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The strong-coupling model of a cubic Jahn-Teller (JT) system where a single e-type vibrational mode
interacts with an E-type electronic ground state is extended to include the effects of a trigonal field, quad-
ratic coupling, breakdown of the adiabatic approximation, and small static tetragonal-type perturbations
(random strain fields in a crystal). Relaxation is treated by considering how lattice vibrations perturb an
octahedral JT-active complex situated in a trigonal crystal, and it is found that spin-flip relaxation in the
ground state is related to the non-spin-flip relaxation (reorientation amongst equivalent distortions) by the
square of the g-tensor anisotropy of the frozen EPR spectrum and by the spin-orbit interaction within the
ground state introduced by a trigonal field. The relaxation time for temperatures above the strain splittings
due to random crystal strains is expected to have the form 1/7=aT+bT?+cT5+de4/¥T, the ratio of spin-flip
to non-spin-flip rates remaining constant. The magnitudes of the relaxation rates of Paper I are quite well
accounted for by the model, and from those results parameters for the model are derived. There still remains
some difficulty with orientation dependence of the spin-flip relaxation and with the nature of the “JT”
transition” from an anisotropic to an isotropic spin-resonance spectrum.

INTRODUCTION

IN this paper we shall try to account for the relaxa-
tion results of the preceding paper! (henceforth
referred to as I) on relaxation rates in the strongly
coupled Jahn-Teller systems of octahedrally water-
coordinated Cu?* in La,Mgs(NO3)12- 24H.0 (LMN) and
Zn(BrO;).- 6H.0. It will be remembered that despite
the similarity of the low-temperature spectrum to that
for tetragonally distorted sites, the low-temperature
spin-lattice relaxation rate is some four orders of
magnitude faster than that for a truly static situation.
That it is not a static situation is supported by the
spin-echo measurements which indicate that the centers
are already reorienting their distortion axis on a micro-
second time scale in the region of 5°K.

The model used is again that of anisolated Cu?:6H.0
octahedron of basically cubic symmetry, as has been
dealt with many times before (see references in I). We
follow broadly O’Brien’s? treatment which is appro-
priate for the expected parameters, supplemented some-
what to include the effects of slight breakdown of the
adiabatic approximation, a small trigonal field, and
random strain fields. Once we have solved this isolated
complex problem, we consider its coupling to the (much
softer) crystalline surroundings to see how the lattice
vibrations induce transition among eigenstates of the
isolated complex.

The twofold degenerate E-type ground state of the
copper ion (basis |8), |€)) in an octahedral or trigonal
field interacts strongly with the e-type vibrational mode
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of the octahedron [basis (QsQe)] The resulting
adiabatic potential surfaces take the form of the familiar
sun-warped Mexican hat of C; symmetry (Fig. 2 of I).
The Jahn-Teller stabilization energy Ejp=3000 cm™!
=10Xthe e-vibrational quantum #%w. The adiabatic
approximation is quite good and the three lowest-
lying states (no radial excitation and the lowest-lying
angular excitations) are a doublet nearly degenerate
with a singlet lying 3T'S{% cm™! above it, the closest
excited states are 2150 cm™! higher [see Fig. 1(a)]. An
E-type strain field removes the equivalence of the wells
as shown in an exaggerated fashion on Fig. 1(b) leaving
eigenstates |G.), |G,), and |G.) which are predomi-
nantly localized in the well corresponding to a stretching
distortion along the axis denoted by the subscript, with
a small admixture ~T'/§ of the other two wells, where &
is the extent to which the wells are made nonequivalent.
The width of the lines on Fig. 1(b) represents sche-
matically |Gi(6)|2. Intrawell phonon matrix elements
(G:|0|G;) dominate, indicated by wavy vertical lines
on Fig. 1(b), making the transition rate between
eigenstates (wells) « (I'/8)%. For resonant phonon
transitions, however, this well decoupling is just com-
pensated by the increase in the number of available
phonons of energy & to make this interwell (reorienta-
tion) transition rate independent of local strain and
proportional to I'2, The measurement of the reorienta-
tion rate combined with an estimate of the coupling to
the phonons is sufficient to give a value for T, a key
parameter in the theory. In reality, of course, each of
the energy levels is a Kramers doublet whose compon-
ents are split by a magnetic field to give rise to the
EPR signal.

The orbital contribution to the magnetic moment
makes the g tensor sensitive to the distortion axis, so
that each well has a distinct resonance line in general,
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Fic. 1. (a) The four lowest-lying vibronic states for strong coupling and 8/a>>1 giving orders of magnitude of the splitting. (b) Folded-
out section at constant radius p =po through the radial minimum of the lower adiabatic potential sheet showing threefold modulation due
to the nonlinear potential. The energy levels of the three lowest states are drawn for a tetragonal static strain which makes the wells
inequivalent; the level widths represent schematically the wave-function amplitude |y |, & represents the strain splitting, and the wavy

lines represent the tetragonal phonon matrix elements.

its axial g-tensor ellipsoid being directed along its dis-
tortion axis. Because of this nonequivalence of g
tensors, the effective spin quantization axes for a
general field direction are not coincident for different
wells (Fig. 2); the effective-spin part of the spin-up
component |G,1), say, is not in general orthogonal to
the spin part of the spin-down component |G,]),
thereby allowing a phonon (electric-type) matrix ele-
ment (G.1|0|G,|)#0. The relaxation path to |G.]) is
completed by the reorientation process. (G.T|0|G,|)
is simply related to (G.T|0|G,1) by the g tensor anisot-
ropy, suggesting that the reorientation rate and the
spin-lattice rates should be related. This mechanism is
found to give quite good agreement with experiment,
though there are certain difficulties with orientation
dependence.

At higher temperatures, two-phonon processes be-
come more important. These involve essentially the
same electronic matrix elements discussed above, but
use the whole phonon spectrum in a nonresonant way
that can give rise to a 7° temperature dependence as
observed in I.

Finally, we discuss the nature of the ‘“Jahn-Teller
transition” at 38°K in LMN and conclude that re-
orientation is not quite fast enough to motionally
narrow the line at so low a temperature and suggest
that, for LMN, one may be observing the reson-
ance from the second site which was not seen at low
temperatures.

THEORY
Isolated Complex, Strong—Coupling Model

The vibronic Hamiltonian representing the inter-
action of the (Qs,Q.) vibrational modes within the

(6,€) subspace of electronic functions is

3=[Eot+3u(Pe®+P 2+ 3uw(Qe?+Q.2)
+430030—Q6?) 1+ V(QeUs+Q.U )
+VLUs(Qe2—Qe®)+2U Q6Q.], (1)

where

G T G

and, for later use,

A2=(i —i)=o',,. 2)

Here (Qs,Q.) are amplitudes of e vibrations in Fig. 2
of paper I, (Pg,P.) are momenta conjugate to (Qs,0.),
u is the effective mass of the e-vibrational mode, w is
its frequency, 43 is the coefficient describing the first-
order anharmonicity of the mode, V is the reduced
matrix element for linear vibronic coupling, V, is the
reduced matrix element for quadratic vibronic coupling,
and E, is energy in absence of distortion from cubic
symmetry. The matrices are indexed in the order
(16),]€)); 6 transforms as 3z2—72, € as x?—y2. The
Schrédinger equation is

Jyi=Ey;, 3

where ¢; is a two-component wave function

(Xo‘(Qa,Q.)>
Xc‘(Q’xQe)
representing a solution

¥i=Xo'|0)F+X€). (©)
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If we set
=p cosf
Q9 p ) ) ( 5)
Qe=p sind,
and apply the unitary transformation
sinf cos3f
S ( 2 2 ) ©)
cosif —sin}d

appropriate to strong coupling, we find®*

30" =S3S1=300I— VpU s+ (h2/2up?) A4i(9/ 86)
4+ Vop*(cos38 Us+sin38 U), (7)

#*/ 9 0 92
GCo’=[Eo—-——(p—p—~—% E)-’_%W%?

2up*\ dp 9p
—A3p? c0530:|1 .
Evidently if (3) is satisfied, then
' pi= Ei¢s, (8)

where ¢; is again a two-component wave function of
(p,0) and (3) is satisfied by

Yi=S"1p;. (9)
We require ¢.(p,0) =y :(p, -+ 2), which, because
S7H(6+2r)=—S0),

¢i(P;0) =
It might be noted that
H
o=
. g
represents the function

o= (sin}6|6)+cosif| €)) f+ (cos3f| 6)—sin}6| €))g.

dictates that

¢ilp, 0+2m). (10)

The matrix of an operator O is given by
W:lOl¥5)=(¢:| SOS| ;). (11)

The pair of coupled differential equations given by (8)
corresponds to Eq. (10) of O’Brien? and to the pair
(A12) of Ham.5 The strong-coupling approximation is
the neglect of the nonadiabatic (NA) terms

h2

a
IHCya= A21£+ V2p2 sin36 U;, (12)

2up?

3 This approach is essentially an amalgam of Ham’s (Ref. 5)
formalism for the weak-coupling limit with O’Brien’s work on the
strong-coupling limit. It has the advantage of providing a con-
venient logical framework in terms of which our ideas may be
more clearly and concisely expressed.

4 Hamiltonians in the transformed representation are primed.

5 F. S. Ham, Phys. Rev. 166, 307 (1968).
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F1c. 2. g tensors and spin quantization axes for magnetic
field along the [101] direction for the strain stabilized levels of
Fig. (1b).

which couple the equations for the two components of
@i. We shall treat the terms (12) by perturbation
theory. For V<0, solutions of the form

0
HEDN
0 g
are appropriate to the lower and upper adiabatic
potential sheets, respectively.

We shall want to add to the basic Hamiltonian the
Zeeman, spin-orbit, strain, and trigonal field inter-
actions. Once we write these down in the original
representation, it is trivial to transform them since
they do not involve any derivatives of the normal-mode
coordinates. In the original representation, then, they
are

Koo = 400455, — (2N/A)[F(1—0)—504,5.],
3C(Zeeman) = 40A4 sh,+2h-ST—(2\/A)
X {243 /A+50)h- S+ (143N/A—0)

X[(3h.S.~h-S)Us+V3(heSs—hySy) U ]—90h.S.,
+60[ (heSc—hsSe)Us+ (hsS+heSe)U. T}, (14)

(13)

where we have assumed for simplicity that the trigonal
field V3 is caused entirely by a crystalline field acting
only on the quadrupolar moment of the electronic dis-
tribution on the Cu?t. Here o= (\/3){E0| V3| To0)/A,
A is the cubic splitting between 7T, and E, states,
h=pgH, X\ is the spin-orbit coupling parameter for
3d° D, hoe=(V}5)(ha—hy), he=—(V#)(2hi—h.—hy),
ho=(V3)(hz4hy+h.), and So,.,. are similarly defined.

Jc(tetragonal strain)=B(esUst+eUe),  (15)
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where es= (v/3) (2¢ss— €22— €,,) and .= (V/3) (€22—€4,).8
(This expression is appropriate to an octahedron.) To
write these in the transformed representation, we need
only note that

SUeS 1= —cosf Ug—sind U.,
SU S 1= —sinb Up+cosf U.,
SA51=—4,.

We note here the effects of a slight breakdown of the

adiabatic approximation. If the zero-order solutions
[i.e., solutions neglecting the terms (12)] are denoted by

fn(P,o) ( 0
)= (=)=
or ( 0 ) or g,,(p,G)) ’

(om ™| Fnal 02 ™)
e on™ . (17)

WILLIAMS,

(16)

then

¢"l= ¢n(+)+z E " E =

We show in Appendix A that, for ¢»=S"1¢,’,

WnlUsl¥m)=(en ™| (14+a/4E;r) cosf+(Vape’/4EsT)
X (c0s260— cosdf) | ™),
WnlUel¥m)={ea™|(1+a/4E;r) sinb+(V20e’/4E ;)
X (—sin20—sindf) | o ), (18)
where a= #2/2up?, E;r is the depth of the minimum of

the trough in the adiabatic potential at p=po=V/uw?,
and a/4EJT= (hw/4EJT)2; and

a

n|A2|¥m)=
(¥n| A2 ¥m) -

i)
(Wn(+)| —Z—l ¢m(+)>- (19)
T a0

Equations (16) and (18) together provide a prescription
for evaluating (13)-(15) within the set of lower-sheet
vibronic states.

We now turn to O’Brien’s? work for the ¢, solu-
tions. She has considered the solutions appr(g)riate to
the region of the parameters estimated by Opik and
Pryce,” viz.,

E;r=3000 cm™!,
#w=300 cm™!,
po=034A,
a=%2/2ups*=8 cm™!,
A3p®=600 cm™!,
Vapo?=600 cm™!.

(20)

The second-order electron-vibration coupling V. was
not estimated there, but it is reasonable to suspect that
Vap?~ Ap(es?+e?) /2~ Ap?/V2R, where R is the equilib-
rium ion ligand distance from which we have made

¢ If one identifies ligand displacements directly with the strain
parameters, then B=V2ZVR, where R is the equilibrium ion-ligand
distance; see the discussion preceding Eq. (31). B=(1/#)V: in
Ham’s notation (Ref. 5).

7U. Opik and M. H. L. Pryce, Proc. Roy. Soc. (London) A238,
425_(1957).
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the estimate above. Evidently (fw/Ejr)i~(d)*1,
which well justifies here neglect of coupling to the upper
potential sheet.

O’Brien? finds that the solution of (8) for the ground
vibronic states may be written

<f¢(p);<n(0)> ’

where fi(p) is a harmonic-oscillator solution in p of
quantum %w, while X is a solution of*

304X (8) = (— 3%/ 36— B c0s30)X(8) = E.X(6), (21)

where

a=(fip)| #*/2up?| fi(p))
B=(fi(p)| Asp*+ V0| filp))

if we extend O’Brien’s definition to include the second-
order coupling term. Recalling the boundary condition
on X(6), it is convenient to classify the solutions of
(21) by the irreducible representations of the group
Ceo=C3,X C; which (21) satisfies if 16 is regarded as the
variable (see Appendix B). The required solutions are
those odd under C,, for which we will use the subscript
u. She argues that for 83>« it should be possible to get
good answers from linear combinations of harmonic-
oscillator solutions about the minima of 8 cos36. From
the experimental g values it is evident that >0, i.e.,
the minima correspond to stretching along the oc-
tahedral axes. In a slightly recast form, O’Brien’s sug-
gestion is that if

IA u>= (\/%) (—' Gz+Gy+G:) ]
lEu>= (\/%) (ZG=+GZ_GV) )
,Eu’>= (\/%)(Gz‘}‘Gu) )

where |4,), | E,), and | E,’) are the three ground-state
solutions of (21), then

G=(VHLf(0)— f(6—27)],
Go=(VE)Lf(6—3m)— f(6—87/3)],
Gy=(V3)[f(6—4m)— f(6—107/3)],

where f(8) = (2w/7)%¢“ »w2=98/8« are the harmonic-
oscillator solutions, which are good zero-order solutions
for £>ea. It is to be noted that G.,, . are concentrated
in the wells corresponding to #, y, and z axis distortions
of the complex, affording an easy physical interpreta-
tion of the wave functions. To this approximation the
splitting between the E, and 4, eigenstates is given by

3 37 2
3= _3(H,10_‘YH”9) zSﬂ‘y[_"r'— 2+_<J_a>:’ ’ (24)
2 4 B

where H.'=(G:|34'|G)),
oy <G,]G=>=exp[_3< ;;)(92] ’

and

(22)

(23)
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F16. 3. Calculated parameters of ground vibronic states versus ratio of barrier half-height 8 to KE factor a=%2/2up.?. (a) TunnelinT
splitting 3T between ground doublet (E,,E,’) and first excited singlet 4., reduced matrix element for angular momentum ¢;=(Ey

X8/30[E.) and e=31[1—(v/4)c1/c2], where ¢1=(4.| cosf|Eu) and co=(E.| cos| E,) are reduced matrix elements for (cosf, sind).
(b) Energy difference A between lowest-lying B, and A4, states and reduced matrix element cs for (cosf, sin6) within ground doublet E..

See Appendix C for details.

which gives some insight into the variation of I' with
B/c. The actual values so obtained are not as accurate
as one might wish, however, due to the flattening off of
the potential in the regions of §=3w(2rn+1), unlike
true harmonic-oscillator potentials. We have computed
3T more exactly as outlined in Appendix C and those
results are plotted in Fig. 3 together with the energy
separation between the A, level and the first level (of
type B.) above it.

O’Brien goes on to give the matrix of the Zeeman in-
teraction in the representation (22) and calculates the g
values and hyperfine constants for H along a cube axis.®

Random strains in the sample could, however, some-
what alter the picture and we shall sketch a theory to
include both them and the trigonal field known to be
present in the double nitrate crystal.? We shall work
with the states Gi(f) of Eq. (22) because they have a
more direct physical interpretation, especially when
strains are present. The matrix for 3¢y is

|Gy 1Gy) |Ga)
(G, —-I -T
const I + (G| [—I‘ I‘] . (25)

8 A plot of the parameter ¢; appearing in O’Brien’s matrix ele-
ments may be found in Fig. 3 as well as a parameter e=34[1—(1/%)
Xei/c2] describing the deviation of the ratio ¢i/cs from v2. It
should be remembered that the breakdown of the adiabatic ap-
proximation multiplies both ¢, and c. by the factor (14+a/4E;T)
as shown in Appendix A.

?L. C. Olsen and J. W. Culvahouse, Phys. Rev. 152, 409 (1966).

Only tetragonal (e type) strains will be important, and
they are represented by an operator JC,/= EUe+¢U.
[from Eq. (15)], where £ and ¢ are parameters which
vary from site to site and can presumably be described
by a statistical distribution function. The matrix of

a,’ is D..
3 = Dy,
D.,

where D;;j={(G:| ¢ cosf+¢ sinb|G;) (i,j=x,,2); for
17§, Dy=te=§Ey<B and we shall drop them.® The
Zeeman interaction in this representation can be derived
from (14) and (18), setting P=\/A

3¢’'(Zeeman)=[2—2P(2+5P+50)]h-S

; (26)

3h:ps=- h . S )
—4PCy(1+3P—0) [ 3%,S,~h-S
3h,S,—h-S)

+6Po(4Cs+3)h.S . — 24PoC,

hoSzthySAhaSy )
X | hSythaSc+hS: |, (27a)
heSst-hoSy+hyS:)
where!?
a
Co=3(G.|| 1 cosf
=¥ l( +4EJT)
200
+ (cos26—cos46) |G.), (27b)
4E;7

10 In the limit A3=V;=0(8/a=0), C; is identical to Ham’s q.
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again neglecting the off-diagonal terms which are of
order Phy<T. The remaining interaction which may be
important is the spin-orbit coupling which, from (13)
and (19), is

—1

_,-] ,

where ¢3=V3(G.|9/30|G,) is computed as described in
Appendix C and plotted versus 8/« in Fig. 3. Evidently
if Dy;—D;;>>T," the |G;) are good approximate eigen-
functions, the g tensors are those appropriate to an
axially distorted complex and the g tensor for |G,) has
principal g values, for <1,

—20)\(163 i
=—8.|—1 (28)

e
Esm3 i i

gs"=2—4P(142C)(1—1P+0¢)— 10P2,
g*=2—4P(1—C;)(1—1P+0)—20P— 10P?,
g2*=2—4P(1—C3)(1—1P+0)+20P— 10P2.

(29)

The principal axis for g; lies in the plane containing
[001] and the trigonal axis, tilted from [001] towards
[111] by an angle

20(3+4C;) 10
tan~l————=~—g,

6Cy(14-0)—0 3

that for g, is in the same plane but perpendicular to the
gs axis near [110] and that for g, lies along [1107. The
g values and principal axes for |G,) and |G,) can be
obtained by symmetry.

When D;;—D;;=(g*—g?)h=T, the random strains
cause the resonance to smear into the region between
the strain-stabilized line positions just calculated; it is
to be noted, however, that the stabilizing influence of
the orbital Zeeman effect takes over as D;—Dj;
<(g'*—g")h when (g*'—g?)i>>T, which is the regime cal-
culated by O’Brien.2 Whatever be the dominant aniso-
tropic force, the X() function will have the form

X=|G)+ X aij|G))/(1+ X a;)'7,

=i J=

(1:’ j= x!y’z)

within which the expectation value of the Zeeman
operator is

Hi(Zeeman)+3_ «o;?H;;(Zeeman)
i

143 a;

JHq

»  (30)

whose limiting values are two of H;(Zeeman), i=x, y, z.
The spectrum will be seriously smeared only if most of
the distribution of strain parameters falls within =T
and (g;—g;)AST, for the o;; are determined by the
competition between the off-diagonal terms I' and the
diagonal ones H(Zeeman)-+ H(strain). It is interesting

1t The D;; should really include the orbital Zeeman interaction
before comparing Di;—Dj; with T to determine the degree of
stabilization of G;-type states.
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to note that when g*=gv=g?

1
3C.=gh 1
1

and is invariant to any mixup caused by strains ex-
cept that the selection rules are altered for zero strain—
see I, Eq. (4). All this is to be found in O’Brien’s?
treatment, of course, but it is perhaps a little less
obvious in her set of basis states appropriate to
3¢’ (Zeeman) =3¢ (strain) =0.

RELAXATION
Coupling to Lattice

The coupling Hamiltonian between the lattice vibra-
tion and the complex is commonly derived by pro-
jecting the lattice modes onto the ligand positions and
asserting that the ligands, accordingly displaced, im-
pose a crystal field on the electrons through the usual
first-order ligand-electron coupling. Proceeding thus,
we find the following effective operators within the E
subspace for the even modes of the octahedron before
including the Zeeman interaction:

a1, 3Ce(a1)=GeQa, 1,

e, 3c(e)=G1(QsUs+QU.),

t2g 3Co(ta) = 2PGo(SQ¢+Sy00+S:01) 4,
fig 3Cc(t1)=0.

(31)

G, is the reduced matrix element for the e, distortion
mode within E, manifold of pure electronic states. G
is the reduced matrix element for f», distortion mode
between E, and T, electronic states. Gg is the reduced
matrix element for @,, distortion mode within E,
manifold of electronic states. These G; are identical to
those defined by Stoneham.!? Inclusion of the Zeeman
interaction gives operators with matrix element be-
tween Kramers conjugate pairs, but smaller by a factor
of ~BH/A; it is these terms which are important in the
spin-lattice relaxation of an isolated Kramers doublet
ground state as appears in the Tutton salt,'>13 but the
relaxation rate they cause is some three to four orders of
magnitude smaller than found experimentally. They are
therefore ignored in what follows.!* It is usual now to
express the Q. in strain language, viz.,

Qa1=V2Rea,= R(V/3) (ezzt-eyte22)
Qo=V2Res=R(\/})(2¢..—€za—eyy) ,
Qe= V2Re.= R(e:w" eyy) ’

Q:=3Rey., (On=2Re,;, Qr=2Re.,.

12 A, M. Stoneham, Proc. Phys. Soc. (London) 85, 107 (1965).

13 B. Bleaney, K. D. Bowers, and D. J. E. Ingram, Proc. Roy.
Soc. (London) A228, 147 (1955).

14If one wanted to include these, they would have the form
noted by Stoneham for 3yiret, with £:2 and £;° replaced by 2X2
matrices [£:%] and [£°] appropriate to the total E subspace
rather than for one member of it.

(32)
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The strains are then expressed in terms of phonon
operators with the help of the assumptions of isotropy,
long wavelength, and uniformity within unit cell for
the lattice vibrations as exampled by Stoneham.!?

Such a derivation for 3C.(e), however, is open to the
objection that we have already dealt with the term
JCc(e) in (31) in the solution of the isolated complex and
so have given Qg and Q. the status of variables acting
on the complex. We should not now treat them as
parameters determined by the state of the rest of the
lattice. Instead we can treat the coupling mechanism
of these modes to the lattice as a modulation of the
elastic potential; the phonons strain the lattice, so
exerting an additional force against displacement of
the Q4, Q. modes.'® We show in Appendix D that such an
approach yields

SCc,(e)=%\/2—C44-R2[eaQ9+e¢Qe:] (33)

for a uniform isotropic continuous solid of shear modulus
cu4; €p and e, are lattice strains due to phonons. When
the 3¢./(e) of (33) and the 3C.(e) of (31) are transformed
to the representation of Eq. (7) by the transformation S
and limited to the lower sheet, they have identical
forms

3¢ (e) = S3C.S~1= B(eg cosf+e. sinb) , (34)
with
B=V2VR for (31),
B=3%V2cuR?%» for (33).

We must also investigate the eigenfunctions. From
(25)-(28), the zero-order eigenfunctions may be written
|im;), where i <> x, y, or z distortions and ; is the spin
projection quantum number (==1%) in a coordinate
system (X,V,Z;) for the spin which diagonalizes the
Zeeman interaction for the |G;) state; the appropriate
coordinate system can be easily found on noting that
(27) defines a g tensor for each state |G,) (see Fig. 2).
The first-order eigenfunction from perturbation theory
for |Gim;) basis states are'®

lim")= | im.)

{Tsi{mi|m)+Aji(m;| S| mi)}

= Eomie Ejmj f] J>
0o —1 —1
I=T|—1 0 1} ,
—1 1 0

18 We are indebted to F. S. Ham for pointing out that the
philosophical objection can be reconciled by a transformation
Q — Q-+Qo, where Qq is the “phonon” displacement of the ligand;
however, to obtain a value for Qo by the simple projection de-
scribed above is still rather dubious and the approach of Appendix
D, which takes into account the difference in stiffness of the hard
water octahedron and the soft crystal, should give a more
realistic estimate. This is a problem which occurs in all relaxation
calculations in molecular crystals when the relaxing ion is pro-
tected by the hard molecule.

16 The matrices are again indexed in the order i=x, y, .
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T as in (25). Aj; is the matrix multiplying S, in (28).
(m;|m;) is the overlap integral between S,=m; in the
spin coordinate system diagonalizing H(Zeeman);; and
S.=m; in the system diagonalizing H(Zeeman);;. The
quantity (m;|S.|m.) is the matrix element of S, be-
tween these states. If the (X,V:Z;) system has to be
rotated by Euler angles (o8v):; to bring it into coin-
cidence with the (X;¥;Z;) system, then

[(m;=+%|mi=—1})|?
= [{m;=—3|mi=13)|*=sin*3B;);

in particular if the magnetic field lies along a principal
axis common to both, then {(m;=+%|m;=—%)=0.

| (mj=£5|mi=x3)|*=cos?(3B;:)~1,

since B;; is never very large if the g tensors are not very
anisotropic.

Matrix elements of 3C./(e) between these first-order
states are (for 75%1)

Aji{m;| S| ms)+Tji(m;| m;)
Ejm,-" Es‘m.'
X[(Cii—Cjjlee+(Su—Sijee],

(jm;’|3C.(€) |im/)=B

(36)
where

-1
Cj¢= [COSB]= C2 [ - 1 ]
2

and

V3
Sii= [sin0]=c{ —V3 J
0

(the brackets indicating the matrix of the operator),
(jm;| H . (t2) | ims)

= 2PG2aji<mj ! S:ezy+Suezz+Szexy ! mi) ) (37)
0 —i i) 4

ai=(V3%)cs| i 0 ¢ .
—i —i 0J2Esr

The size of a typical matrix element of 3C.(t2) is

a (G|6[G> PG a 21r<\/3
2Ly 00 Eor 3 ~)AY’

P2G, —
IT d IT a

where v is the overlap (G.|G,). The typical matrix
element of 3C.(e) for spin flip is

P(B/8)T=P(B/8)By,
where é=D,,— D,,. The ratio
(T13C(t)| ) 4Gy & o

~— <
(Tlscele)[l) B E;r VB

b
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since 6=1 cm™), Gy=B, and E;r=3000 cm™! We
therefore neglect H.({;) in what follows. Making the
aforementioned assumptions about the lattice vibra-
tions, we find that the thermal average spontaneous
transition rate from | jm;) — |im.) for the direct process
is given by

W(]7m1) i:mi) e modes

E(j,m;)— E(i,m;) )
1—exp{[E(i,mj)— E(j,mi)]/kT}

6(623)2 2 o7 5
]
51rh4dv7'5 3 L

Here d is the density, and vz, and v are longitudinal and
transverse sound velocities, and

= Ciu(jm;; zm.)<

(38)

u(jmjyimi) = | Aj(mi| S | mi)+T(m;|[m:)| 2.

It will be noted that for |Ejmj— Eim;|<<kT, W(j,m;;
i,m;) is independent of E(j,m;)— E(i,m). This is a
very important feature, for it ensures a single relax-
ation rate for all sites independent of possible random
stabilization energies. The thermal average of the
square of the amplitude of strain of frequency w is
~ (hw/2Mv®)7i(w), which is independent of w when
#hw>>ET (7 is the Bose-Einstein number), the frequency
density of lattice oscillators ~ V(w?/v%), and the inter-
well coupling appearing in the matrix element = (I‘/ fw)?;
putting these factors into Fermi’s “golden rule,” we see
that the w dependence due to the strain decoupling is
just compensated by the increase in the density of
states.

Inspection of the (jm;,im;) factor shows that, if T’
is the dominant term, reorientations accompanied by a
spin flip (m;= —m;) are slower than simple reorientation
rates (m;=m;) by ~sin?(3B8). It is then convenient to
divide the system into two groups of levels, ¢ and b,
corresponding to spin up and spin down, respectively.
A spin-echo decay measurement on a given orientation
J, say, will measure the rate of rearrangement of the
system among the distortions without necessarily
changing the spin orientation. The rate for this is given,
for E(4,a)— E(i,a)<kT, by

1/7; (reorientation) = @kT 3_ u(ja; ia)(1—4;;)

=2QkTT?, T>>Aj. (39)
The return to the equilibrium z magnetization for a
given distortion will be characterized by the spin-flip
rate and occurs over a time much greater than r;. We
may then assume that each group, ¢ or b, is in internal
equilibrium during this time which is then given, as
shown in Appendix E, by
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1
— (spin lattice)
pe P

2QkT
—3—2 u(ia; jb)(1— 8

—_— 2
=2@kTI‘2(u) DN 22N AN2],  (40)
if17 8
—EsLET, Buykl, |TBi;>|Ay|2.

g is the average g value and A,,,. are the direction
cosines of the magnetic field. The independence of this
relaxation time of the details of the stabilization energies
results both from the special form for W(im.; jm;)
commented on above and from the assumption that
kT is much greater than any energy differences in the
system.

The phonons inducing this relaxation are of energy
E(z a)— E(7,b) which may vary from site to site, obey-
ing only some statistical distribution function it if is due
to random strains; the spin energy is thus dispersed
over a wide band of phonons, reducing strongly the
likelihood of any phonon bottleneck effects, despite the
strong coupling between spins and lattice.

As the temperature is increased, we must consider the
possibility of two-phonon processes. Provided there is a
direct phonon matrix element between the initial and
final states, we need not invoke a third electronic level
at all; the energy denominator appearing in the two-
phonon transition probability is proportional to one of
the phonon energies #iw; provided that #w > E,— Es,
thereby reducing the frequency dependence of the
integral by 2. This brings the more familiar 77 depend-
ence down to 7®. This is just the process considered by
Ham? for his Eq. (57) and, presumably, by Bersuker
and Vekhter!® for their Eq. (2).

If the two states are labeled @ and &, (i|cosf| j)=C;;
and (i|sinf|j)=S,;, the two-phonon transition prob-
ability is [summing over the paths just mentioned as
well as the paths involving the third ground level
labeled ¢ (7K ©p)]

T B4k5 2 V7 542
I/V,,..,b:—ﬁ I:1+—<“> ] T5|Cba(5aa~5bb)
375 #id2yp10 3\,

+Sba(cbb"'Caa)+cch¢a°"SbcccaI 2 Sec—l ) (41)

17 Should the inequality be reversed such that |A;;|>T'8, the
angular dependence would be quite different and, notably, would
not have nulls along the principal axes. The factor T (gu—g) /g1
[—1Jin (39) would be replaced by A? multiplied by a much weaker
angular factor. It may seem curious to reject H,"2, and nonetheless
retain the A term, but it is not difficult to show that the ratio of
spin-lattice relaxation ratio caused by these two mechanisms is

a Bo\ « Ps\?

~epgwia /22 e~ (R)
Here P~\/A, where A is the cubic field splitting making the ratio
(6/a0)2=1 when a=~107%, in which case A;;<<I'g for our regime.
181, B. Bersuker and B. G. Vekhter, Fiz. Tverd. Tela 7, 1231
(1965) [English transl.: Soviet Phys. —5olid State 7, 986 (1965)]
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where both phonons are e-type. To the approximation
that e=0, the terms in | |2 in (41) cancel, so that the
first nonvanishing term involves the true cross matrix
elements like {(G.|cos8|G,)~e which we neglected in
calculating (36). The result for the | |2 part of (41) is

48C*e2 | (ma| m)| 2.

In view of the cancellation to order e in (41), we
should estimate the contribution from the I'/é admix-
tures taking into account the difference in phonon
energies for the two-phonon process. Such terms are of
order (I'/8)2(8/w)?, where w is the phonon energy and é
is the energy splitting of the two states. By introducing
another w2, the temperature dependence is reduced to
T®. The result is analogous to that obtained by Pirc,
iek§, and Gosar!® for the O;~ center in KCl and is, for
no spin flip,

6 (C:B)*I?k? 2/vr\°®
Wa—>b=“—" [1+_<—') ]T3 (42)
257!' h7d2.leo 3 U7

between any two of the states |G.), |G,), and |G.).

If AKT, (41) and (42) taken together would indicate
that the spin-lattice relaxation rate should be related
to Wa-p without spin flip in the same way as for the
direct process, indicating that the two-phonon processes
contribute

1
}— (two phonon) = 2(Ag/ )W (A2\, 2+ N 2N 2+ N.2N,2) ,
1

where
167 (BC,)%(kT)? 2 v\ 572
et . ]
125 h7d2’l)1’10 3 VL.
15
X((ekT)2+——I‘2> (43)
8

to the spin-lattice relaxation rate.

If the splitting to the excited |B,) vibronic state
lies within the phonon spectrum, there is also the pos-
sibility of an Orbach-type® relaxation process. If the
excitation energy is A, the Orbach process predicts a
reorientation rate without spin flip:

1 2 (B 2/vop\® A
ST Tl
T 457!‘ h‘d'ur“ 3 V1, kT

a=(E,’|cosf| B,)=1.

(44)

There is a similar expression for the spin-lattice rate
but containing an additional factor, similar to the
sin?4B described above, appropriate to the angle between

1 R, Pirc, B. Zek3, and P. Gosar, J. Phys. Chem. Solids 27, 1219
(1966).

%R, Orbach, Proc. Roy. Soc. (London), A264, 456 (1961).
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the quantization axes of the ground states and the ex-
cited state. The simpler expression (44) will be sufficient
for our purposes of using the nonappearance of an
Orbach process to place a lower limit on A.

In summary, then, if AT we expect the non-spin-
flip and the spin-flip reorientation rates to be related
to one another by afactor of order (Ag/g)?for each of the
processes considered. We expect 1/7 to have the form

1/7=aT+bT cTo+ded/HT

about which we can make a few general observations.
Inspection of (43) tells us that the 7% terms should not
dominate the 7@ term until 272 T'/6e= 2a, noting from
Fig. 3 that I'/a and e scale roughly together. 7% takes
over from ¢T when

kT> (5%3dvy5)1/2 108
e~  CB  (B/h)(cmY)

cm™! typically

for d=2 g cm™3 and v7r=2X10°% cm sec™!. It is much
more difficult to predict when the exponential term
might dominate, if indeed there is a vibronic level low
enough to be directly excited by a phonon. The condi-
tion for the Orbach term to dominate the 7° term is that

AN A\ 27(BI)* /BT\?
) =2 o ()
kT kT/ 80 hidvr® 10¢
if B and T are each expressed in cm™. If such a tem-
perature should turn out be to higher than 2a/k, then

we should ask when the Orbach term exceeds the T
rate, i.e., when

A5 A BeA\*®
() =) ()
kT kT 103
if B and A are again in cm™!, and d and v 7 are as assumed
above.

A physical picture of the relaxation mechanisms can
be quickly sketched with the aid of Figs. 1 and 2.
Figure 1(a) shows the lowest-lying vibronic energy
levels in the absence of strain and magnetic field; these
two perturbations modify the 4, and E, levels in the
way drawn schematically in Fig. 1(b). In this figure,
the thickness of the lines is intended to illustrate the
relative density in that angular portion of the three-
fold potential trough. The lengths of the spin arrows
are drawn to indicate the relative amounts of up and
down spin referred to the quantization axis appropriate
to the z distortion. Wavy line 4 is a phonon-induced re-
orientation transition without spin flip, while B repre-
sents a reorientation accompanied by a spin flip. The
vibronic matrix element for 4 will be proportional to
the integral of the product of the wave-function
densities at the end points of the “vertical” transition.
The strength of the B transitions is this multiplied by
the square of the down-spin component in |G.). Figure
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2 shows a section through the g tensors corresponding to
i=z, y, and z; they are drawn for perfect cubic sym-
metry. A magnetic field direction is drawn in together
with two of the quantization axes corresponding to
Fig. 1.

If one chooses to view the relaxation from the point
of view of the electronic parts of the wave function,
one can attribute the spin relaxation to the action of the
magnetic field in breaking the Kramers conjugate nature
of the electronic function of |G;T) to the electronic func-
tion of |G;]) because of the different action of the
orbital Zeeman Hamiltonian in each state. It is in-
teresting to note that Stoneham’s!? theory for Cu?* in
the Tutton salt breaks down for cubic symmetry (d=0
in his paper) and causes the spin-lattice-relaxation ex-
pression to diverge except when H is along a principal
axis. For very strong coupling, both T' and « tend to
zero, making our mechanism completely ineffective as
appropriate for a static tetragonal field.

DISCUSSION

The following features of the experimental results
should be accounted for. (1) The Cu?* spin-resonance
signal appears to originate from only one of the two
inequivalent divalent metal sites in LMN; (2) g values;
(3) spin-echo decay times; (4) spin-lattice relaxation
time T;: (a) magnitude, (b) angular dependence, (c)
absence of bottlenecking, and (d) isotope effect; and
(5) transition temperature. The portions relevant to
each of these points are distinguished by the correspond-
ing numbers.

(1) The x-ray analysis of Zalkin ef ¢l.?! indicates two
types of Mg : 6H,O octahedra in La;Mgs(NOs)16- 24H:0,
rotated from one another by 60° about a common (111)
trigonal axis which is also the trigonal axis of the crys-
tal. Mg(1), of site symmetry S, is in what would be a
regular octahedron of water molecules with a Mg-O
distance of 2.07 A if the bond angles were changed by
less than 1°. Mg(2) is at a site of C; symmetry; the
Mg-O bond distances of its H.O octahedron are also
2.07 A but their angles deviate by up to 5° from the
cubic configuration. There are twice as many Mg(2)
as Mg(1) sites. The octahedral axes for sites (1) and (2)
are obviously not coincident. Since these should deter-
mine the direction of the principal axes for the g tensors
and there is no evidence for two noncoincident sets of
g tensors, we must conclude that we are seeing a Cu?*
resonance from only one type of site. We shall return
to this question later and concentrate for the moment
on the one site we do see.

(2) The principal values of the g tensor are gz= 2.465
#+0.001 and g;=g»=2.099+0.001. Inserting these into
Eq. (29), we conclude that

C,=0.53540.005 (45)

21 A, Zalkin, J. D. Forrester, and D. H. Templeton, J. Chem.
Phys. 39, 2881 (1963).
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and, from Eq. (27), that
E;r/w<1.6, (46)

whereas the value supposed by the parameters of Opik
and Pryce’ used by O’Brien? give

Ejn/hw=10.

It must not be forgotten, however, that Eq. (29) does
not include the splitting of the T, state by the ¢ vibra-
tion; this would decrease the C, value if the sign is as
suggested by O’Brien.? An estimate of this effect (the
value of O’Brien’s Q) can be gotten from measurements
on the CuK Tutton salt.’® The environment there is
nearly tetragonal (the ground state is cose|e)+sina/| ),
with @=9°), the splitting of the E state is estimated by
Stoneham® from relaxation measurements, and the
splitting of the T state is gotten from the analysis of
Bleaney, Bowers, and Pryce.?? One finds

0=—0.061(4PE;s1/A).

The C; value then becomes

C>=0.5064-0.005, “n
which would suggest that, if cc=4% and V,=0,
Ejr/hw=2.0_0.49, (48)

which is more in keeping with the parameters of
Opik and Pryce.” We discuss the value of C; again at
the end of this section.

Olsen and Culvahouse® have derived a value for the
trigonal crystalline field for a Co?* ion in the site Mg(2).
Using their value and scaling according to the (r?)
integral from Co?* to Cu?*,28 we estimate our parameter
o in the g-value equations to be

0=0.045+-0.010. (49)

This should cause an anisotropy in the waist of the
g tensor of
g1—g2=4Pg=0.8840=0.04,

which is not observed. We conclude that the EPR is
due to the nearly cubic site Mg(1).

(3) The reorientation rate without spin flip as
measured by spin echoes is

1/7=2X 1054+ 5% 10T sec—1. (50)
If we apply Eq. (39), we find
1/7=2T2QkT, (51)

from which we can extract a value for I given the value
of @. To get some feeling for the reliability of I' so
found, we will apply in parallel the two models pro-
posed for the coupling constant B. By model (D) we
shall mean the picture obtained by pretending that the

22 B. Bleaney, K. D. Bowers, and M. H. L. Pryce, Proc. Roy.
Soc. (London) A228, 166 (1955).

# R. E. Watson, M. I. T. Solid State Molecular Theory Group
Technical Report No. 12, 1959 (unpublished).
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deformation of the octahedron is estimated by pro-
jecting a uniform lattice wave onto the ligands to ob-
tain their displacements. The other approach—model
(T)—tries to account for the difference in stiffness
between the octahedron and the rest of the crystal
which is assumed to be an elastic jelly of average force
constants appropriate to the low-frequency sound

velocity and density, i.e., the bulk elastic constants.
Thus from (34)

B=V2ZVR=60000 cm~! [model (D)],
B=%V2R%@p?d=500 cm™! [model (T)],
and, from Eq. (38),

3 V2R? 2/v7\°
A=— [1+—(~)] [model (D)], (53a)
5w h4d1)7'5 3 L

4 Rdpd  2/vp\®
R=—o0 |:1+—<—):| [model (T)]. (53b)
151!' hLUT 3 L

(52a)
(52b)

The density d=2.10 g cm™3, from Zalkin et al.?* From
the specific-heat data of Bailey,? we estimate (1/v7%)
X[14%(vr/v)¥]=0.15X 10715 cm2 sec and by assum-
ing that $(vp/v1)%<1, we take v7=1.84X 105 cm sec™..
The values for T', which scale inversely with the
values for B, are found to be [for models (D) and (T),

respectively ]
= 30 MHz=10"% cm!,

I'=3000 MHz= 10" cm™.

(54a)
(54b)

Using Fig. 3 and taking a value of @=10 cm™! [see
Eq. (20)] we find for B/ and A (the energy of the first
excited vibronic state B,) for models (D) and (T),
respectively,

28 (barrier

r B/a A height)
0.12X10%2cm™* 45 250 cm™* 900 cm™! (55a)
90 X102cm™! 20 160 cm™! 400 cm™!. (55b)

The absence of any Orbach-type dependence on tem-
perature up to 10°K indicates from (44) that

2 (aB)10%*/ A\? A
— ——~———<——> exp<—-)g 5X10%sec?, (56)
457  Atdvr® \10k 10%
which reduces to [for models (D) and (T), respectively ]
A>180 cm™!, (57a)
A>100 cm™!. (57b)

These are consistent with Egs. (55).

(4a) The spin-lattice relaxation time for the most
dilute (5X10¥ Cu atoms cm™®) sample measured in
detail shows a linear temperature dependence up to

24 C. A. Bailey, Proc. Phys. Soc. (London) 83, 369 (1964).
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10°K described by

1/T1=100T sec™. (58)

Comparison with (50) shows it to be some 500 times
slower than the reorientation rate. On comparing (39)
with (40),

1/T,
R=(/ V=1 St 9/ X it ). 59

1/7 S

This ratio is orientation-dependent, but its value for
H along a (110) direction is, if AKT,

1 _ 2
R:-—(g“ 81) ~0.7X10-2, (60)
4\ ¢
whereas experimentally
R=0.2X10"2. (61)

The spin-lattice relaxation rate above 10°K is dom-
inated by a 7% contribution!
1/T1=3X10"2T5 sec! (T in °K). (62)
For the parameters (55) we calculate from Eq. (43)
that, for H,along a (110) direction,

1/T1=1.5X10"'T% sec™! [model (D)],

1/T1=1.5X10-5T% sec™* [model (T)]. 63)
1t seems curious, however, that 7% should dominate T
at so low a temperature. From the discussion following
Eq. (44) we do not expect this to happen until #7322«
=20 cm™! or 28°K. It may be that what looks like T®
over the range 12<7<20°K is in fact a combination of
T3 and an Orbach process due to the B, level. The
theory indicates that 7% should begin to dominate T at
kT/hc=10%/(B/kc), i.e., T=3°K, using the B of model
(D) and T=300°K using model (T). Although the data
between 12 and 20°K fit an Orbach curve with A=38°K,
the model certainly does not predict a level so low and
the theoretical coefficient of such a term should be
some three orders of magnitude larger than such a fit
indicates. The interpretation of the 7° term is, then,
not very clear.

(4b) This is quite encouraging agreement until one
considers the angular dependence. It is evident that for
cubic symmetry when A;;=0, the #(ia,75)=0 when H,
is directed along a principal axis of the octahedron for
it is a principal axis of the g tensor of each distortion;
there is no tip angle between quantization axes so
that (m;|m;)~sin3=0 for m;=—m; for all i, j. If
the magnetic field is in a (100) plane at an angle ¢ from
a principal axis, the spin relaxation rate should vary

like
1 11 gu—41 2 .
—— - sin®2 ¢
Tl T4 14

(64)
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if A;j=0. The experimental angular dependence (Fig. 8
of I) does not show so marked a variation. The maxi-
mum rate does seem to be at about ¢=45° but the
ratio of maximum to minimum rate is at most a factor
of 2. We note that if A;;70, then S, can flip spin.

As we noted earlier, a trigonal field can modify the
angular dependence of 1/7, notably in causing it not
to vanish with H, along a (100) axis. The spin-orbit
coupling operator for the lower sheet introduced by the
trigonal field and the incomplete decoupling of the two
potential surfaces is [see Eq. (28)]

i —i

Aj=No [—-i —i] , (65)
i1

with N'=—2V3\(e/Esr)cs. For A=700 cm™!, o/Ejr
=1/300, and 8/a=20, we find \’=4X10"2 cm~.. The
spectrum is apparently cubic, but due to the linewidths
and the complexity of the spectrum it is unlikely that
one could detect even a 2-G variation in the waist of
the g tensor caused by a small trigonal field. Such a
variation would correspond to ¢=0.012 applying Eq.
(29), suggesting that N'¢<5X10~* cm~.!7 Equation
(36) would then predict that (1/71)/(1/7)~(\'a/T)?
<4X 1075 [for both model (D) and model (T) since c3
and T scale together] for H, along (100). This is still
far too small, but we shall see at the end of this section
that it is possible that the estimate of a/E;r=1/300
could be wrong by as much as a factor of 6, altering the
ratio to 1.4X 1073,

(4c) With such a rapid direct-process relaxation, one
might expect a phonon bottleneck. The usual factor
representing the extent of bottlenecking is F= (C,/C,)
X Tw/Ts, where C, is the spin specific heat, C, is the
phonon specific heat for the heated band of phonons,
T, is the spin-phonon relaxation time, and T, is the
lattice-bath relaxation time. Taking »=2X10% cm
sec™!, a phonon bandwidth Aw corresponding to 3-G
EPR linewidth, a spin concentration .V of 107 cm™3,
and 7'=4°K,

C, Nh2yp3

— ~500 (66)
C, 2(ET)*(Aw)

If we assume Tw,~1 psec and Tg~2 msec, appro-
priate to our most dilute sample with 5X 107 cm—2 and
4°K, and divide the spectrum into 3)X4 noncoincident
lines, we find F~0.05; bottlenecking there should not
be serious. At N~2X10® cm~3, and T=1.3°K, how-
ever, F~35, but there was again no evidence of bottle-
neck. This lends support to the hypothesis of stabiliza-
tion by random strains which increases the band of
phonons into which the spin energy is fed. A rough
idea of the random strain present can be gotten from
Culvahouse’s?® measurements of linewidth versus con-

% J. W. Culvahouse (private communication); J. W. Culva-
l(loguse), L. Pfortmiller, and D. P. Schinke, J. Appl. Phys. 39, 690
1968).
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centration for the non-Kramers rare-earth Pr®t in
LMN. Using Scott and Jeffries’? treatment of the spin-
lattice interaction by the Orbach?® approximation of
using the static crystal-field parameter, Culvahouse?
estimates the rms residual strain at zero paramagnetic
concentration to be

V/{(e2)ay~1073,
The model (T) lattice-orbit interaction suggests that

<(E1_ E)) strain) = B\/<ez>av
=40 cm™! [model (D)] (67a)

=0.5 cm™ [model (T)]. (67b)

This admittedly very crude estimate makes plausible
both the lack of a bottleneck and the single relaxation
time (E‘— E*<kT), at least if model (T) is more
correct.

(4d) The spin-lattice relaxation rate for the pro-
tonated double nitrate was found to be some four times
faster than that for the deuterated salt at the same con-
centration level. Although the relaxation rate is con-
centration-dependent, it is not so strongly so that the
small difference in concentration would account for the
difference in rates. The increase in rate on lightening the
ligand mass has a natural explanation on our model.
The only modification introduced by changing the
effective mass (u=20 amu for deuterated complex,
u=18 amu for the hydrated complex) is to alter the
moment of inertia factor a=#%2/2ups® by 109%; from
Fig. 3(a), we see that I'? is increased by factors of

I'*(H,0)=3T*D:0) [model (D)],
I'*(H.0)=2I*D:0) [model (T)],

(68a)
(68Db)

increasing the direct-process relaxation rate propor-
tionately.

(5) The absence of a spectrum from site Mg(2) may
be due simply to a preference of Cu** for site Mg(1), but
it may also be due to a different energy-level structure.
If B/a were sufficiently different for site Mg(2) that T
or A would be comparable with (gu—g.,)8H and the
random strains, the spectrum could become very strain-
sensitive and the lines too broad to see [see Eq. (30)].
Such an increased value of T should cause more rapid
reorientation and one might expect the trigonal site to
show motional narrowing at a lower temperature than
the cubic site.

The transition temperature for the Cu?* in LMN
reported by Bijl and Rose-Innes?” with H, along the
trigonal axis is © ;r~38°K.

Applying the 7% law for T at 38°K, we find 1/71(O 1)
~2.5X107 sec™!. We expect the ratio (1/7)/(1/T1) to
remain the same for the direct and two-phonon processes,
indicating that 1/7(®;1)~10° sec™l. With H, along a

26 P, L. Scott and C. D. Jeffries, Phys. Rev. 127, 32 (1962).
# D. Bijl and A. C. Rose-Innes, Proc. Phys. Soc. (London)
A66, 954 (1953).
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trigonal axis, the typical frequency separation is
Aw~2X10° sec™), thus only beginning to approach the
motionally averaged regime, but already broadening
the lines to about 50 G. The appearance of the isotropic
spectrum at 38°K does not fit the motional-narrowing
picture very well, but the evidence does not suggest an
excited vibronic level so low, either. A possibility is that
the isotropic spectrum at 40°K or so belongs to a faster
relaxing-type Mg(2) site and that the cubic spectrum
has become so broad from 7 reorientation as not to be
noticed.

That the ratio T3/7 is preserved independent of
temperature is supported by the observation! that, for
H, along the [100] direction, a minimum linewidth of
about 40 G occurs at ~100°K; 1/71~2.5X 10® by inter-
polation and applying (g8/%)AH=[(gu—g)BH/%]*r
gives 1/7~107!! sec. The ratio 7',/7~400, as observed
in the direct-process region.

If one chooses to take seriously the value of Cs given
by Eq. (47), and, furthermore, assume that § arises
entirely from the second-order ion-ligand electronic
coupling so that Viype?=a from Eq. (21), we may use
Eq. (27b) to obtain

E;r
——=4.1£0.6 [model (D)]

fiw

=3.620.6 [model (T)], (69)
where the error estimate makes no allowance for un-
certainties in Q and in the theory but reflects only the
error in experimental g values.

Assuming #w=300 cm™!, self-consistent sets of
parameters for each coupling model are found in
Table I.

It might be noted that since o/ E jr appears in all the
angular-momentum matrix elements, they are en-
hanced by a factor of about 6 over what we had assumed
from the estimation of Opik and Pryce. This, for ex-
ample, increases by 36 the ratio (\'o/T')? talked about
after Eq. (65) in connection with the angular variation
of T1.

Comparing the results of models (D) and (T), we
believe that the latter is closer to the truth; the strain
splittings of 0.5 cm™! obtained from the estimated rms
strain by Eq. (67) are consistent with the low-tempera-
ture linear temperature dependence of the relaxation
rates. Also the value of 8 predicted by model (D) seems
excessively high, particularly if one accepts the parame-
ters of Table I.

Experiments with uniaxial stress could evidently
provide a very stringent test of the theory. Applying
stress along a (110) direction should leave a singlet
state (z distortion) lowest and a doublet (x and y
distortion) lying above it by an amount &= 3Bcses,
where ¢ in the strain resulting from the uniaxial stress.
This should lead to a redistribution of population
in these states and hence a relative intensity variation
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TaBLE 1. Self-consistent sets of parameters for
each coupling model.

Model (D) Model (T)
Parameter (cm™) (cm™?)
T 1073 10!
E;r 1250 1100
a 18 20
B 810 450
E(B,)—E(A.) 1000 360

in their ESR lines from which a value for B may be
obtained directly. In addition, the relaxation rates
(both 1/7 and 1/T:) in these states should change
with 6 as

8/ (et *T—1).

Unfortunately, the double nitrate is a very {fragile
crystal and it might break before sufficiently high
stresses can be applied, but it should be possible with
harder crystals, e.g., for Cu?** in Ca0,? MgO,?:% or
KZnF,;.3!

CONCLUSIONS

We have been able to account reasonably suc-
cessfully for the spin-lattice and reorientation relaxa-
tion rates for Cu?* in LasMg3(NOs)1o-24H,0 as mea-
sured in I by developing somewhat the basic model
proposed by Van Vleck?? and elaborated on by Opik
and Pryce’ and O’Brien.? The model is a Cu?*t-6H,0
octahedron, with linear and quadratic ion-ligand cou-
pling and some elastic anharmonicity, perturbed by the
phonons of the crystal in which it is embedded. The
phonons induce relaxation between those lowest-lying
spin-vibronic levels which give rise to the spin-resonance
signal by both resonant (one phonon) and nonresonant
(two phonon) processes. We found that the reorienta-
tion relaxation rate is directly related to the “tunneling”
parameter, similar to what Pirc, Zeks§, and Gosar!?
found for the reorientation of the O;~ center in KCl,
which they called phonon-assisted tunneling. We con-
cluded that the spin-lattice relaxation was really a two-
step process wherein the complex undergoes a simul-
taneous spin flip and reorientation followed by a simple
reorientation without spin flip. The ratio of the spin-
flip rate to the non-spin-flip rate was found to be ap-
proximately the square of the low-temperature (frozen
spectrum) g-tensor anisotropy, independent of whether
one- or two-phonon processes dominated. The model’s
success can be judged by the reasonableness of the
parameters (Table I) required to fit the experimental
data. However, the model has not accounted con-

28 W. Low and J. T. Suss, Phys. Letters 7, 310 (1963).

¥ J. W. Orton, P. Auzins, J. H. E. Griffiths, and J. E. Wertz,
Proc. Phys. Soc. (London) 78, 554 (1961).

3 R. E. Coffman, J. Chem. Phys. 48, 609 (1968).

#F. I. B. Williams, F. R. Merritt, and H. Guggenheim
(unpublished).

3 J. H. Van Vleck, J. Chem. Phys. 7, 72 (1939).
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vincingly for the angular dependence of the spin-
lattice relaxation rate or for the transition temperature
to an isotropic spectrum, although possible means of
reconciliation have been proposed in each case.
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APPENDIX A: BREAKDOWN OF ADIABATIC
APPROXIMATION

Working in the representation of Eq. (7), we shall
label the solutions before consideration of 3Cw4 of
Eq. (12) as

0uH(0)= (f "(g’g)), on(0)= (g,,. ((;0)> .

Here »n and m are quantum numbers distinguishing
solutions. The energies of the upper- and lower-sheet
solutions are E,~ and E,*, respectively; for g and f
concentrated around pg, Enm — Enmt~4Ejr. The first-
order wave functions for the lower sheet are seen to be

| oat)= lfn>[(1)]+§ (6 tm]scm[;]lm /
<E,.+—Em—>)[(l)]!gm>. (A1)

1 ad
[OIJJCNA[ :|= —a—+Vgp? sin3f,
0 a6

Now

and noting that

(gm| —a(8/80)| fo)*=fn|(8/06)| gm),

we can write
{en'| =(fa|[10]

(far|a(3/36)+ V 2p* sin36| g
m En’+—Em—

(gm|[01]. (A2)

We can write the matrix element of an operator

OA:OA(P;””:
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where ¢ is a general 2X2 matrix as
‘F'n’+’ 0 ‘pn+’ =\Jn’ 10 U[ ]0 n
Cou 101 ¢u")= | 01000] 01/~ E =

x|l 13| 01 gl Vi sinsol 0
1 a6
F{for| —(8/30)— V202 sin36| gm)
1.
X(ngEOIJU[O]Ol f,.)} (A3)

If we restrict f, and f.. to the lowest-lying solutions,
they are quite localized in p about po, so that if O is a
suitably well-behaved operator, the state |gn) to which
the matrix elements are appreciable will be similarly con-
centrated around p=p, with energies all about 4E;r

above
n 0 )

the energy denominator may then be replaced by
—4E;r and closure applied to the 3., |gn){gn| to give

<¢n’+’| 0] ‘Pn‘*-,>z <fn' I [10]‘7[ ]Oi fn>+4E

x(fnflflo]a[ ] (a(—j;— Vgt 51n30)

- [0130[(1):I<a6%+ Va? sin30>0 | fa)

=<fn'lolfn> for o=1

=—{fw|0lfa) for o="U,
+ia

z(fn'l4 -

0 6.
X(Og_i-gao— Vo[ 0,0 sin30])|fn>

for o=4,

.9 “
([0, —-]-— V2p? sin360
4E ;7 a0

—V20p? sin30> for o=U.. (A4)

~{fwl

Noting that

[sin6,8/00]= —cos#,
[cosf,0/00]=sind,

we see that the matrix elements for SUS—1= —cos8U,
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—sinfU . of Eq. (16) are

a Vapo?
(fur] cosﬂ(l-{- )—f— (cos260—cos48)| f»), (AS)
4E;s IT
those of
SU S 1= —sinb Ug+cosb U,
are

a Vipo .
{fn+| sind <1+ )+ (—sin26—sind6)| f.), (A6)
4E;r/ 4E;7

and those of

SAS1=—A,

are
Gl =——2 21 1 a7
S 2E ;1 00 fa2.

If we choose for the function f, the ground-state solu-

tion for no warp fi1=cos}f and f.=sini6, then
(f1lSUeS™| f)=3(1+0a/4E;7),
(f1lSUST fo)=%(14a/4E;1),
{f1|S4:57!| fo)= —ia/4Esr.

(A8)

The factors p and ¢ defined by Ham® are then seen to be

g=%(14a/4Ey1)=§[14 (hw/4Es1)*],

(A9)
P=a/4EJT= (hw/4EJT)2,
which satisfy the relationship ¢=3(1+p).

Recalling that the solutions f, can be classified ac-
cording to the irreducible representations (IR) of Ce,
as outlined in Appendix B, we note that each of the
pairs (cosd, sinf), (cos28, —sin26), and (cos4d, sin46)
forms a basis for the E; IR of Cs, transforming in the
same way. We can then write (AS) as

Cc(r,1r) <f1‘.# l cosf } Jrow)
C(T,T"){fr,u| sinb| fr+ ur).

C(T,T”) is essentially a correction factor for the matrix
elements of SUsS~! and SU S~ due to the breakdown
of the adiabatic approximation. If one uses linear com-
binations of harmonic oscillators for the E, and 4,
ground states following O’Brien, it can be shown that
for y<1 and Vp¢*/4E ;71

and (A6) as

C(Eu,E.)=C(Ew,Ay)=(14a/4Esr). (A10)

(The matrix elements for cos2 and —cos46 cancel to

first order.) Still in this approximation, then the c;
and ¢, of O’Brien are modified to C; and C,, where

C: 1 a 1
—=vZ, cz=—<1+ )(1—-) . (AlD)
Cz 2 4EJT 8w
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where w=%(8/2a)!/2. This is the C, appropriate to
Eq. (27).

APPENDIX B: CLASSIFICATION OF
VIBRONIC STATES

Equation (21) may be written in terms of the angle
¢=10 to become

1 %2 0?2
(_—————Bcos6<p>x(¢)=Ex(<ﬂ)- (B1)
4 2up? 39*

It evidently satisfies the point group Cs,. The boundary
conditions of Eq. (10) require that X(¢)=X(¢+2m), and
X(p)=—X(p+m). We note that
Ceo=C3,XCa, Ci¥=1I, CoG=GC,,

for all members G of the group so that the IR’s of Ce,
may be divided into two sets—those even under C.
and those odd under C,. It is the latter that are the re-
quired solutions of (1). To make the application of Ce,
to our problem more evident, we shall rearrange the
character table of Cs, from its usual form and relabel the
IR’s. See Table II. We have chosen as standard sets
of bases for the E IR’s

E, cos2¢ cos
()G (o) o
E, sin2¢ sin
E, Cos¢ cos}
()= GG
E, sing sini@

Some other basis function pairs transforming in this
standard way are

cos(3n+1) cos(3n+2)
‘ (sin(3n+ 1)6 ’ (— sin(3n+2)6.
n=0,1,2,3,--- (B4)
cos(3n+1) cos(3n+%)
" <sin(3n+%)0 ’ (- sin(3n+3%)6
n=0,1,23,---. (BS)

TasLE II. Rearrangement of character table of Cs,. The
IR’s are relabeled, and =1, 2, 3, - - -

Usual Our Sample

labels labels E  2C; 30, Ce 2Cs 30, bases
Ay A, 1 1 1 1 1 1 cosbnre
As B, 1 1 —1 1 1 -1 sinbn ¢
E. E, 2 —1 0 2 -1 0
B, A 1 1 1 -1 —1 —1 cos3ne
B, B, 1 -1 —1 —1 sin3ng
E, E, 2 -1 0 -2 1
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APPENDIX C: COMPUTATION OF MATRIX ELE-
MENTS BETWEEN GROUND VIBRONIC
STATES

We wish to solve the eigenvalue problem

ot
Y(0)= —y(0+7)=y(6+27),

for its lowest-lying eigenstates and to compute the
matrices of cosf, sinf, and 3/96 within these states.

As discussed in Appendix B, the solutions may be
classified according to the IR’s of the point group Cé,.
In the notation of Appendix B, the solutions which will
particularly interest us are the lowest-lying state of
each type E,, 4, and B,.

Consider the manifold spanned by |E,), | E.'), and
|4.) and define states |G.), |G,), and |G.) by the
orthogonal transformation

(Y

4 [ v VA VATG
E=| vi -vi vi|G|
e L vi v ole

or, symbolically, U=SX, SST=1. If the matrix of an
operator 7z in the U representation is M, its matrix in
the X representation in M’ is STM.S. It is easily shown
(Ref. 2) that if

C1
m=cosf, M=[cl 2 ,
—Co

—1+42¢ —2e €
M=c¢c| -2 —14+2¢ —¢ |;
€ —€ 2—4e

-
m=sinf, M= ¢ |,
—cC C2

1—2¢ €
M'=V3c, —1+4+2¢ €];

2
m=a(d*/ 00%)+B cos3b, M= I“: -1 R

KRUPKA, AND BREEN

179

where ¢ is defined by ci/c;=V2(1—3¢). The states
|Gz), |Gy), and |G.) correspond very closely to the

states
(VHL/(6—4m)— f(6—107/3)],
(V[ f(6—3m)— f(6—8x/3)],

(VHLA6)— f(6—2m)],

described by O’Brien’s Eq. (27) in the limit of small
overlap; the convenience of the G., Gy, G, representa-
tion lies in their orthonormality.

O’Brien has suggested that, for deep wells 8/a>>1;
it should be a good approximation to the states 4, E,
and E’ to assume the |G,), |G,), and |G,) states to be
those appropriate to harmonic-oscillator potentials
centered on 6=%r, 47, and 0, respectively. However,
the fact that the potential flattens off between the wells
suggests that the decay of f(8) functions should be less
fast than suggested by the harmonic-oscillator approxi-
mation and matrix elements sensitive to this region of
the wave function—those for I' and 9/38—may not be
well approximated. Indeed, a WKB solution for
B/e>>1 in the region near the §=37(2n+1) approxi-
mates the form (sin8)~! exp[ = (88/9a)'/%] cos3f rather
than exp[— (98/8a)'/26?]. It seems wiser, therefore,
to try to get better wave functions for evaluating those
matrix elements sensitive to this region.

The method used was to adopt the Fourier-series
solution—O’Brien’s Eq. (23)—and cut off the series
when the eigenvectors look sufficiently convergent.
The cutoff was chosen at an order such that the last
coefficient in the series was ~10~% of the first one. As
pointed out by O’Brien, the 4, and B, are 2= periodic
Mathieu-type solutions [on replacing 38 by 2x, Eq. (1)
takes the Mathieu form; the 4, and B, solutions are
each periodic in 4 for 8 or 2= for x], so the eigenvalues
and Fourier series coefficients published in the N.B.S.
tables®® were used for them. The E,-type solutions were
computed by matrix diagonalization, the requisite order
for B/a= 36 being 14X 14. The values of 3T, c3, c3, €, and
E(B.)—E(A.) so computed are plotted in Fig. 3.

The results for ¢3 and 3T' were found to deviate quite
considerably from those indicated by the harmonic-
oscillator approximations, e.g., ¢; was higher by a factor
of ~160 and 3T higher by a factor of ~8 at 8/a= 36,
these factors becoming more pronounced as B/a is
increased.

(C4)
and

APPENDIX D: INTERACTION ENERGY OF COM-
PLEX WITH LATTICE STRAIN CAUSED BY
PHONONS

We assume the host solid to be an isotropic homogen-
eous continuum with shear modulus 8 and bulk modulus

3(2a+8).

8 Tables Relating to Mathiew Functions (Columbia University
Press, New York, 1951), p. 24.
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The energy density due to strain is

W= jae,uent3Beueu (D1)

(summation over repeated Greek indices). A strain field
is accompanied by stresses

pi=OW/de;, (D2)

which give the forces necessary to maintain the shape
of a hole cut out of the strained solid as

F= p,'“dS,,

on the element of area dS of the area S defining the hole.
If the hole is filled by the complex, the complex must
push against these forces in order to distort the hole.
The extra energy required to do this is then

I’V= Z ﬂp,Fyzf uv’vadSy) (Ds)
S

surface

where %; is the component of displacement of surface.
When there are no body forces, p;; ;=0 and we can write

W= / €' prudV
v

= Qe pou. (D4)

Here Q is the volume of the hole. We are only interested

in W for strains like e;; (41- and E-type distortions of
the octahedron). With this restriction and noting that

pii= 0W /deii= aeu+PBeii,
we find

W= Qe,,/ (atuu+Bew)
= Q[ (3a+Bea/ea,+Blesesteles)],

€4, \/% '\/% ‘\/% €zz
e |=|—ve —VE Vi|ewn]|.
(2 \/% - \/% (77

Recalling that VZRes’=Qs, V2Re/=(,, and that the
volume of the octahedron is 2=4R3, we have

(Ds)
where

He(e)= %\&Rzﬁ(QﬁeH'Qeee) . (D6)
B may be related to the density d and velocity of trans-
verse sound, vr, if desired, by 8= dvr2

It is interesting to compare this result with that ob-
tained by assuming the lattice wave to be uniform
throughout the unit cell,® so that the simple projection
onto the ligands of the complex gives the interaction to
be

3Cc(e)=V2V R(es cosf+e.sind). (D7)
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The radial minimum of the lower-potential sheet occurs
at po where pw?po=V, but uw? is just the force constant
for the e mode, . Thus V2ZVR=V2kpeR in (D7). The
shear modulus 8=«’/R, where «’ is an interatomic elas-
tic constant typical of the crystals and (D6) becomes

3C.(e)=%V2R«'po(es cos8-+ e sinb) . (D8)
The ratio of the two coupling constants is $«/«’, illus-
trating directly the dependence on the relative hardness
of the complex to that of the crystal.

APPENDIX E: DERIVATION OF RELAXATION
TIME BETWEEN TWO GROUPS OF LINES
IN INTERNAL THERMAL EQUILIBRIUM

We suppose the levels to be divided into two groups,
a and b, each group in internal equilibrium over the
time scale for intergroup relaxation. Let the popula-
tions be denoted by n(j,m;), where m;=a or b, and j
refers to levels within the group. If W(im.; jm;) is the
spontaneous transition rate from im; to jm; and
Nm=2:n(i,m), m=a, b then

No=—2% n(i,Q)W (ia; jb)+2 n(j,0)W(jb;ia); (E1)

but
(im) Nm < E(i,m))
n(i,m)=— exp| — ,

Zm P RT

where
Zoey ( E(i,m))
m= €x -
B P kT

for thermal equilibrium within a group, and

W (jb; ia) (E(J',b)—E(i,a))
Wia; b) T

in general, so that (D7) becomes

dNe_ s [N_a - (_E(i,a))

dt iiLZ, kT
Ne ( E(i,a)) Wiss i8)
——e - 10; .
Zy P kT J J

Application of the normalization N,+N=1 gives a
relaxation rate for N, to equilibrium of

s _1_+i> exp(_ E:;) )W(ia; 7). (E2)

T i \Zs Zs



272 WILLIAMS, KRUPKA, AND BREEN 179

On inserting the special form (38) for W, we have levels in each group and the right-hand factor — 1,
giving

1 1 1 12 .

-—=QY ——+——>u(ia; 7b) —=-@kT X u(ia; jb). (E3)

T i s Zb T 7 ij

E(i,a)— E(j,b)
exp[E(,a)/kT]—exp[E(j,b)/kT]

When E(i,m)<kT, we have Z,=~Z,=1n, the number of

Since the groups are in thermal equilibrium, the
magnetization for a given distortion is linearly related
(independent of time) to N, so that the magnetization
of each distortion has the same relaxation given by (E3).
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Systematics of the Hyperfine and Exchange Interactions in the
Chromium Chalcogenide Spinels

S. B. BERGER*
RCA Laboratories, Princeton, New Jersey 08540

AND

J. 1. Bupnick anp T. J. BurcH
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The NMR of nuclei at each site in the cadmium and mercury chromium chalcogenide spinels has been
studied at 1.4°K. Experimentally, we find an approximately linear relation between the isotropic hyperfine
field of Cr nuclei and the near-neighbor chromium-chromium exchange constants. This observation is
interpreted in terms of a systematic variation in covalency and constant overlap for these compounds. The
"Se isotropic hyperfine field is large and oppositely directed to the magnetization. This field can be under-
stood in terms of a spin polarization of Se s orbitals by the unpaired Cr spins. The Cr and Se results are
consistent with a theoretical formulation due to Huang and Orbach. The ¥Hg, #'Hg, 111Cd, and 1¥Cd hyper-
fine fields are found to be isotropic, large, and positive with respect to the magnetization. These fields are
shown to be mainly due to overlap of unfilled outer s shells of these nonmagnetic ions with the Cr 3d orbits.

HE magnetic chromium chalcogenide spinels offer
an unique opportunity to study the hyperfine
interactions of nuclei in a system for which the relevant
exchange interactions have been independently deter-
mined.! We have investigated the NMR of all nuclei
except sulfur in CdCr,Ss;, CdCr.Se;, HgCr,Ss, and
HgCr,Ses. The similar angular relationship of the
cations to the anions in these compounds is reflected by
their identical crystallographic # parameters.! This
factor, the essentially constant ionic radii,! and the
direct correlation of our NMR data to the nearest-
neighbor (nn) exchange parameter allow reliable con-
clusions concerning covalency and overlap to be drawn
for this system.?
In this paper we report new NMR data for these
compounds from which we conclude: (1) the %Cr
isotropic hyperfine interaction exhibits an approxi-

* Jointly sponsored by Air Force Cambridge Research Labora-
tories, Office of Aerospace Research, under Contract F19628-
67-CO175, and RCA Laboratories, Princeton, New Jersey, but
this report does not necessarily reflect endorsement by the sponsor.

t Supported in part by the National Science Foundation.

! P. K. Baltzer, P. J. Wojtowicz, M. Robbins, and E. Lopatin,
Phys. Rev. 151, 367 (1966).

2R. E. Watson and A. J. Freeman, in Hyperfine Interactions
edited by A. J. Freeman and R. B. Frankel (Academic Press
Inc., New York, 1967), pp. 81-91.

mately linear variation with the nn exchange inter-
action, and (2) the nonmagnetic cation (Cd or Hg)
hyperfine interaction and the next nearest-neighbor
(nnn) chromium exchange interaction! are dominated
by an overlap contribution, since both are noted to
decrease with increasing lattice parameter. The first
observation differs from that found for the dissimilar
manganese monochalcogenide series® and is describable
as a systematic variation of the covalency in the present
compounds consistent with a theoretical evaluation of
the important nn exchange paths.t This covalency
change is also a critical part of our interpretation of the
Se hyperfine interactions.

In Table I, a summary of our results for the isotropic
hyperfine fields His, in these compounds is presented.
The data were obtained at 1.4°K using spin-echo
techniques on polycrystalline samples. For the noncubic
sites the spectra were analyzed to determine the iso-
tropic contribution.5-¢ The signs were found by measur-
ing the frequency shift upon application of a magnetic

3E. D. Jones, Phys. Rev. 151, 315 (1966).

4 Nai L. Huang and R. Orbach, J. Appl. Phys. 39, 426 (1968).
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