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Tree fields of massless particles transforming covariantly under the Poincaré group are constructed. The
allowed infinite- and finite-dimensional representations of the Lorentz group are obtained. The wave func-
tions are calculated in these represéntations in various bases. The commutation rules are computed, and
turn out to be nonlocal for any infinite-dimensional fields. The transformation law of a certain irreducible
infinite-dimensional representation is shown to coincide, for its lowest-spin component, with the usual,
radiation-gauge, vector-potential transformation law, as already discovered by Bender.

I. INTRODUCTION

HIS paper is devoted to a general treatment of
free zero-mass fields, transforming covariantly
under the Poincaré group. The requirement of covari-
ance is shown to impose restrictions on the transforma-
tion law for a free massless field. For a field trans-
forming according to an allowed representation we
construct the wave functions in various bases and study
their properties. We also compute the explicit expres-
sion for a commutator or anticommutator of two
fields. It follows that locality can be obtained only in
the finite-dimensional case, and here only with the usual
connection between spin and statistics. It is also de-
monstrated that in the spherical jo basis, the 741 com-
ponents of the field in momentum space can be ex-
pressed in terms of the jth with coefficients linear in the
components of the unit vector p=p|p| along the
three-momentum p. This implies that the result of a
Lorentz transformation on a j component can be ex-
pressed in terms of the jth components itself. In particu-
lar, an infinitesimal Lorentz transformation can be so
expressed, with coefficients linear in $;. As a special
case, the transformation laws of the j=1 components
for helicity =-1 fields in special representations turn out
to be those of the free electromagnetic vector potential
in the radiation gauge. This result was obtained, using
a somewhat less direct method, by Bender.!

As is shown in this paper, a free massless field can be
incorporated in irreducible representations of the
Lorentz group for which the lowest spin equals the
absolute value of the helicity. This is no more true when
interactions are introduced. A study of the electro-
magnetic potentials in the radiation gauge shows that
a direct sum of a finite number of irreducible representa-
tions is not sufficient to describe the transformation law
of these potentials. These facts and a study of the inter-
action case deserve further attention.

It was shown by Weinberg? that the requirement of
covariance singles out, among the finite-dimensional
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representations of the Lorentz group, those for which
the minimal spin equals to the helicity A of the con-
sidered massless particle. The sign of X is determined by
the representation. In the representation [ ja,75], with
1(J—iK)?=ju(jo+1) and :(J+iK)*=53(j5+1) (J and
K are the generators of rotations and Lorentz trans-
formations), only helicity A= j,— 7, can be incorpo-
rated. We show that this result is general, and applies to
infinite representations as well. The allowed representa-
tions are those for which the lowest sipn equals the
absolute value of the helicity.

In Sec. IT we summarize the properties of physical
states for massless particles and establish our notation.
In Sec. III we discuss the allowed representations for
free massless fields and the appropriate wave functions
in these representations. We also show there that,
starting from a massive field and letting the mass go
to zero, the only nonvanishing terms are those for
which the absolute value of the helicity equals the
minimal spin, as expected. We compute, in the same
section, the various components and recursion relations
(mentioned above) among them, in the jo basis and in
a Cartesian basis. Finally, we give expressions for the
irreducible massless fields and the relations among their
various components which correspond to the relations
found for the wave functions. In Sec. IV we express the
Lorentz-transformed lowest-spin component in terms
of the various components of the same spin, and dis-
cover, for A= =1, the connection with electromagnetism
mentioned above. In Sec. V we discuss the commuta-
tion relations among the various massless fields.

The computations of the wave functions are per-
formed in two ways. One uses generators and their
matrix elements, and the other global methods. The
first is summarized in Appendix A, and the second in
Appendix B. The reader may thus choose, among the
derivations in Sec. III, the one appealing to his taste.
In the following sections only the global method is
used, to obtain the simplest derivations for the purposes
of the subjects discussed there. However, the persistent
reader may still derive all results with the previous
method, using the appropriate formulas of Sec. ITI.

Although the material on which our paper relies is
quoted in our list of references, the latter is far from
complete. We apologize to the authors of many papers
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not mentioned here. The reader may find earlier refer-
ences in the works of Bender! and Weinberg.?

II. PHYSICAL STATES AND POLARIZATION
VECTORS

We start with the properties of physical states of
massless particles. These were worked out by Wigner.
For completeness we shall outline this construction and
establish our notation.?

Let & be a standard four-vector of zero length with
three-momentum along the 2z direction k=(k'=1,
k=0, k*=0, k*=1). The subgroup of Lorentz trans-
formations which leave this four-vector invariant (the
little group) is obtained as follows. To each Lorentz
transformation A (with detA=-1, A,>0) is associated
a pair =4 of 2X2 matrices with det(d=4)=1 in such
a way that

(Ax9)+ (Ax)’oi= A (x40 -x) AT, 2.1)
while to an infinitesimal Lorentz transformation
A~J+ie-J+45- K, with J and K the generators of
rotations and pure Lorentz transformations (boosts),
corresponds the 2X2 matrix I+ (ie—38)-30. The
generators satisfy the commutation rules

Wy Iml=temnn, [J1,Kn]=t€tmnKn,
[Kn,Kn]=—t€tmndn, (2.2)

The little group of % is then defined by the condition
Ak=E, or E(k°+e-k)Et=Fk%4-¢-k, which requires E to
be of the form

z (ei(’”” —a1+ia2)

0 &0/ 23)

In infinitesimal form the little group (an Euclidean
group in two dimensions) is generated by J; (rotation)
and Ly=K;—Js, Ly= Ky+J; (“translations”) with

[Js,Li]=iLy, [JsLo]=—iLi, [LiL;]=0. (2.4)

In the language of 2)X2 matrices, J3 — %a3, L1 — $ioy,
Ls— %04, and

0/2) sin%ﬂ( )

et(0/2 — X1}

¢t (031 LitaaLe) 10 (2.5)
0 e—i(0/2)

Let |k\) denote the various states of a particle of
four-momentum %.. We assume them to span a finite-
dimensional vector space which is transformed into
itself by the operations of the little group. Furthermore
these operations are unitary as are all those of the
Poincaré group. The concept of particle is then made
precise by requiring the little group to act irreducibly.
The Euclidean group has only one-dimensional ir-
reducible unitary representations among its finite-
dimensional ones. Hence the set |k\) is in fact one-
dimensional. (The doubling of states necessary to
implement discrete transformations will be discussed
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later.) Denoting the representatives of the generators
of Lorentz transformations by the same symbols,

one has
J3I k7)‘>=)‘[k?)‘>,

Ly|EAY=Ls|EN)=0, (2.6)

where the helicity A can take integer and half-integer
values. (The question of representations ‘“up to a
phase” of the Poincaré group is well known to be
solved by discussing the representations of its covering
group, which amounts to replacing the 4X4 Lorentz
matrices with their 2X 2 counterpartsintroduced above.)

A physical state | p,\) of the same massless particle,
of three-momentum p, positive energy p°=|p|, and
helicity A is obtained by applying a Lorentz transforma-
tion to the standard state |k\):

[p\)=ULL(p)1[ M),

where L(p) is a Lorentz transformation which takes
the four-vector k into p, and U[L(p)] is its unitary
representative acting in the space of physical states.
The transformation L(p) is in principle arbitrary to the
extent of multiplication by the right by an element of
thelittle group of 2. Making a particular choice amounts
then to define the phase of the state |p,\). One con-
vention which will sometimes be used below is the

following?:
ollowing L(p)=RB)B(|p|),

where B(|p|) is a pure Lorentz transformation along
the z direction taking the vector % into the vector

(I»],0,0,]p]):

2.7

(2.8)

B(|p|)=ei#UsDEs,
o(|p|)=In|p|;

and R(p) (with p=p/|p]) is a rotation that brings es,
the unit vector along the z axis, into the unit vector .
For all directions different from the z axis this rotation
can be chosen to be around the axis defined by the unit
vector n(p)=e;Xp/|[esXp]|. Thus,

R(p)=exp[—#(p)I-n(p)],
cosy(p)=es-p.

If p is +e; one can choose R(p)=1, while for p= —e;
one has to define R(p) as a rotation of 7 around some
axis in the x—y plane. In Eq. (2.10), the angle ¢ is
assumed to lie between 0 and .

However, for most of the discussion it is immaterial
to know the precise form of L(p) provided one assumes
that a definite choice has been made for all p#0. To
the transformation L(p) corresponds the 2)X2 matrix
A(p) such that

Qp B
A@)(+k-0) A (p) = p*+p -0 A(p)e( : ) 2.11)
Yo »

(2.9)

(2.10)

This equation only determines the first column of A (p)
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and only up to a phase:

Cp
100 =" )R @),
Vp
The choice of this phase amounts, as above, to choosing
the phase of the state | p,\) since

A(p)=<ap 5,,)=<a,,
Yo Op 247
&PBP+'7P5P

- [apl2+ [’Yp[z .

This relation shows that A(p) differs from a standard
one [which depends only on the spinor (ayy,) and is
always well defined (]a|24|vp|2=$0>0)] by an
element of the little group which in the representations
considered is mapped onto the identity. This form is
well suited to describe the behavior of the states under
arbitrary Lorentz transformations. Indeed, one has

) o

ULA]|pA)y=eP@MD[Ap ). (2.12)

The angle 6(p,A) is given by

[_0(D,A):| aoytby, caatdy,
exp 7 2 = =

®Ap YAp

_ Grp(@0pt-by )V ap(ca,+dyyp)
]aApI 2+ l'YAzal2

e b
:}:A=:t< )(—)A. (2.13)
¢ d

Note that at least one of the two quantities ax, and
vAp is different from zero. In terms of the choice (2.8)
one has

(D)o -5)("y )

=( EE DI ) 2.1)
(p™+ip?) /[2(p°+p*) ]

Clearly, as was said before, this convention breaks
down when p= —e; [one can set there a,=0, v,=1 for
definiteness which amounts to R(p)=e~i*J2].

To complete this section we introduce two “polariza-
tion” four-vectors, both functions of p, e®#(p), which
are defined as follows:

e® (k) =L[(F)/v21(0,1,1,0),
e®(p)=L(p)e® (k) =R(P)e® ().

The fourth component of e¢®(p) is always zero and
e®(p) depend on p only. These vectors can alterna-

(2.15)
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tively be defined by ;
e®(p)- o= ()/[V2(p'Fip?)p" T
X(p'+e-p)io*(p'Fo-p). (2.16)

Consequently, they satisfy the “Maxwell” relations

e (p)=ipX e (p); (2.17a)
from which it follows that
@ (p)-e®(p)=p- e (p)=0. (2.17b)

The behavior of these vectors under Lorentz trans-
formations is quite interesting. Under a transformation
of the little group of %, written as

LY Ap)AL(p) =eitTsei(alutazly)
one has
{[L7*(AP)AL(p) Je® (k) }#
= e+ (k) — (1/VZ) (=t is)
or

{Ae® (p)}r= 2% (Ap)r— (1/V2) (1= 02) (Ap)*.

Since the fourth component of ¢ vanishes this can
be rewritten as
(Ap)?

[Ae@® (p) ] =e*i0e® (Ap) '+ [Ae ) (p) ° .
(ap)°

(2.18)

We note the appearance of the second term on the right-
hand side, a “gauge term.” We also remark that the
little-group angle 6=6(p,A) depends only on the direc-
tion of p and not on its magnitude, as was implicit in

‘its expression (2.13) and is made clear by (2.18).

III. WAVE FUNCTIONS AND QUANTUM FIELDS

This section is devoted to the study of free fields de-
scribing the creation and annihilation of massless
particles, and transforming according to an irreducible
representation of the Lorentz group.

Let us introduce the operator a'(p,\), which creates
a state | p,\), with p°= |p|, from the vacuum state |0).

|pA)=a'(p1)]0). (CRY)

Note that the choice of phase of the state vector |p,\)
reflects in turn in the definition of af(p,\). The cor-
responding destruction operator is a(p,\). Their com-
mutation rules are

La(pN),a' (' N) 1= (2m)*2p% @ (p—p")onn,  (3.2)

where 6= —1 defines the commutator and é=-1 the
anticommutator. The factor 2p° on the right-hand side
is dictated by the definition (2.7), which implies co-
variant normalization. Finally, we have left open the
question of the existence of several states with the same
helicity A, to take into account possible discrete
symmetries.

The transformation properties of the creation and
annihilation operators under the Poincaré group follow
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from those of the states, Eq. (2.12), and the invariance
of the vacuum:

UATa (p MU [A]=eM@Dal(Ap)).  (3.3)
Since U[A]is unitary, we also have
UlAJa(p MU A= M@ Da(Ap)).  (3.4)

By linear superposition of these operators we look now
for a quantum field that transforms irreducibly under
the homogeneous Lorentz group. Let us first discuss the
negative frequency or annihilation part of this field

$O0): )
o — 3P —ip°Z,
#0eN) = [ SN, @9

The field ¢ 7 is to be thought as a vector in a representa-
tion space of some irreducible representation of the
Lorentz group (or rather its covering group) and the
same is true for the wave function #(p,\). Once a basis
in such a space has been chosen, we can as well discuss
the components ¢, (x,\) and #.(p,\) of these vectors.
The wave function is to be chosen in such a way that the
field transforms covariantly, i.e.,

UAJe P @)U A]=T[A 6D (Ax)).  (3.6)

In this equation 7[A] are the operators of the irreduci-
ble representations of the Lorentz group. A brief sum-
mary of their classification and main properties has
been included in Appendices A and B. The reader is
referred to them for the notations to be used below.

It immediately follows from Eq. (3.6) that the wave
function has to obey

u(Ap\)=eN@DTLAJu(pN)

where 8(p,A)=—6(Ap,A~1) has been used.

By restricting (3.7) to p=Fk, where k is the standard
momentum of Sec. IT, and A to a transformation £ of
the Euclidean little group of %, we obtain a constraint
equation for #(k,\), which reads

TLCEJu(k\)=eMEB gk \). (3.8)
Setting now p=Fk and A=L(p) in Eq. (3.7) yields
u(p,\)=TLL(p)Ju(kM), 3.9)

where we, have used 8(k,L(p))=0. This relation, to-
gether with Eq. (3.8), ensures the validity of Eq. (3.7).
The problem of solving for the wave function #(p,\)
thus reduces to solving Eq. (3.8) for u(k,\).

F We shall present two derivations for «(k,\). The first
one uses the infinitesimal form of Eq. (3.8) and an ex-
pansion of #(%,\) in the basis f;, which diagonalizes the
rotation group. (See Appendix A.) The second uses the
techniques and results of Appendix B, from which
u(k,\) is obtained directly. The latter method also
shows that in the case of infinite-dimensional representa-
tion Eqgs. (3.6) and (3.7) are in fact improper in a sense
to be discussed below. However, the discussion of finite-

3.7
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and infinite-dimensional cases proceeds formally in a
similar way.

A. Generator Approach
Taking the infinitesimal form of (3.8), we obtain

Jsu(RN)=Au(k,\),

Liu(k\)=Lou(k\)=0,

where Js, Li=K;—J,, Ly=K,+J; are the generators
of the little group of k£ [compare with Eq. (2.6) of the
previous section]. We use the same symbol for a
generator of the Lorentz group and its representative
in the representation 7.

To obtain the wave function #(p,\), we have only
to solve Eq. (3.10). To achieve this goal we choose an
irreducible representation characterized by a certain
(o,6), and expand the vector #(k,\) in the basis { fjs}.
From the first equation (3.10) it is clear that only the
components with o=\ contribute to the expansion of

u(k\)3:
u(p,\) =Z %is(p,N) fia

(3.10)

(3.11)
(N =5 h(3)f.

In other words, we have set #;,(k,\) =8, %(7).

It is straightforward to show that the two remaining
equations in (3.10) determine the coefficients %(j) up to
an over-all constant factor. The detailed calculation is
performed in Appendix A. Let us bring the results here.
It turns out that, given A, the only representations
allowed are those such that A=¢j, with e=-+1 or
e=—1. In these cases

(27+43) j+1—ec\2
h(j+1)=—ih( ')( ————> . (3.12)
Nj+1) j+ite
One also gets
Ksu(k ) =i(ec—1)u(k)). (3.13)

It is not surprising that Ksu(k,\) is proportional to
u(k,\), since Kzu(k\) obeys Eq. (3.10) whenever u(k,\)
does. It is clear from (3.12) that the finite-dimensional
representations are obtained for c=e(jo+n+1), =0,
1, ---. In the notation #n1=2j;4+1, ne=2j,+1 (with
[3(J—iK) *= ji(jr+1), [FU+K) = jo(j2t1)), one

has

j0= Ijl—.hi )
c=[sgn(j1—72)J(j1t+ st 1), i Jis#je;

Thus, the sign of the helicity X is the one of ji1—js,
i.e., A=71—7» and its absolute value is given by the
lowest “spin” contained in the representation of the

3We do not specify convergence properties here. We only
require that 4(j) be finite. From the solution (3.12) it follows that
h(j)— lasj—w,
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Lorentz group, a well-known result for the case of
{inite-dimensional representations.?

Once (k) is known, it is immediate to obtain
#(p,\). Using the convention (2.8), for example, one has

u(pN)=TTL(p)Ju(kN)=R(B)B(|p|)ulkN)
= (") VR@)u(k\),

where the Egs. (3.9), (2.9), and (3.13) were used.
Finally, when the wave function is expanded in the
“Jo basis” its components read

wja(p\) =h()(p°) =V Dy N[ R(P) ]

B. Global Approach

(3.15)

(3.16)

We repeat the previous calculation by using the
explicit realization of the operators TTA] of Appendix
B. In other words, the vectors ¢ (x,\), #(p,\) are ex-
hibited as functions of two variables z and Z [or rather
two real variables (2-+2)/2, (3—2)/2¢]. We write
¢ (z; x,\) and u(z; p,\). Setting

x €2 —iay
"\ o e )’

Eq. (3.8) takes the form
eMu(z; k,N) =[(on —tog)z+ e~ 02 rit
¢i0/2)g

BN .
(al——iaz)z-i—e'“"("’?) ™ )

X[(al'*"iaz)é—l—gwﬂjnz——-lu(

It is elementary to solve this equation. With % a
constant, we find

u(z; k\) = ham—1zre1 3.17)
provided that

(3.18)

Equation (3.9) then enables one to find u(z; p,\),
which reads

u(z; pN) = kst )" U@+ 7)™ (3.19)

This compact expression for the wave function has
still to be identified with the expression of its compo-
nents in the jo basis. In this form it shows that, when z;
and 7, are positive integers, the wave function is a
polynomial in z and Z, and hence belongs to a finite-
dimensional representation of the Lorentz group. It also
reveals the fact that for all other cases #(z; p,\), and
hence ¢(z; p,\), does not really belong to the space
D (nynp- (See Appendix B). Finally, as was expected,
from (3.19) one sees that %(z; p,\) depends only on the

spinor
(ap>
Y »

attached to p (see Sec. II), i.e., reflects the phase con-
vention required to define the annihilation operator

)\=%(‘}Z1*nz)= ejo.
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a(p\). Note, however, that the product u(z; pA)a(p\)
is independent of this phase convention. It is possible
to expand (3.19) in the jo basis. The natural defini-
tion uses the scalar product (B22) in terms of which
one has

T(j+1+3(n1+ns)
jo\R)s H :)\
TG+ 13t (fio(2),u(z; pN))
IF(]'+1+%(7’01+%2)) (2>/ o
—) | Lidzdz
L(j+1=5(mtn)) |\
X (142 e 3, (5) o)
X (@Z+7p)"

1”‘1"7(?)\) = l

To evaluate the integral, it is useful to make the
change of variables:

= (&pzl_'Yp)/(')?pZ,‘l’ap) )

after which the integration is straightforward. One
obtains
uio(pN) = () (p*) <D P[R(P)],  (3.20)

where
o

R<13>=(|a1,12+m|2>—1'2(7” —Z) (3.21)

and o
h(j) =—e"2T (1) T'(n2) sin[w(ec— 7)]
. I'(j+1—ec)| 72
X[‘(]+2)P(j+1+w) ] - (32)

R(p) is the rotation which brings the unit vector in
the z direction to thedirection p=p/|p|.Equation (3.22)
yields the result (3.12) for k(j+1)/h(7), as expected.
One also has u;,(k\) = 0,%(7), as before.

Finally, we write down a generating function for

u,-,([))\) .

ui(y; pN) = JZ kit (2]
St =) T
=h(j)(p)

(17 2y2) N (=T pyrtapy2)
CGHNIG—NT '

This generating function will appear to be useful later.

(3.23)

C. Connection with the Wave Functions for
Nonvanishing Rest Mass

We include here a brief but instructive digression on
the limit of massive-particle wave functions when the
mass goes to zero. In particular, let us assume that we
describe a particle of mass m and spin j by a field
transforming according to a representation of the
Lorentz group with lowest spin jo smaller than j.
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Obviously, some singularity has to occur in the wave
function when m — 0, since only A= j, are allowed
for massless particles. To avoid unnecessary complica-
tions we treat one example, where the field transforms
according to the representation #;=n,=2 or ji1= ja=1%:
to say it more plainly, a usual four vector field. The de-
composition according to the rotation subgroup yields
spin zero and spin one. Let e*(4,0) (§<o<+7, 7=0,1)
be the wave function for a particle of spin 7 and
angular momentum o along the 2z axis, and vanishing
three-momentum. I'ts wave function e#(p; J,o) for three-
momentum p, energy p°= (|p|2+m2)1/2 will be given by

e“(p,],o') = L,,ﬂ(p)e”(],a) ’ (324)

where the Lorentz transformation L(p) transforms the
time axis #»=(1,0,0,0) into p/m. Then

e(p,J,0) =[p°"(J,0)+p-(J,0)1/m,

p-e(],o'))
p+m /)

(3.25)

p
e(pi-]:‘f) =e(],0')+-——<80(.7,0')+
m
Suppose we describe a spin-zero particle; then one
has €°(0,0)=1, €(0,0)=0, and Eq. (3.25) reduces to
e*(p; 0,0)=p*/m.

We see that me*(p; 0,0)=p* has a smooth limit when
m — 0. On the other hand, from (3.19) it follows that
for N1=MNo= 2,

u(z; pA=0)=h(aps+7v,) @2+ 7,) = h(p- A(2))

where

(3.26)

(0) M @ O

1422 z+Z 22 1-—3z2
a6=-(—=, i )
2 2 2 2

transforms like a four-vector under the law
(&) = (bat-d) bt d) A

A(z) — (bz+d)(bz <—-—) .
b+d

[This can be checked directly, by verifying that

(¢ Z)~1[A°<z>+A<z)-aJ(Z ;)_

— (bo-d) (b+-d) {Ao<az+6>+A(az+c> ~o}
bz+d bz+d

with

osaon( | D) o]

Hence the projections of the “spin”’-zero and ““spin”-one
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parts of u(z; p,A=0) are proportional to p° and p,
respectively, in agreement with the previous limit.

On the other hand, if we start with a spin-one particle
for which €°(1,0) =0 we get

e"(p; 1,0) =[p-e(L,0)/m],

p-e(lo) p

P'4m m

(3.27)

e(p; 1,0) =e(L,0)+

Obviously this four-vector has no limit as #— 0.
However, if we first multiply by m and then let m go
to zero, we obtain

lim me#(p; 1,0)=[p-e(L,0)/pTIp",  (3.28)
which is a zero-helicity wave function. There is no way
to obtain the helicity-one wave function for massless
particles starting from the ji=7,=% representation of
the Lorentz group, as we expected from the general
considerations above. In fact this result holds in any
spin case. Assume that one describes a massive particle
of spin j by a wave function transforming as a finite-
dimensional representations of the Lorentz group
(ﬂl,ng) with

.7.0:%'”]-”2, S].Sjmax=%(nl+”2)—%= lcl —1

(Jmax is the highest spin in the representation). The
only nonvanishing finite limit, when # — 0, is obtained
by multiplying the wave function by mmex and is
proportional to the wave function for a massless particle
of helicity N=3(n1—ns)=¢€jo, equal in absolute value
to the lowest spin 7.

D. Recursion Relations and Tensor Basis

From the explicit expression for #;,(p,\), Eq. (3.20),
it follows that one can relate the various components to
each other. Starting from the generating function Eq.
(3.23), we observe that for any positive integer 7 one
has

“f+r(Y;p)‘)
=h(j+r)|‘ GHEMNIG—N)! ]“2
1) LGHr+01G+r—N)!

XI:(apy1+7py2)(—7—pyl+&py2)
PO
GHNIG-N)! ]lfz[ﬁyf—yf
1(5) LGHrnIGEr—N)! 2
A 12+ 22
+1321(y 2y )

]Tuj(y; )

Gp

+133y‘y2:| ui(y; pA),  (3.29)
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and can calculate D,o@[R($)]. In fact,
ui(y; PN 1 [(O‘pxl‘l"prz)(—‘? px1+&px2>]j
i s i it z
= A . . C i Cor 2t 502 i
sl GENIG-)! U [p w i) p”]
‘rra 9 ]! 2 2
X[(‘Yzﬂ_‘{")—’p_) P 2 ;
x J+7’lx —m
oo ——— D ORG],  (3.34)

3 d v
><<a,,——~/p———> / ?"] u;(y; PN
0y 3)’1

_h(f—f)[-(f*f+>\)1(j—r—k)!]l/ﬂ

1G) L GANIG=N)!
1790 &\ 170 &
L e i e
2\3ys:  Iy? 2i\y:*  9yq?
62 r
+p° ]uj(y;;i»\)- (3.30)
3910y,

Thus, #;.r.(p,\) is related to #;,-(p,\). For the case
of adjacent j values, one obtains

1,6 (PN) =[h(5+ 1) /h(H) LG+ 1)*— jo* T2
X{=L(G+a)G+ot+1)]2 5(p—ip?)
Xttj,om1(pN)+[(j+o+ D) (j—o+ 1) ]2
XDuio(pN)+[(G—0) (j—o+1) ]2

X%(ﬁl_}_iﬁz)”f.f%l(P:)‘)})
i1,6(pN) =[h(G—1)/h(5) I 72— o T2
X{[(j—0)(G—o+1)]/2 3(p*—ip?)
Xttj,o1(PN)+[(+0) (F—0) ]/
XD*u;e(p,N) —[(j+o) (G+o+1)]12
X3P+ P uj,041(p,N)} -

A single equation, which combines both Egs. (3.29)
and (3.30), can be immediately derived from Eq.(3.20):

stn,opN) =W /BD]
XL 17101 j4+7 W1 S Dot [R()]

(3.31)

(3.32)

X{jm,|n|m'| j+n o)um(pN), (3.33)

where (jumi,joms| jm) are the usual Clebsch-Gordan
coefficients and 7 is an integer. In deriving this relation,
we made use of the identity

D, sy PRI jom, | n|m | j-+n m-t+m')
=3 Dpa@[RIDm e A"P[R1jm, |n|m'| j+n o).

mm’

Using Eq. (3.21), which defines R($), and Eq. (A10), we

>
W= L) (j—m) ]

which also shows that D,,o”[R()] is a polynomial of
degree j in the components of .

The reader might notice that p'Fip? carries angular
momentum =1 along the z axis. This corresponds to the
fact that on the one hand %¢;3 corresponds to Js, while
for a rotation around the z axis of magnitude 6§ the be-
havior of the four-vector p as agreed in Sec. IT is

ei(0/2)¢ra(?0+p . o.)e~—-i(012)tr3

<p°+p3 e”(pl—izﬂ)>
R pibip?)  pr—ps )]

i.e., pl—ip? carries one unit of angular momentum
around the z axis while p'4-ip? carries the opposite
amount. These relations are obviously preserved by the
identities (3.31) and (3.32). These identities show that
by applying suitable combinations of p/p° to the u;,
components we generate the j-=1 components of the
wave function. Finally, one can write similar relations
in configuration space for the field itself. This will be
done in the next paragraph.

For later purposes it will become convenient to use a
Cartesian basis instead of the jo basis of the rotation
group. For integer A this basis involves traceless sym-
metric tensors whose indices run from 1 to 3, while for
the case of half-integer helicity an extra spinor index is
involved. Let us bring here the explicit expressions for
the integer \ case.

The required tensors can be computed in two ways.
In the first, one introduces the transformation co-
efficients Z45...0;,7 (1<0x<3),

lapea®= 2 {Lymy; Lme| 2,m+ms)
mieomj
X(2,mama; 1,ms| 3,ma+mat-ms)- - -

j—1
X(]_l Z Mns l)miij)‘f)eal(ml) e 'eaj(mi)7 (335)
n=1
where

et = (el+ie2)/\/j7

e(ﬁ):e3'

e D —(el=1e?) /V2,

The tensor f,,...,; is thus symmetric in all its indices and
traceless in any pair. It is easy to verify that

Ralll"'Rajljtlr"ljvz tal...aj”,Dgl,(j) [R] 5 (336)
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where R,p is the 3X3 matrix representation of a rota-
tion R. One also has

2 tageeaitagerea;” =00qr . (3.37)
{a}
The Cartesian basis wave functions are given by
j
Useeai(PN)= 22 .t,,l...,,,."u,-,(pk). (3.38)
o=—j

The expression (3.20), when combined with Eq.
(3.36), yields,

Ual...aj(p}\) = h(]) (PO) (ec—1)
XRalbl@) ot Ra;bi(ﬁ)tbl-.. b}‘.

Since X, p°R*(H)=46", and since #...;;,> vanishes
whenever one of /;- - -7;p equals 3, it follows that

D% Uayweajeeraje(pN)=0.

An alternative way of introducing the above tensors
is to use the generating function (3.23) and to observe
that for integer helicity A it can be rewritten as

h(j)

(3.39)

(3.40)

u;(y; pN) =[(j+>\)!(j—)\)!:|”22m 2(p0) < Hap/ap)
X@-Y)=M[e@@)- YN, (3.41)
with e@ (5) defined through Eq. (2.14), and
Y=GO2—y), 310 +y20),9192).  (342)

In deriving Eq. (3.41) we have used the relation

(_ij)@(ylyz) =Y-0,

and the fact that

VZa
8(+)(p) a-——o ——(7 )@(ﬂyp—ap) ; (343b)

Py

(3.43a)

the latter may be derived from Eq. (2.16).

Notice that the factor (a,/&,)* carries all the am-
buigity in phase associated with the wave function. The
expansion of (3.41) as

u;(y; P)‘) = 2 ualﬁ'aj(i’)‘) Yal---Ya:'

ai---aj

(3.44)

allows one to define a tensor #a,...a;(pA) which is sym-
metric and traceless (since Y?=0). In the particular
case of j= jo, one obtains

h(jo)
[T
X (ap/@p) ea O (p)- -

uore 'ajo(P)\) - ZjOIZ(PO) ec—1

’ ea,‘o(e) (P) ) (3-45)
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which is proportional to the expression for Ua,...a;o(pN)
derived from Eq. (3.39), as expected [one uses fa;...a"
= e ©(8)- - - €anI(p)].

One can also write recursion relations similar to
Egs. (3.31) and (3.32) in the Cartesian basis. Combin-
ing (3.41) and (3.44), we obtain, for instance,

PYaTE -aj+1(p)\)

(]-I— )
[(G+1)2—j2T
TG T
A i 2
X @kpy @1 ceaj —_— 6aa
|25 =5 E, o
3
XZ ﬁaua,zl...ik El-..ai+1(P)\)], (3.46)
a=]
]_] 1/2
J+Jo
h(G—1) 3
=j— X o eri(pY), (3.47)
k(j) a=t

where we have used
f—j0>1'2 h(j—1) a
—— ) uia(y; pN) = < > i(y; PN) .
(]+]0 . h(4) "

The transversality (3.40) of the lowest component

follows also from (3.47). QE; 4,5 T3 ﬁ i

E General Free Irreduclble Fields
for Massless Particles

‘ We shall now complete the formulas pertaining to the
quantized field. Up to now we have introduced the
annihilation part of the field ¢ (x,\), Eq. (3.5), and
have obtained that if the field transforms according to
the representation T (nn,) then A=3%(%1—n,). Similarly,
we introduce a positive frequency or creation part
o (x,\), defined as

azp
¢ (x,\) =[ —(p,N )T (p,\) ; (3.48
Gy BN (649
b*(p,\") is a creation operator which, transforms accord-
ing to (3.3) as:
ULAT (pN)Y U [A]=eN0@:DpT(Ap N).  (3.49)

Therefore, by arguments similar to the case of the
annihilation part, the requirement that ¢ ® (x,\’) trans-
forms according to (3.6), namely, by the same rule as
¢ (xN),

ULAJe® (N U—[A]=T[A Jp @ (Ax,\'), (3.50)
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yields that we can write the recursion relations as
N=3(my—n)=—N\, (3.51)
and h(j+1) 1 1 o1
N =—\)=c(\)u(p\) @5y ¢ =—— e : —

" s W) LGH+1P—j ] (j+1) a0 A

where ¢()\) is a proportionality constant. At this point, 10 )

we have to be slightly more specific about the physical X { 2 o o100kt G () ——— 37 Bapas

meaning of the states. If A20 then clearly we have to k=t gt 2jt1ra

deal with two types of states, those with helicity A and s 9

those with helicity —\. At the level of Lorentz trans- X ¢‘1,al'"Ek"'51'~-ai+1(x)} , (3.57a)

formation properties (i.e., without including discrete a=19x°%

operations like parity P or parity times charge conjuga- o

tion PC) these states are distinct so that it is justifiable /7 —J70\'"? ot eai

to use different symbols like a(p,\), a'(p,\), b(p\), ; +]-0> ¢ ()

bT(p,—\) to describe their annihilation and creation.
However, when one does not violate any principle by
considering coherent superpositions of the type u|p\)
+»|p,—\) (which is the case of photons but not of
neutrino-antineutrino pairs, due to the lepton number
superselection rule), it is possible to identify the opera-
tors @ and b.
The full irreducible field now reads

o) = (N +¢P(x,—N),

=[ O irau(pNalo)
(2m)3(2p") T

+eeu(p, —Nb' (p,—N)].  (3.53)

Its transformation law under translations and Lorentz
transformations is

U(a)¢(x)U'(a)=o(x+a),

UlAJp(x) UT[A]': T(n1,n2)[A—1]¢(Ax) )

%(ﬂ]_‘"‘}’h):}\. (354)

Finally, we can describe the vector character of ¢(x)
by introducing the variable z above. Or we can consider
its components in either the tensor or “jo”’ basis. We
translate here the results, previously obtained for the
wave function, to the field. We limit ourselves to the
case of integer A and tensor basis. Then the lowest
component (for A0) is divergenceless:

3 0
Z —¢a1.a2--~ar---ajo(x)=0'

ar=1 9x%"

(3.55)

More generally, introducing formally the nonlocal
operator 1/A such that

1 1 a3z’
(X0 =— / T s, (356)
A ar J |x'—x]|

h(j—1) 8 1 3 9

=—-—]—-———-——-—.
R(j) 90 A a=19x0

a,a1---,ai-1(x) .

(3.57b)

IV. RADIATION GAUGE

Up to now we have extensively discussed the wave
functions suitable for describing massless particles. We
have seen that the requirement of Lorentz invariance
restricts the behavior of the wave function in such a
way that it can only transform according to those
representations 7 (n;n, for which A=2%(n;—n,). As a
result it seems impossible to describe photons, for ex-
ample, by the usual vector potential. Indeed, the usual
four-vector 4, corresponds to the representation with
n1=2, ny=2, which accommodates only helicity-zero
massless particles and is therefore unsuitable for the
description of helicity =1 photons. On the other hand,
the quantization procedure cannot be applied to the
covariant four-vector potential without introducing
extra unphysical states. The radiation gauge does not
suffer from the latter defect, and is therefore used* in
quantizing electromagnetism within the Hilbert space
of physical states. However, this gauge appears to spoil
manifest covariance.

In this section we shall demonstrate that the for-
malism developed in the previous section entails that
the free electromagnetic field in the radiation gauge
transforms covariantly under a certain infinite-dimen-
sional representation of the Lorentz group. The po-
tential is then the lowest-spin component in that
representation (this result was derived before by
Bender! using somewhat less direct methods). In fact
we shall show that many apparently noncovariant
transformation laws for potentials of massless particles
are indeed covariant, when those potentials are in-
corporated in infinite-dimensional representations, in
which the former are the lowest-spin components of the
latter. All this will be done for the noninteracting case.
The interacting case, which will add new structure to

4J. D. Bjorken and S. D. Drell, Relativistic Quantum Fields
(McGraw-Hill Book Co., New York, 1964).
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the transformation laws, will be treated in another
paper.

To achieve our aims we note that, when applying an
infinitesimal boost to a lowest-spin component j,, it
acquires also a component with j= 7o+ 1. However, since
all spin components of massless fields are related to
each other, we can express the jo-+1 component in
terms of the 7o component. This yields a transformation
law for the lowest component which appears noncovari-
ant, and for the case jo=1 and ¢==1 coincides with
the law of radiation-gauge potentials. Note that a
similar procedure may be applied to any component,
and not necessarily to the lowest one.

Let us start by introducing the field

a3

(2m)*(2p°)

ity

(e 2)=h /

X(@p+7,)"a(pN).  (4.1)

We treat the annihilation part only. (The creation part
may be treated in exactly the same way.) Under a
Lorentz transformation A corresponding to a 2X2

matrix
a b
= )
c d

the field ¢ (z; ) behaves as
ULAJ6 (3 %) U™ [A]
=TTA™"]p(z; Ax)
G 5
(2m)*(2p°)
X[(epd—7ypb)z+ (—apetype) ]
X[(@d—T:b)2+ (—@i+7,0) 1 a(p,\). (4.2)

The transformed field is given by the same formula as
(4.1) with x— Ax and

()=
Yo Yo
Defining the generating field,
; Ty, i-o
B B ST SOt
h(3) a*p
=E<j+x)!(f—x)!]m/ (2m)(2p7)
Xew = (p0) = Hayyrty,py2)
X (=T py1t+asy2)7a(p,))

(4.3)

we get, combining formulas of the previous section
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with Eq. (4.2),

ULATe; ) (y; ¢)U'[A]

d3
—HOLGHNG-NT [ 4

><[(A—1p>°]n~~m[(y1y»2> A_l(a,,)]m

T p

3 j)]Ha(p,x). (4.4)

6—ip-Aa:

X[ @ (

Clearly if A is a rotation, we obtain the ordinary be-
havior corresponding to the representation j of the
rotation group. On the other hand, for pure Lorentz
transformations we find, for 5= 7o,

I Kaio(y; 2) 1= (29— 220%);o(y; %)+ 3 €(y704V,)

Xi(y; %) — (ot 1—ec)(8°0%/ A)pio(y; ),  (4.5)
where we remind the reader that 7'(e~%2'7) is identified
with e X (see Appendix B). We also note that when
¢(«) transforms by Tnyny, dop(x) transforms by Tnyy1,ny41,
as is clear from (4.4).

For the case of integer 7o, combining (4.5) with (3.41)
and (3.44) gives

i K gy pvitebio() ] = (409 —99) 11+ bio(ic)
— (ot 1—e0)(8%9°/ M) bio(x)

jo
—e Z eabkb,¢b1"-bk—lb’bk+1"'bj0(x), (4,.6)
k=1

where in the course of the calculation, it is useful to
realize that

(y7oVy) (e($)- Y) =3 (y"oVy) Tr[ (e(5) - 0)(y(—io2)y")]
=2%[(P)XY]. (4.7)
It can be verified, using Eq. (2.17a), that the right-
hand side of Eq. (4.6) is transverse in b;---b;,, as it
should be. Using the same equation, one also gets
(ie) eubc¢b1~ «ebp—1¢bit1e - bjo(x) — ((")O/A)
X[a b¢b1~ cebr—1abkt1e .- bjO(x) — aa¢b1- <o bp—1bbpt1e .- bjO(x)].

(4.8)
Cherefore, (4.6) turns into
LK a7+ ¥i0(2)] = (890 — 2301+ bio()
— (1= ) @0/ A)gr-¥(2)
jo 9990k
— 8 g (49
k=1

When jo=0 the last term is absent. Since ec=3(n1+n5),
it follows that (4.9) is invariant under #; <> #,, which
in turn implies that it is valid for both helicity A and
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helicity —\ and any combination of both. It therefore
applies to the photon field as well. The choice

$(m+n)=1 or c==1, (4.10)

with ¢=-1 for positive helicity and ¢=—1 for nega-
tive helicity, makes the transformation law (4.9) ex-
tremely simple. The lowest-spin component then trans-
forms under pure Lorentz transformations in a sort of
“minimal” way: Besides the orbital part one adds the
simplest term needed to restore transversality. Finally,
with jo=1 and condition (4.10) fulfilled, one realizes
that Eq. (4.9) represents the free-radiation-gauge
potential transformation law. Thus helicity =41 radia-
tion-gauge potentials transform covariantly under the
infinite-dimensional representations jo=1, c==1, re-
spectively. Note that these representations are
nonunitary.

V. COMMUTATION RELATIONS
In this section we investigate the commutation rules
among the various field components. Let the field be
expressed as
0 / &p
LGHENIG=NT= S (2m)*(2p°)
X (apy1tv52) N (=T py1t@pya) >
X[emir-=a(p,\)+c(Ne? =bt (p, —N)].

The commutation rules among the creation and an-
nihilation operators are

EG(PJ\),GT(P,J‘/)jﬁ = [b (P;)‘) ,bT(P,,X/):]a
= (2m)3(2p%) 6@ (p—p’), (5.2)

with [4,B]s;=A4B+68BA and §===1. All other com-
mutation relations vanish. [The treatment of self-
conjugate particles, namely a(p,\)=b(p,\) does not
yield any new results. In fact, there need not be a
separate treatment for self-conjugate particles whenever
A0, since then a(p,\) and a'(p, —\) commute (or
anticommute). | One therefore readily obtains

[i(y;2),8/ (s &) Js= L7 (v; %),057(¥';2") 1s=0. (5.3)

However, the commutator [¢;(y; x), ¢, (v'; «')]s does
not vanish. It is

[oi(y; %), 5T (y'; 2') 1s
=r(H*(GLGHMIG=NIG NG =0T

pO) ec—j—1

¢i(y; %)=

5.1

s / @ (p0) Le(eH &) (3Hi+0)]
X , — € &’ )— 3"
) e

X (@py1+v2Y2) ™M (=T py1t@py2) >
X (@1 +7292 ) =y o1 ey )
X[eiz @245 c(N) |2eire—="],
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Let us now notice that

(apyrty 2y2) (= T py1t-@pya) N @pyr + 7 5y )7
X(—=yy1'+agy:) = (p-Y)7 1 (p-Y') /1M
X(Zopo_ll_ez.p)ﬂ)\] , (54)

where we have defined

247 -0= (ii)@(ym) . (5.5)

Therefore,
[6i(y; ), T (5 &) 1s
=wh(DI*(GHLGHNIG =N+ =0T

(PO) [e(ete")—(G+i7+2)]

3
*| v
(2m)(2$")
X (p-Y) M (p- Y')#=IN(Z0p04 ¢Z - p)2IM

X[ == 5| c(\) |2t =], (5.6)
These commutation relations are in general nonlocal,
namely, the right-hand side does not vanish for space-
like"separations (x—a')2<0. It is easy to realize that
local fields are obtained only for finite-dimensional
representations, and then only with
e[ =1 (5.7)

and
0=—1 for Jmaxt jmax €ven,

5.8
0=-+1 for Jmaxt jmax odd. .8)

For fields within the same irreducible representation,
the conditions (5.8) express nothing but the usual con-
nection between spin and statistics.

For the free-radiation-gauge electromagnetic poten-
tials 4;(y;x) one has ec=ec’=1, |A\|=1, and hence,

[4;(y; x),451(y; ) -
=h(HAGOLGHDIG=DIG+DIG =)
2 &p
X; / .(_.__277)3(2[)0) (p0)~G+i(p-Y)#1(p-Y') i1
X (20p"+€Y - p)? sinp- (w—2). (5.9)
For the lowest components,
a’p

[As(y; ), 411 )] 4|h(1>|/
1(y; 2),A17(y"; &') ]-=~ 2
Y Y i (2n)2p")

Z-p\?
X (Z"—I— e—0> sinp- (x—a’). (5.10)
b4



180

The equal-time commutators between two fields or a
field and its time derivative are then

[4i(y; x),4.'(; x) 1
=4|h(1) |2e(Z°Z- v/A)5® (x—X') ,

[A1(y; x),4:1(y'; x)]-
= (4/3)| k(1) [?[(Z2°)2+(Z- v)?/AT6 @ (x—y), (5.11D)

as expected. The first commutator vanishes when fields
which include both helicities are used.

(5.11a)
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APPENDIX A: LORENTZ GROUP—
GENERATOR APPROACH

In this appendix we recall, for completeness, the
action of the Lorentz generators in the jo basis, namely,
the basis which diagonalizes rotations,® and then solve
for the coefficients 4(j) of the wave function u(k,\)
[see Eq. (3.11)]. A more formal treatment of the
representation theory is given in the next appendix.

The generators of rotations J and Lorentz transforma-
tions (boosts) K obey the commutation rules

[]myjn]= iemnr]r )

[jmyKn] = z.fmnr-Kr )
(Ko K= —iennr .

(A1)

Let fj, be basis ‘“‘states” which diagonalize rotations,
namely,
P fio=j(j+1) fis
Jifio=Li(G+ D=0l )2 f; 01,
Jsfj,,'—— o'fj,,.

From the vector character of K under rotations and
[Js,K,]=K, it follows that

K, fie=iofi-1 o41+bj0fi ox1tCio fit1 o1.

(A2)

and

(A3)

The dependence of the coefficients @j,, b;s, and ¢;, on o
can be determined by a straightforward calculation
using [J4,K, ]=0. One then gets

K, fi;=a;[(j—0) (.7""7~ DIV fi1 o1
+o,L(j—0)GHo+ D T2 f; opa
—¢L(j+o+D(G+o+2) 12 fir1 ap1.

The action of K; is determined by that of K, and
[K.,J_]=2K;, and that of K_ from that of K3 and
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[J_,K3]=K_. We thus get
Ky fio=2a,[(jF0)(jFo+ 1)1 fi1 o1
+0,L(7F0) (ko +1)1"2f; 011
Feil(jEo+1)(GEo+2)12fir1 041, (Ad)

Kofjo= oL =0 fy1 oAby o
+oLGHD =0 T2 0.

In a certain irreducible representation, J- K=p and

J2—K2=5 are constants.
Thus,

_ (0-K)fs=1fs
implies

bi=p/3(3+1),
while

(I*—K?) fii=sfi;

implies

s=j(j+2)—p*/(j+1)*—N;(2j+1)(2j+3),

where
Nj= aj1Cy.

Suppose 7o is the lowest j in the representation. Then
N;j,—1=0, and hence

s=ji—1=4/ji.
Defining ¢ through p=1:j.c, we thus get
J . K= ijoc s
(= K9)=jite—1,
1[G+ =L+ 1) —c?]
BRGET 4(j+17—1 ‘

(AS)

and

Choosing fj, in such a way that a;1=c¢;, we thus
finally obtain

1F (=) =)
J 452-1
o (A6)
bi=ijoc/ j(j+1).
Let us remark that for an orthonormal set fj,, the
Hermiticity of K, namely, a unitary representation,
implies that

(a) c=ir, r real (principal series);

(b) 7o=0, ¢ real, 0<c?><1 (supplementary series) .(A7)

The finite-dimensional representations are obtained for
l¢|=jot+n+1, =0, 1, 2,---. For those, denoting:

—iK) =510+, BA+HK) P=:0j241), (A8)
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one obtains

j(): I]l—j2] y
c=(jrt jot1) sgn(Gi—72), for jis%7s; (A9)
c==4(2j4+1), for j1=7s.

For a more complete discussion, the reader is referred
to the literature.’ (See also Appendix B.)
We now proceed to solve the constraint Egs. (3.10),
which read L
Jau(kN)=Au(k,\),

(K_—iJ_)u(k\)=0,

(KT )u(k\) =0.

Tt is straightforward to show that Egs. (A10) imply
J-K)yu)=MEs+5)u),

(A10)

IR = DN— 1= (Kb D).
Thus, in an irreducible representation (jo,c),
MEKs+2)u\) = (2joc)u)),
oy, (412
It thus follows that one necessarily has
(\—jo)(A\*—¢*)=0. (A13)

Hence either A\=€j, or A=ec (obviously, the latter is
valid only for jo—c¢ integer). It turns out that A=ec
does not give any solution not included already in the
A=¢€7o case. Thus one has

A= Ejo )
Kau(\)=1(ec—Du()), e==1
The derivation of (A14) from (A12) is not direct for
A=0. However, Egs. (A14) hold in general.
Using Eqgs. (A3) and (A4) and the expansion (3.11),

one can solve for the coefficients %(7) from Eqs. (A10).
The solution is

. (2j+3>1/2(j+1_.66>1/2
h(j+1)=—ih(y .
(j+1)=—ih(j) 2i11) Uit

APPENDIX B: SUMMARY OF REPRESENTATION
§ THEORY FOR SL(20)

(A14)

(A15)

In this appendix we give a brief survey of the repre-
sentation theory for the group SL(2C), the covering
group of the homogeneous Lorentz group. This is
mainly to define the notation and to derive some
identities used in the text. We rely mainly on the clas-
sical reference texts from Naimark, Gelfand, and co-
workers.5 The results are first stated in global form;
then, using a particular basis to diagonalize the SU(2)

5 For the theory of representations of the Lorentz group see
M. A. Naimark, Linear Representations of the Lorentz Group
(Pergamon Press Inc., New York, 1964); I. M. Gelfand, M. I.
Graev, and N. Ya—Vllenkln Generahzed Funciions (Academlc
Press Inc New York, 1966), Vol
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subgroup, they are also given in the Lie-algebra or
infinitesimal form.

To describe the representations one introduces
function spaces D (ny,ny) With 71, 75 two-complex num-
bers, such that #;—#, is an integer. A function of two
real variables x and y [which are conveniently grouped
as g=x--1y, Z=x—1y so that a function of the variables
, ¥ is also written f(2,2)] belongs to D n,, x, if

() f(2,2) is infinitely differentiable (abbreviated C%),
(i) f(z,2)=zm1zn1f(—1/2,—1/2) is also C*.

One abbreviates f(2,2) by f(2). The topology on D sy, ns),
namely, uniform convergence of f and f and their
derivatives on compact subsets of the z plane, will not
be discussed here except to state some results.

In the space D(ayny, one defines a continuous
representation of SL(2C) through the following rela-
tion. For any 2X2 matrix 4 with determinant 1, one
sets up the mapping 4 — T(4), where the linear
operator T(4) acts in D (uy,ny as follows:

76— L)1) = e
- az+c

a b
a=(" ).

¢ d
These representations exhaust in a certain sense all
irreducible representations of SL(2C). We summarize
irreducibility and equivalence by distinguishing the
situation of “integer” and ‘“noninteger” (#1,n2) points
as follows: An index (11,m2) is called integer if (71,72)
are both nonzero integers of the same sign.

Nomninteger points. The representation at a noninteger

point (n17,) is irreducible. Two representations (71,7,)
and (n/,m;) are equivalent if and only if #,/+#n;
=ny'+n,=0. Equivalence means the existence of a
continuous, invertible intertwining operator between
between D(n;nyy and Dy ayy. Irreducibility is un-
derstood as

(i) subspace irreducible: no closed proper invariant
subspace,

(ii) operator irreducible: all-continuous operators com-
muting with the 7(4) are multiples of the identity.

All these representations are infinite-dimensional.
They contain in particular the important special case
of unitary representation.

Unitary representations. They fall into two series:

(i) principal series characterized by m+7:=0 or
nm=3i(n+tip), # integer, p real

o=t (—n-tip) (B2)
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with scalar product

2 )
()= ] Yidadz J(2)g(c) (B3)

The measure is 3idzdzZ=d Rez dImz;
(ii) complementary series characterized by

m=mns=c, —1<c<1, ¢#0, (B4)
and scalar product (valid for —1<¢<0; the representa-
tions with 0<¢<1 are equivalent to those with —1<¢

<0, since ny=ny=c¢ and m=n,=—c are equivalent).

(f,g)=<7—2;)2 [ [ irasaseie

X |z—22| 722 (z1)g(22) . (BS)

Integer points. These representations are no-more sub-
space irreducibles though they are still operator ir-
reducible. In fact, with #1, %, both positive integers,
the four representations Tnjng T—nyng 1 ny—ngy and
T—ny—ny, are related by various continuous mappings,
which commute with the operations of SL(2C). Con-
sequently, the kernels and images of these mappings
are invariant subspaces. Denote by E,, ., the closed
subspace of Dy, , of polynomials in 2, Z of degree at
most #;—1 in 2, and #,—1 in 2. This is an invariant
subspace of Dy, n,. Similarly, let F_,, _», be the sub-
space of D_y,,_n, of those functions f which satisfy

/ (31)dzdzz72* f(z)=0,

for 0<j<m—1, 0<k<wm,—1.

This is a closed infinite-dimensional subspace of
D_p;,—n,. Note that E,,,, is finite-dimensional (dimen-
sion 71 X7ns) and carries the usual finite-dimensional
representations of SL(2C). The index (#1,%:) can be
written (27:+1, 27>+1) to make contact with the
usual notation, where J—4K is represented by spin j;
and J+4K by spin j. (see below). ‘

Let the symbol ~ denote isomorphism between
spaces and equivalence between representations in the
corresponding spaces. Then one has

Doy ng/ Enging™~F—nyng™~ D_ny,ny™~ Dy, —ny (B6)
D—nl-——nz/F—nb—ﬂz"’Emmz'
Infinitesimal Form: By identifying 7T '(e/? (etin o)
with ei¢/+1-K) for ¢ and 5 infinitesimal, we derive the
expressions of the generators J and K in the space
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D (ny,ny). They read
1 3 9
J1 =~[(n1 —1g—(my—1)z+(1—2)——(1 —22)—] R
2 0z 0z
1 a (i)
Jo =—:|:(1’L1— 1)z (%2 — 1)2— (1+Z2)—— (1+§2)—_:| s
2i 0z 9z

Nog—n1 O a
J3= [ —+z— —-2“] s
2 dz 0z

K= ! 1 1)z
1—_2[(%1_ ot L2 (B7)

-

9
+(1—st)—+ (1—2)—
9z 0z

1
K.= —“[“(m—l)er (ny—1)z
2

-

i) i)
+ (12—~ (42—
0z 0z

1 %1+1’L2 i) d
K3=—[ —1—z~—§—] .
ik 2 dz 0z

The usual invariants take the following values with
m=27141, ny=25+1:

JoiK\?: me—1
( >= 2 =j1(71+1),

2
J+iK\? m2—1
( )= =J2(jot+1),
2 4
(B8)
n12+n9? n1—n2\* n1+n2\2
o (S (e
2 2 2

712 — 19 N1—ns\ [N1+0e2
J-K=i =1~< )( ) .
4 2 2

Rotation basis. Except for the cases corresponding to
the unitary representations, the vector spaces D (ny,ny)
are not naturally equipped with a bilinear form. How-
ever, they carry a reducible representation of the com-
pact group SU(2), which we expect to be equivalent
to a unitary one-direct sum of the well-known repre-
sentations of “spin” j. We shall, indeed, construct in
D (ny,np 2 bilinear form invariant under SU(2), which
allows us to embed D(n,,ny as a dense subspace of a
Hilbert space, a basis of which diagonalizes the repre-
sentation of this group.

We proceed by constructing sets of 2541 functions
fis(2) belonging to D(any, such that the subspace
spanned by these functions is left invariant under the
action of 7 (ny,ng)(4), for 4 restricted to SU(2).
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We are thus looking for f;,(2), with the property that
for A restricted to SU(2),

[T (i, (4) fiod(2) = firr(#) DeraP(4);  (BY)

where the Wigner functions D,+;?(4) are defined by
xl’.ﬂ-vxz’i—'a
LG+ (G =) T
_ Zj K7t gyt D 0(4), (B10
o' =—i[(j+d)(j—o) ]
x'=A7x.

Combining (B9) and (B1) we get

o az+¢ .
(bz+d>m-1<bz+d)"wfju(.—)=fj.,f<z)D.,,,<f>(A>,
bz+d
. (B11)
e b d —¢
() )

¢ d —d a.
To solve for f;.(z) from (B11), one simply chooses a
matrix 4 such that az+¢=0; for example:

1 z
Az=(1+z2)‘“”2< )
-3 1

thus obtaining

fjv,(z)Da,a(f) (4)=_01+2) (n1+nz)/2—1fj”(0) .

(B12)

(B13)
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It remains to compute f;-(0). To this end we note that
choosing A =¢(/203 ip (B11), and using D, (g (#/2)673)
= 0,,6%7, one gets

f,‘-g(eiﬂz)z_f;-q(z)ei0[0‘+(n1—n2)12] ,

and hence
Sio(0)= fids,(ng—ny)/2- (B14)
It thus follows that
fid(@)= fi(1422) @D 21Dy 2P (4,7). (B1S)
Defining the unitary matrix V, by
A=V (ios),
we obtain
fio(2) =gi(14-22) WHmD 221D yngy s P(V2),
(B16)

—1
Vz=(1+z§)“1/2(z ) ,
1z

where g;= f;(—)#(m—m2)/2 and where
Dv’v(i‘n) = (_)'H_alav’ —0

has been used.
As will become clear later, it is convenient to choose

~—

r(j+1 —%(nl"‘nz))]m (B17)
TG+H1+30utn))d

Let us now introduce the following generating
function:

gj =g (2/2) 71‘][(]'—'—%—-

(#1234 w2) t (r1n2) 12(— g |- 5Z) I (1m2) /2

D T T

This definition requires of course (in order to have a
homogeneous polynomial of degree 27 in x) that

J=jo=7j—|3(m—ns)| (B19)

be a non-negative integer. The lowest spin contained
in the representation will thus be j,. We now verify
that f;, have indeed the required properties.

(i) fir(2) is clearly C*, as is f,(3), since fi.(3)
= (—1)#f;0(2) or fi(x,2)= fi(io:x,2).

(ii) If
(. )

denotes an element of SU(2) so that V-1=VT1,
det V=1, or

(a c) ( a —b)
b d B —c o)’
then according to (B1),

T("l"z)(V)f:f(x;Z) = f]( VXJZ) b (BZO)

[CGi+3en—na) (=3 m—na)) J2(1 52)Fri=Costnndsz

(B18)

where we have used the fact that unitarity of ¥ implies

that
2 1+lz|2
(i) -

|bz+4|?
From this equation it immediately follows that the
fis(2) obey Eq. (B9).

Apart from a factor, we observe that f;(z) is a
Di function. We can thus set up a Hermitian ‘“‘scalar
product” in D(a,,n,), invariant under SU(2), such that
with respect to this scalar product f;,(2) and fj.(2)
will be orthogonal for (7,0)5%(4’,¢’). We shall indeed
show that one has

az+c
bz+d

)
- / gdzdé (1+-zz)—Relnrtnd) £, _(3) £ 50 (3)
™

T(+1—3(ntn))
INCABEETCRE I

To prove this relation we set z=¢% cotiB, 0<B<m, and
remark that fj,(cot3g ei) = eiflot(m—n) 2] f; (cot3B), and

(B21)

=0jj 00"
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further that

cosiB
Vcot%ﬁ =\ .
sin3f

— sin%ﬂ)
cos3f

Hence, with the classical notations of quantum me-
chanics textbooks,

Do, (ny—n9)12°(V cotp) = A, (my—ng)12°(B),
the left-hand side of (B21) reads
r(j+1—3(m1+ns))
P(j+1+35(nitns)

(7+%)

aa’

X/ Sinﬁdﬂ dv.(nx—nz)/Zj(ﬂ)da,(nl—nz)/2j'(:8)
° T(j-+1—3 (1))
TG+ 1+30utn))l’

where we have used the orthogonality properties of the
d’ functions.

Let us briefly comment on the scalar product derived
from (B21). For any two f and g belonging to Dy, ny
the following integral obviously exists:

= 0gq’ ij"

2 7 _
)= / s (1+52) 20117 )50

2 7
== / ~dzdz (1+-g2)~Retnrtn)
2<1

X[J@)gE)+I @], (B22)

(The use of the ( , ) notation is to distinguish this
scalar product from that introduced before.) Clearly,
(f,/)=0 and the equal sign only holds for f=0. D,
is not complete with respect to this norm but is dense
in its completion, a Hilbert space that we can denote
H (3,15 It is easy to see that the set f;,(2) is an orthog-
onal basis in this space (§— 7o 0 non-negative integer).
It is gratifying to observe that the scalar product (B22)
is precisely the one corresponding to the principal series,
since from #n;+7,=0 it follows that Re(n;+n,)=0
[compare with (B3)] and in this case

T(j+1—3mtn)|
T(j+ 1+ (ot ns)

1. (B23)
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However, in the case of the supplementary series,
(B22) does not coincide with (BS5). Indeed, one can
easily verify that for #n;=ns=c¢, —1<¢<0, the following
identity holds;

(firar, fj.f)=(§>2 / / (31)2dz1d%1d22d%,

X | 21—22| 22 fj0 00 (1) fo(22)
I(c— 7T (+c+7) 2
T(l4e? =
X fiar(21) fio(21) (1+-2121) 7%,

and since 2c=n1+n,=Re(n1+ns),

F(G—j)P(1+c+j)/f )
(firor,fia

—a(—1)m / (Bi)dzdz,

(firor, fie) =2(—1)7F1

[T(1+o) ]
T'(1+¢) o
m=n.=c¢, —1<c<0. j,7=0,1,---.

Thus apart from an over-all constant factor the func-
tions f;, are again in that case an orthonormal basis for
the unitary representations of the complementary
series. This explains the particular normalization
chosen above.

Let us exhibit the action of the generators J, K on
the functions f;,(2). With Jy=J134Jp Ky=K141K,,
they read

Jsfie=0fie, Jifie=[(GF0)(Go+1)]"2f; 001,
K fio=ai(j2—0") " fi1,0+bjo fi,e
+ e[ (j4+1)2—0"1" fi11,0,

) . (B24)
K, fie=+a,[(jF0) Fo—1)1"*i 1,001
+b,L(jFo) GFo+1) 12 fj 041
Faj[ (jo+1)(GE£o+2) 12 fir1,041,

with

1[(1'2—62) (J'Q‘J'O‘")]”2 ijoc

G=————(—— P ;
J 477—1 JG+D

where we have used the notation of Naimark;

c=sgn[ (n1—n2) J3(nit+ns),
or *i(nitn) if ny=n,.

Jo=%|m—ns|,
(B25)



