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A formal procedure, valid for arbitrary wavelengths, for calculating the conductivity
tensor of an electron liquid is presented. The spin-independent magnetoplasma modes are
determined by requiring that the constitutive equation (solution of the kinetic equation) be
consistent with Maxwell’s equations. If the small coupling between plasma waves and spin
waves is neglected, Maxwell’s equations can be used to eliminate the ac electric and
magnetic fields from the kinetic equation. The magnetoplasma modes can then be deter-
mined rather simply by solving the kinetic equation. The secular equations determining
the dispersion relations for propagation both perpendicular and parallel to the dc magnetic
field are given. Analytic results are given for the long wavelength limit, and numerical
results are presented for the case in which the interaction function is approximated by the
first-three terms in an expansion in Legendre polynomials.

I. INTRODUCTION

It is well known that the free electron theory of metals is able to account successfully for a wide variety
of phenomena in metals as, for example, the deHaas—van Alphen effect, the temperature dependence of
specific heat, and cyclotron resonance. However, the interaction between the electrons is far from weak.
It is then natural to ask what modification of the free-electron results and what new phenomena will arise
if we include this interaction properly. There has been considerable literature on a system of interacting
electrons starting from microscopic many-body theory, ! but usually these formal microscopic calculations
do not lend themselves easily to comparison with experiment. In this respect, a semiphenomenological
approach, first formulated by Landau, seems to be more fruitful.

In his classic papers on Fermi liquids, 2 Landau proposed a theory which applies for a system of fermi-
ons with short-range interactions as, for example, He3, Later, Silin® showed that the Landau theory is
also applicable, with slight modification, to a system of interacting electrons even though the Coulomb
force betweenelectrons is long range innature. Although the Fermi liquid theory involves some ad hoc as-
sumptions, it has been justified by microscopic theory.* Provided certain restrictions are satisfied, the
theory is rigorous. In this section we present a brief outline of the Landau theory as applied to the elec-
trons in a metal. In particular, we sketch the derivation of the Landau-Silin transport equation for an
electron liquid. In Sec. II we use this transport equation to study the electrical conductivity tensor of a
metal in the presence of a dc magnetic field of induction B. We first consider the case in which the
Fermi-liquid interaction function &(5, §’) can be approximated by a constant, This simple case displays
many of the important features of the method of analysis which we use, while at the same time it is rela-
tively free of mathematical complexity. In addition, this calculation can be carried out for a Fermi sur-
face of arbitrary shape, so that it may actually be a useful first approximation in studying some effects
in metals with complicated Fermi surfaces. For the general case in which the Fermi-liquid interaction
function cannot be approximated by a constant, we limit our considerations to spherical Fermi surfaces
and assume that the interaction function &(5, p’) depends only on the angle between P and B’. The formal
method for determining the conductivity tensor is discussed in detail, but calculations are presented only
for the case in which &(p, p’) is approximated by the first-three terms in an expansion in spherical har-
monics.® In Sec. III we investxgate the magnetoplasma modes of the electron liquid. This involves mak-
ing Maxwell’s equations consistent with the constitutive equations which relate the response of the system
to the dc electric and magnetic fields. The general dispersion relation for the magnetoplasma modes is
quite complicated. However, if we neglect the small coupling between spin waves and “plasma” waves,
we can make use of Maxwell’s equations from the start and considerably simplify the calculation. For
the case of plasma waves we use Maxwell’s equations to express the electric field E in terms of the elec-
tron current density j, and then write ] in terms of the distribution function. The transport equation then
becomes a homogeheous equation whose nontrivial solutions are obtained by setting an infinite determinant
equal to zero.® A similar procedure has been applied to the case of spin waves and will be reported in a
later publication. We give explicit expressions for the elements of the infinite determinant whose zeros

180 193



194 S. C. YING AND J. J. QUINN 180

correspond to plasma waves, The long wavelength limit of the dispersion relations for propagation per-
pendicular to and parallel to the dc magnetic field are determined by expanding the elements of the deter-
minant in powers of qu/wc, where g is wave number, vg the Fermi velocity and w, the electrons cyclo-
tron frequency. Dispersion relations valid for short wavelengths (qv F/ w, > 1) can be obtained by similar
approximate methods. The final section of this paper contains a summary of our results and some dis-
cussion of the interpretation of experimental results.

The basic assumption of the Landau theory is that the low-1lying eigenstates for the real interacting sys-
tem can be obtained from certain eigenstates of the ideal noninteracting system by switching on the inter-
action “adiabatically”. In particular, the ground state of the real system can be obtained in this manner
and will also possess a sharp Fermi surface. It is well known that this assumption is not satisfied by
some systems of fermions. For example, electrons in metals with attractive interaction can have a
ground-state characteristic of a superconductor. This state is completely different from the free-elec-
tron case and cannot be obtained by “adiabatic switching”. A system which obeys the basic assumption
in Landau theory is, by definition, a normal Fermion system.

Using the same adiabatic switching procedure, we can define the concept of a quasiparticle or a quasi-
hole which is obtained by starting with the ground state plus a particle outside or a hole inside the Fermi
surface. The quasiparticles and quasiholes thus appear as elementary excitations of the real system,
which, when combined, give rise to a large class of excited states. Because of the interaction, a quasi-
particle will decay with a finite lifetime. Obviously, the concept is only useful if the lifetime of a quasi-
particle is large compared with the time of switching and the characteristic time involved in the particular
phenomena being studied. In a pure system at zero temperature, the lifetime of a quasiparticle has been
shown’ to vary as the inverse square of the energy separation from the Fermi surface. Hence, the con-
cept of quasiparticle is usetul if only low-lying excited states are involved. In what follows, we shall omit
the spin index o of a quasiparticle and include it in the momentum P, unless necessary for clarity. Each
excited state can then be characterized by a distribution function »(P) of the quasiparticles. It should be
emphasized here thatthe physically meaningful quantity is the departure from the equilibrium distribution
- on(p), rather than (D) itself, because it does not make sense to define a distribution function ({) in a
range of momentum where the quasiparticles are unstable. Only 6x(P) enters the final equations.

The second assumption of Landau is that the state energy is a functional of the distribution function.
For on(p) sufficiently small, we can write the total energy of the system as

E[n@)]= E0+Ep8 qpﬁn(ﬁ) +%Z)ﬁﬁ,<1>(§, BNonB)on@’) + 0(6n3) ++ =+ . (1.1)

In (1.1), &, is the first functional derivative of E, and @(5, §') is the second derivative, etc. I 6n(f) de-
scribes a state with one extra quasiparticle of momentum P, the energy of the system is given by (1.1) as
Eg+é qp+ This means that the energy of a single quasiparticle of momentum P is just & ab° The gradient
of & .,

qp

v, =V & 1.2)

b bpap’ (
is the group velocity of the quasiparticle. &(B, ') in (1.1), being the second variational derivative of E
with respect to #(p), is symmetric in § and §’. It is the interaction energy between the pair of quasipar-
ticles with momentum P and §’. We shall see later that it is this quantity which is responsible for a con-
siderable modification of the physical properties of the system from those predicted by the free-electron
theory.

So far 6xn(P) has been considered as independent of position and time. Consider now a distribution of the

form

n(®, T, ) =n°P) +n(@, T, 1) . (1.3)
In (1.3), n(, ¥, ¢) gives the distribution in a unit volume centered at a point ¥. Obviously, such a descrip-
tion works only in the regime where the uncertainty principle is of no concern. Within linear response
theory, we can write, without loss of generality, the departure from the equilibrium distribution in a
plane wave form as

on(®, T, 1) = 6n(d, w) expli(d. F- w)] . (1.4)

The uncertainty principle gives rise to an uncertainty %g in the momentum P and %Zw in the energy é’p. It
g and w satisfy the relations,

qup<u, and w<p , (1.5)

then the uncertainty principle can be ignored.® In other words, Landau’s theory may be applied only to a
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macroscopic perturbation. It is important to bear this point in mind as we proceed. As before, the total
energy is a functional E[x(, ¥, #)] of the distribution, i.e.,

E=Eq+ T, 256 on,D)+35, , [a% [a>r's®, 5, T F)on, Don’, T oo . (1.6)

Here, we have assumed that & , is independent of ¥ and that & is a function of ¥ — ¥’ only. This is true
for a translationally invariant System. For electrons in a real metal, additional complications arise
because of the periodic structure. I the wavelength of the disturbance is long enough so that (1.5) is
satisfied, 6x(F) will vary only slightly throughout a unit cell. One can then take average over a unit cell,
and (1.6) still holds. For short range forces, 5x(J) may be considered as constant over the range of in-
teraction, so that in (1.6) 6xz(p’, ') may be replaced by 5z(H’,¥). The total energy of the system can then
be written as

E=E,+ [d*rSE®F) , (1.m)
N - _ > 1 > >p > >y >
with 8E(F) —Epé-’qpén(p, )+ zzﬁﬁ,é(p, 8)on®, Don@’, T) . (1.8)

(5, ") in (1.8) is defined by the expression
8@, p')= fa*r'e@, ¥, F-F) . (1.9)

The volume £ is assumed to be unity throughout, and the momentum P is quantized accordingly. Accord-
ing to (1.8), the local excitation energy of a quasiparticle of momentum P is equal to

8§®,7)=8 3@, P)ond’. T) . 1.10
®,7) qp*pr, ®,D)n@B", F) (1.10)

The theory above is not directly applicable to electrons in metals because of the long-range nature of
Coulomb interaction, which leads to divergences in expressions like (1.9). As Silin® has first shown,
these difficulties are removed if we allow for the dynamic screening of the particle motion self-consis-
tently. First, the departure from equilibrium will give rise to an average density fluctuation and hence
to a space charge electrostatic field E(T, t) which is given by the Maxwell’s equation

V.E(, t):41re2§6n(§, 7,0 . (1.11)

Hence, a part of the interaction between the quasiparticles can be regarded as a quasiparticle interacting
with an additional applied electric field given by (1.11). The interaction between any given pair of quasi-
particles is thus screened by the polarization cloud surrounding each particle, and the residual short-
range correlation between them can then be treated in exactly the same manner as described in the stan-
dard Landau theory. . With this new interpretation of the function®(®, §’), (1.8), (1.9), and (1.10) apply to
a system of charged fermions such as electrons in a normal metal as well as to uncharged fermions.

Let us now consider the transport properties of a Fermi liquid. For this purpose, it is easier to work
with an expression for &(,d’) showing explicit spin dependence. We write

®®,p)=00,5)+v®,8)5-5 . (1.12)

As Pines and Nozieres® have argued, ®(5,p’) described by (1.12) is the most general form possible if the
Fermi surface has inversion symmetry and time reversal invariance is assumed. With a dc magnetic
field present, time reversal invariance is no longer valid. However, we shall simply assume that the in-
teraction function & (P, §’) is not modified by the presence of the magnetic field. This should be a good
approximation if the magnetic field is weak enough so that the inequality

It < é’F (1.13)

is satisfied. In (1.13), w, is the usual cyclotron resonance frequency and 8 is the Fermi energy.

The Landau-Silin transport equation can be derived by regarding the quasiparticles as independent, de-
scribed by a classical Hamiltonian (D, ¥). However, the spin part of the Hamiltonian must be treated
quantum mechanically, since it has no classical analog. Thus we combine the classical Liouville’s
equation with the quantum- mechanical equation of motion for the spin part and write the basic transport
equation as®

-g-;ui[s, nl+{n, 8}=I() . (1.14)

In (1.14), [8,%]_ is the commutator of & and %, and {...} is the symmetrized Poission bracket defined
as
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1(8A ®B 8B 0A 1{8A 3B 08B 08A
{a,8)-3 (% B o %)- (%85 %) (1.15)
I(n) is a phenomenological collision term which describes collision between quasiparticles. It cannot be
derived rigorously within the scope of the Landau theory. We assume that a large dc magnetlc field B

is applied in the z direction. Let us denote the energy of a quasiparticle of momentum P in the absence
of the dc field Bas & ,. For a metalwitha spherical Fermi surface, & , is equal to p2/2m*. Here,

m* is the effective mass of a quasiparticle. According to (1.2), it is the ratio of Fermi momentum p

to the Fermi velocity v, at the Fermi surface. When the magnetic field B is switched on, the equilibrium
distribution and the quafsmarticle energy can be shown (to first order in w,/ 6f) to be

nozpo—yBoz(apo/aéqp) , (1.16)
and é‘o=8qp—yczB . (1.17)
Here v is a renormalized gyromagnetic ratio, !° and p, is the usual Fermi distribution function

-1
po_{exp[(é’qp— w)/ET)+ 117" . (1.18)

It should be emphasized that the quantities »,, p,are matrices in spin space. . Suppoie now the system
experiences a small perturbing ac magnetic field of induction b and an electric field E. These are of
course | the self consistent magnetic and electric fields inside the metal rather than the applied field. The
fields b and E will create quasiparticles and change the distribution to

n=ny+on . (1.19)
It is convenient to write oz as
n=0f+68+-G . (1.20)
The local quasiparticle energy is changed from the value &, to §,+58, which can be written as
_ L1 > >
gp_é’omglmé’z -3¢ 65D . (1.21)

Here g is the spectroscopic splitting factor, and 8 is the Bohr magneton. In (1.21), the terms 68, and
63; o represent the change in quasiparticle energy brought about by the change in the distribution of all
the other quasiparticles. Making use of (1.10), we can easily express them in terms of the distribution
function as

58, =22§,¢(§, pef (") (1.22)

and 68, =22*,¢(p, N5g®") . (1.23)
The last term on the right-hand side of (1.21) is the direct interaction of the magnetic moment of the bare

electron with the perturbing field b. It is convenient to combine this term with the term 56 -G and define
a factor y, by the relation

Y o'b= co—is Bhe0 (1.24)

710 b _632 o zgst o .

Substituting (1.20) and (1.21) into the Landau-Silin kinetic equation and keeping linear terms only gives
.;-’t-am i(68,n,)- +[ 84, 61] )+ {ny, 68+ {60, 8, }=1(n) . (1.25)

We now make use of the following properties:

28 9, =

3:5 VJ-“a‘Fég —?p‘yl(rb N (1.26)
__z.f i(gfx(B+b)>——s(6é’ ~7,5-B)+eE , (1.27)

1 98

and 8,xn]_=- in[crz, 51 &-iv. b3, oz]_ <— yB—apJ->
qp
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—- 280 g ~ 0 5)+ 2, <+73-5%§4;)(0y b)) - (1.28)

The insertion of the two terms (e/c)[(8&/6D)x (B +b)] and ¢E in (1.27) as the driving force due to the ex-
ternal field is not obvious as it may seem as first sight. Since we are dealing with quasiparticles and
not bare electrons, the validity of these Lorentz force terms requires some investigations. Pines and
Nozieres® have shown that (1.27) is correct. Using (1.26)-(1.28) in (1.25) gives

Of 8w _ 9p -, 0 .
+—0g8-05 ZyB(oxgy oygx)+27138;;(+y[3)(oybx-oxby)+v g(éfnig-o)

at 8¢
L < Fxb4eE+g 206 xB- 22 (08, -7,5-5)-% 203 b)><B>+—..(5f+6 DETxB=I(). (1.29)
ap c 9 ar 1 cop 1 c *

This can be further separated into two equations, one for the spin-symmetric distribution f and the other
for the spin-antisymmetric part g On taking half the trace of (1.29), we obtain

aﬁfw = (bf 551%’&>+ FxB- —;(éf 5615-8_9—> B ~iTri(n) . (1.30)

qP

Now multiply (1.29) by 3(0, +40,) and take the trace. All terms which do not contain an even power of ¢
will vanish. Let o, =0y+1%0y, 08, =0gy+i0g,, b, =by+iby. Then we obtain

ap _L
atég +v. ar<6g +74b —z—q'>+ C3xB- péﬁg +74b 33—0—)+217B<5g +740 ag )-aTro+I(n) .

ab (1.31)

Similar equations hold for the function 8g._ = 0g, — i6g, and 6g,. The two equations (1.30) and (1.31) are
basic in the study of transport properties of Fermi liquid. The quantities defined by

F=0f- (apo/aésqp)zsg1 , (1.32)

and g-0f- (9py/28 )08 (1.33)

2 ’
play a role similar to 6f and 8g in the noninteracting system. If no(é’ ) represents the equilibrium distri-
bution function, no(&p) will represent a local equilibrium. The difference between n(p) and no(gp) which
measures the departure from local equilibrium, can easily be seen to be just f and §-3, i.e.,

n@®)=n (8 )+f+&-F . (1.34)
0 p
These two functions occur frequently in our further discussion.
II. MAGNETOCONDUCTIVITY TENSOR

In this section, the magnetoconductivity tensor of a metal will be calculated by solving the transport
equation (1.30). This tensor, being the response function of the system to an external perturbing electro-
magnetic field, is an essential quantity in nearly all transport properties of metals. Cohen, Harrison,
and Harrison!! have evaluated this quantity for a simple metal with a spherical Fermi surface in the ab-
sence of electron correlations. Recently, Platzman and Walsh? have extended their calculation to in-
clude the S-wave Fermi-liquid interaction, but no explicit expression for the conductivity tensor was given.
Hamilton and McWhorter?!?® have also evaluated the tensor including both S and P wave interactions. All
these results are applicable only for metals with a spherical Fermi surface like Na and K. However, most
metals have complicated Fermi surface, and many transport properties such as magnetoresistance, depend
critically on the geometry of the Fermi surface. For this reason, we feel that it is worthwhile to evaluate
here the conductivity tensor for a metal with an arbitrary Fermi surface, while including at the same time
the effect of the Fermi-liquid interaction. In general, the interaction function ¢(B,?’) will depend on both
D and p’ in a complicated way. The complete solution, although possible in principle, will involve too many
unknown parameters and hence of little use. We shall simplify the problem by replacing ¢(®, ") by a con-
stant ¢,, i.e., including only the S-wave interactions. This is not as bad an approximation as it may ap-
pear at first sight. Theoretical calculation for the interaction function by Rice!* indicates that the S-wave
interaction is the dominant term. Provided that the many-body effect on a particular transport property
does not come primarily from the angular dependent terms?® in the expansion of ¢(p, p’), we can still get
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a fairly good estimate of the interplay of band structure and many-body correlations effects on transport
properties of metals via the conductivity tensor evaluated in this model.
Let us first introduce the function f () defined by

of (B) = (- 8po/aé'qp)f(5) . (2.1)

Now we assume all quantities appearing in (1.30) have a space time dependence of the form exp[i(q * r — w?)].
The collision term is hard to obtain from first principle. We shall discuss it in more detail when we con-
sider simple metals with spherical Fermi surface. For the calculation here, we approximate the collision
integral by introducing a single collision time ¢ as

irri(n) = (apo/agqp)[(f+ 66’1) -{f+ aé’l>] /T . (2.2)

The bracket {**+) in (2.2) denotes the average over the Fermi surface. As first shown by Silin, !¢ the local
departure from the equilibrium distribution — f+ 58, appears in (2.2) instead of f, because in a collision
with impurity, ¥7 it is the local energy of the quasiparticle and not the equilibrium energy which is con-
served. The integral of (2.2) over the momentum space vanishes. Hence, it satisfies the criterion that
the number of quasiparticles has to be conserved in a collision process. Substituting (2.1) and (2.2) into
(1.30) gives

. 1 > > > > D > 1 s = 2 - ..~<f+56,>
(—zw+?+zq'v—zvXB ?>f+ (zq Vig-ZVXB- —;)681—eE (el (2.3)

In arriving at (2.3), we have cancelled out a common factor — apo/ 98 a* At sufficiently low temperature,
- 3pg/28 ab behaves like a delta function, i.e.

- apo/aéquﬁ(é’qp— éF) . (2.4)

Hence, all quantities appearing in (2.3) are understood to be evaluated at the Fermi surface. Following
Eckstem '8 we find it convenient to use the parameters &, p_, and s in place of by P, b,. Here & is en-
ergy, p, momentum in direction of B and s is a parameter with the dimensions of time wh1ch locates the
posmon_’of an electron on its orbit. The equation of motion of an electron in the presence of the dc magnet-
ic field B is

0p/as=(e/cVXB . (2.5)
Making use of (2.5), (2.3) can be written in a much simpler form as
~Wf+ (T 144§ T+0/08)(f+68,) - eE - T=(f+58)/T . (2.6)

We now introduce the position vector R_(’pz, s) of an electron on the Fermi surface. We can divide R into
a periodic and a secular part, R =Rp+ Rg, where

ﬁp(iiz, s+ T(pz))=§p(pz, s) , (2.7)

-

and Rs =vs(pz)s . (2.8)
Here T( pz) is the period of an electron on the Fermi surface with wave number p,, and

Vo= T-1 f + (p ,s)ds . (2.9)
The functions

f(pz, s)exp(iq - ﬁp), 681(122, s)exp(iq - ﬁp), V(pz, s)exp(iq - ﬁp),, and exp(i - ﬁp)

must all be periodic functions of s with period 7'( pz). Therefore, we can expand these functions in Fourier
coefficients: f;, &;, a;, and ¥

f(p ,S)exp(dq R Z)f(p ) exp(2mils/T), Ggl(pz,s)exp(ia-ﬁp)=2l8l(pz)exp(2m'ls/T),

exp(iq - ﬁ)p =Z)l a (pz)exp(zm'ls/T), and V(pz, s) exp(iq - ﬁ)p =Z)l Vl(pz)eXP(Zm'ZS/T) . (2.10)

By substituting (2.10) into (2.6) and performing a little algebraic manipulation, one can obtain the equation
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eﬁ';l+7"<f+ Ggl)al

—iw+1"1+'i§'78+217il/T

VACRE (— 1 iw >8l(pz)+ (2.11)

Tl iws T4+iq-V +2mil/T
We now assume that the interaction function ¢(B, ') is a constant for all §, 3’ on the Fermi surface and in-
troduce a parameter A, defined by
= T/2 .
Ay=(eBp T/2m%c)$, (2.12)

In (2.12), p,, is the maximum value of p, on the Fermi surface, and T is average period of electronic mo-
tion defined by

T=(2p, ) [T(p )ap, . (2.13)
We introduce further a function F defined by
P fap f* ), (2.14)
It can then easily be shown that the following equations hold
F=2., [ap T(p )fya)* (2.15)
(f+ 681)=[(1 +A0)/2me]F , (2.16)
581 = (AOF/me'T') , (2.17)
and  8,=(4 /2p T)Fa,(p) . (2.18)

Multiplying (2.11) by T(p,)ag*(p;), summing over ! and integrating over p, then gives a simple algebraic
equation for F whose solution is

F=ieE-K/{1 +Ay-[(1+A)i/T+AWIL/2p T}, (2.19)
where K=2,,[¥,a*T(p )/[5-§-F - 211/T(p )ldp, , (2.20)
and L=ZlfT(pz)|al|2/[oS-a-x78-zwz/T(pz)]dpz , (2.21)

in (2.21), @=w+i/T. All the Fourier components of the distribution function can then be obtained by sub-
stituting (2.19) back into (2.11). The next step is to express the current density in terms of the distribu-
tion function. Nozieres!® has shown that the current density due to the flow of quasiparticles can be written
as

j=2e(2m)"° [d%pof BF(p)+ 2 [d3'@m) 26 (B, BFH")(- 8p0/aé’q p)] . (2.22)

The last term in (2.22) represents the backflow current density from the interaction of the moving wave
packet with the surrounding fluid. By interchanging the order of integration P and P’ in the second term,
one can write (2.22) in the form

J=2e(2m)® a3 (p)(- apo/aé’qp)(f+ 58.) . (2.23)

If we express the integration in terms of the coordinates &, b5, and s and then introduce the Fourier trans-
form defined in (2.10), we can write j in the form

T o2 3 > %
i=[2¢*B/(21)c] [ap T(p V2. 7 (b )(f;+ &) . (2.24)
Substituting the solution of the kinetic equation into (2.24), we finally obtain the result
J=(5°+80) E (2.25)
0 _ . 3 3 > x> ~ _ ->. - _
where 0 °=[2ie3B/(27)%c] fdpzT(pz)Elvl vl/[w q-v 2ml/T] , (2.26)

is Eckstein’s expression for the conductivity tensor, and
60 =[2e3B/(2m)3%c] (+ iAy®- 7-1)§'K/[2pm7‘(1 +AQ)+AWL - (1+ANL/T] . (2.27)
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Here K/(7)=K*(~ 7). In the absence of Fermi liquid effects o reduces to
04 i/T2e3/(@mPe(2p, IR .

The second term, which is proportional to 1/7 gives rise to a diffusion current.
For the spherical Fermi surface, there is some simplification. We can choose ¢ to lie in x-z plane
without loss of generality. Then we have

b, =Pp T=T=21r/wc y V=V, al=Jl(qxv_L/wc) . (2.28)
Here pris the Fermi momentum, J; is a Bessel function, and Wes_ the cyclotron resonance frequency, i
equal to eB/m*c. The Fourier components of the function v Vexp(iq * Rp can easily be shown to be

1.
ZSInG(Jl_ 1+Jl+1)

v,=v,| - (i/2) sinf(J )] . (2.29)

1=YF 1-177141

Jl cosf

We have introduced v; =vysinf. Substitution of (2.28) and (2.29) into (2.26) gives the well-known result of
Cohen, Harrison, and Harrison, 1 while 65 can be conveniently expressed as

50 =2(0,/DNGAG - T~V /A1+A) - [Agw+ (1+A)i/T]MIN'N . (2.30)

Here M =Z}lf_*;1 d(cose)le(XsinG)/(_c3~ qzvfcose - lwc) , (2.31)
Jl(X sinf) (‘l/ x) I

and Z J3 d(cos)— 2 opco—To |~ i(a/8x), | . (2.32)
cosBJl

Again N'(7) =N*(~ 7). We have introduced o,=ne2T/m*, the dc conductivity, and X=g,vs/w,. For a metal
with a spherical Fermi surface, we can further generalize the above treatment of the collision term and
the interaction function in the following way. If we consider scattering by impurities alone, then we can
write®

Ln(®) = - 27205455558,
In (2.33), the factor 2mSy, 16(81, - é’p:) is the transition probability for the scattering of a quasiparticle from
state p to state p’. The delta function corresponds to conservation of local-energy §,. The determination
of Sﬁ, 13' from first principle is outside the scope of Landau theory. Further, the spin dependence of S on
G and &’ varies with the particular kind of impurity. We therefore conSIder Sﬁ prasa phenomenological
parameter. Dropping terms of order 5#% and (w./8F)dn, we can write (2.33) as

é’p,){n(ﬁ)[l—n(ﬁ’)}-n(ﬁ')[l-n(ﬁ)]} . (2.33)

I0) == 213 +,5+,0(8 @) -8  @)No#@) - n@)] . (2.34)
( 25555 qp(p P [67 (5 5]
Now we assume that the transition probability has a spin dependence of the form

850 5,0, W§§I+ U5§,0 g . (2.35)
It then follows from (2.34) and (2.35) that

2 TrI(n) == 47TL»p r[f(p) f(ﬁ’)] 5(6’ I) . (2.36)

With rotational symmetry, Wp =r at the Fermi surface depends only on the angle between P and p’. Hence,
it can be expanded in a series of Legendre polynomials as

W,*,_Z) W, P, (cosé) (2.37)

Here £ is the angle between p and p’. Substitution of (2.37) into (2.36) gives

YT =-1re T Fv 6,00/, (2.38)
I, Iml<1

K



180 DEGENERATE ELECTRON LIQUID. I 201

where we have introduced the following definitions

1/T=(61m/m*vf2)W0 , and 1/?l=(sm/m*va)Wl/(zun . (2.39)

flm denotes the (I, m)th coefficient when we expand f in a series of spherical harmonics ¥;”2, Obviously,
the occurrence of a large number of relaxation times make comparison with experiment very difficult.
Hopefully, only a finite number of terms are needed in the summation over I, m in (2.38), This is true if
the angular dependence of W(P, §’) is small. In the literature on Fermi liquids, the usual procedure?® is to
drop the terms 374, -+ completely, or to retain only the term f o*/To- In the present treatment, we shall
retain the same number of terms in the expansion of W(p, p’) as in the expansion of ¢(P, p’). The latter,
when evaluated on the Fermi surface, is also a function of the angle £ between P and P’ only. Hence, it
can be written as

[, = Z ———-———~(2l:1)” AP, (cost). (2.40)
m*p 171
F
The A; defined by (2.40) are the crucial parameters in the theory. The parameter A, defined by (2. 12) re-

duces to that defined by (2.40) in the limit of a spherical Fermi surface. Substitution of (2.40) into (1.22)
gives an expression for 6§, as

88,= Z Alflelm(9,¢). @. 41)
llm|<1

In deriving (2.38) and (2.41), we have made use of the addition theorem

l
Beost) =gz L ¥ (6,97, 6", (2.42)
m=—1

and the convention we adopt for ¥;”
; L
"6, 9=0,"0)e" Pam) 7. (2.43)

!ml(

Here Glm=[%(2l+1)(l— lm ) /(1 + |m] )l]%Pl cos6)dm

and 8, =(-1)" if m=>0; 06,=1, if m<0.

We now investigate the relation between the Fourier coefficient f, defined in (2 10) and the spherical
harmonic coefficient fl Substituting (2. 10) and (2.28) into the definition of fl gives

f*lfz” S* (6, $)7(9, ¢)dd (cos8) = -z f“le ), 07 s(XsinG)(Zw)%d(cose). 2. 44)

From (2.44), we see that a particular spherical harmonic component f is related to all the Fourier co-
efficients f,,(6) with values of 7 running from -« to +. With the ald of (2.38), (2.41), (2.44), we can
write the transport equation (1. 30) as

cosf-(i/T)mw 1Y (6)-E-¥

—-iw+iq v _cosO + 171 +imw ilq v
( +qz + +t c)fm+[qu ¢ m m

F

- X —l—r 6,(6)J (X sind). 2. 45)

List<r T2 U Y
n (2.45), we have introduced

zqR

v, 0)=en" 1 [[]e

1
s _ -3, - _
Here I‘l = (2m) fl , l/Tl =T, and o, 1+Al .

P o= M5 5 (- ap0/88 V(B )dpde'd(cose’)p 20" (2. 46)
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We now expand ¢(p,p’) in the following way

¢(p,p" )= 2 ¢m(9,9')eim(¢‘¢'). (2.47)

M == 0

Comparing with our previous expansion of ¢(p,p’) in (2.40), and making use of the addition theorem yields

m

¢,,(0,87)= 1 em(e)en (67)= 2T 2 A6, (e)enm(e'), (2.48)

m*p
nz|mj| f n=im)
It then follows from (2.46), (2.47), and (2.48) that

Y, (6)= 2, A6

SOV (X sing)T,° . (2. 49)
LlsI<l 11 m-Ss l

The Fourier component fm can now be written in the following way:

ieE . ‘-;m > ‘I’l s s
f, == + (- 1+= )A r .76, (8)J (X sing) (2.50)
m W qzvf cosG-—me Lisl<l w—qzvf cose—mwc 171 1 m-—S ’

where ®=w+i/7, and wy=w+i/AjT;. It is interesting to note that 7; appears in the combination l/Alfl
which may be comparable with w even when w7y > 1 for large [. Hence, it is desirable to keep as many
of the higher-order collision terms as possible, at least to the same order as the Fermi-liquid interac-
tion coefficients 4,,. Now we multiply both sides of (2.50) by el:s J,, — ¢'(Xsind), sum over m and in-
tegrate over d(cosd). Then (2.50) becomes an infinite set of linear simultaneous equations,

? I
Z (alllss lll ;)r = Cls (2. 51)
l',IS'|<ll
cﬁl, s’
with ay f d(cos@) <_1+<I>—qzvfcose—mwc>9l el, AZ'J _S(Xsme)Jm__s,(Xsme)
(2.52)
S +1 . > ~ S
and Cl =—7Zn)f_l [iE vm/(w—qzvf cose-mwc)] Gl Jm_sd(cose). (2.53)

It is of course impossible to solve the infinite set of equations (2.51) exactly. Since theoretical estimates™
for the interaction function indicate that it has only a slight angular dependence, it is reasonable to make
the approximation of setting A; =0 for 7 greater than a certain fixed number. By this procedure of trun-
cating the ¢ function after one or two terms, one is able to obtain the dominant terms in 50 the correc-
tion to the free electron expression for the conduct1v1ty tensor. However, the relative 1mportance of the
different terms in §G depends on how they are combined in the final expression. For example, there has
been a great deal of confusion in the interpretation of the experimental results concerning plasma waves
in potassium. If we try to explain the results with Landau-Silin theory, it turns out that A; and A, do not
enter the final dispersion relation, and only for finite values of A, and 4,, etc., does the theory predict
a deviation from the free electron behavior. We shall leave more detailed discussion on plasma wave in
a later section. This serves to illustrate that the proper way of truncating the expansion of &(p,p”)in
Legendre polynomials to get an approximate result really depends on the particular phenomena under
consideration,

We shall now solve (2.51) assuming that A4; =0 for > Ng. In principle, the method is applicable for
arbitrary large value of N,. However, the amount of numerical work required to obtain useful informa-
tion from the final expression will be enormous for large N,, since the number of simultaneous equations
for a given N, will be N2, In most ranges of values of ¢ and w, only terms linear in the A’s are important.
The final expression will then be fairly simple. A further simplification can be noted: either by employ-
ing the equation of continuity or by expanding the distribution function in spherical harmonics and substi-
tuting into the transport equation, it can be shown that

0_g@-1/2 -1_ +1 -1/2 0
I"0 =6 (qva/w)al(l"1 l“1 )+3 (qva/w)alrl . (2.54)
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Except for the case where only A, is retained in the series (2.40), the number of simultaneous equations
can be reduced to N2 - 1 by making use of (2.54). From (2.51), it follows that

’ 7

SSs S N
” ISZ,;KZ, by = OBy =G (2.55)

Here (l' s’) runs through all pairs of values (1,0), (1,1), (1, —=1)**-, etc., except (0,0) and byt ss
=ay;rS5'+8;+S’. The function 67+’ is defined by

sl__ ‘% s0 ’ r _
ﬁl, =6 (qva/w)alalo , for (I’,s")=(1, -1),

NI»—-

o SO for (17,s)=(1,1),

(g UF/w) 110 0, for (I’,s’)=(1,0),

(q v /w)a 1%

N]»—

and Gl/s ! is equal to zero otherwise. We can also represent (2.55) in a simpler matrix form
Dr=C. (2.56)

The elements of the matrix D are

ss' ?
u “ou

7

SS:b

i’ (2.57)

d

4
and T', C stand for the column vectors with I‘ZI " and C;+S as components. The solution to (2.56) can
then b be eas1ly written down as

l"ls=Xls/A, where A=|D|, and XZS=IT)ZSI. (2.58)

In (2.58), ID] is the determinant of the matrix D, and Dls is the matrix obtained by replacing the (,s)th
column of D by the column vector C. For 51mple metals with spherical Fermi surface, the expression
(2.23) and (2. 24) for the current density reduces to the following expressions:

I=(em*p /2m)a, 2, [1'd(coso)f ¥ * (2.59)
. %y 4\2 F‘:i_r‘l, .
and j = anr a, 3 [rl + T ]/z . (2.60)

N
Now it is easy to see that the solution for I';S of (2.58) is always in the form21 I‘ls 1" S-E, and if we

write s —61 ° E the whole system of equations (2.55) still hold with Cl and I’l replaced by El and
I‘l 1t follows that X7 S can also be expressed in the form

x°-X°-% . (2.61)
Combining (2.58), (2.60), (2.61), we finally obtain an expression for the conductivity tensor as
-1_ 1 -1_ 1 X -“l-X 1
Xlx Xlx le le 1z 1z
-1 1 s -1 1 > -1 1 :
(Xlx +X1x )/ (le +X1y )/i (Xlz +Xlz )/ (2.62)

Xlxo/@ leo/ﬁ Xlzo/‘/E
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The form of the conductivity tensor as shown in (2. 62) is complicated because each component (like Xlx'l)
is actually a (N2~ 1)X(N,2 - 1) determinant. It simplifies considerably when we consider the particular
geometry in which ¢, =0. Then we have

ss’

=0

a if (I+s) and (I’ +s’) have different parity;

)

and C s=0, for (I+s) even;

s
Iz ) =0, for (I+s) odd.

Cutx K

It follows readily from (2. 62) that 0, , =0,, =0, and the determinants for determining X,° or X,”! and X}
are separated. When we retain only terms linear in the 4,, we can write

0 0 [ Os =1 1 ' S 1s
X, =-'c’1 -2 61 b, X =-61 -2 ffl by,
(2.63)

= -1 -1 s -1s r_ 8§
X, ==C T -ZTey, T, as1-2ny,

In (2.63), > ! in the equation for ilos" indicates that the summation excludes the term for which I=1,
and s =s,. Cohen, Harrison, and Harrison’s result indicates that in the absence of Fermi-liquid interac-
tions, the magnetoconductivity tensor has the following general property

oxyz‘cyx . (2.64)
It can be shown from the expression (2. 62) or directly from the explicit form (2.30) and the result ob-
tained by Hamilton and McWhorterB that (2.64) st111 hold when we retain 4, only, or when we retain 4,
and A, in the geometry where q is perpendicular to B. We have not been able to give a rigorous proof for
(2. 64) when the complete interaction function is taken into account, However, it is easy to show from
(2. 63) that if only the terms linear in the 4, are kept, (2.64) is still true.

Without actually solving for X ;7! X! and X to obtain an explicit expression for o, we can already
obtain some general properties of 0 in some 11m1t1ng cases. These conclusions are 1ndependent of the
manner in which we truncate the series (2.40). First, we note that at low-frequency and high-impurity
concentration such that w7t <1, (2.52) gives

SI

ss’ A S
a;, _Z}m fd(cosG)(—Al,+1'/Tl )8, 80 9 T st (2.65)
With the aid of the mathematical identities??
=]
Z Jm—st—s'=Gss' ’ (2. 66)
m=—
+1 S S
and f_l d (cos6)6,”(6)6,°(6)=0,,, , (2.67)
ss'
(2. 65) becomes a ll’ ,( A + T/T) (2.68)
Hence it follows from (2.51) and (2. 68) that

Flm=(7/'rl— o) lclm, for m=zor 0.

The conductivity tensor is therefore unchanged from the non-interacting expression? 0 except for a pre-
factor @,/(a,~ 7/7,). Another situation in which the Fermi-liquid effect becomes very smallis when the
following criterion is satisfied

e > |w|, and/or wc>>l<:)l. (2.69)

In this case, we can drop terms of order w/qug or w/w, in (2.52). Then all,ss’ is approximately equal
to —A;6;;764¢+, and it can be seen from (2. 51§?thai I;S is simply - (1/a,)C;°. The factor 1/a, cancels
the factor a, appearing in (2. 62) in the coefficient of "7, and the conductivity tensor then reduces exactly
to the noninteracting expression. It is not difficult to see directly from the transport equation why the
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Fermi-liquid effect disappears from the final result in the above limiting cases. In (2.6), if the time
derivative term —iwf is small compared with the term (7-1+4q*V +3/8s) f, then the function f+ 8¢,
which measures the departure from local equilibrium, obeys the same equation as the function f in the
noninteracting case. Further, the expression for the current density (2. 23) is simply the free electron
expression with f replaced by f +08,. Hence, the conductivity tensor is unaffected by the Fermi-liquid
interaction when w < |3/7 +q * v +wel. It should be emphasized that this is a general result which is
even true for metals with arbitrary Fermi surfaces. We would expect that the region where the Fermi-
liquid effect is most dominant is that where the coefficient preceding f and f + 68, are of the same order,
i.e.,

Pp~w, @~ , and wr>1 (2.170)

The calculation of Platzman and Jacobs?® on the Fermi-liquid effects in cyclotron resonance confirms the
above criterion. These authors found by numerical calculations that considerable change results in the
Doppler shifted cyclotron resonance when

(o.)p/w)vF/c~o.>/o.)c~ 1. 2.71)

In the cyclotron-resonance experiment, the effective value of g inside the metal can be taken approximately
as 1/6 where 0 is the skin depth given?® by 6 =c¢/(27ow)¥2. Since o is of order wpz/w g is then of order
wp/c. Hence, (2.71) is just a special case of the general criterion (2.70).

Finally, we note that at ¢=0, i.e., for a uniform perturbing field, J; (X sinf) is nonvanishing only for
1=0, and (2.52), (2.53) reduces, respectively, to

ss’

@

=[(-Al+Alw/(w_swC)] GZZIGSSI ’ (2-72)

and Cls == f:;l [zE ;s/(w -8 wc)] Gls(e)d(cose) . (2.73)

In writing down (2.72) and (2.73), we have dropped the collision terms for simplicity. IS is obtained by
substituting (2.72) and (2. 73) into (2. 51) and is given by

s s
I"l _—[(w—swc)/(w—alwc)] Cl . (2.74)
It can then be easily seen that the conductivity tensor T in this limit can be obtained by simply replacing

the effective mass m* appearing in o, by m*/a, (both in the prefactor and in w, =eB/m*c). According
to Pines and Nozieres,® m*/a, is just the crystalline mass m, of the electron. '

III. SPIN-INDEPENDENT OSCILLATIONS OF THE ELECTRON LIQUID

A. General Theory

In the preceding section, we have demonstrated how the conductivity tensor T of a metal can be eval-
uated in the Fermi-liquid theory by solving the Landau-Silin equation. The wave number and frequency
dependent spin susceptibility x can be determined by an analogous procedure.2*™2% These two response
functions are characteristic of the system, and they specify completely t_l;e behavior of the system under
the influence of a perturbing field. Once the values of the electric field E(r ) and the magnetic induction
b(r t) are given, the values of the current density j and the magnetization M are umquely determined.
However, the current or the magnetization will in turn influence the field. The fields E and b are coupled
and have to be determined self-consistently from the Maxwell’s equations. In general a propagating field
of the plane wave form exp[z'(a er— wt)] cannot exist in a metal because of the large value of the conductivity.
A propagating field is only possible if some kind of collective oscillations like plasma waves or spin
waves are excited. The investigation of these problems requires the simultaneous study of the kinetic
equation and the Maxwell’s equations. We write the four Maxwell’s equations as®®

VxE==(1/c)ob/0t, (3.1)

-V"E:(), (3.2)
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VeE=4mp (3.3)

-

Vxb=(1/c)0E/ot + (4n/c)] +41V X M. (3.4)

From the solution of kinetic equations, we have the two constitutive equations

*

H (3.5)

-

and® M=a-b . (3.6)

Since we have used a semiclassical transport equation to solve for  and 71', quantum effects such as the
Landau diamagnetism have been neglected. In discussing the electric field excitations, these diamagnetic
terms are certainly small compared with the field b induced by the electric field from (3.1). In the case

of spin wave excitations, we are interested in the pole of the susceptibility. Hence, the Landau diamagnetic
terms can still be neglected even though it is of the same order as that of the spin susceptibility.

Let us investigate the condition for the existence of a self-sustaining field E(q, w) exp[i(d - ¥~ w¢)] in a
metal. The current density induced by such a field is given by (3.5). However, when we substitute (3.6)
and (3.1) into (3.4), we see that there exists another relation between j and E which must also be satisfied
by the actual value of the field and the current existing in the metal. After a little algebraic manipulation,
this relation can be expressed as

-

j=T.-E, 3.7
where T is given by
T=(w/4m) T +(ic/410)(Q -41Q @)* @, (3.8)

in (3.8), T is the identity matrix, and Q is the tensor defined by

[0 —qz 0
Q= ¢, 0 -gq. (3.9)
0 qx 0

In writing (3.9) we have assumed that the wave vector q lies in the y—z plane. Provided we are not near
the pole of the spin susceptibility, elements3! of @ are only of order 10™%, Hence, the matrix T - 47"a
can be simply replaced by the identity matrix T. Then 1",“, reduces to the familiar expression

;2.2 2/.2,2 _ )
(ic2q?/4mw)(w?/c3q 1)6”V+zc quqv/41rw .

The condition for the existence of a self-sustaining propagating field of the form EQw)exp[i(@- T - wt)]
in a metal is equivalent to the condition that E satisfy both (3.7) and (3. 5) simultaneously, i.e.,

|5 -T 1=0. (3.10)

The ratio of the elements of the two matrices oyg /raB is of order wy 2w/c*q?we. When the wavelength of
the disturbance is not excessively small and the frequency is of order w., then the factor Wp 2w/ c2q? W,
much larger than unity. Hence, (4.10) reduces to the simpler equation

17 | =0. (3.11)

The propagation of plasma waves near the fundamental cyclotron resonance in potassium has been studied
recently by Walsh and Platzman, 232 The experiments are carried out in the Azbel-Kaner geometry, with
samples which are thin, plane-parallel slabs. The plasma waves propagate perpendicular to the dc mag-
netic field —l§, and may be polarized either parallel or perpendicular to B. In the former case, 32 the experi-
mental data differs slightly from the prediction of the free electron model, while in the latter, ‘? there ap-
pears to be considerable deviation. Platzman and Walsh attributed the deviation to Fermi-liquid effects,
and present an analysis which involved only the Fermi-liquid interaction coefficients A; and A,. This anal-
ysis contained some numerical errors, and the agreement of theory and experiment was fortuitous. Before
studying this problem in detail, it is worth considering the condition for the self-sustaining magnetization
of the plane wave form. By substituting (3.5) into (3.4) and making use of (3.1), we can obtain a relation
between M and b as
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-

b=0-M, (3.12)

where © is the tensor defined by
0 =(4nc/w)Q [620/w+(w/cﬁ+4ﬂi?/c]"6 . (3.13)

The constitutive equation (3. 6) provides another relation between b and M. The condition that a finite mag-
netization exists in the metal is then

@a-'-91=0, (3.14)

The solution of (3.14) is quite complicated in general. However we see from (3. 13) that the elements of
Q are of order czqzwc/ wpzw . Except near the region of frequency and wavelength such that |7 =0, which
is precisely the condition for the existence of plasma waves, (3.14) reduces to the simpler equation

a-11=0, (3.15)

Taking into account the properties of the spin susceptibility tensor one can show that (3. 15) factorize into
three equations @, "'=0, @_~"'=0, and a;,~'=0, corresponding to two waves circularly polarized in the
plane perpendicular to _1§, and another one polarized parallel to B. Itis important to note that the approxi-
mation of dropping the terms proportional to @ in (3.10) and the terms proportional to £ in (3. 14) corre-
sponds physically to an uncoupling of the plasma waves and spin waves. This will be a good approximation
as long as the two dispersion curves do not cross each other. At the point of crossing of the curves how-
ever, the spin waves and plasma waves will interfere with each other and the resulting dispersion relation
for the waves must be studied through the full equations (3. 10) and (3. 14) instead of the approximate ones
[01=0and I'@~!1=0. Either from (3.8) and (3.13) or from the Maxwell’s equations directly, it is clear
that spin wave polarized parellel to B can only interact with plasma wave polarized perpendicular to B and
vice versa.

We have seen that the dispersion relation for the plasma waves in a metal can be readily obtained by
putting ['1=0. However, this method of studying the collective oscillations proves to be very inconvenient
for the following reasons. First, when we want to retain terms in the expansion of ¢(,d’) that are propor-
tional to A, for n> 2, there exist more than one solution in the neighborhood of every integral multiple of
we. It is not easy to see which particular mode corresponds to the experimentally observed one and to
understand the physical difference between the different modes. Secondly, if it is assumed that A, =0
for n> 2, then whatever the geometry is, A, and A, always drop out of the final dispersion relation. In
the geometry with q,= 0, a factorization always seems to result when we form the combination o xx0yy
— 0 xy0Oyx. It is important to ascertain whether these results are just accidental, or really a general
feature independent of the manner in which we truncate the interaction functions. All these questions are
difficult to answer from a study of the equations (3.11) and (3. 15). In this section we present® a different
method for studying the plasma waves. This method is completely equivalent to that presented at the be-
ginning of this section, but it provides the result in a more interpretable way. Instead of calculating the
conductivity tensor from the transport equation, we use the Maxwell’s equations to relate the electric field
to the charge and current densities. We then express these in terms of the distribution function £ (8, ¢).
The kinetic equation then becomes a homogeneous integral equation for the function £ (0, ¢). If we then use
the technique developed in Sec. II, this integral equation can be converted into a set of homogeneous simul-
taneous linear equations. The condition for f (6, ¢) to be finite, or equivalently the condition for the exis-
tence of a self-sustaining electric field, can then be obtained by setting the determinant of the coefficient
matrix equal to zero. This method is very similar to that first introduced by Silin'® in his classic paper on
the oscillations of a degenerate electron fluid in the presence of a dc magnetic field. However, Silin did
not go into a detailed study and has only obtained the result that for n> [m]>1, the eigenfrequencies of the
systemarew=mw (1 +A )+ O(g?). Recently, Mermin, and Cheng?®® have extended Silin’s analysis to shorter
wavelengths by evaluating the term of order ¢? for propagation perpendicular to the dc magnetic field. In
their theory, the -V term in the kinetic equation is regarded as a small perturbation and hence it cannot
be extended to shorter wavelength region such that qzrcz is larger than a particular value of A;,;. We shall
be able to obtain a result which reduces to that of Silin in the long wavelength limit, but is moreover valid
for arbitrary wavelength, provided of course that the condition for the validity of Fermi liquid theory,
namely quF< i, is still satisfied.
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B. Propagation Perpendicular to the dc Magnetic Field

From Maxwell’s equations and the magnetic constitutive equation, the electric field is related to the cur-
rent density by the equation
BT (3.16)
Here I is the tensor defined in (3.7). When the term proportional to @ is dropped in (3.8), the inverse of
T can easily be obtained as

w-2 0 0
T 4’;“’ 0 (- i) 0 . (3.17)
0 0 (wz - Czqz)-x

For simplicity in discussion, we have taken q to be in the x direction. Making use of (3.16), together
with the expression for the current density (2.59), we can write the kinetic equation (2.50) in the form

fm = [%(wpzozl/wz)w/(w - mwc) + %Almwc/(w - mwc)] (Jm . 191_ 1_ g _ 1911)611
+[- (i/Z)[wpzal/(wz - e/ w-mo )+ 2ame fw-mo)l 6" g 6 he
+{[wp2a1/(w2 - czqz)]w/(w - mwc)+ %Almwc/(w - mwc)}Jmeloclo
4 w_%_ [(%)m qz:F ay,,61 < 112>”2 : :F 61 1] +oo (-1 *ZTC:?J)
c sl c
xAlGlselst e (3.18)

In writing down (3.18), we have made use of the equation of continuity (2.54) to eliminate G,°. The sum
over [ runs through all integral values starting from /=2. The G;¥ are defined in the following manner:

Gls zrls =" 1/Zfls =me_“ Ols(e)fm(B)Jm _ [&sin0)d(cose),

for (I,s)#(1,1) or (1, — 1), while

1_ +1 -1 _p1 -7 -l_71 1!
Gi=L, ), dleos), ™, 4 =6y0 W T =T

-1_ +1 1 -1 -1
_Z,mf_l d(cose)(e1 g _1*9 Jm+1)f +r1 . (3.19)

We have repeatedly emphasized that in the region of frequency and wavelength under consideration, terms
of order (w?s/c?¢?) (w/wc) is much larger than unity. It is then obvious from (3.18) that in the coefficient
G, G, a.nd G,° all terms involving A, and A, can be dropped with no appreciable error. This explains
why A, and A, do not enter the final dlspersmn relat1on for the plasma waves. The approx1matlon ma.de
here is equivalent to that of dropping the term T compared with O in the dispersion relation |G - Ti=
The difference in form arises because we are working here with the scalar distribution directly 1nstead
of the electric field vector. Multiplying (3.18) by 6;5(6)J,, — (X sinf), summing over m and integrating
over d(cosf) gives an infinite set of homogeneous simultaneous equations for the functions G;S. The con-
dition that a non-zero distribution exists is obtained by setting the determinant of the coefficient matrix
equal to zero. We find it most convenient to write the infinite determinantal equation as

mm mm
@ -5nn, =0, (3.20)
mm’ mm'’ wAn,~ +1 m, m’
where for n',n#1, a _, =—A 5 , +22——— ["ld(cos8) "0 " J Io_ (3.21)

nn n nn sw—swc -1 n n S=m S§-—
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’ ? ’
for n’=1, n#1, a " -T——A" [*talcosol " 6 "'J _ (Xsino), (3.22)
nl w=-sw, 1 Y s n Ss=m
_ , mm'_ _ +1 m' m .
for n=1, n'#1, ay _§An,< 14— ch>f dlcoso)y [ u "y _ . ,(Xsind) (3.23)
e mm’_ w m’ +1 m m'
and for n=n'=1, a _§_——w—swc A f_l d(cose)us ug (3.24)

In these equations, we have introduced

1_ i -1_ i 1 -1_ i -1 3 1 o_ 3 0
ul=d  (Ksing)o, " -J . (Ksin)o tu t=d Xsin0)0 "+, (Xsing)d,’,u =J (Xsin)e°,(3.25)

and Al1 = %wpzal/w"’, Al" =— %icupzozl(w2 -cEP), A1 = wpzal/(w - c2gP).
We have assumed the condition w7;>>1 for all / and dropped the collision terms. This is just for the sake
of brevity in writing. In any case, our discussion in Sec. II indicates that this is the region where Fermi
liquid effects become appreciable. Hence, experimental investigation of plasma waves should be per-
formed in the region wT;>1, ,

In the geometry under consideration with d perpendicular to B, it is not difficult to see that a,,, ’"*""
vanishes if (z —m) is of different parity from (z’~m’). Thus the secular equation reduces to one for odd
(n —m) and one for even (n—m). They contain modes polarized perpendicular and parallel to B respec-
tively. Before going to a detailed study of the solutions of equations (3.20), it is interesting to demonstrate
that a similar infinite determinantal equation can be obtained by starting from the kinetic equation (2.3)
and expanding the distribution function f directly in terms of the spherical harmonics. When this is done,
an infinite set of equation results in the form34

ml 2 22,-~-1, 2 mO 2

{w- otnmwc—(él +6, _1)[w_2—(w -c“q%) ]wp aw=5 oz/(w -

m m—1 m=-=1 [m m+1 m+1
~ % - 1( ’ n—1>fn—1 +<nlq. 'n—1>fn—1 >

<< g7 f m—l m g7 m+1 m+ 1
%+ 1 | n+1 ' n+1 n+1 )

2 -2 2 2 2-1 ml, -1 m=-1,1
+wp al[w +(w -C q ) ](5721 fl +5n1 fl ):O_ (3.26)

2 2)}fn

<i
<¢

If we proceed as before and set the determinant of the coefficient matrix equal to zero, we obtain again
two secular equations, one for n—m odd and one for n—m even. Except for =1 or 2, a typical block in
the determinant would appear as

w—an__l(m—l)wc 0 <n—1 F‘:‘> 0 0

0 w—an_l(m+l)wc <’:iil<’i?,7:> 0 0
GlEelnmy GIEvli) emamee GlEvil) Gladfiy |-

0 0 7::; EV":> w—an+1(m-1)wc 0

0 0 <;ZH**> 0 0= o] (g
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The block for =1, m=1,0, etc., is similar with extra terms proportional to wp2 in both the diagonal and
the off-diagonal terms. It can be easily seen this method is exactly equivalent to that of Mermin and
Cheng’s perturbation theory. The form of (3.27) reminds one of the usual eigenvalue equation |Hy+H'~1|
=0 in the representation with the eigenstates of H,, i.e., ¥,,/, as the basis. H'is just the perturbation
q+V. For n>1, the eigenvalue of the system is

W, = me ynmX 2 (3.28)

while for n=1, w =W+ o(g?). (3.29)
The modes with z=1 are just the “ordinary” plasmons discussed by many authors before.” The coeffi-
cient of X2 in (3.29) cannot be taken too seriously because for metals, wp is comparable with the Fermi
energy and the validity of the Fermi-liquid theory is then doubtful. The coefficient y4,,, can be obtained
by using standard second-order perturbation theory as done by Mermin and Cheng.

We now go back to (3.20) and show that we can obtain the result (3.28) and an explicit expression for ¥y,
as well. In addition, the result is valid for arbitrary value of g7»,. The method is particularly simple
when we can approximate the interaction function ¢(®,7") by a finite number of terms in its expansion in
Legendre polynomials. In that case, (3.20) reduces to a finite size determinantal equation. First, we
note that whenever w is not exactly an integral multiple of w., the diagonal element in the matrix a,,, "

’ .
= By 1M s

@ "™ _1=(a mw -w)/-mo )+o(x?), (3.30)
nn n ¢ c
when we are considering the (z,m) mode corresponding to that given by (3.28), then the diagonal element
@y — 1 as given by (3.30) is of order X2, In order to get the dispersion relation correct to order X2,
we need only retain the term independent of X in all diagonal elements and the terms proportional to X in
the (z,m)th column and row, %,,, is then easily evaluated as

A a mw < |sm > mo o Z A <m’}sin9[m>|2 (3.31)

L 2(m2A 2_ nm! (ma —m')(ma —ma )
’

where the sum on #’, m’ includes the terms m’=m +1, n’=n+1 only. For n=2, the terms involving
A, ~ 1 must be replaced by

a,w
(0 sinf 1\ |2 for m=1, and by 1 2e it sinf 2\ |2 for m=2,
2 \1 2 43a,-1|\1 2
7 7
In these equations <Zn |sin0[;n, >= f_t‘ d(cose)gnmenlm sing | 3.32)

It should be emphasized that the relation w,,,,, = a,mw +¥y,,X? is only valid in the region vy, X2 <<mAuw,
since we have treated quantities like X?/(w —mw,) as of order X2 in arriving at (3.31). The result here
is equivalent to that of Mermin and Cheng. The first point to be noted from (3. 31) is that except for n=2,
Ynm Vanishes when all 4, are put to zero. This indicates that at least in the long wavelength limit, Fermi-
liquid interaction does introduce drastic changes in the propagation of wave in simple metals because the
dispersion relation becomes quadratic in powers of X when the 4, are finite, instead of quartic or higher
powers of X in the absence of electron correlations. Secondly, the question arises as to how each mode
is related to the plasma waves observed experimentally, To answer this question, it is easier to look at
(3.26). The modes with #n=1 are clearly the transverse or longitudinal plasmons, and we shall not dis-
cuss them further. For »>2, inthe (z,m) mode, w tends to a,mw, as X tends to zero, and only fnm can
remain finite, all other spherical-harmonic components of the distribution function goes to zero as dif-
ferent powers of X. In particular, the components f*, f,”*,f,° and hence the electric field associated with
them all tend to zero in the infinite wavelength limit for all modes with =2, The plasma waves observed
by Platzman and Walsh are predominantly zero sound waves. Equation (3.26) also indicates that if fnm
independent of X, f,”* varies with X as

lax™"1 (3.33)
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Hence, the electric field associated with the oscillations is strongest in the (2,1) mode, If we are con-
sidering the plasma waves 1_9 the neighborhood of w=w,, then the mode easiest to excite is the (2,1) mode
for polarization parallel to B and (3, 1) mode for the perpendicular polarization. For propagation near the
higher harmonics w =mw, With m >1, it is readily seen that the electric field is strongest in the (n,m)
mode for whichz=|m|or n=|m|+1 in the perpendicular and parallel polarization, respectively. Hence,
as X tends to zero, the plasma wave frequency tends to m(1+A m|)“’c or m(1+A|,,|, 1)w, depending on
the polarization. This fact enables us to determine, in princip{e at least, the Fermi-liquid interaction
coefficients A, for n>1. An alternative method of obtaining values of the interaction coefficients 4, is

to study the coefficient of X2 term in the dispersion relation of the plasma wave in the mth harmonic.

This furnishes information concerning 4,,, A, _ 1, andA,, ;. Except for the (2,1) mode, the Fermi
liquid effects reveal themselves eminently since the coefficients of X2 vanish in the absence of correla-
tions. If we are able to study experimentally plasma waves with w ~w, and w~ 3w, for the perpendicular
polarization and w~ 2w, for the parallel case in the long wavelength limit, A,, A;, and A, can then be de-
termined. Let us illustrate here, for example, the dispersion relation for the (3,1) mode and the (2,1)
mode to terms of order X?. These results are obtained by evaluating v,,,, from (3.31). For the (2,1)
mode, we have

= - 2(L 24 13
Woq wc(1+A2) w X (10+7A2 BA4s), (3.34)
while for the (3,1) mode,
= - 2(_ 1 24 1
Wgy wc(1+A3) wCX( 10A2+15A3 6A‘]:). (3.35)

In writing down (3.34) and (3.35), we have only kept terms linear in the 4,,.

We now study the validity of the model in which we truncate the series (2.40) in an arbitrary manner.
If the interaction coefficients A, decrease rapidly with increasing », naturally we would expect that re-
taining only a few terms in the expansion should be sufficient. This may lead to erroneous conclusions
in some circumstances. For example, in the extreme case when the Fermi-liquid interaction is com-
pletely neglected, all different modes with the same value of 7 starts at the frequency w=w,, in the
infinite wavelength limit., Using degenerate perturbation theory, Mermin and Cheng have shown that each
of these modes then has a dispersion relation as w,,, =mwc+X2 n-1) It we study the plasma wave
through (3. 20) in this limit, the dispersion relation becomes

a,*=0, (3.36)
and aunau_l_l"au-naul_l:o, (3‘37)

for the two polarizations, respectively. These are identical to the equations 0,,°=0 and oxx°0yy°+0xz®
=0, where 0° is the conductivity tensor for the noninteracting electron gas. The solutionsof (3.36) and
(3.37), however, contain only one branch near every harmonics and many modes have apparently disap-
peared. The reason for this can be seen from the expression (3. 24) for @,,°°, which is

00 _ 0 _ +1 2 .
a ®=A Zs [0/~ sw )] f.1 d (cos)J *(Xsiné). (3.38)
The factor w — sw,, in the denominator originates from the process of dividing through the kinetic equation
by this term. For the (/,s) mode in the long-wavelength limit, w — sw , varies with x20-1 , whereas the
numerator for this term varies as X2/S| for x«1, Hence, the solution of (3.36) in the neighborhood of
w~Ssw, and X <1 is only valid if the following inequality is satisfied

20-1)<2]s], (3.39)
s, being the azimuthal index, always satisfy the relation
Isi<l. (3.40)

It follows from (3.39) and (3.40) then that for each given value of s, the solution of (3.36) correspond to
the mode (|sl+1,s). We have already seen that this is exactly the mode which is easiest to excite for w
near sw,. A similar argument holds for the other polarization, and the mode determinfd from (3.37) in
the neighborhood of w~sw, is the (Is1,s) mode. When we truncate the series for ¢(p,p’) at successively
larger values of #, more and more modes will appear. In general, to study a particular (z,m) mode, it
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is clear from the above discussion that all A, should be retained up to #’=#+1 in the long-wavelength
limit. As X increases, more and more modes will be mixed and the full determinantal equation (3. 20)
has to be solved. An exact solution with all the A,, finite would be extremely complicated and impractical.
A considerable simplification results when only terms linear in the 4, are kept in (3.2). This can be
easily seen to be a good approximation when the following inequality is satisfied:

w A <Kw-sw _, (3.41)
cn c

for all allowed integer values of # and s, The form of the dispersion relation (3.34) and (3. 35) suggests
that, in general, (3.41) would be satisfied for values of X greater than unity. With this linearization,
(3.20) becomes

a1100<1— = anmm>+ > a, e ™0, (3.42)
n,\ml<n n,Iml<n

for polarization parallel to the dc field, and

mm 11 m=-1 ~1m ~-1-1 ml 1m
Ko <1' Zoa, ) *ag . Loa, ey, ey 2 oa, ey,
n,m n,m n,m

a =0. (3.43)

1-1 ml
-a Z>anl @ 1 1n

-1m -11 m -1 1m
11 —ay Zoa,

1n
n,m n,m

In these equations the summations are performed over all #>1 and all m such that |m|<#; in addition
n —m must be odd in (3.42) and even in (3.43). The function K, is equal to a,,'a,,"*"! — a,,""a,'"!.

We now examine the dispersion relation in the short-wavelength limit but with values of X such that
the criterion qvyf < € is still satisfied. The asymptotic form of the Bessel function is®®

Jl(X siné) = (2/X sinb)Y? cos(X sinb~ sIlr-37) for X>1. (3.44)
Making use of (3.44), a general matrix element appearing in (3. 20) can be written as
mm’ mm’ mm’ mm'’ ,
a . = —An, 6nn' +(a/xX )An, Rnn' cotma + (a/X)Ansnn' cscma forn'# 1, (3.45)
. m0 _(0 m0 m0
while a, _<1>[(a/X )Rnl cotma + (/X )Sn1 cscma) . (3.46)

In (3.45) and (3.46) a=w/w,, and we have made use of the identities®

&S 1
27 . = Tcotma , (3.47)
S==—
0 (_ 1)S
and 2 -a’_—s—— = mcscena , (3. 48)
S==0

which is valid for a not equal to any integral value. The functions R and S appearing in (3.45) and (3. 46)
are defined as

4 4

mm T m, m
R = fo 6, 6, cost(m +m’)mdo , (3.49)
mm’ T m, m’ .
and Snn' = fo Gn en, cos[2X sinf+3 (m +m'-1)1] d6 . (3.50)

Substituting (3.45) and (3.46) into (3.42), multiplying®” through by sin?ra  (x/a) gives the following ex-
pression for the dispersion relation
mm
)

00 00 mm
(1 +Z}nA")(cos1m +S11 )= (a/X)(cosma +S11 )(ZnAann cosma +EnAnsmz
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m0,2 2 m0,2 m0_., m0
+(a/X)[En’m(Rn1 )"4, cos 1ra+2n,mAn(Sn1 )+22n’mAan1 S, cosmal=0. (3.51)

If we put all 4, equal to zero in (3.51), the solution corresponds to that of a free electron gas. It is
a=+7"'cos [~ S,,%x)] +2m , (3.52)

with 7 being any integral value, and cos™*[-S ,,°°] is the principal branch of inverse cosine such that
0<cos™![-S,®]<3m, if —S5,°20; and 3rscos™![-S,%]<m, if -5,°<0.

There are an infinite number of branches corresponding to values of m =0, x1+++, etc., in (3.37) with
the plus or minus sign before cos™![-S,,%]. Since R,;,""" and S,,,”"”" are at most of order unity, it can
be seen from the form of (3. 51) that unlike the situation at the long-wavelength limit, the inclusion of all
or a finite number of An would only introduce a small correction for all branches. To terms linear in
the A,, (3.52) can be written

a=+m 1cos-l(-S

1100)+2m+Am(i), (3.53)

Am(*) is a small quantity depending on the parameters A, and vanishes in the absence of electron cor-

relation. To terms linear in Am(i , (3.53) can be written as

00 () 00,2
[ )]

= - A
cosma S11 F m

1
2

1- (S11 (3.54)

Substitution of (3.54) into (3. 36) then gives the expression for A,,,E*) as

a ®W_x- 1[1r- 1cos™ 1(- 81100

m ) +2m]

m’0,2 00,2 m’0,2 m’0 m’0, 00
x( ,E ,An'(Rn'l ) (sll )+ ; , An'(sn'l ) -2 ,E ,An'Rn'l Sn’l Sll )

n'm n'm n'm
(3.55)

The summation in (3. 55) is carried out over all integral values of »’ and m’ such that n’'>2, |m’|<n’,
In addition, #’ +m’ must be odd.

We have discussed in the above paragraph the modes of oscillation of an electron gas both in the long
wavelength limit and the short-wavelength limit. In the intermediate wavelength region where X=1, an
analytic solution of (3.42) or (3.43) is difficult to obtain, and a detailed study must rely on numerical
method. We present here a numerical study® of (3.42) retaining only A, in the expansion series of
d)(ﬁ,ﬁ ’). It is clear from the above discussion that the solution near w=w c in this model corresponds
to the (2, 1) mode which is precisely the one observed experimentally.’* As can be seen from (3.34), A,
only introduces a small correction in the coefficients of X2, The dominant term which shows the Fermi-
liquid effect in this mode is the factor (1 +A2)o.'>c. Hence, the procedure of fitting the theoretical curve to
the experimentally observed one should give a good estimate of the magnitude of 4,. At larger values of
X, our discussion in Sec. II shows that Fermi-liquid effects start to disappear and the resulting dispersion
curves should be close to the one for a free electron gas. All these points are clearly borne out in our
calculation. When 4, =0 for »>2, the dispersion relation (3.42) can be written in the form

X2L(1+24,-18A402M)+5A4,[(8a?L - 1)? +(3aL’)?] =0, (3.56)
? d 1
— — -1 2 2)-
where L’=8L/8X, L_mfz‘o (1+6m0) Sm(a -m2)~t (3.57)
o0
and M= 2 (148, )MT 4T )@ -m?) (3.58)

m=0

In (3.57) and (3.58)
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S :f“d(cosa)coszeJ %(X sing), T :fﬂ d (cos8) sin®6 cos?6J 2(X sin6) (3.59)
m U-1 m o m -1 m : :

In Fig. 1 we display the experimental data of Walsh and Platzman®? together with the solution of (3. 56) in
the neighborhood of w~w, for A,=~0.026, —0.036 and zero. A choice of — 0.026 for the value of the
parameter A, gives a theoretical curve which fits very well with the experimental in the long-wavelength
region X<2, As X increases, the experimental points begin to fall on the free-electron curve as expec-
ted. The slight deviation of the theoretical curve with A,=- 0.026 from the experimental one can be
attributed to the omission of all the terms proportional to A, for »>2 in (3.42), For the other polariza-
tion perpendicular to B, plasma waves near w =w, has also been observed experimentally,.® This cor-
responds to the (3,1) mode in the long-wavelength limit. However, owing to a wrong assignment of the ¢
values, the first published data was erroneous.3® Recently, Walsh®® informed us that a reassignment of
the g values for the experimental points would yield a dispersion curve very close to the free-electron
curve for X> 1. For X<1, there are derivations from the noninteracting picture. This is precisely the
kind of qualitative picture that we have obtained. For small values of X, our theory predicts a X2 depen-
dence with a coefficient depending on A,, A, and A,. Detailed comparison between theory and experiment
has yet to wait until further experimental results are obtained.

FIG. 1. Plot of wc/w verses ¢,Vp/w for plasma waves
polarized parallel to the dc magnetic field. The open and
solid circles represent the experimental minima and
maxima respectively of the derivative with respect to B
of the power absorbed.® The three curves are results
of the present calculation for values of A, of zero, -0.026,
and -0.036, going from left to right.

C. Propagation Parallel to the dc Magnetic Field
When the wave vector ¢ of the plasma wave is not exactly perpendicular to the dc field, modes with even

n-m and odd n-m are mixed and the situation is more complicated. The extreme case where ¢ is parallel
to B is rather interesting. In the collisionless limit, the kinetic equation then becomes

=g -mw)f, ©)-ieE. 7 (0)- (a0, o) Z?rnl Jrae," @6 "), (6")d(cose) =0 (3.60)

In (3. 60), f,, and V,, are just the usual Fourier components defined by

o0 0
ime - - img
f= 2 fe ", Y= 2 Ve (3.61)
m:-ocm m:-oom
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Since ‘7m has nonvanishing value only for » equal to zero or +1, all the Fourier components with |m|> 1
are completely decoupled from the electric field. Moreover, Fourier components with different values of
m are independent of each other. Each of them obeys an integral equation

w-q0 -mo)f (0)-(qv, +m ) 2 fA 9 ©)6 " (6 7, (6")d(cosb’) =0, (3.62)
n>|ml

for Im|>1. These equations can be studied by the same technique as described for the other geometry. .
For |m| > 1, the oscillations correspond to pure zero sound modes — the Fermi surface of the metal
undergoes a periodic distortion without inducing any electric field, current density or charge density.
The modes with |m | =1 are the plasma waves. As before, those modes with# =1 are just the ordinary
plasmons and we shall not discuss them _any further. To obtain the dispersion relation of all the other
modes, we can first express the term iB. ¥ in terms of the distribution as

- 5

ieE~v_ =0 6 mf_jl d(cosb) elm(e)fm(e) , (3.63)

m- m 1

= 2 2 2,2 — — 2 -
where ém_wpw/(w -c%q?), form==x1, andém_wp/w, for m =0.

Substituting (3. 63) into (3. 60), multiplying by 6, and integrating over d(cosf) gives a system of equa-
tions

(a
n'zlml

(m)
—6 ,)un’ =0 . (3.64)

nn' nn

In (3. 64), un(m) is similar to the I}, defined previously except that  is fixed in the present case, i.e.,

(m) +1 m
u, = f_1 d(cos®)8 " f (3. 65)
and a (M)=f+1 d(cos8)e ™a A (v +mw)/(w-qv -mw ), forn'>1
nn’ -1 n n' “n'zz c zz c” ’ (3.66)
+1 Mo My - -1
while a (m):f d(cose)en oy (w 1,7, m“’c) 6, - (3.67)
nl -1
The dispersion relations of the various modes are then the solution of the determinantal equation
la "™ 5 ,|-0. (3.68)
nn nn

In the long-wavelength limit, we can again distinguish various modes with different values of » and m.
The dispersion relation for the (z,7) mode to order Z2 is

w  =a mw_ +Z% an<7:|coszel?z> A”—1Z2<7:|coselnin1>2an2+An 1 < Icos9| +1>2 :

+
nm n C c mAn mAn(An_An—l) n(An—An+l)

,(3.69)

forn>|ml| =1, andn>2. Forn=I|ml, the term proportional to A, _ 1 should be set to zero. Among
the plasma wave modes, the (2, 1) mode is most strongly coupled to the electric field and corresponds to
that which would be observed experimentally. Its dispersion relation in the long-wavelength limit is given
by

w=(1+4,)w, +35 agaqw (Ay-Ag)712% . (3.70)

3)
This expression is valid in the region Z2< | A,-A,1(354,/8) and Z <A,. Because of the restriction Z<A4,,

(3.70) is only valid over a rather small range of values of wavelength. The general dispersion relation
for the plasma wave can be written as
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(1+4,)], -2 Al I,(1 - a)/X -1 Ajal,2=0 . (3.71)
Here I,=2(1-a)/Z?+[1/Z-(1-a)?/Z%]In[(1-a+2)/(1-a-2)] , (3.72)
Iz=3;4Z— 2(12—3 a)2+ [(12;1)3— (lgza) :Iln[(l -a+2)/(1-a-2)]. (3.73)

In these equations, Z=q,v /wc, and a=w/w ¢+ Equation (3.71) can be solved by numerical methods. As
the wavelength decreases,” we will arrive at a point such that g vy> lw—-wel. Then there exists a value of
6 for which g ,v cosf is equal to w - w,, and the waves are severely damped by those electrons traveling

in phase with the wave. Owing to this Landau damping in this geometry, plasma waves cannot be observed
experimentally beyond a critical value of ¢ determined by the solution of (3.71).

IV. SUMMARY

We have presented a rather general method of
evaluating the electrical conductivity tensor of a
degenerate electron liquid in the presence of a dc
magnetic field. The results are valid for arbitrar-
ily short wavelengths, provided only that the con-
dition ¢ <kp is satisfied. The method of solution
is demonstrated quite simply by the case in which
the interaction function ¢(p, p’) can be approxi-
mated by a constant. This case is studied for a
Fermi surface of arbitrary shape, and the results
may be a useful first approximation for studying
some effects in materials with complicated Fermi
surfaces. For a more general interaction function
we limit our consideration to a spherical Fermi
surface. The expression for the conductivity in-
volves the solutions of an infinite matrix equation.
Only for the case in which the interaction function
is approximated by a finite number of terms in
the expansion in Legendre polynomials, can nu-
merical results be obtained. We have evaluated
the conductivity for the case in which the first
three terms in the expansion are nonzero.

The self-sustaining oscillations of the electron
liquid are obtained by making the constitutive
equations (the solutions of the kinetic equations)
consistent with Maxwell’s equations. Except in
the vicinity of the crossing points of the disper-
sion relations, plasma waves and spin waves are
independent to a very high degree of approxima-
tion. Then, the dispersion relations are given by
(3.11) and (8.15). These equations are rather
cumbersome to use because they require the com-
plete solutions of the kinetic equations. For the
study of plasma wave propagation, we find it
simpler to use Maxwell’s equations from the
start. We use them to express the electric field

E in terms of the current density i and then write
f in terms of an integral over the distribution
function. This procedure reduces the kinetic
equation for the spin independent oscillation to a
homogeneous integral equation. The solutions are
determined by setting an infinite determinant
equal to zero. We have explicitly evaluated the
long-wavelength limit for propagation perpendic-
ular to and parallel to the dc magnetic field. We
have also studied the short wavelength limit
(e.g., g7,>1) and found that Fermi-liquid cor-
rections to the free-electron model are small.
The intermediate wavelengths can be studied by
approximating the interaction function by a finite
number of terms in its expansion, and investigat-
ing numerically the solutions of the resulting
finite sized determinantal equation.

In principle the slopes and intercepts of the
plasma wave modes in the long wavelength limit
contain more than enough information for the ac-
curate determination of m*, and of all the A,
coefficients except A; and A;. There is need how-
ever of considerably more experimental data than
is available in the literature at present. In fact,
our estimate of A,~-0.026 cannot be taken too
seriously because the cyclotron effective mass is
not known with sufficient accuracy. This em-
phasizes the need for more and better experimen-
tal data.
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