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CONCLUDING REMARKS

There is rather good experimental evidence for
the existence of a 'first plateau" in retarding
potential curves of Na+ at W'=12 and 10 eV and
of a "second plateau" at 12 eV. In addition, the
two energy distributions of Na+ indicated by the
first and second plateaus can be nicely explained
as resulting from reactions (a) and (b). Although
the experimental evidence is weaker for the
second plateau at 10 eV and the first and second
plateaus at 8 and 6 eV, the data are consistent
with the existence of such plateaus.

A long tail at large 8 (i.e. , 8 )2995 V) exists
at W=12 eV. This tail does not appear in similar
curves for 8'=6, 8, and 10 eV. If the tail at 12
eV were due to the formation of Na+ from re-
action (c), a similar tail would not be expected
at 6 and 8 eV because the threshold for the re-
action is 8.78 eV. The absence of the tail at 10
eV, which is only 1.22 eV from threshold, could
be due to a small Qc at this energy. It is there-
fore conceivable that Na+ from reaction (c) was
observed at l4'= l2 eV. If the tail at 12 eV were
due to reaction (b) instead, calculations would
give the same Q, and Q~ and about a 30'% larger Qf, .
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The ratios of the excited captures to the total captures have been computed for charge-
exchange collision of protons incident upon each of the elements in their ground state. The
calculations have been performed for incident proton energies of 5 to 140 keV and employing
a simplified form of the Brinkman-Kramers matrix element. Generally speaking the ex-
tremes of behavior of the population distributions occur for charge-exchange collisions with
the alkalis and with the inert gases; the population distributions for the other target elements
fall smoothly within these extremes. The main variations of the population ratios and the
primary trends for different target elements agree reasonably well with available experi-
mental data.

I. INTRODUCTION

In an earlier paper, ' expressions were given for
the cross sections for electron capture by protons
incident upon hydrogenlike targets. Using these

expressions it was possible to deduce some of the
features of the population distributions of the ex-
cited atoms formed by protons incident upon dif-
ferent elements. In particular, the calculations
showed that the excited-state population ratios
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could be expected to vary by an order of magnitude
or more for different atomic targets. ' Hydrogen-
like functions have also been employed by other
workers in the study of excited-state distributions
and with similar results. '~4 However, the use of
hydrogenlike functions to simulate the electrons
in the target atoms has several limitations. Gen-
erally, it is not possible to approximate suitably
both the form of the wave function and the energy
level of an atomic electron using only a hydrogen-
like function, i. e. , using only the effective charge
as a parameter. This difficulty tends to become
more acute for the heavier elements.

In this paper the results are presented of charge-
exchange calculations in which the target electrons
are represented using Hartree-Fock (HF) func-
tions. The HF functions, taken in conjunction with
certain approximations to the Brinkman-Kramers
(BK) prior and post interactions, have been used
to carry out a computational survey of the excited-
state population distributions which extend over all
the elements. These excited-state population ra-
tios have been compared with experimentally de-
termined ratios for protons incident upon several
different atomic targets. It is found that these
calculations reproduce the main features of the
experimental population ratios observed for the
alkaline, alkaline-earth and inert-gas targets.

II. QUANTITATIVE DISCUSSION

We develop here the expression for the electron-
capture cross section for a proton of mass Mb in-
cident upon a target atom with n electrons and
nuclear mass Ma. The Schrodinger equation for
this system is a function of the laboratory coordi-
nates for the n electrons, red (where i ranges from
1 to n), the target nuclear coordinate r, and the
proton coordinate r . To specify an initial state
and a final state for use in the matrix element, it
is necessary to introduce two-coordinate trans-
formations:

n
R=(M r +M r +m Qr .)/(M +M +nm),aa bb . ei a

with

r. =r .—r (n —1 Egs. ); s =r —r . (1b)i ei a
' ' k ek b'

The prime on the summation in Egs. (1b) im-
plies that the rei =rey coordinate is missing from
the sum; the r ek will be taken to be the coordinate
of the active electron captured by the proton. We
shall also have need for the quantities:

a=-k +k [M +(n —1)m]/(M+nm),
+ 0 a a

p = —ko+k Mh/(Mh+m),

y =-k m/(M ~nm)+ k m/[M +(n —1)m], (2)

k =v X-'M (M +nm)/(M +M +nm),a a

[M +[n —1)m](M +m)a b

+ + M +M +nm.a

prior
n e e n

+
1' I rb - r . l I r - rb li=1 b ei a b

n
prior =-~e

i=1

x p —r.
Z

M + (n —1)m n
m

M +nm M +nm . ja a j=1

The vo and v+ are the initial and final relative ve-
locities, respectively.

Upon introducing the center- of-mass transforma-
tion, R, and Eq. (1a) into the complete Schr5dinger
equation for the system, the center-of-mass mo-
tion is separated and the remaining terms which
describe the internal motions can be grouped into
three categories: a kinetic term describing the
relative motion of the incident proton and target
atom, a group of terms interpreted as the
Schrbdinger equation for an n-electron system
centered about nucleus Ma, and a collection of
interaction terms:

n

p =r —(M r +m Q r . )/(M ynm),
b aa .

1
ei a8=1

n
2 ~ m+en . p+ r.

M +nm . . i
a f =1

(3)

and

r. =r .—r (n Eqs. )ez a

n
o =(M r +m Q r .)/[M +(n —1)m]

1=1
—(M~rh+mr ~)/(M +m),ek

The prime in the j summation implies that the

j=i term is absent. The first term in Eg. (3) is
the Coulomb interaction between the incident pro-
ton and target electrons, and the second term is
the proton-nuclear interaction. Initially, for
large proton-atom separation, V can be ne-
glected and the solution for the remaining terms
is taken to be
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(0 (r, ... , r ) exp(i k
0

~ p), (4) the Born matrix element can now be written as

where (I(, is the Hartree-Fock solution for the
target atom.

Alternatively, if one introduces Eqs. (1b) into
the Schrodinger equation there results instead a
kinetic term describing the relative motion of the
outgoing hydrogen atom and the residual atomic
ion, a group of terms describing an (n —1)-elec-
tron system centered about M~, and a collection
of interaction terms:

post -en ~' e2

a ek i= 1 ei b

1
fr . —r ~t I & —PbI,z= 1 ez ek a

n M +(n-2)m
post —e'n ~, a

i M +(n —1)mz=l 0

m
+(n-1)m

s~m

+m
a

n e e n

i=1 i k a b a1(r —sk)+(.r —r&) I I r —r I.

(I( (rl, ..., r )p(sk, nlm)exp(ik ~ a), '(i W k) ( )
+

the product of a target ion function, hydrogenic
function, and outgoing plane wave. Solutions (4)
and (6) serve as initial and final states, respec-
tively.

Using the definitions given in Eqs. (1) and (2),
we have

n

kO ~ p —k ~ a=c( ~ rk+p ~ sk+ Li y ~ r. ,

The prime indicates the 0 term is missing from
the sum and the double prime means both the i and
k terms are missing. The successive terms in
Eq. (5) are identified as follows: the interaction
between the target nucleus and active electron, the
interaction between the proton and residual elec-
trons in the target, the active electron and resid-
ual electrons in the target, the active electron and
residual target electron interactions, and the in-
teraction between the target nucleus and proton.
For large separation of target ion and outgoing
hydrogen atom the terms in VP s can be neglected
and the asymptotic solution is taken to be

Mk
——f(i( *(r.. ..., r ) ()(„(r. .., r, . ..r )

n

sf (s, siss)Vsspi(fs s +(( ~ s + 2 y ~ r )z= 1

xdrl ~ dr ds&,n

with V assuming the form of either Eq. (3) or (5).
Equation (8) is too complex to make feasible a

survey of the population distributions for all the
elements. In the spirit of the BK approximation
we can simplify V somewhat if we ignore the
nucleus-nucleus terms in Eqs. (3) or (5). The
first term in Eq. (3) can be dividea into two parts:
the Coulomb interaction of the incident proton and
the active electron, and a sum of terms giving
rise to a polarization of the remaining (n —1) tar-
get electrons by the incident proton. Neglecting
these polarization terms, VP is approximated
by

Vprior

A similar approximation for Eq. (5) can be ob-
tained by ignoring the polarization of the residual
atomic ion by the outgoing hydrogen atom and ap-
proximating the first three terms by

V' = —e'/r ~
post

(9b)

0[
]nI'~'Pp 1(a')p2(a') ~ ~ p, (a ), (10a)

g + =[(n-1) I ] '~'Pp (a )I((, (a ) ~ ~ (U, (a ); (10b)
1 2 n

+ 1 2 n

that is, a Coulomb interaction between the active
electron captured by the proton and a residual ion
of unit charge.

One might suspect that the failure to include the
nucleus-nucleus terms and the polarization terms
in Eq. (3) would lead to a serious error in the
cross section for charge exchange. But, as we
shall see in a later section, comparison of ex-
perimental data with the calculation based on Eq.
(9) suggests that neglecting these terms will not
seriously affect the magnitudes of the population
ratios.

With the approximation Eq. (9) we proceed by
considering first the integration over the coordi-
nates of the (n —1) electrons which remain with
the target ion. Adopting the notation of Condon and
Shortley, ' the expressions for ()(0 and g+* are taken
to be

(i e k); (&) the p, (a') are Hartree-Fock orbitals and P is an
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antisymmetrizing operator; the tII, and (+*products
differ onlyinthattII+* does not contain p~*(a ).

From the definition of y in Eq. (2) we would ex-
pect its magnitude to be small. Retaining only
lowest-order terms in the expansion for y', gives

y'a '=-.' [(m/M )'+ m/M )']

x [M /(M +M )]'m'a 'v '/5'. (ll)a b 0 +

ber &, the orbital g(a&), with a = vy, will occur
N» times in the product Eq. (10a), and the prob-
ability of capture of any one of the Nvy electrons
is then proportional to Nvy l9R !'. The cross sec-
tion for capture of an electron with initial quantum
numbers vX to a state nl is then

M '(M +nm)'
a

2v vX (M +M +nm)'
a

xh '(v /v, ) f IK(vx, nl) I'd(cos8).

For the range of velocities of interest, m'a, 'v '/
5'= 1, and y'a, ' of order m/Ma, we can write

With the definitions y =P'a, '+b', b =1/n, and

P =mv, a,h ', the cross section can be written

( n,
exp i Q y r .

n
=1+i& y r.1'

i=1
(12)

N (1+m/M )
o(vX-nl) = . . . f IK(vi:, nl)I'dy. (15)

4va, 'P'e'

Upon performing the integrations over the n -1
electron coordinates and using the expansion Eq.
(12) the matrix element for capture of the 0th
electron from the orbital with quantum numbers
ak becomes

Ã = n '@f y* (s~, nlm) p,~(a )V

Evaluating y at coso=+1, and neglecting terms of
order m/Ma and m/Mb compared with unity, one
finds that for all values of the ratio Mb/M, the
lower limit of the integral in Eq. (15) can be writ-
ten

Lp2 ~ L (a2 +b2) + (b2 a2)2/4P2

xexpi(a ~ r&+ p ~ s&)dr ds&

—iyn '~'f P*(s&,nlm) Q D &p&(a ). I

i
x Vexpi (o. ~ r&+P ~ s&) dr&ds&

where a' is the ionization potential expressed in
Rydberg units required to remove a (vX) electron
from the target. If several shells in the target
are occupied, the total cross section for charge-
exchange capture into a state nL is given by

o(nl) =Q N o(vz-nl).
v vX

with

D. = f p*(a~)y ~ rp(a )dr (j ok)
gk

(14)

The total cross section for charge exchange then
becomes

For the elements up to Be, the dipole matrix ele-
ments Eq. (14) between all occupied orbitals van-
ish and the second integral in Eq. (13) is zero.
For the heavier elements, the D&k will be of order
a, or less, and in view of Eq. (11) the second term
in Eq. (13) will be approximately a factor m/Ma
smaller than the first term. In view of the ap-
proximations already made in the interaction
term V, neglecting the second term in Eq. (13) is
warranted.

The probability of capturing the kth electron
from the orbital with quantum numbers ak is pro-
portional to 13ll&I'; but from the form of Eq. (10)
the probability of capturing any one of the other
n —1 electrons in the target from the orbital
p. (a&) is given by the same expression as Eq. (13).
It follows that the probability of capturing any
electron from the orbital g(a~) is then proportion-
al to nI Kkl =- )SR)'. Further, if there are N»
electrons in the target atom with principal quan-
tum. number v and total angular momentum num-

n- 1
o = Q Q Z o(vz-nl)

n=1 1=0 v

fl(n)

n —1
Zo(vz —nl)

L=O v

10 n —1
Q o(vx-nl)

n=1/=0 v

(19)

The denominator in Eq. (19) will generally differ
from Eq. (18) by a percent or less.

It remains to discuss the evaluation of the in-

Equation (18) has been used by Nikolaev' for the
study of charge-exchange capture on ground-state
atoms using the approximation Eq. (9b) to the
post interaction and employing Slater-type hydro-
genic functions to describe the target electrons.

The excited-state population ratio, R(n), cal-
culated in this paper is defined by
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tegrals occurring in the matrix element K(vk, nl).
Using the results in Ref. 1, we have, for the
prior interaction,

IK(vx, nl) I . ' = (2)(. '. I) '
prior

au(vy, p) exp(in r~)dr
~

'

x
I
fIt)(nlm)(e'/s)exp(iP ~ s)ds

~

'

= (m'/2)e'a, (21 + 1)y'F'(nl; y)

x
I frl P exp(inr cos8) r'dr d(cos8)

I
'; (20a)

vX

and, for the post interaction,

lml(vX, nl) ' = (2y + 1) '
post

m

lou( &~)(, ) y( )d
p=-X I —nz

section Eq. (15) can be expressed as polynomial
in x. The primary interest here, however, is for
numerical values of the population ratios, and the
calculation of the population ratios is greatly fa-
cilitated by performing the integral over y in Eq.
(15) numerically.

III. DISCUSSION

The cross sections Eq. (15) and the population
ratios Eq. (19) have been calculated for incident
proton energies ranging from 5 keV up to 140 keV
and using either the prior or the post interactions
given by Eq. (9). It is in this energy range that
the population ratios exhibit their major variations
as functions of the principal quantum number,
target atom, and proton energy. In this low en-
ergy range only a few of the outer 'shells of elec-
trons in the target atom will contribute significant-
ly to the total cross section. This can be seen by
inspecting the expression Eq. (15). For the inner
shells, a' is large compared with P', and con-
tributions to Eq. (15) occur for relatively large
values of the variable y. Since the integral over

x
I fp (nim) exprp ~ s)ds '

= 2w (2l + l)aosF2(gl, y) (20b)

1 p
2

I I

PRIOR INTERACTION——POST INTERACTION

&&
I f& P (e'/r) exp(inr cos8) r'dr d(cos8) I'

Here the 8
&

are the radial part of the Hartree-
Fock function, and Py the Legendre function. For
the R„~ we have used either the Tubis, ' Clementi, '
or Herman-Skiilman (HS)' functions. The
Clementi functions have the form

Xe

-B.
=Z.A. (vX)r ~ exp(-C. r),

vX j (21a)

O 1p-3
I

z0
I—

and are available for all the elements up to kryp-
ton. The HS functions are tabulated numerically.
For the elements heavier than krypton, HS func-
tions have been fit to functions of the form

+
0 x

v-X-1
fl»= II

j=l
(r —r.) Q a. exp(-k.r).j 2=1' Z

(21b)

1 kx 4gao'—exp inr cos8 ——dr =
a (n'a '+k') (22)

with respect to n and k. Notice that with the an-
alytic expression Eq. (21) for 8», the cross

With the expression Eq. (21) for 8», the inte-
grals in Eq. (20) can be evaluated by successively
differentiating the equation

10
0

I I I I I I

20 40 60 80 100 120

INCIDENT PROTON ENERGY, keV

140

FIG. 1. Comparison of the population ratios, R(11),
computed using the prior and post interactions for pro-
tons incident upon the 2s 2P configuration of Ne and the
4d 5s 5p configuration of Xe. Also shown for com-
parison are the experimental values: 0 -Xe data of
Ref. 12. +-Ne data of Ref. 12 O-Ne data of Ref. 10.
X-Ne data of Ref. 11 (see text).
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10 2
I

IIc
OC

10
0

z0
I—

0

0 0

PR IOR INTERACTION——POST INTERACTION

10 4

0
I I I I I I

20 40 60 80 100 '120

INCIDENT PROTON ENERGY, keV

140

FIG. 2. Comparison of the population ratios, R(11),
for protons incident upon the 4d 4s 5p 6s configuration
of Cs and the 2s 2P 3s configuration of mg. O-Cs data2 6 2

of Ref. 10.~ -Mg data of Ref. 10; o-Mg data of Ref. 11
(see text); &-Mg data of Ref. 12; 0 -Mg data of Ref. 14.

R„y in Eq. (20) varies approximately as y
' for

large y, these contributions are necessarily rel-
atively small. For higher energies, where x
= P~/4 for all shells, the relative contributions
from the inner shells would be expected to be
more important.

Examination of the population ratios computed
here shows that, broadly speaking, the extremes
of behavior occur for protons incident upon the
alkalis and for protons incident upon the inert
gases, with the population ratios for the other tar-
get elements falling smoothly within these ex-
tremes. In Fig. 1 we have plotted the population
ratio, R(n = 11), for protons incident upon two of
the inert gases, neon and xenon, and compared
these ratios with the experimental values. '
For neon only the 2P' electrons contribute sig-
nificantly to the ratio, while for xenon, contribu-
tions from the 5P', 5s', and 4d' electrons are
important. In Ref. 11 the neon data is given for
R(n =6); the values shown in Fig. 1 have been
multiplied by (~»)'. There is seen to be no ap-
preciable difference between the prior and the
post ratios. In comparison with the experimental
data, the calculated ratios tend to lie above the ex-
perimental points at the low end of the energy
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100

!
I I I I I I I I I I I I I

Mg

PRIOR INTERACTION

10 '-

0

z0
I—

10 2—0
30 keV

10

10 I I I I

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

PRINCIPAL QUANTUM NUMBER, n

FIG. 3. Population ratio, R(n), versus principal
quantum number for protons incident upon the 2s 2p 3s
configuration of Mg for proton energies of 5, 10, 30,
and 100 keV. Dashed curves:. ratios for 10-and 100-
keV protons incident upon 2s 2p Ne.

range.
In Fig. 2 the population ratio is shown for pro-

tons incident upon cesium and magnesium where
account is taken of the 6s, 5P', 5s', and 4d' tar-
get electrons in Cs and the 2s' 2p' 3s' configura-
tion in Mg; the difference between the prior and
post results here is more marked than in the case
of the inert gases, although the main variations of
the population ratios are similar for the two in-
teractions; in all cases the prior ratios lie closer
to the experimental data. The data of Ref. 11 for
R(6) have been adjusted here according to Fig. 3.

The distinctive feature of the ratios is the pro-
nounced maximum at low energies falling to a dis-
tinct minimum at intermediate energies, features
which are characteristic of both the theoretical
and the experimental' ' data. These variations
are due mainly to the contribution from the outer
6s electron. The origin of the variations shown in
Fig. 2 can be better understood by plotting R(n) as
a function of n for several different energies as is
shown in Fig. 3 for Mg. At very low energies
only a few percent of the captures occur into the
ground state, and the distribution falls off steeply
for large n. This steep distribution accounts for
the decline in R(11) for energies below 10 keV
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0

I I I
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INCIDENT PROTON ENERGY, keV

INCIDENT PROTON ENERGY, keV

FIG. 4. Comparison of some experimental population
ratios with ratios calculated using the prior interaction.
&-Li data, X-K data, +-Cs data, O-He data, Ref. 10;

&& -Xe data, Ref. 12; --, calculated ratios.

shown in Fig. 2. At about 20-30 keV and higher
the relative captures into the highly excited states
has ij.:creased, and the distribution for large n
varies approximately as n '. As the incident
proton energy is increased from 5 keV up to 100
keV, the relative capture into the ground state
increases rapidly, causing the minimum in R(n
= ll) near 100 keV shown in Fig. 2. This pattern
for Mg is reproduced for all targets in which an
outer s electron is captured from the target pro-
vided the s electron is not in a 1s orbital. To the
extent that these outer s electrons contribute to
the total capture, the observed ratio R(n & 6), will
exhibit the peaked structure found for Mg and Cs.

Also shown in Fig. 3 is the population ratio
R(n) for protons incident upon neon. In the case
of a neon target, R(n) is seen to vary monotoni-
cally with n in contrast to the s electron captures.
This monotonic variation is characteristic of those
targets in which the primary contribution to the
capture is due to outer P or d electrons.

In Fig. 4 we have compared the population ra-
tios for several target elements for which there is
experimental data available' ~" with the popula-
tion ratios computed using the prior interaction.
Although differences in magnitude for the calcu-
lated and experimental data occur, the trends of

FIG. 5. Comparison of the population ratios for five
of the 11 members of the 5s-electron sequence begin-
ning with Rb and ending with Cd. In each case account
is taken only of the 5s-electrons in the target.

the population ratios among the elements for the
theoretical data taken together are reproduced by
the trends for the experimental data when taken
together. Notice that in all cases the computed
population ratios tend to fall below the experi-
mental values at the lower energies.

The systematic calculation of the population
ratios for protons incident upon all the elements
is facilitated by arranging the target elements in
sequences according to similar electronic (chem-
ical) properties. In the energy range studied the
major contributions to R(n) are due to the outer
electrons, and the sequences were selected ac-
cording to the successive filling of the outer
electronic shells (Table 2" in Condon and
Shortley's book' is particularly useful for this
purpose). The population ratios were calculated
taking into account contributions only from that
particular target electron which gave the largest
value for R(n). For the alkali sequence these are
from the vs electrons, where v ranges from two
through six, and for the alkaline earths from the
ps' electrons where v ranges from three through
seven. Three other s-electron sequences are
the following: the 4s sequence, beginning with
potassium and calcium then continuing from
scandium through zinc, this later group corre-
sponding to the successive filling of the Sd shell;
the 5s sequence beginning with rubidium and
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strontium and continuing from yttrium through
cadmium (palladium is excluded here because the
ground state does not contain a 5s orbital but cor-
responds instead to a filled 4d shell); and 6s se-
quence beginning with cesium and barium and con-
tinuing from lanthanium through mercury (this
group includes the 14 rare-earth elements cerium
through lutetium). For the five sequences corre-
sponding to the successive filling of the 2p,
3P, ..., 6P shells, contributions from the outer s
and P electrons are comparable, at least for the
leading members, and these sequences are
grouped separately from the above-mentioned s-
electron sequences.

The population ratios for the alkali and 6s-elec-
tron sequences are given elsewhere"~ "; the R(n)
for the 5s sequence is shown in Fig. 5. Upon
examining the population ratios one will notice
that the height of the maximum diminishes and the
width of the maximum broadens as the ionization
potential of the target increases. This variation
is a feature of all the s-electron sequences. Also,
for each of the s-electron sequences the maximum
of R(n) is found to vary inversely with ionization

potential, excepting for cesium in the alkali se-
quence; this variation can be used for interpo-
lating the R(n) for the intervening members of the
sequences not shown in the figures. A more ex-
tensive presentation of the variations of the pop-
ulation ratios for the different elements is given
by Hiskes. "

The population ratio R(n) is a function of four
parameters: the principal quantum number v and
angular momentum X of the target electron, the
incident proton energy, and the principal quantum
number n of the captured electron in the outgoing
atom. If we were to restrict R(n) to be a function
of only two parameters it would be possible to
draw R(n) as a continuous contour. The level n
= 11 is accessible in the electric ionization ex-
periments, and the variations of R(n= 11) are
typical of the distribution above about n = 5, 6 as is
suggested by Fig. 3. Accordingly, we shall elim-
inate one of the parameters by limiting the dis-
cussion to R(n = 11). The R(n = 11) for the s-elec-
tron sequences have their maxima in the interval
from 5 to 30 keV. For those sequences in which
the P electrons og d electrons in the target atom

1.8— Rb

1.4

c 1 0

0

z0
t- 0.6

0.2,

FIG. 6. Contours of the maximum population ratio that occur in the incident proton energy interval 5 & E& 30 keV

plotted aginst the atomic number of the target atom. The contour on the left includes only contributions from the outer-

most s electrons of the target atom to the population ratio; the contour on the right includes contributions from the

outermost s and p electrons. In the case of Pd there are no Ss electrons in the ground state; the value of RM(11) for
Pd is derived for captures from the 4d shell.
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are the main contributors to R(11), the maximum
occurs at higher energies as is seen for example
in Fig. 1. But for these p and d target atoms the
energy dependence of the population ratio is a
much less sensitive function of proton energy, and
there is no loss of essential features in illustrat-
ing the variations among the elements if we com-
pare the R(11) for these P, d targets at 30 keV
with the R(11) of the s-electron sequences. To a
large degree then, the essential functional depen-
dence of the highly excited population distributions
upon the target atom can be displayed by plotting
the maximum value of R(ll) which occurs in the
energy interval 5 to 30 keV as a function of the
parameters v and X belonging to the outer shell of
the target.

Figure 6 shows such a contour in which is plotted
the population ratio maximum, R~(11), as func-
tion of v, X covering all the elements up to atomic
number 104 and using the prior interaction given
by Eq. (Qa). This contour is a plot of RM(11)
taking into account only the contributions from the
outer s electron, and the outermost s and P elec-
trons in the case of the p-electron sequences
which are grouped in the contour shown in the
right-hand portion of the figure. The principal
quantum number v is plotted along the left-hand
abscissae, and the leading abscissa denote the
successive filling in of the s and d shells of the
s-electron sequences; the leading abscissa for
the portion of the figure on the right corresponds
to the successive filling of the P shells. The po-
sition of the star along the 6s sequence locates the
rare earths (characterized by the successive fill-
ing of the 4f shell) which are suppressed on the
diagram. The R~(11) for the rare earths vary

about +15% above and below the contour at this
point based upon the variation of the ionization
potentials for these elements. The star along the
7s element sequence locates the second-row rare-
earth elements beginning with thorium. and uranium
and continuing through the transuranic elements.
While the calculations using- the post interaction
Eq. (9b) have not been as comprehensive as the
prior calculations used in constructing the contour
of Fig. 6, the main trends and features displayed
by the contour are characteristic of either inter-
action. Inspection of the figure shows that the
contour has a ridge running from rubidium through
barium then continuing along the 5s electron se-
quence and along the 5s5P electron sequence.
This ridge beyond barium is a consequence of the
increasing ionization potentials of the outer s and

p electrons for the elements heavier than lantha-
num.

The contour shown in Fig. 6 represents an up-
per limit to the magnitude of RM(11). The in-
clusion of the contributions of the inner shell elec-
trons to the expression (19) would be expected to
lower the magnitudes of RM(11), for as we have
seen in Fig. 5 the relative contributions to the
highly excited-state cross section are reduced in
the case of capture of target electrons with higher
ionization potentials. In Fig. 7 is shown the con-
tour for RM(11) but modified to include effects of
the inner shell electrons. The population ratio of
the 4s electron sequence is reduced substantially
by inclusion of contributions from the 3p and 3d
target electrons. The 5s sequence is affected by
contributions from the 4P and 4d electrons and the
6s sequence by contributions from the 5P and 5d
target electrons. The ionization potentials for the
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65 elements'
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ments
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FIG. 7. Contours of the maximum population ratio that occur in the incident
proton energy interval 5 & E& 30 keV plotted against the atomic number of the
target atom. These contours include contributions from the inner shell elec-
trons. The position of the rare-earth sequence is indicated by the star along
the 6s element sequence. For those rare earths with no 5d electrons in their
ground-state configuration the values of BM lie between the values shown for
La and Ba; for those rare earths with 5d electrons the values of R~ will lie
between the values for Hf and La.
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inner electrons are taken from Charlotte Moore's
tables" and from Lotz's paper. " The ionization
potentials for the 4d and 5d electrons in the tran-
sition element region are taken from the HS ta-
bles. '

Comparing the contours of Figs. 6 and 7, the
effect of the inner shell electrons is to reduce the
values for RM(11) of the heavier alkalis relative
to the values for the heavier alkaline earths.
Moving along the contour of Fig. V from the region
of the lighter to the heavier alkalis and alkaline
earths, the contour becomes twisted. The largest
population ratios persist in the region of the light
and intermediate alkalis, in the region of the al-
kaline earths, and for the leading members of the
P-electron sequences. Referring back to Figs. 1,
2, and 4, the experimental values for RM(11) are
approximately 20 to 60/p less than the theoretical
values at the lower end of the energy range; this
suggests that by dividing the ordinate of Fig. 7 by
a factor of 1.5 one can obtain a semiempirical
contour which will reproduce all experimental val-
ues to within about 30%%uq.

quences. For those target atoms in which an
outer s-electron contributes significantly to the
capture, this population ratio exhibits a pro-
nounced maximum at low (10-30 keV) incident
proton energies, falling to a distinct minimum at
intermediate energies. For the intermediate ex-
cited states (2 &n & 5) the population ratio has con-
siderable structure at these lower energies, and
the capture into the intermediate levels comprises
the main portion of the total capture. For those
target elements in which the primary contribution
to the total capture is due to the P or d electrons,
e. g. , the inert gases and palladium the highly ex-
cited-state population ratios do not exhibit the low-
energy maximum, and the distribution over the
intermediate levels falls off monotonically for the
entire energy range.

The approximation to the BK matrix element em-
ployed here leads to reasonably good estimates
for the population ratios for the highly excited
states over most of the energy range, but it con-
sistently underestimates the population ratios at
the lower end of the. energy range.

IV. CONCLUSIONS

The population ratios for electron capture into
the highly excited levels (n & 7) are a maximum for
those target atoms in the region of the light and in-
termediate alkalis, for the alkaline earths, and
for the leading members of the p-electron se-
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