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Measurement of ~+-He Scattering and Its Relation to the Pion Form Factor*

KENNETH M. CROWE, ANTHONY FAINBERG, JACQUES MILLER, j' AND ANTHONY S. L. PARSONS

Lavorence Radiation Laboratory, University of Catifornia, Berkeley, California 947ZO

(Received 8 November 1968)

A measurement has been made of the differential cross section for the elastic scattering of positive and
negative pions of energies 51, 60, 68, and 75 MeV scattered from helium. The experiment is discussed and a
phase-shift analysis is presented. An optical-model analysis has been used to extract the pion electromag-
netic radius, yielding 2.96&0.43 F. There remain uncertainties in this application of the model, which are
discussed.

I. INTRODUCTION

E present here a measurement of the elastic
scattering processes 7r++n —+ 7r++ct, with a

phenomenological analysis of our results. The experi-
ment was performed in an effort to obtain the pion
electromagnetic form factor. Our theoretical analysis
is based on an optical model and follows that suggested
by Auerbach et al.'

Hofstadter and Sternheim originally proposed' that
the pion charge form factor can be obtained by the
analysis of charge asymmetry in pion-helium scattering.
The first experiment by Nordberg and Kinsey, ' using
24-MeV pions, obtained E. =1.8&0.8 F. However,
Schiff pointed out' the importance of distortion sects
in the analysis of this experiment, and a recalculation
based on an optical model to compute the distortion'5
leads to a modification of this result, E (2.0 F )within
2 standard deviations (s.d.)j. A re-analysis by Block'
gave R (0.9 F (2 s.d.). Block et al. ,

e interpreting their
helium —bubble-chamber data at several energies, ob-
tained the results R (0.9 F (1 s.d.) or (2.1 F (2 s.d.).
Auerbach et u/. have presented' a detailed discussion
of the optical model as applied to the problem. Ericson
has pointed out' the advantage of using the difference
in the s-wave phase shift where the major size depen-
dence occurs. Herman' and others have criticized the
interpretation of the experiment, especially with
regard to the existence of certain model-dependent
distortion effects, which are neglected in this analysis.
These effects arise from the fact that the amplitude
for our process contains contributions from relativistic
effects which have not, to our knowledge, been calcu-
lated (see Sec. III D).

*Work done under auspices of the U. S. Atomic Energy
Commission.

t Present address: Centre d'Etudes Nucleaires, Saclay, France.' E. H. Auerbach, D. M. Fleming, and M. M. Sternheim, Phys.
Rev. 162, 1683 (1967).

'M. M. Sternheim and R. Hofstadter, Nuovo Cimento 38,
1854 (1965).' M. E. Nordberg, Jr., and K. F. Kinsey, Phys. Letters 20, 692
(1966).' L. 1. Schiff, Progr. Theoret. Phys. (Kyoto) Suppl. 400 (1965).' G. B. West, Phys. Rev. 162, 1677 (1967).' M. M. Block, Phys. Letters 251, 604 (1967); M. M. Block,
I. Kenyon, J. Keren, D. Koetke, P. Malhotra, R. Walker, and
H. Winzeler, Phys. Rev. 169, 1074 (1968).' M. Ericson, Nuovo Cimento 47, 49 (1967).' S. N. Berman (private communication).
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Our analysis gives E =2.96~0.43 F. Two other
experimental techniques have been used in attempts
to measure R . From the scattering of pions off atomic
electrons, Cassel et a/. ' were only able to assign a limit
of R„&3.0 F. This method is limited by the small value
of momentum transfer obtainable using present pion
beam energies. Another phenomenological analysis
using electroproduction has been used in two experi-
ments. Akerlof et cl." 6nd E. =0.80&0.10 F, and
Mistretta et al."obtain E =0.86&0.14 F. The vector-
meson dominance model predicts an rms radius of
=0.6 F.

II. EXPERIMENTAL DESCMPTION

A pion beam of 90 MeV obtained from an internal
target of the 184-in. Berkeley Synchrocyclotron is
shown schematically in Fig. 1.Negative pions produced
in the forward direction at the target were accepted by
the transport system. Positive pions (produced in the
backward direction) were obtained in the same beam
line by reversing the cyclotron main field. Consideration
of sensitivity to the pion form factor leads to an
optimum energy for the measurement of about 60
MeV for the incident pions"; here (at the minimum
in the nuclear cross section) a sufliciently large value
of momentum transfer is obtained and the interference
between the Coulomb and nuclear amplitudes is sig-
nificant. The beam was degraded at an intermediate
focus. The momentum band of &3% was essentially
the same for all energies.

Time-of-flight counters (TOF 1 and TOF 2) were
used to reject electrons or positrons in the beam (about
25% for electrons and 5% for positrons) that would
otherwise introduce an asymmetry in the beam nor-
malization. The time resolution was set to include the
muons from pion decay, which were approximately
15% of the flux; the correction for muons is described

9 D. G. Cassel, Ph.D. thesis, Princeton University, 1965
(unpublished).

C. W. Akerlof, W. W. Ash, K. Berkelman, C. A. Lichtenstein,
A. Ramanauskas, and R. H. Siemann, Phys. Rev. 163, 1482
(1967).' C. Mistretta, D. Imrie, J. A. Appel, R. Budnitz, L. Carroll,
M. Goitein, K. Hanson, and Richard Wilson, Phys. Rev. Letters
20, 1523 (1968).

'~ E.H. Auerbach, D. M. Fleming, and M. M. Sternheim, Phys.
Rev. 171, 1781 (1968).
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FxG. 1. Layout of the
pion beam line.
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FIG. 2. Range curve for x obtained in the scattered beam
(data from 70 and 75 deg combined).
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below. The direction of the incident pion in the hori-
zontal plane and the spatial distribution of pions at
the target were defined by hodoscope A (11 counters,
1.9 cm wide, 0.63 cm thick) and 8 (5 counters, 1.9 cm
wide, 0.63 cm thick). Two further beam-defining
counters were used for calibration purposes. A lead
opening 10 cm long was situated about 30 cm from
the target with a 7.6)&7.6-cm aperture to reduce the
fiux of particles incident on the walls of the target and
the vacuum jacket. The target itself consisted of a
7.6-cm-diam vertical cylinder of liquid helium.

Scattered pions were detected in an array of 16
scintillation counter telescopes each consisting of three
counters placed, respectively, 30.5, 86.4, and 101.7 cm
from the target, as shown in Fig. 1. These telescopes
were mounted in such a way that they could be rotated
about the target; this facility allowed each telescope
to be set in the primary beam for efficiency measure-
ment. Also, the telescopes were used to make mea-
surements at several angles. The most interesting

region, from 60 to 80 deg, was covered by 10 of the
telescopes, 5 on either side of the beam. The remainder
spanned the other angles between 30 and 150 deg. The
dimensions of the counters were 2.54 cm wide, 1.27 cm
thick, and either 30.5 or 50.8 cm long, the longer type
covering the angular interval 60 to 100 deg, where the
contributions to the angular resolution due to the
length of the counters is small.

The two contaminants among the scattered particles
were inelastically scattered pions, and protons arising
from pion capture. The inelastic pions were rejected
by a range requirement in the telescopes. At each
angle, range curves were obtained and sufficient range
(consisting of slabs of CH2) was inserted to reject the
inelastic pions, which have at least 20 MeV less energy
than those elastically scattered. A typical range curve
is shown in Fig. 2.

Protons were rejected by use of pulse-height infor-
mation as follows. Information on which of the counters
fired for any one event in the telescope and hodoscope
arrays was stored in a PDP-5 computer, and on tape,
for subsequent analysis on the CDC 6600. The trigger
for an event was a beam-particle trigger plus a scattered-
particle trigger. The former was defined by a time of
Qight within the appropriate gate as well as by the two
hodoscopes; the latter required all three telescope
counters. At the time of an event trigger, the pulse
height obtained from the output of the first telescope
counter was stored in the computer. The separation of
pions and protons was essential, since the protons from
the capture process, if counted to any significant extent,
could introduce a marked asymmetry between ~ and
~+ cross sections. The probability of capture of a pion
in nuclear matter on two unlike nucleons is several
times that for like nucleons, which gives rise to an
observed ratio of energetic proton yields from helium
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FIQ. 3. Pulse-height spectra ob-
tained in the scattered beam at 70
deg for (a) 51-MeV s.+, (b) 60-
MeV s.+, (c) 75-MeV n+, (d) 60-
MeV m . Empty target back-
ground has been subtracted.
Typical error bars are shown. The
solid curves are the best Qt of two
Gaussian curves to the experi-
mental distribution.
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of about 18 to 1 for sr+ and x capture, respectively.
To allow for the slight overlap of the pulse-height
spectra for each telescope, each run was 6tted by an
expression which was the sum of two Gaussian dis-
tributions; the total area under the peaks was con-
strained to be the total number of counts in that
telescope, but the ratios of the areas of the peaks, their
positions, and their widths were allowed to be free
parameters. Examples of pulse-height spectra are shown
ln Flg. 3.

During the runs, many checks on the consistent
behavior of the counters, on the electronics, and on the
pion beam itself were made. Most of these checks were
monitored by the on-line computer. The important
accidental coincidence rates were also monitored.

Checks on the eS.ciency of each telescope were made

by rotating each into the primary beam (0-deg direc-
tion) and measuring the ratio of telescope counts
registered in the computer to the number of coin-
cidences between three additional counters —these

TABLE I. Corrections applied to the data.

Description of measurement or
correction Source of estimate

Approximate
amount of
correction

Approximate error
in measurement or

correction
(%)

Corrections to and measurements of beam intensity
1. number of beam particles scaled at 100 MHz
2. p fraction (i) Monte Carlo

(ii) range+time-ot-flight measurements
3. randoms measured experimentally
4. dead time measured experimentally

Corrections to and measurements of number of pions scattered
1. number of pions scaled
2. solid-angle measurement from counter position survey
3. multiple scattering in target

+counters Monte Carlo
+range

4. ~ ~ p decay loss
5. p's detected from vr —+ p decay~
6, nuclear absorption and scattering in (i) Oj~gjgstjc and Ogh sgjc data

counters and range (ii) measurements in beam
7. p's undergoing Coulomb scattering calculated

in 4He
8. inefBciency of counters measured frequently during expt.
9. contamination by protons from m distinguished by pulse height

capture
10. correction due to two C counters from "beam-triggered" runs

Bring

—15
3

&1

~ ~ ~

~+ fP

+15

+7s

2
at forward angles'

&1

1 to 2'

3
1,5

2 (statistical)
1.0

+1.5

&0.5

&0.5

&0.5

a CanCela fOr D/A,
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Fxo. 4. Elastic differential cross sections for mp at 60 MeV for
(a) s.+, (b) s- . The solid curves are the differential cross sections
from the phase shifts of Ref. 15.

coincidences de6ned a pion as having passed through
all three telescope counters.

The method of running was typically to spend about
1 h with the target full (about 10' events) and then
0.5 h with the target empty, followed by about 5 min
triggering the computer only on a beam particle; this
last type of run provided a random sample for mea-
suring the angular and spatial distribution of the beam
at the target as well as a monitor on the probability of
random counts in the telescope counters. The signal-
to-background ratio was typically 10:1 at backward
angles and about 2:1 around the minimum in the cross
section.

Several corrections were applied to the data, both
to the number of scattered pions at a given angle and
to the intensity of the incident beam. Those corrections
are summarized in Table I, and the important ones are
discussed below. lt should be noted that several of the
corrections are the same for both the positive and
negative cross-section measurements.

The main correction to the incident beam intensity
was for the muon contamination. This was calculated
by using a Monte-Carlo-type program simulating the
transport of pions from the cyclotron internal target
to the helium target and including m

—+p decay in
Sight. The predicted range curves and time-of-Qight
spectra were compared with those obtained experi-
mentally and were found to be in good agreement. The
fraction of muons varied from (20&3)% at 51 MeV
to (12&2)% at 75 MeV.

The other correction to the incident Qux was the
random coincidence between an electron or positron in
the counters immediately ahead of the target and
another particle counting in the upstream time-of-Right
counter (TOF). This correction amounted to about 3%
with less than 1% difference between the two signs of
beam.

The major correction to the number of scattered
pions is the loss due to multiple scattering in the target,
counters, and range. This correction was computed for
each angle with a Monte Carlo program including
energy loss of the particles and m. —+ p, decay, as well
as the scattering process. The error of 1.5% in this
correction arose from the statistical nature of the
Monte Carlo process. Nuclear scattering and absorption
were estimated. by using the data of Stork" and Byfield"
as well as data obtained in the beam in this experiment,
both sources of information being essentially in agree-
ment; the error of 2% in this figure is an estimate from
the published data.

Data for each sign of particle were obtained at 51,
60, 68, and 75 MeV. The correction for the protons
arising from s capture was measured to be 5% at
60 MeV. The corrections at other momenta were made
by assuming that the ratio of the proton yields from
~+ and x capture is constant with energy.

As a check on the whole setup, some data were ob-
tained at 60 MeV, with hydrogen used in the target.
For these measurements the absorbing ranges were
removed from the telescopes. These data are shown in
Fig. 4, compared with the predictions of the most
recent s P phase-shift analysis. " The agreement is
reasonable considering the precision, in this region, of
the data upon which the phase-shift analysis is based.

III. ANALYSIS

Figure 5 shows (do+/dQ), , (do /dQ), , and

t do(av)/dQ]. . .. The difference in the cross sections
divided by the average (=D/A) is shown in Fig. 6.
This variable is sensitive to R because the nuclear
amplitude cancels to first order and because it is
independent of those correction factors which are the
same for x and m+. The sensitivity to R is shown for

"D.H. Stork, Phys. Rev. 93, 868 (1954).
«4 H. By6eld, Phys. Rev. 86, 17 (1952).
'~A. Donnachie, R. G. Kirsopp, and C. Lovelace, CERN

Report No. TH-838, 1g6'7 (unpublished).
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TABLE II. Data for each of the four energies in the form of
dif'ferentia1 cross sections as a function of 8,. ..

I I 1 1 i i- i 1

51 MeV
31.5
36.7
41.9
47.1
62.5
67.6
72.7
7l.8
82.8
92.9

102.8
122.5
132.2
141.8
151.4

60 MeV
31.5
36.7
41.9
47.1
62.6
67.7
72.8
77.9
83.0
93.0

102.9
122.6
132.3
141.9
151.5

68 MeV
31.6
36.8
42.0
47.2
62.7
67.8
72.9
78.0
83.1
93.1

103.0
122.7
132.4
142.0
151.5

75 MeV
31.6
36.9
42.1
47.3
62.8
67.9
l3.0
7g.i
83.2
93.2

103.1
122.8
132.4
142.0
151.6

do'~/da
(mb/sr)

1.516
1.611
1.223
1.131
0.434
0.266
0.323
0.375
0.581
0.993
1.610
3.433
4.095
4.764
4.918

2.661
2.634
2.327
1.663
0.534
0.366
0.325
0.375
0.618
1.12g
1.928
3.936
4.592
5.422
5.721

4.031
3.612
3.247
2.651
0.722
0.437
0.382
0.447
0.692
1.350
2.094
4.011
4.961
5.853
5.843

5.940
5.252
4.268
3.006
0.960
0.623
0.458
0.529
0.776
1.413
2.203
4.508
5.264
6.054
6.114

(mb/sr)

0.140
0.136
0.093
0.093
0.024
0.023
0.020
0.023
0.026
0.050
0.057
0.144
0.164
0.177
0.194

0.075
0.071
0.052
0.046
0.010
0.009
0.008
0.008
0.012
0.021
0.031
0.079
0.104
0.150
0.196

0.190
0.176
0.135
Q.126
0.025
0.020
0.018
0.019
0.025
0.047
0,063
0.149
0.176
0.213
0.267

0.205
0.167
0.141
0.104
0.025
0.019
0.017
0.019
0.023
0.042
0.057
0.143
0.152
0.175
0.200

do /da
(mb/sr)

5.192
3.969
2.978
2.033
0.560
0.371
0.269
0.314
0.427
0.950
1.638
3.715
4.471
4.791
5.034-

6.712
5.033
3.854
2.835
0.747
0.436
0.306
0.336
0.521
1.077
1.916
4.232
4.875
5.544
5.924

7.299
5.312
4.494
3.082
0.925
0.512
0.366
0.388
0.556
1.180
2.01g
4.392
5.098
5.543
5.591

9.394
7.080
5.858
3.979
1.119
0.667
0.488
0.498
Q.710
1.325
2.361
4.578
5.379
5.646
6.046

(mb/sr)

0.254
0.166
0.145
0.107
0.025
0.020
0.019
0.020
0.023
0.041
0.053
0.132
0.148
0.147
0.156

0.146
0.106
0.076
0.062
0.013
0.009
0.008
0.009
0.011
0.021
0.031
0.083
0.109
0.153
0.203

0.273
0.361
0.164
0.223
0.034
0.026
0.022
0.025
0.030
0.051
0.069
0.142
0.163
0.316
0.333

0.236
0.215
0.132
0.127
0.023
0.017
0.014
0.015
0.018
0.035
0.050
0.103
0.116
0.169
0.203

l.o

J
I l ~

I i I

0.6 O. 2 -0.2
Cos 8

"I.O

[0
(b)

5

b
D 'g

0.5

02
I.O 0.6 0.2 -0.2 -0.6 - i.o

Cas e,

&c)

5 —\r

do'
Average —.

dQ

0.3
J.O 0.6 0.2 -0.2

CoS 8c.m.

i

-0.6 -I.O

Pro. 5. Cross sections for (a) ~+ and (b) g at 60 MeV with
best phase-shift 6ts, and (c) average cross section with best
optical-model Gt.
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Pro. 6. D/A as a function of cosH, , with best optical-model Gts for (a) 51 MeV, (b) 60 MeV, (c) 68 MeV, (d) 75 MeV.

60 MeV. The data in the form of differential cross
sections versus 0. are presented in Table II.

A phase-shift analysis has been made up to the d
wave. Higher partial waves are not significant. The
phase shifts are shown in Table III. The total inelastic
cross-section data of Block et al. ' are used to constrain
the imaginary parts of the phase shifts.

Two methods, described below, have been used to
extract the pion radius.

A. Optical Potential Method

In this method a particular potential is postulated
for the strong interaction. Following the method of
Auerbach eI at. ,' a Kisslinger model" is used for the
form of the potential. The modified Klein-Gordon
equation

( V'+ ')4'=L(& ~ )' Uj4'

is solved, where E is the total lab energy of the pion,

TAnzz III. Phase shifts (deg).

Energy
(MeV)

51 x+

60 +

68 ~+

75 7I-+

Res

—7.5&0.5—9.3&0.2—8.0&0.5—10.4&0.3—8.6&0.5—11.0~0.5—7.9&1.4—10.7&0.9

Ims

1.6+1.8
1.9+1.2
2.9+0.8
2.0~1.2
1.7&0.8
2.4+1.8
0.1~1.6
1.6&2,2

9.0+0.2
9.1&0.2

11.4+0.3
11.4&0.5
13.4+0.5
12.8&0.5
15.5~0.5
15.2~0.5

2.2~1.4
2.4+1.3
1.4&1.0
3.3+1.8
3.7+0.7
4.1+2.0
7.2~1.8
6.2+3.3

1.0+0.1
1.0+0.2
1.6&0.1
1.4+0.1
2.1+0.1
1.7&0.2
2.8&0.3
2.7+0.2

Imd

0.2+0.3
0.1~0.1
0.3&0.3
0.7&0.4
0.6a0.2
0.8&0.1
0.6&0.5
0.8&0.2

"L.S. Kisslinger, Phys. Rev. 98, 761 (1955).
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TABLE IV. Optical parameters, and radial parameters obtained by optical-model 6ts at each energy.

T~
(Mev) Rebo (F') Imb0 (F2) Rebi (Fg) Imbi (Fg) a (F) Ro (F) R7r (F)

X'
X2 X2 ex-

(D/A) (av) X2 pected

Phase-
shift

method
Rsr

X2
ex-

pected

51.3
59.7
67.6
75.0

—2.94&0.10
—2.63&0.09
—2.26 &0.11
—2.18&0.11

0.099%0.28 5.83&0.30 0.100&0.40
—0.165&0.17 5.96&0.20 0.167&0.25
-0.568 &0.19 6.10&0.30 0.797 &0.39
—0.480+0.18 6.22&0.24 0.567&0.35

1.25 &0.04
1.26 &0.04
1.19&0.04
1.20 &0.04

2.37&0.30
2.37%0.18
2.13&0.33
2.38%0.28

2.39&0.45 16.7
2.39&0.27 39.2
2.02 &0.52 . 27.2
2.40 &0.42 28.6

23.8 40.5
53.9 93.1
25.1 52.3
29.5 58.1

24
24
24
24

2.96&0.43

16 34 9
16 85.8
16 39.1
16 52.1

TABLE V. Error matrix for best Gt at 60 MeV.

Rebp
Imbp
Reby
Imbl
C~

Rebp

1.5X10 4

Imbp

—1.4X10 '
5.8X10 '

Reby

—4.4X10 '
—7.8X10 '

5.5X10 '

Imbj

1.6X10-4
—1.6X10 3

4.3X10 '
63X10 8

1.4X10-4
—9.9X10 '
—6.6X10 4

—8.7X10 '
1.6X10 4

3.4X10-4
—8.7X10-4

3.6X10-4
2.4X10-3
30X10 4

5.8X10 3

p is the pion mass, and V, is the Coulomb potential.
The quantity U is defined by

Utb= ( AbsPsp~—(r)+Abt~ Q~(r)V))P= 2E ViP,—

where V is the optical potential, p is the lab momentum,
A is the number of nucleons, bo and b1 are the complex
optical parameters which are introduced to represent
the s- and p-wave s.X scattering, respectively, and
p~(r) is the nuclear density. To allow for the recoil of
the o. particle and provide for relativistic kinematics, a
modification'7 of the expression of Goldberger and
Watson" is used

with the quantity U now in the c.m. frame, where E,~
is the equivalent relativistic one-particle c.m. energy,
W is the total c.m. energy, and k is the c.m.
momentum '9

An optimum set of parameters is found by searching
for the best fit to the data. A fit is made simultaneously
to the average cross section and to the D/A data.

Equation (1) is solved for the radial wave functions.
Given bs, bi, E«, pN(r), and V„cross sections are ob-
tained for the solutions by matching logarithmic de-
rivatives at 4 F, well beyond the nuclear range, to the
external Coulomb wave functions in the conventional
way. For a given energy, then, there are six parameters
which lead to predicted cross sections: The real and
imaginary parts of bo and b&, and radius parameters for
p~(r) and for p, (r). A Gaussian form is taken both for
the nuclear density prr(r) and the combined s.-He

"This modi6cation was derived by C. T. Mottershead.
"M. L. Goldberger and K. M. Watson, in Collision Theory

(John Wiley K Sons, Inc. , New York, 1964), p. 340.
'P For 60 MeV, E,~=184.7 MeV, compared with E, =194.2

MeV. If E, is used in the optical-model analysis, and the
recoil is neglected, the 6nal answer for the radius of the pion is
larger by 10%%up for this method of analysis.

charge density p, (r): pz(r)=A exp( —r'/u )s/L( )s'"u) s

and p, (r) =Ze exp( r'/R ')/$—(vr'~'R )s. The Coulomb
radius parameter is related to the rms radius of the
pion by R& 1oSR& RHe p

with RHe 1.65&003 Fp
from electron-scattering experiments. ' "

The parameters bo, b&, u, and R. obtained by this
direct method of fitting the da, ta with an optical model
are listed in Table IU."The errors quoted are derived
from the diagonal elements of the error matrix shown
in Table U. The diagonal element of R, is suKciently
larger than its off-diagonal elements so that the error
quoted for R„and consequently for R„, is, we believe,
reliable. The errors on the parameters in the table also
include uncertainties in absolute and relative m. —x+
normalization.

The values of X' obtained by using statistical errors
only for the best fits are somewhat larger than expected
from the numbers of degrees of freedom. In propagating
the errors of the data to include systematic errors, we
have increased the estimate of the errors of the param-
eters bo, b1, a, and R, by an appropriate factor. The
fits to the D/A data are better than those for the
average, since some systematic errors in the experi-
mental corrections made for a particular angle would
cancel in D/A.

A problem in this analysis has been pointed out by
Baker et al." The radial-wave equation arising from
(1) is

d'xi/dr'+ p (r) (dxi/dr)+ q (r)xi =0,

'PH. Frank, D. Haas, and H. Prange, Phys. Letters 19, 391
(1965); 19, 719 (1965)."G. R. Burleson and H. W. Kendall, Nucl. Phys. 19, 68 (1960).

~ The inclusion of the Lorentz-Lorenz effect involves replacing
Ab&p(r) by Abip(r)/$1 ——,'Ab~p(r) j. See M. Ericson and T. E O. .
Ericson, Ann. Phys. (N. Y.) 36, 326—362 (1966). When this
is done in the search routine, the optical parameters change
slightly, but E, varies by about 3%.
@- "W. F. Baker, H. Byfield, and J. Rainwater, Phys. Rev. 112,
1773 (1958).
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where

and

q(r) =

2 dpsr (r)/dr
P9') = +-

r 1+Abtpsr(r)

)'s —Abspiv(r) 2E,u—V, (1——3E,o/W) V,s

1+A&tpzr(r)
l(3+1)

r2

If one writes the total amplitude as the sum of a
nuclear amplitude f r, a distortion amplitude fD, and
the point Coulomb amplitude fr', the total cross section
1S

d|Ty
1
f&~f&~pfr i

~

s

This equation is solved to find the form factor P for
each data point at each energy, giving

Because of the term 1+Aha p~(r) in the denominators
of the coeKcients, there is a regular singular point in
the equation when Ab,p i(vr) = —1.'4

Since A and p~(r) are real, the denominator factor
1+Abrpri (r) induces a logarithmic branch point. in the
radial wave function, for Rebi ———1/A p~(r) and
Imb& ——0. For the Imb& small, the singularity becomes a
sharp peak. The presence of the singularity means that
certain regions of the optical parameter space are
forbidden imp1icitly by the model. " Because of the
coupling between Imbo and Imb~, in fitting our data,
the above restriction on Imb& forces ImI50 to a slightly
positive value, which violates unitarity. "

B. Phase-Shift Method

Another method of analysis uses the optical model
only to calculate the distortion amplitudes. The phase-
shift analysis is used to obtain amplitudes for m+ and

sca,ttering.

1.5

1.0—

0.5—

0
tA
in

O

-0.5—
E

Cl

-1.0

where

(2)

4 Ref'fi'",

8= —4 Ref~'f~/4 Ref~"f"

The measured quantity is A and the distortion eGect
is B.Where A))B, the distortion e6ect is negligible.

The distortion amplitude is calculated following
Auerbach. ' ' In Fig. 7, —A and 8 versus cos8, for
60 MeV are shown. This figure shows that fD is ex-
tremely important in determining F. Combining all the
data for the various energies, we can plot F (q') versus

q LFig. 8(a)).Assuming a Gaussian charge distribution
for helium and the pion, F= exp( —q'R'/6) with R'= E~'
+EH,s, we fit the F (q') to find R . The result is
R =2.96&0.43 F. In assigning the error to R the
same X' factor mentioned in part A is used.

This error does not include the uncertainty in the
form factor due to the error in the relative normalization
of the 7r+ and s. data. This is displayed in Fig. 8(a).
Figure 8(b) shows the radius computed independently
for each F (q') data point with different relative
normalizations. It is noted that below 1 F ' the radius
shows only slight sensitivity to the relative normal-
ization. In fact, for all data points the best iit to
F (q') is almost independent of the relative normal-
ization. At q2&1 F ' the larger Quctuations are a
consequence of the insensitivity of D/A to R in this
region (see Fig. 6). The normalization error in Table I
common to both signs of beam has a negligible eGect
on the form factor.

'01 0
I l

0.6 0.2 -0.2 -0.6 -1.0
Cos Hqm

"E.T. Whittaker and G. N. Watson, in Modern Analysis
(Macmillan Co., New York, 1947), p. 197—201.

"C.T. Mottershead (private communication).
"We thank Dr. Joel Yellin for enlightening conversations on

this question, which is being further investigated.

Fn. 7. The quantities —A and 8 are plotted versus cos8, for
60 MeV /see Eq. (2)j. The data points represent —A. The
shaded area represents 8 with its uncertainty.

2' We write

f+= [Q (2[+1)(fp&fin~ fimize) pi (cosg) g~ fpi
=g (21+1)fi+(cosS) &f&',

where the amplitude fg is delned to be the distortion amplitude
in the lth partial wave; if the strong interaction vanishes, it
disappears. The amplitudes f""arise from the deviation from a
point-charge distribution and are purely Coulomb; f&~ is the
point-charge amplitude, fP= ,'(fi++ fi ), and P—(2l+1)fi""
Eq(cos8) = (J —1)f&', where F is the product of the electromag-
netic form factors for the helium and the pion. The amplitudes
fP are found by solving Eq. (1) with and without strong inter-
actions, using fI, = 2 (fg+—f~ —fp'"). Although fp'" varies with
the charge radius, we 6nd f~~ to be almost independent of this
input, and this small variation in fg~ is included in assigning its
error as are the various sensitivities of fq to changes in each of
the optical parameters.
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missing because they are not real. The best fit-value and error are plotted for reference.

This method can, in principle, be used to show the
consistency of the form-factor measurement at diferent
energies. In this measurement the statistics are not
suSciently accurate for this check to be made.

C. Distortion Amplitudes by Other Methods

It is interesting to compare our distortion amplitudes
with those arrived at by using other approximate
calculations of fD West' ob. tains

fP =— V, (r)Le"'&EP (r) —jP (kr)

with a Yukawa form for Ii and a square-well density
leading to F =3ji(qb)/qb. Here, b is the radius of the
square well. The nuclear radial-wave function is E&

and the nuclear phase shift is bg. To evaluate E~ West
has chosen a square well; the Kisslinger model
is modified by substituting P1—AbipN (r)j for
L1+Abip~(r)j ', following Baker et al."

Block' obtains for the distortion amplitude another
expression

fp= pttg$8"~~+ (e"~'—1) (g$ —go)q/k,
where

where
—(e"'& 1)/2k'r' jr'dr, —

4mk
V (r) =- ~-(q')~-(q') jo(qr)dq

nxi= —k V, (r)1 EP(r) —jP(kr) jr'dr

and p& are the Coulomb parameters de6ned by
g~=arg&(i+1+iv) and e=ZZ'e'/he«i, u«. Here, V.(r)

TABLE VI. Distortion amplitudes (see text for more detailed assumptions for each met o ).h d).

Re Im R.~ (F2)

Method of Auerbach et al. , Kisslinger model, 60-MeV data
—0.0024+0.0007 —0.010+0.0011—0.0063+0.0010 —0.008+0.0009 8.29—0.0021+0.0008 —0.003+0.0009

Method of West, 60-MeV data
0.00739 —0.00754—0.01114 0.00097 —0.27—0.00243 —0.00010

Block integral Kisslinger model, 60-MeV data
—0.00177 —0.00081—0.00566 —0.00138 5.11—0.00180 0.00113
Block integral and local potentials, 60-MeV data

0.00215 —0.00015—0.01167 —0.00100 1.66—0.00271 0.00203

Block integral and local potentials, Block's 58-MeV data
0.0033 —0.014—0.0141 0.0038 —0.4—0.0019 0.0025

(F)

2.88+0.37

&1.20 (t s.d.l
g1.77 (2 s.d.)

2.26&0.16

1.29%0.82

(0.9 (1 s.d.), &2.1 (2 s.d.)

18.4

84.0

6.6

76.1

x'
expected
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(b)

He

FIG. 9. Feyn man diagrams
not taken into account by the
optical model.

Specifically, diagrams of the type shown in Fig. 9 are
neglected '; such diagrams are clearly of importance
for our purposes, since their amplitudes are linear in
the pion charge, and a fundamental assumption in our
analysis is that the only terms of this type are the pure
Coulomb and the Coulomb-nuclear-distortion terms.
Electrodynamic corrections of this nature involving
strong interactions have not been calculated to our
knowledge. In this connection we remark that since
the pion form factor effect is at most 10% in the
di6erential cross section, violation of charge symmetry
in the strong interaction at a relatively low level would
be serious from our point of view. However, in a recent
review, Henley" sets an upper limit of 0.8% on charge-
symmetry violation in hadronic forces; this would
correspond to less than 0.05 F in the pion radius.

= (2ek/r) erf(r/R, ). Block's R& is found by using a
local potential for each partial wave and a Gaussian
distribution for both the nuclear and Coulomb inter-
actions. The results for 60 MeV obtained from these
equations are also presented in Table VI for com-
parison; the distortion amplitudes obtained by Block
et al. ' from the bubble chamber data are shown.

Ericson has shown' that all the information on the
pion charge radius is in the s wave, due primarily to
the s-wave overlap of the pion with the nucleus. Since
the imaginary part of fr" is negligible, Ref~=OD is the
important distortion amplitude to determine. It will
be noted that Ref~=so differs in sign according to the
method used. The corresponding radii computed by
the phase-shift method (except for Block's data, where
his radius for all his energies is quoted) are shown for
each set of distortion amplitudes.

D. Discussion

There are some deficiencies in the optical-potential
description as applied to this problem.

First, although it may provide a good phenomeno-
logical fit to pion-nucleus scattering data in the sense
that it attempts to include the strong p-wave
nucleon scattering, the model itself may not be su%-
cient to calculate the distortion amplitudes to the
accuracy required in this measurement. Secondly, as
emphasized in the introduction, the optical potential is
a nonrelativistic description of the x-He interaction.

IV. CONCLUSION

The m+-He elastic differential cross section has been
measured at several energies and phase shifts evaluated.
In attempting to extract the pion electromagnetic
radius from the diRerence in the cross sections, the
most detailed model available for describing the pion
nucleus interaction has been used, yielding E. =2.96
&0.43 F. This result is clearly inconsistent with the
vector meson dominance model and with measurements
of R using electroproduction. Some inadequacies in
the model have been emphasized, particularly in
relation to its nonrelativistic nature.
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