r'

xI,+—,I(
—), (40

in exact agreement with Eqs. (17) and (18) of Ref. 9. In
addition, by expanding the sine and cosine terms in Eq.
(27) to seventh order in the argument, it can be shown
that

p 0~ & CO~~6

Thus, except for our use of 0' here instead of 0, the
equations for the acoustic branch obtained from the
improved theory reduce to the correct limiting expres-
sions in the long-wavelength (kE«1) approximation for
all temperatures T. No equations for the optical branch
have been derived in this approximation.

To investigate the limit kE))1, we use"

III. COMPARISON WITH EXPERIMENT

A. Temperature Dependence of Hyper6ne Constant

Measurements of the hyperfine coupling constant as a
function of temperature have been made9, 10 on 151Eu +

in CaF2, Srp&, and BaF2. The data were analyzed on the
basis of the long-wavelength Debye theory given by
Eqs. (40) and (41), in which only the acoustic branch
was included, and where the experimental values of 0
(not O~') were employed. We reanalyze these data now
on the basis of the improved theory. Since n= 3 for the
alkaline-earth Quorides, we include one acoustic and two
optical branches, of which the first is the infrared-active
and the second is the Raman-active branch. The values
of the parameters appropriate to the three host crystals
are presented in Table III. Hartree-Fock-Slater calcu-
lations of Eu'+ orbitals were used' to evaluate U ~ and
the sum P„,„was restricted to n=n'= 6.

In Fig. 1. are plotted the experimental values'" of
the hyperfine constant as a function of temperature for
the three samples. Best-fit values of D„and C, called

j-(~),„„-(1/p) cosLp —2(n+1)~j (43)

34.4 I I I

tmproved theory————kR «1 theory

which is valid for p) 2n(n+ 1).Substitution of Eq. (43)
into Eqs. (24)—(26) yields terms of the form

34.0

8'iT
r

I ~+2
0', i

C,
sinp; ~(e*—1)—'dx,

)
(44)

I 336

—33.4

where the C, are constants and the p1' are defined in

Eq. (20) for i = 0, , 3. Although no calculation has
been performed for the rare-earth ions in the approxima-
tion kE))1, it is clear that the usual short-wavelength
treatment, in which the quantity in Eq. (3) is regarded
as a constant, would yield only the erst term in Eq.
(44). Consequently, the expressions derived from the
short-wavelength approximation are not directly re-
covered from the improved treatment. It can be shown
that the coefficients C /I' of the nonrecoverable terms
are negligible in CaF2 only for 2 &&260'K.

33.2

33.0

32.8

80 160 240 320 400 480 560 640 720 800

T (oK)

FIG. 1. Temperature dependence of the hyper6ne constant ol
"'Ku'+ in CaF2, SrF2, and BaF2. Solid dots are the experimentaf
data, the solid curve is the improved, and the dashed curve is the
approximate theory, using the-best-6t values D.,„' &' and C'"&' for
the constants.
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TAmE IV. Experimental and theoretical values of D~ and C for Ku'+ in CaF2, SrF~, and BaP2.

Host

CaFg
SrP2
BaF2

108D expt

('I) '

7.46+1.65
14.8 &1.8
35.2 &8.7

1010@ theor

('K) '

7.58
4.73
4.44

expt/g theor

98.4
313
793

1018gexpt
('K) '

5.31& 1.23
28.1 ~ 4.1

203 &60

1019gtheor

('K) '
5.85
7.92

25.2

Cexyt/+beer

9.1
35.5
80.5

D,:1"and C'"&', were determined from the experimental
data. These values were used to calculate A(T) for both
the improved and the long-wavelength theories that
appear in Fig. 1 as solid and dashed curves, respectively.
It is interesting that both models produce nearly the
same temperature dependence for the hyperfine con-
stant and both fall well within the error limits (not dis-
played in Fig. 1) of the experimental data. Hence it ap-
pears that no signi6cant improvement in the functional
dependence of A on T is achieved by the improved
treatment.

Theoretical values of D„and C, called D„'""'and
C'h"', were calculated from Eqs. (30) and (41), respec-
tively, using the parameters listed in Table III. Their
values, as well as those of D„' &' and C' &', are recorded
in Table IV for Eu'+ in the three alkaline-earth-Quoride
samples. Also recorded in Table IV are the ratios of the
experimental to the theoretical values of these coeK-
cients for the two models. For all three hosts and both
models, the theoretical values of the coeKcients are too
small, but the disparity is actually greater for the im-
proved model. One possible reason for the greater dis-
parity is that in the long-wavelength model one employs
the small argument expansions of the sine and cosine
functions, and these approximations are always in such
a direction as to overestimate the value of the function.
Hence, the magnitude of C' "' is enhanced with respect
to D„'~'", the value obtained when these functions are
treated exactly. Whether or not this is a sufBcient reason
to cause the improved treatment to disagree with experi-
ment by about a factor 10 more than the approximate
treatment is not certain. In any case, the improved
theory is of course the more correct one, and its inability
to predict the correct magnitude of the effect is quite
apparent. Also note that, although the percentage error
in the values of D„' &' is generally smaller than that in
C' &', the difference is not great enough to represent a
significant improvement in the qualitative 6t to the
data (Fig. 1).

It must be pointed out that only the value of D„was
adjusted to produce the best 6t with the experimental
data, and that the ratio of the optical to the acoustic
contribution was regarded as 6xed by the expression
(37). According to this relationship, we found that the
optical contribution at room temperature was 25% for
the CaF2 crystal, 30% for SrF2, and 23% for BaF2.
Again, while it is not anticipated that the use of Do~ as
a second adjustable parameter would have greatly im-
proved the qualitative 6t to the data, it is quite possible

that it might have reduced the discrepancy between the
experimental and calculated magnitudes of the effect.
Nevertheless, it is believed that restricting the theory to
only one arbitrary parameter is a more meaningful
approach.

It can be seen from Table IV that the disagreement
between the experimental and calculated values of the
coeQicients in both the improved and approximate
models increases with increasing atomic number of the
host cation. However, whereas C' &' increases as well as
C'"-' (although not at the same rate as C'*") as one
proceeds down the column of the table, D„,'" ' decreases
while D„.' I" increases. Consequently, some features of
the long-wavelength model which initially appeared en-
couraging' are in fact deceptive, since the improved
model yields results whose magnitude and trends are
grossly different.

AaL ——A(0) —tttA zp. (46)

Listed in Table V are the values of AA zp and A~L for
both the improved and long-wavelength models calcu-
lated by using D„'"1"and C' 1", respectively. Note that
the rigid-lattice values for the three host crystals are not
equa, l, even when the error limits are included, and that
the value of ARL in SaF2 is considerably lower than
those of SrF2 and CaF2. Also, there is rather close agree-
ment between the values of ARz, determined from the
two models.

It is interesting that the optical-phonon contributions
to AA zp in the exact model are 42, 51, and 46% for Eu'+
in CaF2, SrF2, and BaF2, respectively. These contribu-
tions are much greater than those determined at room
temperature and indicate that optical phonons cannot
be neglected in zero-point calculations.

IV. CONCLUSIONS

We would like to sunnnarize the advancements made
by our exact treatment of spatial averaging in the orbit-

B. Rigid-Lattice VaIues of Hyyer6ne Constant

The zero-point contribution BAzp to the hyper6ne
coupling constant is determined by the relation

~~ zp = —A (0)(F..'+F.,'), (45)

where F„0and F,~o are given by Eqs. (27) and (35) in
the improved model and F„ois given by Eq. (42), with
0~' replaced by 0~, in the long-wavelength model. Then
the "rigid-lattice" value A~L is
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lattice interaction. In the past, separate and indepen-
dent calculations based on either the long- or short-wave-
length approximation have been performed for both the
spin-lattice relaxation time' ~ and the temperature de-
pendence of the hyperfine coupling constant. ' ' In all
of these calculations, the range of validity of the ap-
proximation used was a pertia. ent but unanswered
question. V7e wish to emphasize that this question has
not been answered here; instead, we have obviated the
the necessity of asking it. In addition, our calculation
encompasses, without approximation, the phonon-wave-
length region kE.=1, which has never been treated
before.

The improved theory for the temperature-dependent
hyperfine constant demonstrates that some of the results
obtained from the long-wavelength theory are in fact
spurious. For example, since the improved treatment
predicts a decrease in the magnitude of the eGect with
increasing atomic weight of the host cation, it is only
fortuitous that the long-wavelength approximation pre-
dicts an increase in this magnitude and that such an in-
crease is observed experimentally. Consequently, the
theory based on the long-wavelength approximation can
be misleading when used to determine the systematics of
A for various ions in different crystalline hosts.

YVe have also shown that the expressions for the
hyperfine constant generally derived from the short-
wavelength approximation' cannot be exactly recovered
from the present theory, whereas the new equations
reduce exactly to their former expressions' in the long-
wavelength limit.

Calculations of the zero-point contribution and rigid-
lattice value of the hyperhne constant of Ku'+ in the
three host materials have also been made. Unlike those
of Mn'+ in the oxides" the values of ARL for Eu'+ in
the alkaline-earth Quorides are not equal, and their
diGerences lie outside the error limits.

Finally, the improved theory for the temperature de-
pendence of the hyper6ne coupling constant of rare-
earth 5-state ions in cubic crystals appears to provide no
better qualitative 6t to the data than the theory derived
from the long-wavelength approximation. However,
perhaps the thermodynamic nature of the phenomenon
being studied, as well as the small (approximately 2 or
3%) changes in 2 measured over a 700'K temperature
range, disguises the improvement in the model. It is ex-
pected that the improvement should be much more vis-
ible when applied to spin-lattice relaxation times which
are sensitive functions of temperature.
P More important is the fact that the predicted mag-
nitude of the eGect is in serious disagreement with ex-

TARSI.E V. Zero-point and rigid-lattice values of the hyper6ne
constant (in 10 4 cm r) from both the improved and approximate
models for Eu'+ in CaF2, SrFg, and BaF2.

Improved model Long-wavelength model
Host hA gp, ARL hA 2;p ARL

CaF2 0.185~0.041 —34.43~0.09 0.261~0.061 —34.51~0.11
SrF2 0.201&0.025 —34.37&0.08 0.241+0.036 —34.41&0.10
BaF2 0.239~0.059 —33.99~0.11 0.287+0.085 —34.04~0.14

periment. Of course, the improved theory has not yet
been applied to the temperature-dependent hyperfine
constant of iron-group 5-state ions in cubic crystals, and
hence it is uncertain how universal this result is, but
calculations for these systems will be presented in the
near future. It must also be remembered that lattice-
expansion eGects on the temperature dependence of A
have been ignored in this work because of the absence
of the experimental data, but we assume that such
eGects are negligible. "'~' In any case, it is clear that
the inadequacy of the theory can no longer be attributed
to the much-suspected use of the long- or short-wave-
length approximations, which is important to know so
that attention can now be given to some of the other
weaknesses mentioned in Sec. I. Of these, the use of the
point-charge model is probably the most important,
although this model is expected to be representative for
the inner-shell 4f electrons of rare-earth ions. Ap-
parently, covalency and overlap cannot be neglected in
calculations of this type. "

Also suspect are the Debye and Einstein approxima-
tions for the phonon spectrum of the crystal. To use the
correct eigenvectors and eigenvalues of the lattice would
obviously be a superior approach, but these are, of
course, unknown. However, since a directional averaging
procedure valid over the whole phonon-wavelength
range is now available, it is possible that the diatomic
linear chain" "or some similar model can now be em-

ployed to greater advantage than the Debye or Einstein
models.
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