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It is shown that the supplementary condition in quantum electrodynamics with an indefinite metric is

covariant as well as consistent.

INTRODUCTION

N order to overcome well-known difficulties in the
quantization of the electromagnetic field, the
author! proposed a formulation of quantum electro-
dynamics in which an indefinite metric space was used
for the photon states instead of the usual Hilbert space.
Moreover, a supplementary condition was imposed on
the physical states to ensure that the states of negative
norm remain unobservable.

Recently, Haller and Landovitz? have drawn atten-
tion to some confusion regarding the supplementary
condition and discussed its formulation in the presence
of interaction. We shall, however, show that our original
paper already gives the correct form of the supple-
mentary condition, which fully satisfies the require-
ments of covariance and consistency both in the
Heisenberg and in the interaction picture.

HEISENBERG PICTURE

The supplementary condition in the Heisenberg
picture is given by!
¢y

2

where the superscript 4 denotes the positive-frequency
part.’ Since

QHr=0,
with
Q=0,4,,

D2Q=6,‘([]2AM)=~0“16,,]',‘=0,
it is clearly possible to split @ into the positive- and
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3 Supplementary condition (9,4 ,)"¥ =0 should not be confused
with 9,4, =0, which holds only in the absence of interaction.
This confusion is presumably responsible for the difficulties
discussed in Ref. 2.

180

negative-frequency parts in a Lorentz covariant manner,
and thus
0%+ =0, @)

We can expand @F in powers of ¢ for arbitrary values
of the space coordinates as

O%=0.

2
Qt= [Q+]t=0+t[ﬂ"+/]t=0+;[9“+//]t=0
: s
+§—'I:Qu+m]t=o+ e, (@)

where a prime denotes differentiation with respect to ¢.
Since we can convert [Q,%" Jimo, [@u*"" Jimo, - into
space derivatives of [t ];—o and [t"J;—¢ by means of
the relation Q' =¢29Qt, it follows that if
Q=0 and QY¥=0 at =0, (5)
then
Q=0

for all values of /. This proves the consistency of the
supplementary condition.

INTERACTION PICTURE

The appearance of the positive-frequency part in the
supplementary condition (1) complicates its trans-
formation to the interaction picture. However, we
observe that the supplementary condition in the inter-
action picture should satisfy the following requirements:
(a) In the absence of interaction it should be equivalent
to the supplementary condition in the Heisenberg
picture. (b) It should be consistent with the equation
of motion of the state vector in the interaction picture,

av () 1
ih——=0e()¥ (1), e(t)=—- f A,(x)jy()dr.  (6)
dt c
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We shall now show that the appropriate supple-
mentary condition in the interaction picture is given
by*

@ (x)¥ (1) =0, ™
with

1
Q@)= 0,4, 0) — f LD (6—a) jo() Joedr (8)

In the absence of interaction, the condition (7) is, of
course, equivalent to (1), and it only remains to be
shown that (7) satisfies the consistency requirement.
This can be established most conveniently by showing
that (7) is compatible with the relations, which can
be obtained by repeatedly differentiating it with respect
to ¢ and using the equation of motion (6).

By differentiating (7) with respect to x, and using
(6), we obtain

{002+ (%) — (/)2 (x)3C (1)} (1) =0,
which can be expressed, with the help of (7), as
{062F (%) — (i/ch)[QF (x), OB H=0.  (9)
But, according to (8),

1
802+ () = 303, () —— / DH0)dujole' )7
C

1
=000,4 ;7 (x) —— /[D+(x——x’)ao'jo(x')]y=,dr’,
c

which gives, on putting 9¢’jo(*")=—9/7:(x") and
dropping the volume integral of a divergence term,

Ao+ () =399, 4 ()
1 ‘
- / [{0/ Dt (x—a")} ji(2") Jvr—edr’
c
= 000,44+ ()
1
+- /[{ :Dt(x—x")} ji(x) o —dr’. (10)
¢

4 Transformation of the author’s supplementary condition to
the interaction picture was carried out by K. Bleuler, Helv. Phys.
Acta 23, 567 (1950). We shall, however, avoid his use of multiple
time by treating Q% as a function of a single time variable.
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Moreover, in view of

L5 (@), 50 (@) Jo—e= €[ () v (")
— Y (@ )y (%) Jr=id (1),

we have
[2F(%),5¢(1)]

(8,4, @50

- / [{0.D+ (=)} (&) Jumids’. (1)
Substitution of (10) and (11) into (9) yields
(303u/1u+(x)—% | CtoD* =)o) -t

X¥()=0. (12)

By differentiating (12) with respect to % and using
(6), we obtain, by repeating the above procedure,

(a(eaﬂAﬁ(x)—% [ [{a02D+<x—xf)}jo(x'>3y=tdr')

X¥(#)=0, (13)
and, in view of
O24,+(x)=0, O2D*(x—a)=0, (14)
we can express (13) as
At (x)¥ (1) ]=0, (15)

which is evidently compatible with (7).

It further follows that all the relations obtained. by
repeated applications of the above procedure are
equivalent to those obtained from (7) or (12) by
repeated applications of 9.



