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The concept of plasma-wave echoes, introduced by Gould, Malmberg, O' Neil, and Wharton

for the case of longitudinal, electrostatic waves, is here extended to the case where one of the

excitations is a transverse electromagnetic wave propagating parallel to an external magnetic

field, and the echo is of the same character. (If both excitations are transverse and kg= 0,
there is no transverse echo in lowest order. ) A transverse electromagnetic signal of fre-
quency v~ is excited at z= 0, and a longitudinal electrostatic signal of frequency co2 is excited
at z= I . A transverse echo with frequency ~&+ ~2 then appears at zo= co2L tco2 + (co~+ Gc)]",
where &c is the signed cyclotron frequency of the species involved, and co~ is positive for
right-hand polarization of the transverse excitation, negative for left-hand polarization. The

expression for the echo location is correct for both zo&L and zo& 0. The echo in the latter case
arises from particles which have vz & 0, and hence see the longitudinal excitation first, followed

by the transverse excitation. In contrast to the purely longitudinal case, the echo frequency

may either be the sum or difference of the excitation frequencies. Echoes due to a given

species and given circular polarization for the transverse excitation may have either right-
or left-handed polarization, depending on the values of +& and co2., echoes duetoagivenspecies
(e.g. , electrons and ions) occur at different locations and, in some cases, with different
frequencies; and echoes arise for all values of co~ and ~2, although the analysis is simple only

if the waves associated with the excitations decay (due to Landau or cyclotron damping) in

a distance less than L. A perturbation, Vlasov analysis, which takes into account all col-
lective effects gives an expression for the echo shape in terms of a one-dimensional in-
tegral over vz.

The plasma-wave echoes predicted theoretically
by Gould et al. ' and observed experimentally' in-
volve only longitudinal waves (Langmuir oscilla-

tions or ion acoustic waves), but the mechanism
can easily be generalized to include other waves
as well. This extension appears worthwhile, not
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only because of the intrinsic interest of the echo
phenomenon, which allows direct, quantitative
measurement of mode-coupling coefficients, but
because of its potential importance as a diagnostic
tool for studying details of the particle distribu-
tion functions and also small-scale fluctuations. '
We present here the results of an analysis of a
class of transverse-wave echo configurations, 4

many of which should be accessible to experimen-
tal observation. As in the longitudinal wave case,
we assume two localized, steady-state excitations
in an infinite plasma with frequency e, supplied
at z = 0 and co, at z = L. An external magnetic field
along z is imposed, and we assume plane symme-
try, i. e. , wave propagation only along z. Under
these circumstances, simple symmetry argu-
ments' show that if both signals are transverse,
no transverse echo appears in lowest order (al-
though there is a longitudinal echo'). If, instead,
one signal is transverse and the other is longi-
tudinal, we find a second-order transverse echo
(but no longitudinal echo). We shall assume that
the ~, signal is transverse and circularly polar-
ized (produced, for example, by a suitable anten-
na or by a wave guide terminating at one end of a
plasma column), and that &u, is a longitudinal sig-
nal (excited by a dipole grid structure or even a
probe), By allowing echoes at z, &0 (produced by
particles having vz & 0) as well as at zo& L (due to
particles with vz &0), we include in our results
the case where the transverse and longitudinal ex-
citations are interchanged.

We find this mixed transverse-longitudinal case
to be much richer in the variety of phenomena in-
volved than the purely longitudinal case:

(I) The echo frequency may be either the sum
or the difference of the excitation frequencies, de-
pending on the specific values of &o, and ar, . (In
the longitudinal case, the echo occurs only at the
difference frequency. )

(2) Echoes due to different species (e. g. , elec-
trons and ions) occur at different locations and,
in some cases, with different frequencies. (In
the longitudinal case, neither the echo location
nor the echo frequency depends on the mass of
particles involved. )

(3) The condition that the echo location z, satis-
fy z, &L leads to requirements of the form ~,

l(dl ~c l h ~c is a cyclotron frequency.
We denote this case as tl, since the particles in-
volved in the echo experience the transverse sig-
nal first and then the longitudinal one. If instead,

2 l~1 —eccl, the echo occurs at z, 0, a case
we denote as lt, since the echo is then due to
particles (with v 0) which see the longitudinal
signal first and then the transverse one. (In the
longitudinal case, z, &L requires ar, &~„ if e,
&~„ then z, &0 but this is not a physically dif-
ferent configuration if the unperturbed velocity
distribution function is symmetric in vz . )

(4) The direction of propagation of the waves
comprising the echo may be towards the excita-
tion region or away from it. (In the longitudinal
case, it is always away from the excitation. )

(5) Echoes due to a given species and a given
circular polarization of the transverse excitation
(left handed or right handed) may have either left-
handed (LH) or right-handed (RH) polarization,
depending on the values of v, and ~,.'

For a given value of ~, and ~, and a given po-
larization (LH or RH) of the excitation at z = 0,
there will be two echoes in a simple plasma, one
due to electrons and the other due to ions. The
echo characteristics for given (d„e, are most
easily determined from Fig. 1 which indicates
the classification of the echo as tl(z, &L) or
lt(zo& 0), its circular polarization (RH or LH),
the absolute value of the echo frequency ~„and
the direction of propagation of the echo waves
(-meaning a positive phase velocity, - meaning
a negative one). The diagram for electron echoes

Y
LH excitation

I(:

Y
RH excitation

FIG. 1. Classification of electron echoes for various
values of co~ (transverse excitation at a= 0) and m2

(longitudinal excitation at @=I). The tl denotes an echo
at zo &I (due to particles excited first by a transverse
signal and then by a longitudinal one) while Et means
an echo with zo& 0 (opposite order of excitation). The
circular polarization of the echo (RH or LH) and the
direction of propagation, (along + z axis) or (along
-z axis) are indicated, together with the magnitude of
the echo frequency (d3 (I ~f+ 2 I or I f ~2l) ~ On

connection with the latter, note that in the portions of
regions II and III lying to the left of the w2 axis, co~ is
to be considered negative so that I w3 I I~)g I ~f I I ~ )

If the excitation at @=0has RH circular polarization,
the right half of the diagram applies; for LH excitation
use the left half. This same diagram can be used also
for ion echoes by simply interchanging the designations
RH and LH wherever they occur (including the excitation
labels on the bottom of the diagram, so that the right
half, co~ & 0, corresponds to LH excitation); of course, u&
must then be interpreted as co~& rather than cozz.
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goes over into the one for ion echoes if the desig-
nations RH and LH are interchanged everywhere
and (dc is understood to mean &cq rather than ~c~.

The formal analysis via the second-order Vlasov
equation is similar in character to that given by
Gould and O' Neil, ' so we shall only state below
the results [Eqs. (2) through (10)]. However, we
give first a simple picture of the physical mechan-
ism (neglecting collective effects), adapted from
the one used by Gould' for the longitudinal wave
case. Consider electron echoes in the E/ case,
with RH excitation at z = 0. In a frame rotating
mith the electrons at frequency ~c, the first ex-
citation appears to have frequency v& —e . For
electrons with given vz, this induces a disturbance
in v with wave number kl = (&ol —ec)/vz and fre-
quency (in the lab frame) ~, . When the density of
these electrons is modulated by the longitudinal
signal of the second grid at „a current density
results with frequency (~1 —~ aop2) in the ro
tating frame and hence a wave number k3 = (A& 3
—~ )/vz, where ~, =&o, a ~, is the frequency in the
lab frame. The net phase P of the modulation at
z &L includes the part k,L arising from 0 +z + L
as well as the part k, (z —L) associated with z & L:

Q =k,L+k, (z —L)

= [((o —(u )I.+ ((o —(o )z]/v
1 3 3 c

integrating over vz to find the total current density,
we will have phase mixing except where the coef-
ficient of 1/vz vanishes, i.e. , near the point

z = ((u2 —(el)I/((o —(u )
C

=(u L/[ar a((o —(o )],

order z, —L; this places restrictions on the per-
missible values of m, and ro, . While many inter-
esting experiments can be designed using Fig. 1
and taking into account these restrictions, one of
particular interest occurs with electron echoes in
region IV. Although the excitation has RH polar-
ization and the electrons gyrate in the same sense,
the echo has LH polarization" and hence, can
resonate with ions. If ~2 —{d& & ~c~, the echo will
be a nearly undamped Alfven wave (or ion cyclo-
tron wave).

To summarize the results of the Vlasov equa-
tion analysis, we assume the unperturbed velocity
distribution function to be isotropic, and take the
external electric field of the first excitation to be

E =E (z)cost@ t, E =E (z)sin&u t,x 1' y

while that due to the second grid is Ez = Et (z —L)
x costs, t. (With this convention, &o, & 0 corresponds
to RH polarization, &u, &0, to LH polarization. )
With

j=(j —ij )/v2,
X

we then have for the echo current in the tl case
(z &L)

j(z, t) = g j dv f (v)v-'k,
8 =+1

x exyji[k, (z —zo) —(u,tj]

xEt(kl Nl)E/(k SN )

xA A (v, z)/s (k, u& ),

which defines the echo location, the echo frequen-
cy being ~, =~,+e, . The width of the echo, ac-
cording to this simple model, will be of the order
of the wavelengths involved, i. e. , a/(&us —&oc),
where a is some characteristic thermal velocity.
(This is easily seen if the integration over vz is
evaluated using a saddle-point approximation. )

The inclusion of collective effects has two con-
sequences: (1) Particles whose velocity matches
the phase velocity of a plasma wave mill make an
enhanced contribution to the echo amplitude. This
part will have a width characterized by the damp-
ing of the collective wave involved, and may re-
sult in an echo width much greater than that ob-
tained from the single-particle model if the wave
is lightly damped. (2) As in the purely longitudinal
case, the theory is tractable and the results clear
cut only if one can assume that the electric fields
of any collective modes excited at z =0 are damped
by collisionless mechanisms (Landau, cyclotron,
etc. ) in a distance of order L, and similarly, that
those excited at z =L are damped in a distance of

where z, is the echo location

z =(o L[(o +s((ol+0 )]c

E (k, (o) =E (k)/e (k, (o),

E (k, v) =Et(k)/z (k, ar); (4)

e~ and c~ are the transverse and longitudinal di-
electric functions (ratio of total f to external R),
e. g. ,

z (k &o) =1 —u&(k'c' —~')-'

x p dve 'f (v )/(kv —&o —0 );
p c

0„ is the signed cyclotron frequency; f(v) is the

Eg and EI are the self-consistent fields of the ex-
citation signals,
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distribution function for vz (i.e. , integrated over
vl);

k =((o +0 )/v, k =s(u /nc z 2 2 8

and k =kl+k =(~ +0 )/v
C Z

x/(d/dk)ln[k(k —s(u /u )e

x E (k-s(o /v, (u )/e (k, u) )]]

are the wave numbers of the excitations and the
echo;

G03 = QP &+SC02

is the echo frequency;

A, =nq(q/m)'/2v 2

and &, =$(d/dk) ln[k e

xEI(k —k, s&u )/e (k, u) )]j k
. (9)

The symbol f denotes a sum over species, as
well as integration over e; and, as indicated by
the summation sign, we must also sum over the
two possible values of &o, (although, as indicated
in Fig. I, only one gives a valid echo for any
particular choice of ur„v, ).

For the It case, (9) is replaced by

the range of integration for v in (2), being now
from (- ~) to 0.

The results given above are all consequences
of Eqs. (2) through (10). In addition, informa-
tion concerning echo shapes and amplitudes can
be obtained by evaluation of (2) for any given
choice of parameters. The result of this evalua-
tion for particular cases and the extension of the
analysis to anisotropic f, will be reported else-
where.
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