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surement at 20 keV, our total integrated current
density was less than that at which a 1/~ change in
yield was observed.
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A calculation is made of the rates of emission of x rays in the filling of vacancies in the
K and L shells. The total radiative decay rates and the rates of emission of a number of
x-ray lines are presented for a range of elements. The atomic electrons are taken to be in
single-particle states in a central potential given by the relativistic Hartree-Slater theory.
All multipoles of the radiation field and all transitions from occupied states of the atom are
included. The electrons are treated relativistically and the effect of retardation is included.

INTRODUCTION

A vacancy in one of the levels of an atom may be
filled by an electron from a higher level accompa-
nied by the ejection of either a second electron or
an x ray. This paper gives the results of a calcu-
lation of the rate of decay of vacancies in the E
and L shells accompanied by the radiation of x
rays. In the calculation, the electrons are
treated relativistically and the effect of retardation
is included. The electrons are treated as moving
independently with their mutual interactions ac-
counted for by a central potential. The potential
used is one given by the Hartree-Slater theory.

Relativistic calculations of the radiative tran-
sition rates have previously been carried out by

Massey and Burhop, ' Laskar, ' Payne and
Levinger, ' Asaad, ' Taylor and Payne, ' and
Babushkin. ' All of these calculations except
Asaad's arebased onthe Coulombpotential. Massey
and Burhop, Laskar, and Babushkin introduced
an effective nuclear charge to account for the
screening of the nucleus by the electrons. Asaad's
calculation is based on a more realistic potential
obtained from a self-consistent field calculation.
The calculations of Massey and Burhop, Laskar,
and Asaad do not include the effect of retardation;
i. e. , they assume the x ray's wavelength is much
greater than the atomic dimensions. The inclusion
of retardation is incorrect in the work of Payne
and Levinger and Taylor and Payne. Babushkin
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includes retardation; he gives the theoretical
formulas for all the multipoles and numerical re-

suits for a Coulomb potential for the LI to K M1
transition and the E1 transitions to the K shell,

EMISSION OF MULTIPOLE RADIATION BY ELECTRONS

The radiative transition rate for an electron to go from a state a to a state b with the emission of photons
of energy u and momenta k is given by'

I' =(o.&u/2w)Z fdQ ! (b!o. e e la)!ab pol k r

with 8 =c =me = 1.
In terms of the multipole fields, the rate is given by

00 L
1 =4 ' ~ ~ [!(k! ~L~( )! )!'+!~k! ' AL~(

L=1 M= —I
with the magnetic and electric multipoles normalized to

A (m) =i(2/w)'I'j (kr)[L(L+1)] 'I'L Y (r),

A (e) = (2/ )'»~'k[L(L I+)]
'~' &x Lj (kr)Y (r), where L = —ir x V.

The equality of the two expansions is presented by Rose, ' while a development directly in terms of the
multipole fields is given by Moszkwoski. '

We may simply follow the work of Rose et al. "on internal conversion to obtain the expression for the
transition rate between single-particle electron states in a spherically symmetric potential in terms of the
radial wave functions.

We have, after averaging over the magnetic quantum numbers of the final state, "
I' =2a(u'Q [f (m)+f (e)],

with f (m)=w 'B(-», », L)R '(m), f (e)=u& 'B(», », L)R '(e),

B(»,», L)=[(2l +1)(2l +1)/L(L+1)] C'(l, l, L;0, 0)W'(j l j l; —,L).

The eigenvalues ~~ and ~b distinguish the initial and final angular momentum states. The total angular
momentum j and the dominant orbital angular moment l are related to the v by

j = (~l —&, 1 =~ for ~ positive, l = —~ —1 for I(. negative.

(2L+1)(Z-2L)!(J-2l )!(J —2l )!!a b (~/2)!
N2

(J+ 1)! l(J/2 —L)! (7/2 —l )!(J/2 —lb)!)
C'(l, lk, L;0, 0) =

and &'(j l j l ~L)= I(L+» +» +I)(» +» L)/'4»» (2» +1)(2» +I)laa bb' a b a b a b a b

The radial matrix elements are given by

R (m)=(» +» )fdrj (kr)(F G +G F ),a b L b a b a '

R (e)= fdr(j (kr)[(» —» )(F G +G F )+L(F G —G F )] +L(G G +F F )j (kr)}.b a b a b a b a b a b a b a L

The quantity B(»o, »k, L) is zero unless the sum Z=L+ le+ 1k is even and L,js,jk form a triangle. When
these conditions are met, we have"
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Alternatively,

R (e) = f (dr/kr)[(F G —G F )L(L+1)j (kr)+(K —K )(F G +G F ) (rd/dr+1)j (kr)].

The E and G here include a factor of r and are normalized by

fdr(F '+ G') = 1.

They satisfy the energy eigenvalue equations

(d/dr + ~/r)G = (E —V+1)F, (-d/dr+ z/r)F = (E —V- 1)G.

The total radiative decay rate of a vacancy in the state b is given by summing the transition rates to the
state b of all of the electrons with single-particle energies greater than that of the state b. Each energy
level is occupied by at most 2j~+1 electrons.

THE CALCULATION

The potential used for the calculation is the
relativistic version of the potential used by Her-
man and Skillman" and was introduced in rela-
tivistic calculations by Liebermann, %aber, and
Cromer. " Slater's correction term for the effect
of exchange,

V = —1.5e'(3p/w)"',
S

where p is the electron density, is added to the
potential due to the electron and nuclear charges.
The modification due to Latter is used in that the
potential is set equal to —e'/r in the outer region
in which it would otherwise rise above this in
value.

The atomic ground-state configurations used are
those as listed by Foster. " For the partially filled
outer levels with greater than zero orbital angular
momentum, the electrons have been proportioned
between the two levels differing only in their total
angular momentum according to the statistical
weights of the two levels.

An iterative procedure is used to find t' e poten-
tial arising from the occupation of the single-
particle levels in the potential by the specified
number of electrons. The radia1 matrix elements
for the allowed transitions are then found by inte-
grating the products of the initial and final wave
functions and the spherical Bessel functions.

The results for the total radiative decay rates
and the emission rates for the stronger x-ray
lines are listed in Tables I through IV for vacan-
cies respectively in the K, LI, LII, and LIII levels.
Checks of the results set the inaccuracies due to
the numerical integrations at or less than 0. 1%.

An estimate of the accuracy of the model is ob-
tained by comparing the experimental and cal-
culated values for the electron binding energies
and x-ray energies. Assuming the errors in the
energies are due to errors in the potential, we
calculate the amount such a change in the yotential
will vary the transition rates. As pointed out by

Manson and Cooper, " the transition rates are
sensitive to the normalization near the origin of
the upper state, particularly for states near the
ionization limit. If we fix the normalization of
the wave functions near the origin and take out
the factor for the normalization, the remaining
factor is relatively insensitive to variations in the
potential or the binding energy even from one shell
to the next for a given value of v. %e consider
the normalization factor to be a function of the
binding energy of the upper state and the remain-
ing factor a function of the x-ray energy. The
variation of these two factors was obtained by
using a potential which had not relaxed to its self-
consistent value. The experimental values of the
energies were obtained from the listing of Bearden
and Burr" with an allowance of 7 eV for the Fermi
energy. " The estimated errors in the transition
rates are listed in Table V for the E1 transition.
The errors in the other multipoles examined were
at most only slightly larger.

For the lower atomic numbers, the inaccuracies
in the energies and the transition rates come from
inaccuracies in the description of the interaction
between the electrons. For the large atomic num-
bers, relativistic effects further modify the inter-
action between the electrons and, in addition,
corrections enter from the quantization of the
radiation field and from the penetration of the
electrons into the nucleus. "

For each transition of an electron from an occu-
pied level to the one with a vacancy, the rates of
emission of all the allowed multipoles of the radia-
tion field were calculated. Only the E1,E2, M1,
and M2 transitions give any significant contribution
to the total decay rates. In Table VI are listed the
contributions of each of the multipoles to the total
radiative decay rate for the E shell in uranium
(Z = 92). In Table VII are listed the total f values
and decay rates for all of the transitions from the
different levels of the N shell to the E shell.

In the nonrelativistic limit with no retardation,
the nonvanishing of the magnetic dipole transition
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TABLE V. Relative errors in the E1 decay rates esti-
mated from the errors in the x-ray and binding energies.

TABLE VI. Total K-shell emission rates of the
various multipoles for 92U.

K-L
Transition Multipole E1

Rate (eV/8) 90.8
E2 E3
0.510 2.78 (-4)

37
50
80

0.004
0.0011
0.006

0.02 0.06 0.04 0.06
0.004 0.016 0.012 0.02
0.008 0.017 0.005 0.010

Multipole M1 M2

Rate (eV/% 0.150 0.40
M3

3.1(-3)
M4

1.89(- 6)

Level

~III

IV

~IV

VI

VI

VII

VII

Multipole

E2

M3

E3

E3

f value

2.sv(-s)

3.4(-3)

6.v(-3)

5.7{-5)

1.36(-4)

1.42(- V)

1.54 (-4)

1.85 {-6)

3.s(- v)

1.45 (- 10)

3.6(- 7)

4.8(-9)

Rate (eV/8)

9.7 (-3)

1.27

2.54

2.16(-2)

5.2(-2)

5.4(- 5)

S.9(-2)

7.1(-4)

1.3S(-4)

s.s(-8)

1.3V{-4)

1.8S(-6)

TABLE VII. Total f values and transition rates for
K-N transitions in 92U.

rates depends on the states being mixtures of
different angular momentum components (except
in the case of transitions between levels differing
at most in the total angular momentum such as
the LIII-LIT transition). " The nonvanishing of
the LI-E transition in the present calculation is
due to retardation and relativistic effects. The
values for these rates would be sensitive to cor-
rections bringing in mixtures of angular momen-
tum states ~

Parratt" gives the radiative decay rates for the
K shell based on experimental data for a number
of elements, while Callan" gives a fit across the
periodic table. In Table VIII the present theoret-
ical results based on the Hartree-Slater model
are compared with the experimentally deduced
values. The agreement is quite satisfactory.

ACKNOWLEDGMENT

The author is indebted to Dr. William Grasberger
for bringing to his attention the problem of the
relativistic transition rates.

TABLE VIII. Experimental and theoretical total K-shell x-ray emission rates in units of (eV/I).

i6S i8Ar 22Ti 25Mn 29Cu 32Ge 36Kr 42Mo 47Ag 79AU

Present theory
Expt. (Parratt )

Expt. (Callan )

0.0398
0.04
0.05

0.0717
0.07
0.09

0.1860 0.332 0.642 0.996 1.686 3.33 5.42 49 ~ 1
02 033 065 10 17 36 60 50
0.19 0.32 0.59 1.00 2.10 3.89 6.10 49.57
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It is shown that the first-order correlation correction to the transition matrix element
between two nonpenetrating states can be written in a completely parametrized form. The
correction is directly proportional to the square of the transition energy and to the dipole
polarizability of the core. It follows that for sufficiently energetic transitions the magni-
tude of the correction becomes as large as the zero-order matrix element.

Im RODUCnox

Hartree- Fock transition probabilities deviate
significantly from experimental values. Recently
first-order correlation corrections to the lowest
s -P oscillator strengths have been calculated
for alkali atoms, '~' and they are found to be
essential in order to have agreement between
theory and experiment. In the independent-par-
ticle picture, optical transitions in an alkali
atom occur by the excitation of the single valence
electron. The valence electron is very loosely
bound compared to the core electrons. This fact
simplifies the treatment of correlation effects
because the valence and core charge distributions
overlap very little. One consequence of this is
that exchange between the valence electron and
the core electrons plays a minor role.

Here we study states with high angular momenta
in which the probability density of the valence
electron in the region of the core is almost zero.
These are referred to as "nonpenetrating" states
and their properties differ from the correspond-
ing hydrogen properties mainly because of cor-
relation effects. To illustrate, the Hartree- Fock
(H. F.) eigenvalue (calculated by the Herman-
Skillman method) of the single-particle 4f level
of potassium is -0.03127 a. u. , the corresponding
hydrogen eigenvalue being -0.031 25 a.u. The
empirical value is -0.031 34 a.u. (atomic units
are used in this paper). The H. F. 4f wave func-
tion of potassium P~y(r), with normalization

fo [P (r)j 'dr= l,

is shown in Fig. 1. The corresponding hydrogen


