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Methods described in a previous paper are applied to the calculation of the electronic structure of the
I' center in KC1, KBr, KI, and XaCl. Structure of the ions is explicitly taken into account in a region close
to the defect site, and an effective-mass method is used in the more distant regions. Dielectric polarization
eEects are included on the basis of the formulation due to Toyozawa, Haken, and Schottky, but results in
best agreement with experiment are obtained by a procedure which deviates somewhat from that formula-
tion, as might be expected also on purely theoretical grounds. It does not appear to be possible to obtain
agreement with experiment even for absorption energies if polarization effects are neglected. The calculated
energy differences of the is, 2p, 3p, and 2s states in absorption agree very well with presently available
experimental data. Agreement with experiment is fairly good for the is, 2s, and 2p energies in emission.
The calculated optical transition matrix elements are very sensitive to the details of the model; those
obtained from our best model and wave functions are compatible with experimental results. The results for
the spin density at the nearest-neighbor ions are reasonably close to the experimental values.

I. INTRODUCTION

HIS is the second of a series of papers dealing with
calculation of the electronic structure of point

defects in ionic crystals. The work reported here treats
the electronic structure of the localized states of the F
center in KC1, KBr, KI, and XaC1 and is meant to be
an extension of the work of Wood and Joy. '

In Ref. 1, an attempt was made to calculate the
absorption and emission energies and the lifetimes for
the F center in nine diferent alkali halide crystals.
The calculations were carried out in a greatly simplified
Hartree-Fock approximation in which only the elec-
tronic structure of the outer shell of the inn (first-
nearest-neighbor) ions was taken into account and this
only approximately, i.e., the free-ion Har tree-Fock func-
tions were replaced by their corresponding Slater
orbitals, ' except for the 2s orbital of sodium, for which
a somewhat better approximation was used. Further-
more, the trial functions for the ground and first excited
states before orthogonalization to the core orbitals
consisted of single functions of the Slater type
$f(r) r"e ~") with the exponential parameter deter-
mined to minimize the energies of the various states
both before and after lattice relaxation. All dielectric
polarization eA'ects were neglected. In spite of these
shortcomings, fair agreement with the absorption and
emission energies for most of the crystals was obtained.
As we shall see later, this agreement was probably
fortuitous in that the effects of some of the approxima-
tions made tend to cancel each other in a more com-

t Research sponsored by the L. S. Atomic Energy Commission
under contract with Union Carbide Corp.' R. F. Wood and H. W. Joy, Phys. Rev. 136, A451 (1964).

'See, for example, H. Eyring, J. Walter, and G. E. Kimball,
Quantum Chemistry Uohn Wiley R Sons, Inc. , New York, 1954),
p. 162.
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piete treatment. For example, there is a pronounced
tendency for the energy contributions from the structure
on ions more distant than inn to cancel against those
due to polarization efI'ects. The lifetime of the excited
state of the defect in KCl in the calculations turned
out to be substantially shorter than that measured
experimentally. '

At about the same time, Fowler4 reported calcula-
tions on the F center in NaC1, using a semicontinuum
model, which apparently accounted for the long life-
tirnes measured experimentally. Although we now be-
lieve the agreement of his results with experiment also
to have been somewhat fortuitous, they did point up
the importance of polarization effects on the wave func-
tions of the relaxed excited state. However, the ques-
tion has persisted as to the degree to which such effects
are important in understanding those states involved
in producing the main F-center absorption band. The
point-ion calculations of Gourary and Adrian" and the
calculations in Ref. 1 suggest that they are unimportant,
whereas the semicontinuum calculations of various
people, e.g., Tibbs' and Krumhansl and Schwartz, '
make the answer to the question uncertain.

The main purposes of this paper are to explore further
than was done in Ref. 1 and in Paper I' the Hartree-
Fock approximation and to investigate the changes
brought about by the inclusion of dielectric polariza-
tion eGects. Some of the experimental quantities to
which the results of our calculations can be compared

' R. K. Swank and F. C. Brown, Phys. Rev. 130, 34 (1963).
4 W. B. Fowler, Phys. Rev. 135, A1725 (1964).' B. S. Gourary and F. J. Adrian, Phvs. Rev. 105, 1180 (1957).' S. R. Tibbs, Trans. Faraday Soc. 35, 1471 (1939).' J.A. Krumhansl and N. Schwartz, Phys. Rev. 89, 1154 (1953).
8 U. Opik and R. F. Wood, preceding paper, Phys. Rev. 1?9,

772 (1969).
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are the F- and A-hand absorption energies and oscil-
lator strengths, the F-band emission energy, the relative
positions of the 2s- and 2P-like levels in absorption
and emission which are important for the Stark effect
and the lifetime of the excited state, and the hyperfine
interaction of the F electron with the neighboring ions
in the ground state. Generally, our results agree well

with these experimental quantities, particularly in the
potassium halides.

In Sec. II, we shall review briefly the work in Paper I
and in Sec. III we give the equations from classical
ionic-crystal theory which enter into our treatment of
lattice relaxation. In Sec. IA' we «ive the details of our
calculations and their results. Section V contains a
discussion of the results and some concluding comnien ts.

II. REVIEW AND DISCUSSION OF THE
METHODS AND MODELS DEVELOPED

IN THE FIRST PAPER

In Paper I,' we formulated a quantum-mechanical
treatment of the F-center electron in ionic crystals
which can be modified in various ways to yield different
models. Ke also described methods which we have used
to reduce the computer time for the numerical calcu-
lations with the models. We give a brief review and a
discussion of our treatment here.

A. Hartree-Fock Treatment

We denote by 3CHF the effective Hamiltonian of the
defect electron in what we shall refer to, rather loosely,
as a Hartree-Fock approximation. It is given, in atomic
units, bp

with

give rise to forniidable computational problenss if the
wave function of the defect electron were to extend
much beyond the vacancy. To see this, let us write, as
in Paper I, Eq. (11), the wave function of the defect
electron, as

(3)
r, z

Here, f(r, B,&) is the "smooth" component of P which
we can express as a linear combination of some basis
functions and the @„areagain the core orbitals. In a
band calculation, the basis functions would be plane
waves and the core orbitals would be core band func-
tions, thus giving rise to the orthogonalized-plane-wave
(OP%) method. If the usual secular determinant gen-
erated by a variation calculation is set up using the
Hamiltonian in Eqs. (1) and (2), numerous two-center,
one- and two-electron integrals involving the @„;and
the basis functions will occur. ' In quantum chemistry,
these integrals are frequently evaluated by a method
employing elliptic coordinates, and this method was
used in Ref. 1. It is both more accurate than we need
and entirely too time-consuming even on a large com-
puter. We therefore developed an approximate method
based on l-dependent effective exchange potentials and
expansions of f(r, B,&) about the ion sites which greatly
reduced the computing time. We then saw that the or-
bitals @„;to be used in Eq. (3) are not the free-ion
Hartree-Fock orbitals that are used in Eq. (2), but new

ones, say @„,generated by the effective exchange po-
tential. Indeed, the use of p„;in place of p„'in Eq. (3)
would not be incorrect, but it would probably make the
calculation as complicated as that by the old, conven-
tional method. On the other hand, even these orbitals
P„'are not entirely satisfactory, and an attempt was
made to improve them by orthogonalizing those on
negative ions to the orbitals on the neighboring positive
ion s.

where N(r) is an arbitrary one-electron wave function,
Z, is the charge number, R, the position vector of the
vth ion, and X„the number of electrons in closed shells
on that ion. The p„are the core orbitals and in a true
Hartree-Fock calculation they would have to be deter-
mined self-consistently since they will depend on the
wave function of the defect electron. This would partly
introduce dielectric polarization effects explicitly even
in the Hartree-Fock approximation. Since we are unable
to treat this problem as yet, we shall assume that the
@„areunpolarized orbitals closely related to the free-
ion Hartree-Fock orbitals and introduce polarization
eff ects through a polarization potential.

In principle, the summation index v should run over
all of the ions in the crystal, but in practice this would

B. Treatment of Distant Ions

Even with the computational methods we have de-
veloped, it would be too time-consuming to extend the
detailed, accurate treatment of the structure on the
neighboring ions beyond third-nearest neighbors. We
considered two methods of treating the structure on
more distant ions. The "extended-ion" method con-
sidered the structure on individual ions beyond 3nn but
in a very rough manner which was described briefly in
Paper I. The second method was based on the effective-
mass approximation and gave good agreement with the
experimental absorption energies in NaCl and KC1,
whereas the extended-ion method did not. In the effec-
tive-mass approximation, we choose a radius E inside
which BCMF is given by Eqs. (1) and (2) and outside

' Three-center integrals will also occur, but these are expected
to be small; our approximations, in eRect, circumvent the need
to calculate them directly.
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which it is given by

Krrp ———(2m*) '7' —1/r+Enp r&E, . (4)

~IIF is supposed to represent the energy of the bottom
of the ronduction hand in a Hartrec-Fock banal calcu-
lation. Our method of dcterviining it will be given
shortly. The impurity potential is taken to be —r ' in
the exterior region in our unpolarized ion orbital Har-
tree-Fock approximation. nz* is the e6ective mass, also
in the Hartree-Fock approximation.

prising, since the THS theory may break down for sniall
electron-hole separation even though it approaches
what would appear to be the correct limiting behavior,
i.e. , U, ~(r) —+ 0 as r ~ 0. As we shall see, we obtain
satisfactory agreement with experiment for the ab-
sorption process by determining pl, from Eq. (g) and

put ting p, = pq and R„=R,q = 0.
Ke follow Haken and Schottky's work and determine

v, from the equation

(9)

C. Dielectric Polarization

The J'-center electron may produce a local polariza-
tion of the crystal, and so we add to our Hartree-Fock
Hamiltonian a polarization potential L'(r) given by

in which U, ~(r) is the contribution due to the distortion
of the electronic orbitals and U;„„(r)is that due to the
displacement of the ions.

There are several diferent forms of Z, i and Z;„„
which we could employ; however, here we shall study
the applicability to our problem of those following from
the work of Toyozawa" and Haken and Schottky"
(THS) on Wannier excitons. We can begin by consider-
ing the forms

and

a„and ~,& are the high-frequency and static dielectric
constants, respectively. The constants p., p~, v„and
nq were discussed in I, but we wish to extend that dis-
cussion here. In I, we decided to fix pI, by the equation

in which Z'~ii, is the polarization energy associated
with the removal of a negative ion from the crystal in
a Mott-I-ittleton —type calculation" without lattice
relaxation. p~ is of the order of 0.2 a.u. ' for the crystals
considered here. Fowler" has suggested that p. should
be determined from a similar calculation with UMz, +,
the polarization energy associated with the removal of
a positive ion, replacing VMi, . However, we have found
that this does not give satisfactory results with our
models unless we introduce cutoff radii R„andR,q in-
side of which the electron and hole terms, respectively,
in Z', i are put equal to zero. This is perhaps not sur-

'" Y. Toyozawa, Progr. Theoret. Phys. {Kyoto) 12, 422 (1954}."H. Haken and W. Schottky, Z. Physik. Chem. (Frankfurt)
16, 218 (1958}."N. F. Mott and M. J. Littleton, Trans. Faraday Soc. 34,
485 (1938)."W. B. Fowler, Phys. Rev. 151, 657 (1966).

where co&.o is the longitudinal optical phonon frequency.
The determination of v~ is more difFicult. Since the hole
in the case of the F center is an immobile vacancy, we
can consider it as having an infinite effective niass.
Fowler4 has considered the modification to the ionic
part of the THS expression (Eq. 7) for this case. He
concludes that it should be a fairly good approximation
to determine v~ from the equation

(10)

where a, is the nearest-neighbor distance. Thus, whereas
v, is of the order of 0.03 a.u. ', vI, is of the order of
0.3 a.u. ', and so the vacancy is much more effective
in displacing the ions of the crystal than is the electron.
This seems quite likely to be the case, but for reasons
to be given below we have carried out extensive calcu-
lations with 7,q

——r, .
Difhculties will arise if Eq. (7), as it stands, is used

in the calculation of the structure of defects. "First, let
us consider the ground state of the F center, in which
there can be little doubt that the electron is well con-
fined to the vacancy. Even in this state there may be
small displacements of the ions neighboring the vacancy
and one might expect at least a small contribution from
Z, ;,„.Nevertheless, it seems best, as far as Z';o„is con-
cerned, to argue that the screening of the vacancy by
the electron in this state, beyond the first nearest
neighbors, is complete, and to put v, =x~=0 or ~,t= ~„,
so that U;,„,as given by Eq. (7), becomes zero. We can
still include some of the ef'fects of ionic polarization by
explicitly allowing the inn ions to be displaced, using
classical ionic-crystal theory as we shall describe in
Sec. III. If we assume the Franck-Condon principle to
hold during an optical transition, the ions in the vicinity
of the vacancy and the defect electron will retain the
positions they occupied in the ground state. Therefore,
if Z';,

„
is assumed zero in the ground state, we should

expect no contribution from it when we calculate the

"In fact, if we used Eq. (7) in both absorption and emission
and did not explicitly introduce the displacements of the 1nn
ions in XHy, as we have done, we would obtain no Stokes shift
at all. This is because the effects of the motion of the ions are
incorporated into L'ion through parameters whose values have
not been allowed to depend on the electronic state. It is easy to
see from the form of our complete Hamiltonian under these con-
ditions that a straightforward application of the THS forms
t Eqs. (6) and (7}j would give the same energy levels in both
absorption and emission.
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energy of the excited states involved in an optical-
absorption experiment. One could argue that a slight
breakdown of the Franck-Condon principle might be
expected and therefore contributions from U;,„should
be considered. In principle this may be true, but with
the form of U;,„given in Eq. (7) and the value of ss
suggested by Fowler for an immobile vacancy we would,
in eRect, be assuming that rather large ionic displace-
ments can occur during an absorption process to a
diffuse excited state (e.g., those involved in the E
band), and this is very unlikely to be the case. There-
fore, in our calculations of the states involved in ab-
sorption we shall always take v, = vy, =0.

The emission process is more troublesome. I.et us
suppose the electron is in an excited state for which the
wave function gives a rather large value for the expec-
tation value of r. Then the ions may be able to follow,
to some extent, the motion of the electron. More im-
portant, though, is the fact that the immobile vacancy
will be almost completely unscreened and will therefore
have large displacements of the neighboring ions as-
sociated with it since these have ample time to occur
before emission takes place. Since we intend to take
into account the relaxation energy of the 1nn ions sur-
rounding the vacancy by classical ionic-crystal theory,
we might argue that we should keep vy, small so as not to
obtain a large additional contribution to the self-energy
of the vacancy from U; „.On the other hand, a small
value of vI, means that that part of the eRective dielec-
tric constant associated with the vacancy will not ap-
proach the static dielectric constant very rapidly as a
func tion of r as we expect it to. We have found this to
be not too important for the energy of a given state
but of considerable importance for the wave function.

While it is thus clear that for emission states a small.
value of sz in Eq. (7) is not entirely satisfactory, the
use of a large value of v~ also seems unsatisfactory, be-
cause it implies that tk e motion of the ions is so cor-
related with that of the elec tron that the ions go back
very nearly into the positions appropriate to the ground
state in absorption whenever the electron is in the
vacancy. Thus, for the compact ground state involved
in the emission process, the ionic self-energy would be
almost completely turned oG and that part of the ef-
fective dielectric constant associated with ionic polari-
zation reduced. This is inconsistent with the assumption
of the approximate validity of the Franck-Condon
principle. If we keep v& small, the inconsistency is not
very important; but if v~ is given the large value sug-
gested by Fowl er, it becomes very important. There
does not appear to be any completely satisfactory way
of overcoming this diScul ty when attempting to em-
ploy Eq. (7) for the emission states. However, in addi-
tion to our calculations with both v, and vq small
(v, =vp~0. 03 a.u. '), we have carried out calculations
along the following lines. We use Eqs. (6) and (7) and
Fowler's suggested value of vq to argue that in the

and r =R,« to determine ~,«. Since this can only give
an approximate value of ~,« in any case, we have found
it more convenein t to use the following device. We
recognize that the energies E of the relaxed excited
states of the defect are probably given fairly accurately
by eRective-mass theory, and write

E—E,.„d———(m*/rz "x.zz -) 13 6eV. , (12)

where E, „dis the energy of the bottom of the conduc-
tion band. We then set the diRerence E—E,o ~ equal
to the experimentally determined thermal ionization
energy of the excited state, put n = 2, and determine
K f f With the value of ~,«set, we then take 6';,

„
to be

given, except for the constant polarization self-energies,

by
U;..'= (K K fz ')/r, r& R,z (13a)

;,„'=0, r &R~~ . (13b)

R,,& is a cutoR radius for L.';„„whichis necessary because
th e eRects of the displacements of the inn ions on the
potential within the radius R introduced earlier are to
be taken into account explicitly. Apparently, then, R,&

should be put equal to R, although arguments for
making it slightly diReren t from R, can be made. The
limiting behavior of U, l+ U;,„'for large r is

U, )+U;„' - (1—K fz ')(1/r)
r large

—-', (1—Iz„—')(p,+p~, ) . (14)

According to Eqs. (13a), (13b), and (6), that part of
the dielectric constant associated with ionic displace-
ment cannot follow the P'-center elec tron 's t ran si tion,
whereas that part associated with electronic polariza-
tion will still be given by the THS form. This seems to
us to be at least reasonably consistent with the Franck-
Condon principle. Our concern with this problem will be
more apparent in Sec. IV, where we give the results of
our calculations.

In the limit of very large r we have from Eqs. (4)—(7)

BCzzF+ L- p z ~ —(2rrz*) '7' —(x,&r) '+ fans'

,' (1 x„')(p.+pg) ——,' (x„—'+a„,') (v.+ z
—g)—— —

= —(2m*) 'V' —(a,,r) '+ e,»,—2 (1—x„—')p„
—-', (x„—'+~„-')vg, (15)

where we have put

Ee»z= zHF s (1 Kz& )p8 s (Ic„& Ksz ')z~, . (16)

excited state of the cen ter involved in emission the
eRective dielectric constant a,«should be between the
high-frequency (a„)and static (~,&) limits. We could
determine a,«approximately in a manner suggested by
Fowler's work by estimating the eRective radius R,ff

of the excited state and then employing the equation

—1/x, ffr g (1 K„—') (p,+pI, ) s(x„—' x&
—') (v.+ sz,)

= —1/r+ C', )+ U;,„(11)
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e, ~~, the bottom of the conduction band of the perfect
crystal, is assumed to be given by the negative of the
measured electron amenity, p ~t. We consider it to be
composed of a contribution obtainable in principle from
a Hartree-Fock band calculation, a polarization self-

energy term arising from the distortion of the cores by
the additional electron, and a corresponding contribu-
tion from the motion of the ions. It is not obvious that
this last term should be included, since it is not clear
to what extent the ions can follow the electron in a
process which measures the electron a6inity experi-
mentally. Since the term is only of the order of —,'0 eV
it does not matter greatly whether we include or exclude
it. Note that e,„~&and E., z of Eq (12.) are the same.
The terms containing pq and vq in Eq. (15) represent
the polarization self-energy of the hole, in this case a
vacancy.

Finally, the expectation value of the effective one-
electron energy of the F-center electron is written as

in which h=3Cnx+U(r). g is the envelope function of
effective-mass theory. The manner in which vs* appears
in this equation may seem somewhat peculiar, but,
following a suggestion by Tseng, " we have written
it this way in order to avoid discontinuity of the kinetic-
energy operator at E, Such a discontinuity would make
the operator non-Hermitian, and, as a consequence, a
variational principle could not be derived for the energy.
See Paper I for more details.

III. LATTICE RELAXATION

The term —i(a„'+x,t, ')eq in Eqs. (7) and (15)
ostensibly takes into account in some sense the energy
due to ionic relaxation around the vacancy. However,
we wish to include this energy more directly by a calcu-
lation employing classical ionic-crystal theory. Thus,
to obtain configuration coordinate curves, the effective
one-electron energy EI as a function of the positions
of the neighboring ions calculated in the manner out-
lined in Sec. II must be added to the change in the
lattice energy of the crystal as the neighboring ions
relax. This problem of the change in lattice energy is
one which has received a great deal of attention in the
literature in connection with the calculation of the
energy of creation of positive- and negative-ion vacan-
cies in ionic crystals. Recently, Boswarva and I idiard"
have carried out extensive calculations of these energies
in alkali halide crystals and their work indicates how
compIicated the problem can become. Here we shall
employ a very simplified version of their equations.

'"R. Tseng (private communication)."I.M. Boswarva and A. B. Lidiard, Atomic Energy Research
Establishment Report No. T.P. 232 {revised), Harwell, England
(unpublished), and Phil. Mag. 16, 805 (1967).

8= (R—a)/a, (21)

so that a positive 8 means an olhoard displacement. a
is the nearest-neighbor distance in the perfect crystal,
and R is the distance of the 1nn ions from the defect
site as relaxation proceeds. The change in the electro-
static energy of the ions treated as point charges is
given in atomic units by

6 2.6642 1
~~cou1-

a 1+8 2+8

+0.6642 . (22)
L1+ (1+b)'3'"

TAsLH I. Input data for the four crystals considered. tn, is
the mass of the electron. x, p~ has been varied somewhat from the
values shown here for KBr, KI, and NaCl, as described in the text.

~ (A)
E ' (i)
R '(A)
p (&)

K st,

~. (a.u.-')
e,=vp, (a.u. ')
m* (el.)
xexpt (ev)

KCl

3.14
1.554
1.678
0.324
2.13
4.68
0.1969
0.0339
0.5
0.6

KBr

3.30
1.554
1.814
0.333
2.33
4.78
0.1822
0.0297
0.43
0.9

KI Nacl

3.53 2.82
1.554 1.252
2.013 1.678
0.346 0.317
2.69 2.25
4.94 5.62
0.1640 0.1972
0.0275 0.0299
0.4 0.6
1.6 0.8

'6 M. P. Tosi and F. G. Fumi, J. Phys. Chem. Solids 25, 45
(1964).

We write the crystal energy exclusive of Ep as

E.,=E.,(RO)+ m„(R), (1g)

where E.,(R ) is the energy at the equilibrium position
of the ions in the perfect crystal and AE„(R)is the
change in this energy as a function of the new positions
of the ions represented collectively by R.

We shall use the Born-Mayer form for the repulsive
potential V„,between ions p and v at a distance E„,
apart. It is given by

l'„„=a„„exp(—l R„„l/p),
with

a„„=b(1+Z„n„—'+Z„n„-')exp/(R„'+R,')/pj (20.)

Z„and Z„are the charges on the ions, n„and n, the
number of electrons in their outer shells, and b and p
are constants. The effective radii given by Tosi and
Fumi" for the generalized Born-Mayer potential have
been used throughout for E„'and E,.'. The values for
the positive (R+') and negative (R ') ions of interest
here are given in Table I. Note that these are not the
same as the crystal radii. The Z's are either + 1 or —1,
and n„=n„=8 for all ions considered here.

We consider displacement of the 1nn ions only in a
"breathing" mode and express the relaxation parameter
as
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The corresponding change in the repulsive energy
arising from the finite extent of the ions is

DF.„,= 12C( exp( —W2(1+ b)x) —exp( —v2x) )
+24B(expj —(1+8') '~'x) —exp( —x) )
+6Bf expL —(1—h) x7 —exp( —x) )
+24C(expL —(1+(1—b)')'i'xj

+expL —(2+8') '~'x) —2 exp( —&2x)), (23)
where

x=ajp.

B and C are the values of a„„,as given by Fq. (2O) for
negative-positive and positive-positive interactions, re-
spectively. DE,,(R) is then given by the sums of Eqs.
(22) and (23). We have taken these expressions from
Ref. 15, but it is easy to see their origins by a simple
sketch of the lattice around the defect.

Boswarva and Lidiard obtain considerable variations
in their results for the relaxation around positive and
negative ion vancancies with their various models and
assumptions about the form of the repulsivepotential
between ions. Also, the displacements of the 2nn ions
are not necessarily negligible as we have assumed. Thus,
our results calculated with the above equations cannot
be considered as more than approximations to a very
complicated problem.

IV. CALCULATIONS AND RESULTS

In Paper I, we presented results of calculations of the
absorption energy in KCl and XaCI using several dif-
ferent models derivable from the basic computer pro-
gram. We found that when all polarization effects were
excluded the agreement with experiment was poor,
whereas when they were included it was much improved.
The models in which the effective-mass formulation was
used outside of R, apparently gave good results. Fur-
thermore, in the case of KCl, it did not seem to matter
greatly whether we took R, between the third- and
fourth-nearest neighbors or between the first and second.
In the latter case, the details of the electronic structure
on the negative ions have been eliminated altogether
and the model can be extended very easily to the other
potassium halides, provided the requisite experimental
data are available. The results in Paper I for XaCl
seemed to be somewhat more sensitive to the inclusion
of 2nn and 3nn ions, and we shall see that it is more
dificult to obtain agreement with the experimental re-
sults for NaC1 than for KCl, KBr, and KI. Before
turning to the results of the calculations, however, we
shall discuss briefly our choice of input parameters and
give some experiniental rlata with which to compare
our results.

A. Input Parameters and Experimental Data

The interionic distances and the parameters in the
Born-Mayer form of the repulsive potential for the
classical ionic-crystal part of the calculation have been

TABLE II. Experimental data for the four crystals. As far as
we know, the K band in NaCl has not heen resolved. AE denotes
the transition energy for the band, F or E, indicated by the sub-
script; f denotes an oscillator strength; Eth(ex) is the thermal
ionization energy from the relaxed excited state; ab—absorption;
em—emission.

b,Ep(ab)
~E~(ab)
AEf-(em)
Eth(ex}
fp
fx
[~,(100) ]~

KCl

2.313 eV
2.71 eV
1..215 eV
0.15 eV
0.854
0.107
0.667 (~)-3

KBr KI XaCl

2.064 1.875 2.770
2.36 2.12
0.916 0.827 0.975
0.135 0.11 0.11
0.748 0.827 0.87
0.193 0.083
0 589 . 0.351

'7 P. S. Bagus, Phys. Rev. 139, A619 (1965).'" Ke have used the values in N. F. Mott and R. %V. Gurney,
Electronic Processes in ionic Crystals (Clarendon Press, Oxford,
England, 1948)."T. Timusk and 4V. Martienssen, Phys. Rev. 128, 1656 (1962).

2' E. Taft and L. Apker Lj'. Phys. Chem. Solids 3, 1 {1957)j
estimate a value of 1.1 eU for the electron amenity in KI."J.W. Hodby, J.A. Borders, F. C. Brown, and S. Foner, Phys.
Rev. Lgtters 19, 95$ (1967},

taken from Tables III and I, respectively, of Tosi and
Fumi (Ref. 16).The second set of data in their Table I
has been used. These values are shown in Table I of
this paper. In constructing the effective exchange po-
tential and for the hyperfine interaction, we need free-
ion Hartree-Fock orbitals, and these we have taken
from the work of Bagus."In addition to these data, there
are other parameters in the model whose values must
be assigned. These are the four parameters in the polari-
zation potential, i.e., p„p~„v„andvI„which we have
already discussed; the high-frequency f~„and static I,&

dielectric constants; the experimental electron amenity
y, pt, , the effective mass m*; the radius R marking the
boundary between the region in which the ions are
treated in detail and the region in which effective-mass
theory is employed; and the cutoff radii R„andR,p, of
the polarization potential, if these are used. Actually,
we shall always put R„=R,& when these parameters
are introduced. R, p„and the cutoff radii are the
parameters with which we have experimented exten-
sively, as will be seen below. We have taken the high-
frequency and static dielectric constants in Table I
from the literature. "

In assigning values of the electron affinity x,„p& we
have been guided by the work of Timusk and Martiens-
sen, "whose values are also shown in Table I.They esti-
mate the error in their determination of the values of

p$ to be not more than 0.2 eV, and we have not
hesitated to vary their values by this much, or slightly
more in the case of KI,' if this would give improved
agreement with experiment. The values of the effective
mass m* for KCl, KBr, and KI shown in Table I have
been taken from Hodby et al."

Table II shows some of the experimental data with
which we shall compare our results. The absorption and
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emission energies for the main I' band and the thermal
ionization energies have been taken from the compila-
tion of Podini and Spinolo. "These values are for 0 K,
while the interionic distances we use are supposedly
correct at room temperature. The values of the E-
band absorption energy and the oscillator strengths for
the F band, fr, and the K band, f~, have been taken
from Luty" and are appropriate at —180'C, The values
of

~
4'r(100) I' we have taken from Holton and Blum. 24

B. Energy Calculations on KCl, KBr, and KI arith

g,= pq and v, =vp,

-0,2

-0.6

-I.O

-I,4

2y2

26 2P

3/
I -3.0
z

-1,2

To obtain an indication of how the computed energy
levels are related to some of the parameters of the
models, especially the value of the radius R, we may
consider first the results for KCl given in Fig. 1. This
figure shows the energy of the F-center electron, Ep,
for the ls- and 2p-like states as a function of the lattice
relaxation parameter, 8, which is given there as a per-
centage of the 1nn distance. The curves labeled 1 on
the figure show the results of a calculation for R
= 11.048 a.u. (1 a.u. of length=0. 529 A) which is be-
tween the 3nn and 4nn distances, y,„pt=0.6 eV, and
m*=0.5. This value of R was obtained from the
equation

—',n.R.'= (3a)'. (24)

That is, we have equated the volume of a sphere of
radius R, to the volume of a cube which, when it is
centered at the defect site, has its faces midway be-
tween the first and fourth neighbors.

The curves labeled 2 are for essentially the same cal-
culation but with R = 7.427 a.u. , so that only the 1nn
ions are considered in detail. This value was obtained
from the equation

R,=&3a—R,ig, (25)

in which R,u, is the classical ionic radius (from Tosi
and Fumi) of the alkali ion. The idea here was that
the bottom of the conduction band at the F point to
which the effective-mass treatment is referred is as-
sumed to be composed primarily of 4s potassium or-
bitals in the case of the potassium halides. This sug-
gested tha, t we choose an R, related to the size of the
alkali ion and its distance from the defect site. Experi-
mentation showed that Eq. (25) would accomplish this
in a simple way while giving values of R, sufFiciently
different from the others we have chosen below to make
a meaningful study of the effect of varying R„.

The curves labeled 3 show the results for calculations
in which m*= 0.6, y.»t= 0.6 eV, and R~= 6.749. This
value of R, is determined from the prescription

R =1.137a. (26)

This is approximately the smallest radius at which the

"P.Podini and G. Spinolo, Solid State Commun. 4, 263 (1966).'"' F. I,iity, Z. Physik 160, 1 (1960)." 'IA'. C. Holton and H. Blum, Phys. Rev. 125, 89 (1962).

-3.4

-3,8

-42

-46

-5.0 ——
Is

-5.4
IN

3 m ~06
' o m'=0. 5

o m'~0. 5

Ah6 NO

I

4 -2 0 2 4 6
8, RELAXATION PARAMETER IN PERCENT OF

KCI
Ro ~ II.048 o.u.

Ro 7.427 o.u,

Ro 6.749 o.u.

R o=6.749 o.u.

Ro ~ 5.93&a.u.

Ro 6.749 o.u.

POLARIZATION

8 &0 OUT

Inn DISTANCE

FIG. 1. Curves of EI $Eq. (17)g versus displacement of the
first-nearest-neighbor ions in KC1 for various combinations of m
and E,. See the text for a more complete description. Note the
break in the vertical scale.

spherically symmetric part of the point ion potential
just equals the 1/r potential which replaces it beyond
R,. This may be seen from Fig. 6 of the review article
of Gourary and Adrian" by sketching in the 1/r
potential.

The points marked with O and Q were calculated
with the values of m*=0.5, y,„~t=0.6 eV, and R =6.749
and 5.936 a.u. , respectively. The last value of R, is
the same as the 1nn distance a and was chosen in
order to study the e8ects of what we consider a value
of R, which is probably too small when the inn ions
are treated in detail. %e also determined the values of
R„from volume considerations, i.e.,

-,'-~R.'= (2R~,)'+6(2R.gk)',

in which RI„and R, i~ are the radii of the halide and
alkali ions, respectively (again from Tosi and Fumi).
The values of R determined in this way were not sub-
stantially different from those obtained by Eq. (26) for
any of the crystals considered, and so no calculations
were carried out with them.

There are a, number of points to be made from the
calculations described thus far. For one thing, the re-
sults, over the whole range of b, with a&R &V2a, do not
difFer greatly from those with R, chosen by Eq. (24).
This extends the results of Paper I, which were carried
out only for 8=0, and further suggests that a model in

"B.S. Gourary and F. J. Adrian, Solid State Phys. 10, 127
(1960).
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which the detailed treatment of the electronic structure
on the 2nn and 3nn ions is neglected and effective-mass
theory is used just beyond the 1nn may give satisfactory
results. However, as in Paper I, we shall see that the
results with a&R &Na and with R chosen by Eq.
(24) show a greater difference in NaC1 then they do in

KC1 over the entire range of 8 and so we cannot con-
clude that it is entirely satisfactory to neglect the de-
tails of the electronic structure on the 2nn negative
ions in all crystals.

If we compare curves 3 and the points Q, we see
that the ground state is practically insensitive to small

changes in the value of the effective mass. This is to
be expected if the ground state is well localized in the
negative-ion vacancy. The excited state is somewhat
more sensitive, as might be expected for a more diffuse

wave function.
We note that from all of the data considered thus far,

the energy of the relaxed 2p-like state (8~8.5'%%uo) is
almost totally insensitive to the choice of R .The reason
is that the wave function in this state is so diffuse that
there is very little probability of finding the electron in
the vicinity of R, even when R is chosen according to
Eq. (24). Also from these data, if we exclude that for
R =5.936, it appears that the ground state in absorp-
tion (b~0) is insensitive to the value of Eo. This ap-
pears to be due in large part to the compact nature of
the ground-state wave function.

The energies indicated by the points Q on the figure
are not appreciably worse than any of the other results.
However, the excited-state calculations for the Q point
at 8=0 show the wave function to be quite diffuse, as
we might expect for emission rather than absorption,
while the wave function for point Q at 8= 0 is relatively
compact. This indicates that small changes in the
energy can correspond to wave functions of markedly
different character.

Finally, in Fig. 1, we show with the dashed curves
the results when polarization effects are neglected al-
together by putting a,t=~„=iwith R =6.749 a.u. ,
m*=0.5, and eHp=+0. 0346 a.u. , as determined from
Eq. (16).The results are obviously quite diferent from
those obtained with polarization included and do not
agree well with experiment.

We can now combine some of the above results with
the calculation of the change in the energy of the crystal
due to the relaxation of the 1nn ions as given by Eqs.
(22) and (23). Figure 2 shows the results usingcurve
2 of Fig. 1; the results are very nearly the same if we
use the data represented by the Q points on Fig. 1.
We have included on this figure the curves for the 2s-
and 3p-like states, which we omitted in Fig. 1 in order
to avoid confusion. We also calculated the energies of
the lowest t2, and e, states for 8= 0. The e, state is just
slightly higher than the I-, state, and both are nearly
degenerate with the 3p state. The curve we have labeled
"conduction band" includes the lattice relaxation en-

,f969 (a.u. )

539 (o,u. )

-50 --———

-5.4

-4.2
I.

' BEF (ab)'. AEK(ab)
I

Eqh(g )

I

$p
IEth~(«Zp
I 2$

', d, EF (em)

"5.O I—

54

ergy of Eqs. (22) and (23) and it is, therefore, not a
straight line as it would be Lsee Eq. (16)j if only the
one-electron energy corresponding to FI were plotted.
Furthermore, since we assume the Franck-Condon prin-
ciple to hold during absorption, the curves in the vi-
cinity of 8=0 have been calculated with zt, =vA, =O,
while those in the vicinity of 6=8.5 have been calcu-
lated with z,= z p,

=0.0339 a.u. '. This fact is emphasized
in the conduction-band and "3p" curves by the break
(which is, of course, not physical) at b=4, while the
other curves, which would show a less pronounced
break, have been joined smoothly. In the ground state
there is practically no difference at all between the
calculations with v, =vp, =0 and with v, =vq=0. 0339
a.u. '. It should be noted that two different values of

p& are involved here. First, we determine ~HF from
Eq. (16), with r,=0.0339 a.u. ' and c„.„=—x,„„.
Then we use Eq. (16) again, but with v, =0 to deter-
mine a value of e, pt to be used for 5&4.

We have carried out calculations such as those des-
cribed above for both KBr and KI. p, and pA, were
again set equal and R. was determined from Eq. (25).
We again took v, = vI, = 0 for absorption and v, =v~~0.03
a.u. ' for emission. The configuration coordinate curves
are quite similar to those in Fig. 2 for KCl. Some results
for the absorption calculations are shoe n in Table III.
The quantity Ep(cond) is the same as e, ~, calculated
with z,=0 as explained in the preceding paragraph.
We do not give the results for emisson yet, because

-4 -2 0 2 4 6 S IO GUT

II, RELAXATION PARAMETER IN PERCENT OF Inn DISTANCE

Fro. 2. Ef plus lattice relaxation energy as a function of the
positions of the 1nn ions in KCl. Note that the 2s level is above
the 2p in absorption but below it in emission.
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Thar, E III. Some energy results for absorption (in eV). The
values in the first KC1 column were obtained with all polarization
effects neglected (N.P.).All other results were obtained with p, =pf
and e,=vq=0. Positive 5 means an outward displacement of the
inn ions fEq. (21)j. Ez is the one-electron energy fEq. (17)g
and does not contain the lattice relaxation energy. Etb(gr) is an
estimate of the thermal ionization energy from the ground state
obtained as indicated in Fig. 2. We have not shown experimental
values for this quantity in Table II because it is dificult to deter-
mine their reliability.

—&0

—l.4

-i.e

2 y2

-2.6

' Rce=Rch

~ Rce ~Rch ~ 4 O.U.

R Rh 6au.

p 0.2645 (a.v. )

p ~ 0.38535 (a u. )
h

I Ksr

Rce~ Rch ~ 0 pI ~
ph

~ 0.&822 (a.a. )

co ch

KC1 (iX.P.) KCl KBr KI Xacl

E'(1 )
E (2s)
E (2p)
E (3p)
Ey {cond)
~E,(1& 2p)
B,E~(is —+ 3p}
E (gr)

0.005
—4.00

—1.18
+0.01
+0.94

2.82
4.01

0.006
—4.76
—2.43
—2.49
—2.15
—1.90

2.27
2.61
1.9

0.004
—4.88
—2.79
—2.85
—2.59
—2.43

2.03
2.27
1.6

0.000
—4,95
—3.00
—3.07
—2.82
—2.69

1.88
2.13
1.4

0.004
—~.77
—2.86
—3.03
—2.45
—2.40

2.74
3.32
2.2

-3.0

-3.8

-4,2

-4.6

2p

there is a difIiculty, already mentioned in Sec. II C,
associated with the ground-state wave function in emis-
sion when vI, is assumed to be small. First, however, we
shall describe the results of calculations on KBr with

p, not equal to pr, .

—5.0 —
& s

-5.4

-5.8 I

IN -4 -2 0 2 4 6 8 10 OUT

3, RELAXATION PARAMETER IN PERCENT OF Inn DISTANCE

C. Energy Calculations on KBr with y,/ y~

A comparison of the results in Fig. 2 with the experi-
mental quantities in Table II shows that the restriction
p, = pr, which was employed above gives good agreement
with the experimental results on KCl (corresponding
agreement is found for KBr and KI). However, since
it appears to be a somewhat artificial assumption, we
have carried out considerable experimentation on the
point.

Figure 3 shows some of the results. The solid curve
gives the results of the calculations with R = 7.899 a.u. ,
p, =p~=0. 1822 a.u. ', and R„=R,r, =0. The various
circumscribed points give the results of varying R., and
R,p„always keeping R„=R,q. These calculations were
carried out with the values p, =0.2645 a.u. ' and
pr, =0.18515 a.u. ', as suggested by Fowler from the
work of Dupre et al. 26 Lsee Kq. (8) and following textj.

It is apparent that with these values and no cutofF
both the absorption and emission energies are too great.
The reason is that the large value of p, produces a polari-
zation contribution to the energy of the ground state
which is evidently too great. Introducing the cutofF
radii and increasing their value decreases this polariza-
tion contribution until at R„=R„.II, =3.2 a.u. , we are
almost back to the curve obtained for p, =p~=0.1822
a.u. ' and no cutofF. The compact nature of the ground-
state wave function makes the ground-state energy
more sensitive than the energies of other states to the
e6ects of the cutofF. Because of this it also appears
likely that many difFerent combinations of p, and R„
"F.K. DuPre, R. A. Hutner, and E. S. Rittner, J. Chem. Phys.

18, 379 (1950).

FIG. 3. Curves of Ep versus displacement of inn ions in KBr.
Here we keep m* and R fixed and vary the polarization param-
eters p, and ph and the cutoff radii E'„andR,I, as discussed in the
text.

and R,& can be found which will give approximately
the same results. Careful study of energy levels and
wave functions might enable one to pick out a com-
bination which is better in some sense than the others,
but we have not attempted to do this.

D. Calculations with vr, Large

From the calculations described in Sec. IV 8 and C
it is possible to obtain rather good agreement with the
experimental absorption and emission energies. How-
ever, when we compared the computed value of the
(1s~s~2p) matrix element in emission to its value in
absorption, we found that there was not a very large
difFerence. This was attributable to the fact that the
square of the emission matrix element had a value an
order of magnitude larger than that deduced by Bogan
and Fitchen'" from experiments on the Stark efFect.
They obtained

~
(1s~s~2p)i2=9.0)&10 " cm', whereas

we obtained 102&(10 " cm' for KCl. We have been
able to ascertain that our large value comes about be-
cause of the deve)opment of a substantial tail on the
ground-state wave function in emission, i.e., at 8= 0.085
when the ions are in their positions corresponding to
the relaxed excited state. In KCl this tail has a maxi-
mum somewhere in the region between 10 and 15 a.u.
This suggests that the THS potential Las given by

"D. Bogan and D. B. Fitchen, Bull. Am. Phys. Soc. 12, 280
(1967).
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TABLE IV. Some energy results for emission (in eV). KVith

the exception of the values in the first KCl column, no polariza-
tion (N.P.), these results were obtained with U ' given by Eqs.
(13a) and (13b), with pg, ff determined from Eq. (12) and the ex-
perimental thermal ionization energies given in Table II. Eth(ex)
is the computed thermal ionization energy from the 2s-like state.

KCl (N.P.) KC1 KBr KI NaCI

E~(ls)
E&(2s)
Ep(2P)
E (cond)
AEg(2s —+ is)
Ee.(-)

0.04
—3.39

—0.76
+0.94

0.087
—3.38
—2.13
—2.05
—2.02

1.25
0.11

0.084
—3.56
—2.64
—2.56
—2.52

0.92
0.12

0.085
—3.64
—2.87
—2.80
—2.7D

0.77
0.12

0.104
—3.81
—2.57
—2.50
—2.49

1.24
0.08

Eqs. (6) and (7)7 is too deep in this region even when

sta is kept small. A larger value of ra, again using Eq. (7),
would make the problem worse. It appears that we
must make za large but abandon Eq. (7) and arrange to
keep those eGects associated with ionic displacement
the same in both the excited and ground states. This
would be consistent with the Franck-Condon principle
and it is what we have sought to provide for by Eqs.
(13a) and (13b).

The results of calculations at 8=0.085 with U;o„'
given by Eqs. (13a) and (13b) show that indeed the
value of the (isIzI2p) matrix element in emission is
now of the right order of magnitude in all three of the
crystals. The absorption calculations are, of course, un-
changed since for them there is no contribution fronx
L';,„atall, as has already been explained. Table IV
shows the results of these energy calculations for emis-
sion. In obtaining these results (as well as those in
Table III) we found it necessary to take x, „=1.1 eV
for KBr and 1.35 eV for KI, somewhat different from
the values of Timusk and Martienssen shown in Table
I but very nearly within their range of estimated error
(+0.2 eV).

in which 8&4, the first three being chosen to minimize
the lowest state of this symmetry and the next two to
minimize the next-lowest state. For b&4 only three P
functions were used and no attempt was made to mini-
mize the 3p-like state A. function with /=3 was in-
cluded initially, but its contribution was small and we

subsequently neglected it. The contribution of the /=4
term in the ground state is also generally small, but
since it is of some interest for the spin-orbit interaction
we carried it along in the absorption calculations. In
emission, this /=4 component was replaced by an s
function in the final calculations described in Sec. IV D.

Rather than giving long tables of the exponential
parameters and linear coeKcients for f(r, 8,&), we show
in Tables V and VI some of the matrix elements which
have been calculated with the wave functions associated
with the various levels. From Paper I and Eq. (17) of
this paper it can be seen that our wave functions are of
the form

+sr =1/'r + R~+ (rn ) g r& ss~ | (2g)

The values in Table V were calculated with the radial
parts of the wave functions. In Table V we also list
the oscillator strengths for is~ 2p and 1s~ 3p tran-
sitions obtained from the equation

f(» ~ np) = s»-I(»Irlnp) I', (30)

where AE„is the j.s —+ np transition energy and again
only the radial parts of the wave functions are to be
used.

with the smooth part of 1/ and the envelope function g
expanded in terms of the same Slater orbitals of the
form given in Eq. (27). The wave function is automati-
cally normalized by the computer program so that the
matrix elements of r" between the smooth parts of any
two wave functions are given by

(1 I
r"

I
2)= (fiI r"

I fs)„(R,+rn*(giI r"
I gs),&ss. . (29)

E. Wave-Function Calculations on KC1, KBr, and KI

Most of the above calculations were carried out with
wave functions whose smooth part f(r, 8,$) in Eq. (3)
was expanded in terms of five Slater-type orbitals of
the form

f„(r,8,s/s) = ((2p„)s"i+'i(2n„)l7'i'r" 'e e ~ "Y~ (8 p), (27)

TABLE V. Various calculations related to the wave functions
for 5=0, i.e., absorption. 1 a.u. of length=0. 529)&10 ' cm. The
starred quantities should be considered less accurate than the
others because the minimization of the 3p level in NaCl was not
carried as far as it was in KCl, KBr, and KI. This is not par-
ticularly important for the energy, but the wave function could
change signihcantly. See Sec. V for a discussion of the calculated
values of I%'(100) I'.

where Yi,(8,&) is a Kubic harmonic of degree / referred
to a coordinate system located at the missing-ion site.
In the ground state, the first three functions were
chosen to be is(n=1, /=0), 2s(n=2, /=0), and Sg
(n=5, /=4) and the exponential parameters p, as well
as the expansion coefficients, were determined to mini-
mize the ground-state energy. Two other functions (2s
and 4s) were then added and the parameters in them
varied to minimize the second level of s-like symmetry.
Similarly, in the excited states of p-like syrzuaetry, five
P-type Slater orbitals were used for those calculations

(is
~
r I 1s) (a.u. )

(2slrl2s) (a.u.)
(2p I

r
I 2p) (a.u.)

(3plrl3p) (a u)
(1sIrI2p) (a.u.)
(isIrI3p) (a.u. )
(2sIrI2p) (a.u.)
f(is ~ 2P)
f(ls ~ 3p)
I
e (100) I' (A-')

3.93
18.85
9.61

30.20
3.89
1.02

10.22
0.867
0.069
0.889

4.12
21.60
12.14
39.58
3.91
1.50

13.84
0.781
0.129
0.753

4.35
22.58
11.17
45.51
4.36
1.44

12.60
0.878
0.108
0.565

3.58
16.27
7.02

19.00*
3.71
0.94*
7.23
0.940
0.073*
0.421

KCl KBr KI NaCl
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All of the above matrix elements should involve the
terms arising from the orthogonalization of the smooth
function f(r, 8,@) to the core orbitals on the six 1nn ions.
We have established that these terms lower the oscil-
lator strength of the 1s~ 2p transition by 5—10jo.
They probably decrease the eRective radii of the is
and 2p states by about the same amount, but their
eRect on the other matrix elements involving more dif-
fuse functions should be much less. We have not in-
cluded these corrections for the values in the table,
since it is likely that these results will most often be
compared with the results of semicontinuum calcula-
tions where such corrections do not arise explicitly.

We also show in this table the square of the ground-
state wave functions at a inn ion site. This was calcu-
lated by orthogonalizing the smooth part of the wave
function to the Hartree-Fock free ion orbitals rather
than to the modified core orbitals discussed in Paper I.
It mould appear to be more consistent to use the modi-
fied core orbitals in this calculation, but it is unlikely
that this would change the results very much.

-2,0

-2.4

-2.8

342

-3,6

-4.0

et

z -44

-4.8

-5.2

-5.6

-6.4

2p

2

C1

=0.8 eV

2 m =0.6; Ra=6.06am——m"=O.e; R =6.0eau.
4

p =p =0.%72 (a.u)

3 m'=0.4; R =5.70 a.u. ;X =).0 eV
exp

p =0.3&74 (aug; p&"-0.2QO (a.uJ

F. Calculations on NaC1

We have carried out extensive calculations on XaCl,
only a few of which we shall describe here. Figure 4
shows four sets of curves of the energy of the F-center
electron versus relaxation parameter for XaC1. The
curves labeled (1) were obtained from calculations with
R,=9.92, from Eq. (24); m =0.6; x, -~&=0.8 eV, the
value given by Timusk and Martienssen; and p, = p&
=0.1972 a.u. '. v, was taken to be 0 for 8&4 and
0.02994 a.u. ' for 8&4. The curves marked (2) were
obtained with the same values of all of these parameters
except R, v hich was taken to be 6.06 a.u. , as obtained
from Eq. (26). At 8=0 both of these sets give fairly
close agreement with the experimental I'-band absorp-
tion energy. However, at 8= 10.4, the approximate posi-
tion of the inn ions after lattice relaxation, the calcu-
lated value of the emission energy for curves (1) is
smaller than the experimental value ( 1 eV) and for
curves (2) they are larger. Thus, following exactly the
same procedure as we did for KC1, the results of going

(Is jr /1s)
(2s

/
r

I 2s)

(Is jr ~2P)
(1s) r t2P)*
&2slrl2p&

KCl KBr KI NaCl
(a.u.) (a.u.) (a.u.) (a.u.)

4.16 4.66 5.22 4.23
28.77 28.38 32.19 27.19
35.24 39.45 43.64 43.49

1.36 1.25 1.31 0.61
3.31 4.42 3.99 3.71

30.86 30.28 34.76 30.00

TABLF. VI. Various calculations related to the wave functions
in emission. 8=0.085 for KCl, KBr, and KI; 5 =0.10 for NaCl.
l is I

r
I 2/i» is the matrix element between wave functions obtained

when Eq. (7) is used for U;,„with v&~0.03 a.u. '. Only the radial
parts of the wave functions have been used in these calculations
and the corresponding ones in Table V.

-6.8
IN -4 -2

8, RELAXATION

6 8 10 OUT0 2 4
PARAMETER IN PERCENT OF (nn DISTANCE

FIG. 4. Some of the results of Ep versus 1nn displacements for
NaC1. Curves 2 and the dashed curves differ only because the
latter were obtained with less flexible wave functions than the
former.

from the larger value of R to the smaller show rather
larger discrepancies than did those for KC1. Since the
principal difference between the results for the two
values of R is in the treatment of the 2nn ions, we con-
clude that these ions are in some way the major source
of the discrepancies. We are fairly certain that our
neglect of orthogonalization of the outer orbitals on the
Cl ion to those on neighboring Cl ions is less justihed
for NaC1 than for KC1. This might suggest that the
model leading to curves (2) is somewhat superior to that
leading to curves (1), but it would be diIIicult to sub-
stantiate this at present.

With these results in mind, we carried out consider-
able experimentation on varying R, within the vicinity
of 6.06 a.u. Fairly large changes did not improve the
agreement with experiment markedly. We tried chang-
ing p pt to 1 eV, which is still within the estimated
error of Timusk and Martienssen, and changing m*
to 0.4. We also tried increasing p, while at the same
time introducing cuto6 radii in the polarization potential
as described above for KBr. With p, =0.3j.74 a.u. ,
p~=0.2010 a.u. , and R =5.70 a.u. , y, ~~=1 eV, and
m*=0.4, we obtained the curves labeled (3) on Fig. 4.
Energetically the results of these calculations compare
favorably with the experimental ones shown in Table
II. The results for the absorption calculations from
curves (2) are shown in Table III.

In the above calculations on XaCI, the is- and 2s-like
states for both absorption and emission were expanded
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in terms of four s-type and one g-type Slater functions.
The 2p- and 3p-like states were expanded in terms of
five p-like Slater functions for absorption and three for
emission. With these wave functions we again found
that our (1s~z~2p) matrix element in emission seemed
too large. In order to test the e6ect of using less flexible
wave functions, we carried out calculations with the
ground state as a linear combination of a is- and a 2s-

type Slater function and the excited state expressed as
a single 2p-type function. In the ground state, the ex-
ponential parameters Lsee Eq. (2i)j for the 1s and 2s

functions were forced to be equal but the linear coe%ci-
ents were allowed to take on the values which minimized
the energy. These coefficients could have been deter-
mined so as to give zero slope for the radial part of the
wave function at r =0. Had we done this, we would
have had exactly the same forms for the 1s- and 2p-
like functions as Fowler used in the sernicontinuum
calculations Lsee Eqs. (34a) and (34b) below). The re-
sults of the energy calculations with these more re-
stricted functions are shown by the dashed curves in

Fig. 4. The (1sIz~2P) matrix element in this case is
much smaller than it is in the preceding calculations
because the ground-state trial function is not suKci-
ently flexible to describe the wave function outside of
the vacancy.

We also carried out calculations on XaC1 at 8= 0.10
with L';,„'given by Eqs. (13a) and (13b). We found
that even with our most flexible wave function the
(is~st 2p) matrix element remained of the right order
of magnitude. However, the emission energy from all

of the calculations was several tenths of an eV greater
than the experimental value. The results of the calcu-
lation with R =6.06, y, ,~= 1 eV, as*=0.4, p, = pp,

=0.1972, and ~,«= 3.69 are shown in Table IV.

G. 8emicontinuum Calculations

Our experience with the calculations described above
prompted us to investigate the semicontinuurn model
used by Fowler4 in his work on the F center in NaC1.
His calculations are based on the following Hamil-
tonian:

&.~r 6 1 1
h = —-', V' ——+— 1—— +—(1—»„')

a a (1+8) 2R

+&& i Xexpt q
&(R (31a)

h = — V'-' —1/»„r+(»„' ».,—') L2 —(e
—"'—

2m*
+e '"")j/2r, r) R. (31b)

8'2 is given by one or the other of the following expres-
sions:

lVi ——(»„'—» ')
~
f(s)

~

'd's r-'(lr, (32)

where p(g) is the wave function of the state from which

the optical transition starts; and

H' p=-,'(»„'—».~ ')(e,+2/a). (33)

Fowler points our that for large-orbit excited states
these two expressions for H~2 are approximately equal
but that the second is more consistent with the modified
form of the Haken-Schottky expression used in Kq.
(31b).

In the model he actually uses in his calculations,
which we shall refer to as F1, for absorption, Fowler
finds that 8 2 from Eq. (32) is quite small because the
wave function iP(s) of the initial state is well confined
to the vacancy. He also assumes that ionic polarization
does not contribute during the absorption process and
retains only the first two terms on the right side of
Eq. (31b). In the emission process Fowler uses the
first expression for 8'2, which now gives a large con-
tribution due to the disuse nature of the wave function
of the relaxed excited state. Also in emission rather than
using the complete expression for h when r)R, he
estimates the mean radius of the relaxed excited-state
wave function and then evaluates an effective dielectric
constant ~,« from the Haken-Schottky expression. K,f f

turns out to be 4.2. With this value of a,«he takes the
potential in the external region to be —(»,fir) '.

In the more consistent model which we shaH refer to
as F2, he suggests that for emission the second expres-
sion for IV2 should be used, and presumably the full
form for the Haken-Schottky expression in Eq. (31b).

For his wave functions Fowler takes the simple
forms

fi.= Lu'"/(im)"'j(1+ar)e —" (34a)

P.„=(P'i'/z'i')re ~ "cos8, (34b)

where n and P are variational parameters. Fowler ob-
tained rather good agreement with experiment for both
the absorption and emission energies. More impor-
tantly, he found that the squared ratio of the (1s~ z~ 2p)
matrix element in emission to that in absorption was
small, and he attributed the long lifetime of the ex-
cited state to this result.

We have carried out semicontinuum calculations on
YaCl with both of Fowler's models. We obtain agree-
ment with his results so long as we use the F1 model
and the wave functions given in Eqs. (34a,) and (34b)
in a variational calculation. However, when we inte-
grate the radial Schrodinger equation appropriate to
the Fl model numerically, "we find that the (1s~ zl 2P)
matrix element is no longer small, and a similar calcu-
lation on the F2 model gives an even larger value for
that matrix element. Quantitatively, the value of
(1s~z~ 2p) in emission for the model F1 is 1.96 and for
the model F2, 2.67 a.u. , while that for absorption
(where there is no need to distinguish between F1 and
F2) is 2.50 a.u. Thus, we find the ratio of ~(1s(z(2P)~'

"In this calculation we used I'owler's I cl. (14) I'Ref. 4) for
Vo arith P= 0.08 a.u.
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in emission to that in absorption to be 0.611 and 1.14
for models F1 and F2, respectively, whereas Fowler
obtains the value 0.13 for this ratio. As in the calcula-
tions reported in Sec. III B, we find that a tail develops
on the 1s wave function in emission. This tail is not very
important in determining the mean radius of the 1s
state, but it contributes substantially to the (1s~ z~ 2p)
matrix element. This again indicates that considerable
care must be exercised in obtaining wave functions
from variational calculations, to ensure that the tria, l

functions are flexible enough.
It should also be noted that our treatment of the

ionic polarization as discussed before and immediately
after Eqs. (13a) and (13b) differs from tha, t of Fowler
in a fundamental manner. Fowler has retained the term
H'2 within the vacancy when calculating the emission
states, whereas we have argued that it should not ap-
pear. We contend that this potential has already been
included by the outward displacement of the six inn
ions, and its retention amounts to a double counting
of the effects of the displacement of these ions. How-
ever, since 8'2 is substantially smaller than the effect
on the potential of the displacements of the first nearest
neighbors, it is possible that the retention of H'~ to
some extent compensates for the omission of the effect
of the displacements of more distant ions.

We have done calculations with Fowler's model also
on KC1, KBr, and KI, and the resulting absorption
energies are not nearly as close to the experimental
values as in NaCl.

V. DISCUSSION

We have discussed some aspects of the calculations
and their results as we proceeded. Here we shall continue
the discussion and summarize some of the results ob-
tained in the last section.

It is apparent from Fig. 1 that the results of calcu-
lations in which polarization effects are neglected
(dashed curves) are quite different from those when it
is included (all other curves and points). Since the
two dashed curves remain almost parallel throughout
the range of 8, there is only a small Stokes shift, a result
which does not agree with experiment. The results in
the first KCl column of Table III were extracted from
the configuration coordinate curve for the case in which
polarization was neglected. The disagreement with the
corresponding experimental results in Table II is great,
especially for the E band in absorption and the F
band in emission.

On the other hand, from both Fig. 1 and the results
in Tables III and IV, we see that as soon as dielectric
polarization is included the calculated and experimental
results become quite comparable. The differences be-
tween the dashed curves and the curves labeled 3 on
Fig. 1 are a quantitative indication of the importance of
polarization effects. VVe can see that they are quite
important even in the compact ground state. Is this a

model-dependent result? The results of ca,lculations on
kBr shown in Fig. 3 lead us to believe that it may be,
to a limited extent. From this figure it can be seen that
it is possible to move the ground-state curves around
readily by introducing cutoff radii for the polarization
potential E'(r), but they are insensitive to the value of
the experimental electron amenity, whereas the excited
state is not. Thus, if we were to assume that p pt, is
0.7 eV for KBr, which is still within the estimated error
in Ref. 19, rather than 1.1 eV as we have assumed, the
excited state would be raised by 0.4 eV in emission
and somewhat less in absorption. It should then be
possible to find values of the cutoff radii which raised
the ground state a corresponding amount by reducing
the contribution from the polarization potential. How-
ever, such a procedure cannot be carried very far with-
out assuming substantially different values of x,„~&from
those obtained by Timusk and Martienssen. Therefore,
we are now inclined to believe that there really are
important polarization contributions even to the com-
pact ground state.

The results in the last four columns of Tables III
and IV were taken from configuration coordinate curves
like those of Fig. 2. The results, with few exceptions,
are in good agreement with the experimental results in
Table II. However, it should be kept in mind that the
agreement for emission has been forced to a certain
extent by our choice of the values of g,„~&.Furthermore,
since we cannot be sure of the exact position of the 1nn
ions and because of other effects such as neglect of the
displacement of 2nn ions which we have not included
in the calculations, we must conclude that some of
these results, especially in emission, may be somewhat
fortuitous. Nevertheless, the maxima of the F and E
absorption bands (in KCI, KBr, and KI) are given
quite well, and slightly different values of p,„~&and of
the equilibrium positions of the inn ions would not
affect these results greatly. The results of Boswarva
and Lidiard indicate that the uncertainty in the posi-
tion of the 1nn ions after relaxation may be fairly large,
and this would affect the emission energies as would
2nn displacements.

The high-energy side of the E band undoubtedly
has contributions from is —+ np(n=4, ) transitions,
as suggested by Mott and Gurney (Ref. 18) and sub-
stantiated by the calculations of Smith and Spinolo, "
but our wave functions are not flexible enough to give
these higher p levels with any accuracy. The position
of our 3p level relative to the conduction band is about
right to explain the width and asymmetrical shape of
the IC band if the 4p, 5p, levels were included. We
expect most of the oscillator strength of the E band
to come from the is~ 3p transition and this seems
to be indicated by the calculations. It is interesting, al-
though perhaps only accidental, that f(1s~ 2p) is
smaller in KBr than it is in KC1 and KI, in agreement

"D.Y. Smith and G. Spinolo, Phys. Rev. 140, A2121 (1965}.
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with Liity's results. The calculations indicate that there
are s- and d-like levels in close proximity to the 3p level
which could be mixed with it by thermal vibrations,
but the experimental evidence'0 now seems rather con-
clusive that appreciable admixing does not occur.

The calculated values of ~%'p(100)
~

' shown in Table
V are somewhat larger than the experimental ones;
however, there is a correction to these values which
should be taken into account but which we have evalu-
ated approximately only for KCl. This correction comes
about because it is necessary to orthogonalize the
negative-ion orbitals to the positive-ion orbitals as we
have already discussed. This has the effect of intro-
ducing a non-negligible spin density at the (1,0,0) site
indirectly through the overlap of the smooth trial func-
tion with the negative-ion core orbitals. Fven when the
structure of the negative ions is not taken into account
explicitly, this correction should, in principle, be neces-
sary. In KCl, according to our calculations, it lowers
the value of ~4'p(100) ~' shown in Table V by about
35%%uo, so that the calculated value with this correction
is approximately 15% below the experimental value.
Although calculations of the spin density at a given
ion site are subject to a number of inaccuracies, it does
seem that the calculated values obtained from our
model should be somewhat smaller than the experi-
mental ones for the following reason. Calculations"
of the hyperfine interaction of the free potassium atom
with restricted Hartree-Fock wave functions give values
of the spin density at the nucleus which are about 62%
of the measured value. To obtain better agreement one
must go to the unrestricted Hartree-Fock scheme or use
correlated wave functions. Our approximate wave func-
tions are of the restricted Hartree-Fock type, since the
spatial core orbitals are assumed to be doubly occupied.
Even if we had a completely rigorous solution within
this scheme, we could still not get perfect agreement
with experiment.

Examining the results displayed in Fig. 2 further,
we note the following. The 2s level in absorption is very
close to but slightly higher than the 2p level, in agree-
ment with the experimental results on the Stark e6ect."
In emission, the 2s level is louver by a few hundredths of
an eV than the 2p level, which again is in qualitative
agreement with recent experiments on the Stark effect
(Ref. 27). This result, which is significant for the inter-

' S. E. Schnatterly, Phys. Rev. 140, A1364 (1965)."D.A. Goodings, Phys. Rev. 123, 1706 (1961)."G. Chiarotti, U. M. Grassano, and R. Rosei, Phys. Rev.
Letters 17, 1043 (1966).

pretation of the lifetime of the excited state, has been
obtained in all of the calculations for KBr, KI, and
NaCI in which we minimized the 2s level after relaxation.
Our values of the 2s-2p splitting ( 0.08 eV) are sub-
stantially greater than those derived from the experi-
mental results ( 0.02 eV), but with calculations of this
type not much better agreement can be expected unless
one adjusts the various parameters in the model to
force it. The important point is that there is no reason
for the 2s and 2p levels to be degenerate as in a purely
hydrogenic model. 6'e have also calculated 3p-like,
I&„ande, levels in emission. They all lie just slightly
higher than the 2p level, and their wave functions are
quite diffuse, as would be expected from the present
model. "

We feel that we can summarize the results of these cal-
culations as follows. Dielectric polarization e6ects are
important for both absorption and emission. The Toyo-
zawa —Haken-Schottky expressions for the polarization
potential appear to be satisfactory for the absorption
calculations, but cannot be applied without modifica-
tion to the emission process because of the difhculties
with U;,„.The trial wave functions in the variation cal-
culation need to be more flexible than those which have
been used frequently in the past. Because of the nature
of a variation calculation, this is particularly true for
the calculation of quantities other than the energy
levels. Finally, the model which we have set up and
solved here apparently can give reasonably satisfactory
agreement with many of the known properties of the I'"

center in the four crystals we have treated. However,
the difhculties we have encountered with the emission
results, especially in XaC1, indicate that the model is
by no means entirely satisfactory.
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