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The electronic properties of a negative ion in liquid He are investigated theoretically. It
is assumed that the ion consists of an electron trapped in a bubble, represented by a square-
well potential of depth - 1 eV. Explicit analytic formulae are obtained which are useful for
computing many properties of such an electron, including direct optical absorption and scat-
tering of light accompanied by 1s-ns and 1s-nd transitions. Numerical values are given
for the strength of 1s-1p transitions and for the scattering cross sections of laser light due
to ls-2s and Is-1d transitions. The splitting of the 1p state due to the Jahn-Teller effect is
investigated in detail, and the linewidths for the scattering processes are estimated.

I. INIODUCTION

Ions in liquid helium have been the subject of
considerable experimental and theoretical work
since observations of their mobility were first
reported by Careri and his group, ' and theoret-
ical models were developed by Atkins, ' Kuper, '
and others. It is now commonly agreed that the
lowest energy configuration for a negative ion in
liquid helium can be described as an electron
trapped in a spherical bubble of radius 10 to 20A.
The creation of this bubble is a consequence of
the short- range repulsion between the electron
and the helium atoms, due to the exclusion prin-

ciple. This repulsion more than overcomes the
long-range polarization of the surrounding fluid
by the electron's charge. This model explains
reasonably well the experimental low-field mo-
bility and the trapping of the ions by vortices in
rotating helium. 4

Experiments have shown that there exists an
energy barrier of about 1.0 eV for penetration of
an electron into liquid helium. '&6 A group at the
University of Chicago has done extensive calcula-
tions based on the bubble model. '~' They have
shown that an adequate model of the bubble is to
treat it as an electron trapped in a square well.
To obtain the total energy of the ion, the surface
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energy of the bubble and a pressure-volume term
must be added. Since the experimental work in-
dicates a radius much larger than atomic dimen-
sions one can disregard surface irregularities
without appreciable error. Theoretical work'-'
has also shown that the wall of the bubble is very
sharp.

The bubble model predicts the existence of sev-
eral excited states for the trapped electron, and
these can in principle be detected by optical ex-
periments. Northby and Sanders" and Zipfel
and Sanders" have reported results of photoejec-
tion experiments. Other experiments such as
optical absorption and Raman scattering have
been planned. A major difficulty of course is
the very low density of negative ions that can be
obtained (10'jcm' at present, but perhaps 10"/
cms in the foreseeable future). We present in
this paper a thorough analytical treatment of the
problem of an electron trapped in a square well
of radius r, and finite depth V,. This will give
the necessary background theory for the inter-
pretation of experimental data on optical proper-
ties of excess electrons in liquid helium. In view
of the present uncertainty in the values of the pa-
rameters x, and V„ the numerical examples we
give are basically only indicative. In Sec. II, the
theory of the excited states of the bubble is pre-
sented. The oscillator strengths and energy dif-

ferences are calculated for the 1s-np transitions.
The configuration energy is computed to second
order in the deformations for any state and also
variationally for the Ip state, in connection with
the Jahn- Teller effect. In Sec. III, the differen-
tial cross section for the Raman scattering is
calculated. A rough estimate of the expected
linewidth is given. A more detailed theory of
the line shape, both for optical absorption and
Raman scattering, is left for the time when, if
ever, these experiments will be carried out. A
preliminary report of some results contained in
this paper was given elsewhere. " The theory of
photoejection, or absorption in the continuum,
has been dealt with by other authors" and will
not be repeated here. For the calculation of the
deformations and some of the formalism, we
draw from a paper by Celli, Cohen, and Zucker-
mann, "to be referred to hereafter as CCZ.

During the preparation of this manuscript we
learned of work by Fowler and Dexter" dealing
with the optical properties of the electron bubble
in helium. Unlike ours, the approach of these
authors to the problem is by numerical tech-
niques. In any event, we reduced duplication by
keeping to a minimum our treatment of straight
optical absorption, which is dealt with fairly ex-
haustively by these authors.

II. EXCITED STATES

In the spirit of the Born-Oppenheimer approximation, we consider the configuration coordinates to be
fixed and solve for the electronic energy as a function of these coordinates.

Underformed Bubble

First of all we must find the eigenstates of the electron in a spherical bubble as a function of the radius
zo and of the depth of the potential well V,. This is a basic problem of quantum mechanics. The bound
states will be labeled by the usual three quantum numbers n, l, m. The wave functions are of the form

~R (r)F (8, Q), with R (r)=r¹ j (n r) for r & r
nl lm nl in l

and R I(r)=rÃ h (P r) for
nl out l nl

The relation between o., P and the energy E is (in units such that I = 1),

n'=2m(VO+E), pi(2 ml El)' 'Ifor E & 0, p= (2mE)'~2 for E & 0

The energy eigenvalues E„fare determined by (2.1) and the matching condition

W, (E) =0,

where W (E)=b '(pr )/h (pr ) —j '(&r )/j (ar )

(2.1)

(2.2)

(2.3)

Here and in the following a prime denotes differentiation with respect to z.
The normalization constants ¹jnand Rout are determined with the help of the standard integral '

I = Ju (ar)v (br)r dr = f '/(ra' —b')][bu (ar)e (br) —au (ar)v (br)], (2.4)

where the functions u& and ef can be any linear combination of spherical Bessel (or Hankel) functions of
order l, with coefficients independent of l and of the argument.



B. DuVALL AND V. CELLI 180

Instead of Nin and Nout we give an explicit form for the normalized radial wave function at the bounda-
ry of the well

R (r ) =(2/r )'~'P (o. '+P ') '&[j '(n r )/j (n r )]

x[j'(~ r )/j (n r )+I/(~ r )-i(i+I)/(n r )']-'~2 . (2.6)

Effect of Deformations

For a deformed bubble the potential energy of the trapped electron becomes

—V0S(r rp-—Q a P(cose)), where S(x) =0 for x)0, S(x)=1 for x(0 (2.6)

The sum over A. can run from 0 to ~, or from 1 to ~, the term X =0 being included in z,. The deforma-
tion (2.6) is general enough for s states but for states of higher angular momentum one should include all
spherical harmonics I'~& in the expansion and not just the F~p as in (2.6). However this considerably
complicates the treatment, and we will not need the general case for the purposes of this paper. The en-
ergy of the trapped electron to second order in ay, with inclusion of surface energy and pressure terms,
has been obtained by Celli, Cohen and Zuckerman'4 for the ground state of the electron bubble. By a
completely analogous calculation we obtain for any bound state

E =E +4 (4 /3)P 0 +Q S
l

+ —Q,K
I

tot 2 3 X XX'

nlrb nl

where cr is the surface tension coefficient, p the external pressure and

S
I

= (8morp+4mprp )5 0
—VpR I (1 mlP I lm),

A. 2 2

(2.7)

(2.8)

K =5,[4mo(X +X+2)+8mprp] /(2A. +1)—2V0R R I'(l mlP P,ilm)
AA 2
nl~ 0 Onl nl

—2V0 R
I rp ZI, GI, (E l)(l' lmP l1m)(lmlP, I l'm)2 2 2

(2. 8)

The matrix elements denote angular integrals over spherical harmonics. Their values are given in text-
books. " Here and in the following R„l and 2+I are respectively the radial wave function and its deriva-
tive with respect to r, evaluated at r=r, Gii(E„. I) is related to the radial coefficient of the l'th spherical
harmonics in the expansion of the Green's function for a spherical well, at energy E,

G,, (r, r'; E) =Q,R, (r)R, (r)/rr'(E, —E) . (2.10)n9'

The relation is

Gl, (E l)=Gl, (r, rp, E ), for 141',

G,(E,)=iim[G, (r, r;E,)-R l'(r )/r'(E, -E)], as E-E, .

Gl is given explicitly in Sec. III. A11 we need here is the especially simple result

Gl(rp, r;E) = —2m/r Wl(E)

where Wl is given by (2.3). From (2.13) and the definition (2.10) it also follows that

R I'(rp) =2m[(dWl/dE) ']
nl

and, from (2.12)

Gl(E I) = (m/rp')[(. PWI /dE')/(dWl /dE)']

(2.11)

(2.12)

(2.13)

(2.14)

(2.16)

In general for computational purposes Wl(E) is a very convenient quantity. Its zeros determine the en-
ergy eigenvalues, Wl(E) itself is essentially the inverse of the Green s function which appears in (2.9) and
in later formulas, and the derivatives of Wl(E) at the zeros, which can be computed numerically at the
same time as Wl, give the other interesting quantities (2.14) and (2.15). It is now a straightforward mat-
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ter to compute the configurational energy diagrams up to second order in the deformations. Useful rela-
tions between G and the wavefunctions R„~ c» be obtained by looking in particular at the terms with X = 0
and X = 1 in (2.7). For the breathing mode X = 0, one can alternatively obtain S and K by simply differen-
tiating (2.7) with respect to r, C. omparing the result with (2. 8) and (2. 9) one finds the following formu-
las, which are useful in the limit Vo

dE I/dh = —V R 1'(r )

d'E /dr '=- V dR '/dip= —2VOR lR
'- 2V 'R 1'rp'Gi(E l)

(2.16)

(2.17)

The last equality also follows from (2. 14), (2. 15), and (2. 16). For the proper understanding of (2. 17),
we emphasize that R~i(xp) is both an explicit and an implicit function of x, (through Esi). We also re-
mark that the equilibrium radius for each electronic state is determined by the condition

So) = 0 (2.18)

One can also get useful relations from the fact that the A. =1 mode is identical to first order to a rigid
translation of the bubble, which must leave the energy unchanged. However, these relations are obtained
more simply from the identity between matrix elements

(2.19)

We take for instance the z component, multiply both sides by )(„~i~=R„~l~/x, sum over n', use complete-
ness and the definition of Gii(E„l) and find

[)('(&)—VOG1,(rx; E )) (l'Ol cos8 I lp) + [)((r)/rj (1'Ol sin8 e/88 ) lp) = 0 (2.20)

The angular integrals are given in textbooks. " The great usefulness of (2.19) in this problem comes from
the fact that VV is proportional to a delta function 6(r re)-

Optical Absorption

As an application of the previous formulas, we
have computed the energy difference between the
ground state and the p states for typical values of
the radius and V,. The criteria used in selecting
these vat.ues of x, and V, are discussed in Sec.
III under the heading "Numerical values of the
cross- sections. " The results are reported in
Table I, together with the values of the oscilla-
tor strengths for optical transitions from the
ground state to the 1p state. The 2p and higher
states have much smaller cross sections, as can
be deduced from the fact that the 1P absorption
almost exhausts the sum rule. These cross-

sections are most simply computed" from the
modulus square of the matrix element
(pz)]00 „I~which is seen to be equal to

(-', }'&'R, (~ )R (~ )V /(E -E )

by (2.19). An equivalent result is obtained by
computing the matrix element (z)100 „I~with
the help of the integral (3. 13) of next section.

Similar results have been obtained by Fowler
a,nd Dexterous by numerical methods, but for some-
what different values of the radius. These au-
thors also give an estimate of the absorption line
width and discuss the feasibility of various ex-
per iments.

TABLE I. Optical-dipole-transition energies El -El and E2 -El, oscillator strength for ls»lp dipole tran-
sitions fl, linear and quadratic coefficients of the electronic energy of the lp state for quadrupolar distortions, as
a function of the bubble radius ~0 and depth Vo. The quantity Slpl is the dimensionless quantity, -2mS ro VpRgg

(11IP2l 11) [compare (2.8)]. For the m=0 state, Sgjp= 2$&&] Xl 0 and Xl 1 are also dimensionless quantities, re-d d

lated to %~~0 and X~~~ as defined in (2.9) by All =(5 /2m' )E~@+(8&/5) (4o+p&0) ~

22 22 - . 22 2 4

'Fp

21
16
10
16

Vo

eV)

1.0
1.1
1.3
0.7

EIP El
(eV)

0.0742
0.1219
0.2772
0.1146

E2p-Els
(ev)

0.3542
0.5740
not bound

0.5181

10flp

9.684
9.699
9.763
9.728

d
'lpl

6.124
5.694
4.728
5.170

d
lp0

18.19
15.45
9.805

12.30

3.881
5,306
2.796
3.881
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Jahn-Tellt:r Effect

x(3 —m)(2+m)(2 —m)] &i' .(2.22)

In practice the energy eigenvalues are given to
a good approximation by the formula'

x I' f xo'[x '-I(I+I)] I

n sl' p + p

wherexnf isthenthzeroofjf andX, = (2mVor, ') ' '
With (2. 23) as the initial guess, (2. 3) is easily
solved numerically to the desired accuracy. For
completeness we record here some convenient

explicity formulas:

roW, (E) = —8'/(1+ 8) —A'/(1 —C) (2.24)

with A. =- nr„B = Pr„C = A cotA;

A'(1+ 8)'
(A'+ 8')[8'+ 3(1+8)]

(2. aS)

We have performed rather detailed calcula-
tions of the configuration diagram for the 1P
state, allowing both a radial deformation and a
quadrupolar distortion. The latter separates
the m = 0 level from the m = + 1 levels. Formu-
las (2.8) and (2.9) allow us to draw the configura-
tion energy diagrams to second order in the de-
formation parameters. All we need are explicit
formulas for the angular integrals. For A. =X'
= 0 they all reduce to unity and in fact formulas
(2. 16) and (2. 17) can be used to advantage. For
X =2 the value of 8 is given by Feenberg and
Hammack, " the eccentricity e being equal to
——,

' (a,/r, ) T.heir result agrees with (2. 8),
with

(Em) P2l fm) =[I(I+ 1)—3m2]/(2I+ 3)(2l- 1) . (2.21)

K22 is given by Moszkowski" for an infinite well.
Our more general result agrees in the limit t/'p- , when the difference between a quadrupolar
distortion and a spheroidal distortion is taken in-
to account. The relevant angular integrals for
p states are

(10' E,'I IO) = ~
(3ml~, l lm) =(-1) ~[;(3+m)

computation of S and E for X=0, 2 and p=1, m
= 0 and +1. Indicative results are displayed in
Table I in the last three columns.

We have also used a variational approach to
determine the shape and the energy of the 1p
level. If the surface of the bubble is given by

ft(e) = r, (1+a, 'I, + ~ ~ ) (2.28)

a good variational wave function for the limiting
case of Vp is, apart from normalization,

y=j, (nr/ft(e))F, (e, y) . (2.29)

Since P must vanish at the surface, j,(n) =0. The
electronic energy wi11 be the expectation value of
the kinetic energy operator. The total energy,
which is to be minimized with respect to the vari-
ational parameters x„a,', can be written in the
form

Ea'8 =,' -+ E (o. ')r '+E (a ')r ' .
t xp s 2 0 e 2 0

Here E/rO', Euro', and E~r03 are the electronic,
surface, and volume energy terms respectively.
For the case of zero external pressure and o
= 0.5 dyn/cm, the total energy of the m = 0 state
is found to be 0.327 eV with f'p: 19.9 A and a, '
=0.347, while for the m=+1 states, the total en-
ergy is 0.342 eV, xp=20. 6 A and a, '=- 0.177. If
no relaxation were allowed, i. e, , a, '=0„ then the
minimization procedure gives Et =0.348 and xp

In Fig. 1 a plot of E(a, ') is given and for com-
parison the results of perturbation theory are
also drawn, both for the case Vp- ~ and for the
representative value Vp = 1. The surface and
volume terms are trivial to compute and in fact
they are well approximated by the second-order
expressions which appear in (2. 8) and (2. 9).

In sum, the indication is that in the excited
state the bubble deforms substantially, but not
so much that perturbation theory becomes use-
less for quantitative estimates. In particular,
we have further checked by an independent vari-
ational calculation that in the m = + 1 state the bub-
ble does not deform all the way into a toroidal
shape.

d S'~
and

- E=E
nl

1 3+8 1
48 (1+8)' 4(1-CD

Finally,

ro&3(&) = —8'/(5+ 8'D) —A'/(5 —A2D)

with D = (1+8)/(3+ 38+8')
(2. 27)

Formulae (2. 21) through (2. 27) allow explicit

x [(3C/A')(1 —C)'- (5+2C)(1—C)+2A ] . (2.26)

III. RAMAN SCATTERING

We consider here electronic Haman scattering,
i.e. , the process where an incoming photon of
frequency mp is absorbed, leaving the electron in
an excited state, and a photon of frequency ~ is
emitted. Energy is also exchanged with the sur-
rounding fluid through the boundary of the bubble,
and this determines the linewidth and the line
shape of each electronic Raman transition. In
the Born-Oppenheimer approximation, the inte-
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I

-0.4
I

-0.3
I

—0.2
I

—O, I

I

O. I

l

0.2
l

0.3
I

OA

grated transition probability for a given line is
computed for an undeformable bubble and a con-
figuration-coordinate analysis is used for deter-
mining the effect of interactions with the motion
of the boundary.

The Raman scattering cross section for a non-
relativistic free electron or an electron in a har-
monic oscillator potential is zero. Therefore a
rather careful calculation is necessary to see if
the bubble model for the electron in liquid helium

FIG. 1. plot of the electron energy in units of K /2mr02 2

versus the dimensionless parameter of quadrupolar def-
ormation for the 1p state with m=o (a) and with m=+ &

(b). The solid line is the result of the variational cal-
culation for a potential well of infinite depth, i.e. , a
plot of (8' /2nz) E(a2'), where E is defined in {2.30) . The
isolated points give for comparison the results of per-
turbation theory to second order in the deformation for
a potential well of infinite depth () and for a well of
depth 1 ev and radius 16 A {0). For ease of display the

energy scale for the 0 points has been shifted to make
all energies coincide at zero deformation.

+(p. e') .(p e).0/(E. —E0+ (o)] (3.2)

Here, E and p are the electron energy and mo-
mentum, and the subscripts 0, f, and i refer to
the ground, final, and intermediate states. Con-
servation of energy states that the scattered fre-
quency &u is given by (d = (d0+E{)—Ef.

If the electron is initially in the ground state,
the final state must have angular momentum 0
or 2 for an allowed Raman transition to occur.

predicts an appreciable Raman scattering cross
section. %e assume the electron to be in a
square well of finite depth.

In the usual dipole approximation, the differen-
tial cross section for scattering an incoming pho-
ton of frequency (d, and polarization vector e into
a photon of frequency (d, polarization vector e'
and propagation vector within the solid angle dQ
is given by"

dv/dQ=r 'IMl'&u/v
8 0 (3.1)

The classical electron radius re is equal to es/
mc', where m is the mass of the electron. The
matrix element M is (in units such that lI= 1)

M=m 'Z. [(p e) . (p e').0/(E. -E —(u0)

Green's-Function Method

The sum over the intermediate states in (3.2) can be performed by using the Green s function

G(r, r';E)=Q&GI(r, r';E) Yi (8, $)YI™(8',Q')

where Gl is given in (2.10), and satisfies the differential equation

r' —+, —2mV S(r- r ) —2mE G (r, r')=, 5(z-r )
1 d, d l(l+1) I 2m

x' dr dz x' 0 0 g l ' y' (3.4)

with the boundary conditions that Gl(r, r') must be regular at r = 0 and must have the asymptotic form of
an outgoing wave. A finite linewidth I' becomes important when one of the energy denominators vanishes
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in the matrix element M, equation (3.2). The second term in M haa no vanishing denominators. The
first term, for the values of x„V„and &, of interest, has vanishing denominators only in the continuum.
Since ihe structure of the continuum is expected to be broad compared to the linewidth, taking the limit
I' 0 appears to be reasonable.

The explicit solution of (3.4) will now be displayed for the various regions of the variables r and r .
For compactness the subscript l is omitted in the notation, since G~ consists only of Bessel functions of
order /. We use the definitions (2. 1) for n and P and the convention that a prime denotes dif. erentiation
with respect to r .For r& r ' we obtain then, with Z=j (nr, )h'(pr„) j'(—nr, )h(pr, ),

G =- 2mnj(nr){n(nr')+j (nr')[h(Pr )n'(nr )—h'(Pr )n(nr )]/Zj, for
0 0 0 0 0' (3.5)

G/ = —(2m/rO') j( nr) h(P r') /Z,

G = —2mPh(Pr'){j(Pr)[j(nr )a'(Pr )-j'(nr )n(Pr )]

+&(Pr)[j '(nr )j(Pr )-j(nr )j '(Pr )])/Z

for r&~0&~',

for r & r &r'.
0

(3.6)

(3.7)

For x & x ', the quantity G~ is obtained by interchanging x and r'. When x= x, and x'= r„G~ reduces to
the simple form (2.13).

s-s Scattering Cross Sections

Now we use the Green's function to evaluate the scattering matrix element M. After letting the momen-
tum operators in equation (3.2) act on the initial and final states, each of the angular integrations is sim-
ply a product of two spherical harmonics. Only the /= 1 term in the expansion for G[Eq. (3.3)] does not
integrate to zero. The result of the angular integrations when the final state has s symmetry is e e'/3.
The remaining radial integrala must be divided into the various regions of G, (r, r'). The process is
lengthy, but all integrals are of the standard form (2.4). The final result for the radial part of the ma-
trix element is written conveniently in terms of the radial wave function

y /(r) =E /(r)/r (3.3)

and its derivative yz/'(r), evaluated at r = r, :

In turn Ba/ is given by (2.5), (2.14), or (2.16), whichever is most convenient, and G, is given by (2.13).
An alternative formula for M can be obtained most simply by converting the matrix elements of p in

(3.2) with the help of (2. 19). Then the product of three energy differences appears in the denominators.
Splitting this into partial fractions we find for the radial part

M
d =(VO rO /m&u~O)y10y /[Gl(EIO+&uO)+GI(EIO- &u) —G (E )- G (E )], for /=0, 2

0-l 2 4
rad 0 0

(3.10)

The equivalence of (3.10) for / =0 to (3. 9) is easily seen with the help of (2. 20) for /=0, / = 1, r = r, .
The cross section is then

g/dQ r (~/e ) )Mo-olm(e e'/3)'
e 0 rad

Numerical values are given in a following subsection.

(3.11)

s-d Scattering Cross Sections

For the case of scattering from the Is level to a d level it is convenient to change the form of the matrix
element M in equation (3.2) so that it contains matrix elements of r instead of p. This is accomplished by
the relation (p)ab =imv~b(r)~h where ~ah =Ea —Eh. After algebraic manipulation, the matrix element be-
comes

M=m&uu Z. [(r e) .(r ~ e'). /(e. —u& )+(r ~ e') .(r e).0/(v. +&a )]0 i x iO iO 0 i i0 i
(3.12)

The same Green's function is used to evaluate the sum:over the intermediate states. The result of the
angular integrations depends on the azimuthal quantum number m of the final d state, while the radial in-
tegrals are the same for all values of m.
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(3.13)

Again the range of radial integration must be broken into several regions. The integrals over x are of
the type (2.4) and the remaining integrals over the variable r' are found to be of the type If of (2.4), of
the type

Z, = fu»(ar)v, (t ~)~'d~= (f+ i)S,/a+ sf&/ea

and of the type

Jur 1(m)vf 1(br)~'dr = lZf/5 —sef/sb .

The final result for the radial part of the matrix element is

(xi()x 2 () 0 / 0H3/ 0+ x10 /xi()+ x 2 /x

+ V0r0'[Gi(x0, r0, E0+ &u0) + Gi(r0, r0, E0 &o)-]]

(s.14)

(s.is)

(3.16)

where Mrcad is given by (3. 15) or (3. 10), whichever is more convenient.

The equivalence of (3. 15) and (3. 10) for l = 2 can be shown by use of (2. 20) for l = 2, l'= l.
Summing the modulus square of the matrix element over all values of the azimuthal quantum number nz

in the final state and inserting in (3. 1), we obtain

do/dn=~ '(~/~ )(M'-')'[(e e')2+Sj /46 .
e 0 rad

Numerical Values of the Cross Sections

If the scattered photon is observed regardless
of its polarization, we must sum over the possi-
ble values of e' in (3. 11) and (3. 16). The result
for s-s scattering is

do/dQ=r '((u/(u )IM™l'~»n'e
e 0 rad (s.iv)

where 8 is the angle between e and k', i.e. , be-
tween the polarization of the incoming photon and
the direction of scattering.

To obtain numerical values for the cross sec-
tion and the frequency shifts in scattering, we
need to know xp and V,. The radius rp can be re-
garded as a physical adjustable parameter, since

and for the s-d scattering

do/d& = r '(~/&u0) I M
'

d
I' (6+ sin'8)/45, (3.18)

it varies significantly with applied pressure. V,
also varies slightly with pressure.

Using the model of an electron in a square well,
Springett, Cohen, and Jortner' have been able to
satisfactorily fit Springett's and Donnelly's4 "ex-
perimental" values of the radius as a function of
pressure. The pressure dependence of the sur-
face tension was adjusted to fit the data, but it
agrees reasonably well with predictions of Amit
and Gross. " A considerably larger "experi-
mental" radius is obtained by fitting Northby and
Sander's photoconductivity data. " We display
in Table II indicative values of the cross sections
and energy shifts in the 1s-2s and 1s-2d transi-
tion for an incoming frequency S&o, =1.96 eV (He
—Ne laser). The values of r„V, in the first
row are those given in Ref. 10; in the next two
rows they are the "best" values from reference
8, at zero pressure and at the extreme pres-
sure of 20 atm. In the last row we use a value
of V, close to the one deduced from the most re-

TABLE II. Raman scattering cross sections and linewidth parameters. The values of the cross sections are eval-
uated at sine = 1. The cross sections and energy shifts have been calculated assuming that Scop= 1.96 eV (He-Ne laser).
The coefficients in the last two columns are necessary to compute the linewidths as given by (3.26) and (3.27).

21
16
10
16

Vp

1.0
11
1.3
0,7

do/dO
1s-2s

(10 cm )

3.57
10.30

219.00
5.87

~2s-~1s
(ev)

0.212
0.346
0.755
0.320

do'/dG

1s 1d
(10 cm )

3.18
7.53

161.00
4.22

0.168
0.275
0.617
0.257

VOZ2 ~0
2

(ev)

0.510
0.803
1.495
0.698

2

0 1d 0

(ev)

0.433
0.689
1.410
0,616
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cent photaejection data, "which indicate a radius
in agreement with previous estimates but a con-
siderably shallower potential well.

The cross sections given in Table II are the
peak values, i. e. , they are computed from (3.1)
and (3.18) for sin8 =-1. The change with pressure
of the cross section Bppears to be considerable.
While the absolute magnitudes of the cross sec-
tions are not easily measured, their relative
magnitudes for various levels and the frequency
shifts of the scattered radiation can provide a
quantitative test of the bubble model. The analyt-
ical expressions that have been derived here
can then be used to decide which values of the
radius of the bubble s, and the depth of the poten-
tial Vo give the best agreement with the expe ri-
mental data.

The cross sections in Table II are of the same
order of magnitude as the very strong 992 cm-'
Raman line of benzene. This line is a vibration-
al Haman effect and the cross section is of the
order of magnitude of 10 "cm' for an incident
photon wavelength of 4880 A. " The experimental-
ly observed signal depends of course on the prod-
uct of the cross section and the number of scat-
tering centers. For excess electrons in helium,
the density of scattering centers (bubbles) is
typically 10'—10' per cm', while in benzene there
are about 10"active centers (molecules) per
cm'. In order to make the signal marginally de-
tectable, using available high power lasers and
refined counting techniques, the effective ion
density must be increased at least to 10"per
cm .

Approximate Calculations

Fomin" has estimated the 1s-1d cross section
for an infinitely deep potential well of radius
19 A, obtaining a value considerably larger than
the 1s-1d cross sections given in Table II. The
difference is due to the fact that instead of carry-
ing out the sum over all the intermediate states,
Fomin has kept only the contribution from the 1P
state. This is a standard approximation-in esti-
mating Raman cross sections, but in this case it
leads ta a gross overestimate, since the 1p and
2p contributions are of opposite sign and almost
cancel each other.

Since the matrix elements of p ~ e decrease
fairly rapidly, one might expect that the sum of
the first few terms gives a good approximation
to the total. If the frequencies ~o and co are
much larger than the first few energy differences
in the denominators of equation (3.2), one can ex-
pand in terms of &u„' and use (2.19) to carry out
the sum over intermediate states. Correct up to
terms of the order uo '

M=(1/m~ ')[(e v)(e'v)V] . (3.19)

This approximation should be valid for any poten-
tial V(r) in the shape of a well, if the depth of the
well is much less than (do. Thus it allows treat-
ment of the case when V(r) is not simply a, square-
well potential. If equation (3.19) is used to cal-
culate the 18-2s or the 18-1d scattering for the
square well, it gives the same answer as the ex-
act formulas (3.9) and (3.15), except that the
terms containing G, are omitted. For the values
of the parameters that have been used in Table II,
the results are not expected to be much better thar
an order of magnitude since v, = 2 eV and V,
—1 eV. In fact the results given by this approxi-
mation are within a factor of 3 of the results of
the exact calculation.

I.inewidth

We give here only a rough estimate of the line-
width for the Raman absorption line, for the pur-
pose of guiding experimental work on this effect.
If and when experiments are successfully carried
out, a more detailed theory of the line shape will
be in order.

%e use the configuration energy diagrams,
computed to second order by the formulae of
Sec. I, and the Franck-Condon principle. The
dominant contribution to the linewidth in this
scheme comes from the deformations that alter
the energy of the final state to first order. What
can be computed easily is in fact the second mo-
ment of the line, which we can regard as the
square of the linewidth 8'.

&' =- f(u& —(u)'F ((u)d(o/ fs'(&u)d(o, (3.20)

where'4

E(ro) =av[Z iM (x)i'&(E (x) —E (x) —&u)j. (3.21)

Hel e M0f (x) is the matrix element (3.12) as a
function of the distortion coordinates, indicated
collectively by x; the quantity &u =Ef (0) —E0(0) is
the center frequency of the line and Ef (x) and
E0(x) are the final- and ground-state energies as
a function of the distortion coordinates. The
average is taken over the values of x in the
ground state. In our case the distortion coordi-
nates are the a~@ of the expansion

r=~ +Q a (3.22)
A. )L(, Xp, A. p,

for the boundary of the bubble. The final states
f are, for instance, the five degenerate 2d states.
Because of the sum over all degenerate final
states, it is not necessary to investigate how this
degeneracy splits under the deformation, but we
have simply

W' = V0'It ' Q av(M0
&

D
I pp ps m mm

mm m

xD, „M*, „)/Q ~M ~', (3.23)
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where

D,=(fmip a I" ifm') .mm' AP, XP,
(3.24)

to completely evaluate W'. The matrix elements
M cancel out because (3. 25) is independent of m.
Using the tabulated values of the 3-j coefficients, "
we get for 1s-ns transitions

W' = V 'R 4av(a ')ss0n00 (3.26)

(which could be derived more directly), and for
1s-nd transitions

W &'= V0'R 2'avta0'+2q(a2'+a4')]sd 0 n2
(3.27)

In (3.26) and (3.27) we have reverted to the co-
efficient ay of (2. 6). Clearly ay' = (2X+ l)ay0'/4w.

An evaluation of the averages as a function of
temperature can be carried out by use of the
theory given in CC Z. However, an order of
magnitude guess is probably sufficient, since it
is hard to see how the rms displacement of any
a& could be much different from, say, ~th of
f p at temperatures around 1 K or higher.
These temperatures are high enough that each
resonance in the vibration of the bubble boundary
can be treated as a single classical oscillator
of frequency about 10" sec ', corresponding to
an energy smaller than the thermal energy kT.
Therefore we have

av(a ) = uT/K000
2 M,

In the notation of CCZ, Kp corresponds to Kppp

(3.26)

After taking the average, only terms proportional
to av(l ay& I') remain, and in fact such ground
state averages are independent of p, . We can
then set m"=m and use the result"

i(i,
i

i )i, l2E+1)(ma+1)( )*

(3.26)

of this paper and K,/6 is equal to K,",,. We have
not computed explicitly Kp~p'p, but it is hard to
see how it could differ in magnitude from the
other two coefficients. We have then explicitly
in units of A'

av(a, ') = 1.38T/Ko (3.29)

where K, is given in Table I of CCZ in (erg/cm').
An analogous formula holds for a, . We see that
the rms value of ap is typically 0. 1 A, or,~th of
x„hence 8s- s '01 ~0Rn0'r0 ~

With the help of Table II of CCZ we can esti-
mate in a similar way,'-av(a, ') and find that it is
of the same order as av(a, '). Assuming that
2qav(a, ') is also comparable in magnitude, we see
that W d & 00 2TV0R+ 2'x 0. The values of
V0R20 x0 and V0RI2'r0 are listed in the last two
columns of Table II. The qualitative behavior
of t/"0R&) E0 as a function of the radius xp can be
understood in the infinite-well limit. Then from
(2.9) and (2.20) one can see that this quantity
varies as xp ', and this dependence is dominant
even for a well of finite depth. We conclude that
at 1'K, the quantity W~ ~ is of the order of 0.01
eV and that W~ y is probably less than 0.02 eV.

Comparing with the energy difference E2+
—E1y, we see that the width of each line is al-
ways considerably smaller than its frequency
and furthermore that the two lines corresponding
to 1s-2s and 1s-1d transitions should be sepa-
rable, if ~p is smaller than the largest quoted
value (21 A).
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This paper deals with the generalized impact theory for electron broadening of isolated
spectral lines emitted by neutral atoms in a plasma. The existing theory is improved by
quantitative evaluation of the second-order (quadrupole) term in the multipole expansion in-
cluding broadening of the lower level and interference effects, by approximate inclusion of
the 'Wack reaction" of atom on perturber in inelastic collisions through symmetrization with

respect to initial and final perturber states, and by corrections to the broadening functions

in the classical-path approximation. While the quadrupole contribution is normally a small
correction, it is shown that it may, in principle, dominate the weak collision broadening in

some situations even when the multipole series converges; however, strong collisions will

always dominate in this case. Numerical results of the improved theory are given for the
half-widths at half-maximum of some helium r lines, and the effects of the corrections are
evaluated.

I. INTRODUCTION

The modern theory of Stark broadening of iso-
lated spectral lines is based upon the compre-
hensive paper by Oriel, Kolb, Baranger, and
Oertel' (GBKO}. They give explicit expressions
for the width and shift in terms of the 8-matrix
elements for an electron collision, and the same

expressions are obtained by Cooper' using a den-
sity-matrix formulation of the impat approxima-
tion. The GBKO theory has proved highly suc-
cessful in predicting widths and shifts of isolated
lines of neutrals, especially helium. '&4 However,
experiments (first independently by Jalnfka et al. '
and Popenoe et al. ') showed that for ion lines the
GBKO widths are often too small (by factors of


