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curve in Ref. 3 is 0.56 Ry for two electrons per atom.
But we deliberately raised it to 0.58 Ry so that our
Fermi surface would have a closer resemblance to that
in Ref. 16. The piece centered around P corresponds to
the tetratube. Notice that the arm along P to H is
pinched off in our version. The piece centered around H
corresponds to the superegg. The susceptibility curve
shows two peaks at the diameters of these two surfaces.
As in the case of hcp rare earths, we expect the peak at
the smaller wave vector (tetratube) to dominate because
of the effect of wave-vector dependence of the matrix
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elements.? Hence, our calculation lends support to the
idea that the nesting between the opposite faces of the
tetratube is responsible for the helical structure of Eu.
The superegg nesting anomaly should best be observed
in the phonon spectrum of Eu.
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The amplitudes of the de Haas—van Alphen effect in lead have been studied in detail using large impulsive
magnetic fields and employing a narrow-band filtering system. Crystals of high purity were grown, cut, and
mounted in a manner which was essentially strain-free, and the Dingle broadening temperatures Tp for
many of these crystals were found to be less than 0.1°K, corresponding to Landau-level widths of less than
1%, of the level spacing %, in a field of about 105 G. These findings strongly suggest that the large level
widths (Tp=1-2°K) frequently reported in the past for many pure metals arise from destruction of phase
coherence by dislocations. Accurate effective mass values have been determined for the extremal orbits at
symmetry directions, and these results are compared with the data obtained directly from cyclotron reso-
nance. The temperature dependences of the amplitudes for the harmonic and combination tones provide
yet further detailed evidence for the correctness of Shoenberg’s proposal that the Lifshitz-Kosevich theory
must be modified when the magnetic interaction between conduction electrons is important. The absolute
amplitudes of the fundamental oscillations are compared with the theoretical predictions, and the harmonic
content is also discussed.

I. INTRODUCTION

N studies of the de Haas-van Alphen (dHvA)
oscillations in metals,!*> the major emphasis has
usually been on the orientation dependence of the fre-
quencies F which are directly related to extremal cross-
sectional areas .4y of the Fermi surface. On the other
hand, it is well known that studies of the amplitudes and
waveforms of the oscillations can yield additional
information about the conduction electrons in metals,
in particular the cyclotron effective masses m*, the

effective widths ksTp of the Landau levels, and mag-
netic-interaction effects, but careful amplitude studies
have been made for only a few metals so far. This paper
is concerned with a detailed analysis of the temperature
and field dependences of the dHvA amplitudes in lead,
as well as with a comparison of the absolute values of
the amplitudes and the harmonic content with the
predictions of the basic Lifshitz-Kosevich (LK) theory.?
In order to make a careful comparison of this kind it is
necessary to know the shape of the Fermi surface in
some detail, and we have chosen lead for this study

* Work was performed in the Ames Laboratory of the U. S.
Atomic Energy Commission, contribution No. 2346. This paper
is based in part on a Ph.D. thesis submitted by R. A. Phillips to
%{ov;az‘SState University, Ames, Iowa, 1967 (unpublished); see

ef. 26.

t Alfred P. Sloan Fellow. Now at Department of Physics,
University of British Columbia, Vancouver 8, Canada.

1D. Shoenberg, in Progress in Low Temperature Physics,
edited by C. J. Gorter (North-Holland Publishing Co., Amster-
dam, 1957), Vol. II, pp. 226-265.

2 D. Shoenberg, in Proceedings of the Ninth International Con-
ference on Low-Temperature Physics, Columbus, Ohio, edited by
tJS65G67Daunt et al. (Plenum Press, Inc., New York, 1965), pp.

—676.

since the shape of its Fermi surface is now well
understood.*

One of the main objectives of this research was to
make a comparison of the m* values from the dHvA

3I. M. Lifshitz and A. M. Kosevich, Zh. Eksperim. i Teor.
Fiz. 29, 730 (1955) [English transl.: Soviet Phys.—JETP 2,
636 (1956)].

4J. R. Anderson and A. V. Gold, Phys. Rev. 139, A1459 (1965).
The frequency values reported in this reference were subject to
a systematic error (4-6%) due to a dynamic instability in the
electronics which escaped detection under normal calibration
procedures.
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experiments with those obtained directly from cyclotron
resonance (CR). However, it was necessary to limit
our investigation to symmetry directions because of the
large amount of time required for each precise deter-
mination of m*. In the past, experiments on the tem-
perature dependence of the dHvA amplitudes in lead
as well as in several other metals have usually enabled
m* to be determined to about 109}, at best, whereas in
this work we have been able to reduce the error to
about 19, by taking suitable precautions in the mea-
suring technique. We also present the results of ampli-
tude measurements for several harmonics as well as
for some combination terms, and the amplitude varia-
tions for these nonfundamental terms provide further
verification of Shoenberg’s proposal® that the standard
LK theory must be modified when the magnetic
interaction between conduction electrons is important.

In Table I we give a summary of the rather meager
results of previous work on the effective widths of the
Landau levels for a variety of metals, as determined
from the field dependence of the amplitude. The large
broadening temperatures, with values of Tp often in
excess of 1°K for relatively pure metals, have not been
clearly understood in the past ; for free electrons a value
of 1°K for Tp corresponds to a level width which is as
large as 15 of the level spacing %w, in a field of 75 kG.
If it is assumed that the observed level broadening is
caused by ordinary collisions with impurities and pho-
nons, then we can find Tp from the relation®?

Tp=h/(27rk37), (11)

where 7, an appropriately averaged relaxation time,
can be estimated from resistivity measurements. The
values of Tp estimated in this way turn out to be some
10 to 100 times smaller than those found experimentally
from the dHvA effect which implies that most of the
observed level widths in Table I must be due to some
other mechanism. In this paper we shall show that the
Landau levels are actually very sharp in highly perfect
crystals of pure lead, and indeed we believe that, for
pure metals in which magnetic breakdown does not
occur, any experimental values of Tp appreciably
greater than 0.1°K can probably be attributed to the
presence of dislocations in the sample.

II. DISCUSSION OF SOME THEORETICAL
ASPECTS

A. Landau-Level Widths

Since the rather large values of Tp2 1°K for pure
metals cannot be accounted for in terms of ordinary
collisions, we shall review briefly some other mecha-
nisms for level broadening which have been suggested

(1; 5) Shoenberg, Phil. Trans. Roy. Soc. London A255, 85
‘R..B. Dingle, Proc. Roy. Soc. (London) A211, 519 (1952).

The relaxation time considered by Dingle is actually twice 7,

the mean lifetime of a state at the Fermi energy; see also Ref. 7.
7 A. D. Brailsford, Phys. Rev. 149, 456 (1966).
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TasLE I. Landau-level broadening temperatures
Tp for various “‘pure’” metals.

Tp(°K)
From
Metal  Reference dHVA expt. resistivity

Ag a 1.9 1.1
Al b 1.5+0.5 ...
Au a 1.5 2.7
Be c 4.0+0.5 oo
Bi d 1.5 .-
Bi e 4.0 e
Bi f 1.5-2.2 .o
Bi g 0.2 (holes) 0.005

0.65 (electrons) 0.014
Graphite h 0.7-1.5 e
Graphite f 1.5 e
Cu a 1.3-1.7 0.5
Ga a 1.0 0.02
Ga i 1.3 <0.1
Hg f 3.3+0.5 .-
Hg j 0.3 at 4.2°K .-

20at1.2°K .-
K h 0.4 0.02
K k 0.4 0.02
Mg 1 0.7-0.9 0.25
Ni m Z0.5 een
Pb n 1.2-2.0 0.1
Pt o 0.3-0.5 ee
Sb f 3.3+0.5 .-
Sn f 1.0-14 0.02
Zn f 1.5 ...
Zn d 49
Zn e 4.0
Zn p 1.540.5

Reference 5; see, also, P. E. King-Smith, Phil. Mag. 12, 1123 (1965).

. O. Larson and W. L. Gordon, Phys. Rev. 156, 703 (1967).

. R. Watts, Proc. Roy. Soc. (London) A282, 521 (1964).

. Si Dg)illon and D. Shoenberg, Phil. Trans. Roy. Soc. London
, 1 (1955).

. Maxwell and R. R. Oder, Phys. Letters 19, 108 (1965).

. Shoenberg, Phil. Trans. Roy. Soc. London A245, 1 (1952).

. N. Bhargava, Phys. Rev. 156, 785 (1967).

. J. Williamson, Ph.D. thesis, MIT, 1965 (unpublished).

. Goldstein and S. Foner, Phys. Rev. 146, 442 (1966).

. B. Brandt and J. A. Rayne, Phys. Rev. 148, 644 (1966).

. Shoenberg and P. J. Stiles, Proc. Roy. Soc. (London) A281, 62

. G. Priestley, Proc. Roy. Soc. (London) A276, 258 (1963).
= R, W. Stark and D. C. Tsui, Phys. Rev. Letters 17, 871 (1966).
n A. V. Gold, Ph.D, thesis, University of Cambridge, England, 1958
(unpublished).
(1; gé) B. Ketterson and L. R. Windmiller, Phys. Rev. Letters 20, 321
» R. J. Higgins and J. A, Marcus, Phys. Rev. 161, 589 (1967).
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by a number of authors, namely intraband lattice
broadening, magnetic breakdown, and the effects of
dislocations.

Lattice broadening arises from the presence of the
periodic crystal potential, which has the effect of
splitting each discrete Landau level into a set of closely
spaced sublevels. Any theoretical study of this splitting
involves the difficult problem of solving the Schrédinger
equation for a Bloch electron in a magnetic field. Early
investigations of this problem® have shown that this

8 P. G. Harper, Proc. Phys. Soc. (London) A68, 874 (1955);
A68, 879 (1955).

° A. D. Brailsford, Proc. Phys. Soc. (London) A70, 275 (1957).

*G. E. Zi'berman, Zh. Eksperim. i Teor. Fiz. 30, 1092 (1956)
[English transl.: Soviet Phys.—JETP 3, 835 (1957)].

1 G. E. Zi'berman, Zh. Eksperim. i Teor. Fiz. 32, 296 (1957)
[English transl.: Soviet Phys.—JETP 5, 208 (1957)7.

2 G. E. Zil'berman, Zh. Eksperim. i Teor. Fiz. 33, 387 (1957)
[English transl.: Soviet Phys.—JETP 6, 299 (1958)7].

¥ M. Ya. Azbel’, Zh. Eksperim. i Teor. Fiz. 46, 929 (1964)
[English transl.: Soviet Phys.—JETP 19, 634 (1964)].
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form of broadening is likely to be minute except when
the k-space orbit associated with the Landau level
under consideration lies very close to either an open
orbit or a self-intersecting orbit.

Zak!" has recently reexamined this problem by using
symmetry-adapted solutions of the free-electron Hamil-
tonian in a magnetic field as zero-order wave functions
and then treating the lattice potential as a perturbation.
Zak was able to show that for a simple cubic lattice the
perturbation energy is given to lowest order by

Va(k)=2V o exp(—3x)L,(x)[cos(2rm,)
+cos(2rms)],

where x=2n%hc/a%H, H is the magnetic-field strength,
a is the lattice constant, Vy; is the first Fourier com-
ponent of the lattice potential, L.(x) is a Laguerre
polynomial, and m,, m, are dimensionless mapping
parameters which depend on the position of the electron
in its k-space orbit. It is this dependence of the pertur-
bation energy on k which results in a broadening of the
Landau levels when the perturbation is averaged over
one complete orbit. Assuming large values of # and
« (n is the quantum number of the Landau level under
consideration), Zak employs an asymptotic expansion
for the Laguerre polynomials,

2.1)

Ly(x) =712 exp(3x) (xn) /4 cos[ 2 (nx)1 12— 3], (2.2)

to estimate the magnitude of the lattice broadening.
Taking n~10? as being typical for large portions of the
Fermi surface in a field of H~10°% G and x~10° corre-
sponding to a~1 A, Zak finds that the spread of the
perturbation (2.1) is about 102 V¢, a result which is
rather disturbing since it leads to a broadening which
would actually exceed the level separation if V;.20.1eV.
However, Zak’s numerical estimate of the broadening
would seem to be incorrect since it appears!® that the
approximation (2.2) is valid only if #>%x, and this
requirement is not satisfied for the assumed values of
n, H, and x; in fact, an explicit computer calculation of
(2.1) indicates that the perturbation should be less
than 1071V, under these conditions. Indeed Zak’s
result (2.1) for the lattice perturbation is completely
in line with the findings of other authors since the con-
dition #=%x turns out to be precisely the condition
that the nearly-free-electron orbits just touch the
Brillouin-zone boundary in k space, i.e., the first open
orbits are formed (along the cube axes).

Davis and Liu'® have also considered these intraband
broadening effects due to the lattice potential from the
effective Hamiltonian point of view (see also Roth!7).
These authors were able to derive an explicit result for
the level broadening and they conclude the the lattice

M T, Zak, Phys. Rev. 136, A776 (1964).

16 Higher Transcendental Functions, edited by A. Erdélyi
(McGraw-Hill Book Co., New York, 1953), pp. 199, 200.

18 L, C. Davis and S. H. Liu, Phys. Rev. 158, 689 (1967).
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broadening should be negligibly small unless the relevant
extremal orbit lies within just a few (< 10) Landau levels
from an open orbit. Situations of this kind are expected
to occur only rarely in practice, and the intraband
lattice effect is thus unlikely to be responsible for the
large values of T'p in Table I; for lead, specifically, we
may safely state that there are no extremal orbits at
symmetry directions which lie close to any open orbits.
On the other hand it is well known that interband
transitions, i.e., magnetic breakdown, lead to a broad-
ening of the energy levels of the system since the effect
of breakdown is to switch or scatter the electrons out
of their orbits. The anomalous field dependence of the
dHvA amplitudes which results from magnetic break-
down has now been investigated in a number of metals
in which the band gaps are small,'® whereas in lead we
know that the band gaps are so large* that breakdown
cannot occur in even the highest conventional fields;
this conclusion is readily verified with the aid of
Chambers’ expression!® for the breakdown probability
in terms of known geometrical features of the Fermi
surface.

Pippard® and Chambers® have suggested that the
presence of just a few dislocations threading the orbits
can have a profound influence upon the amplitudes of
the dHvA effect since the Onsager quantization con-
dition will no longer be strictly valid in a crystal which
is subject to a nonuniform strain; the allowed orbital
areas will then be slightly different for electrons moving
through different regions of the metal. The problem of
quantizing the orbits against the background of the
complicated dislocation networks in real metals is
evidently an insurmountable one, but it is perhaps not
unreasonable to suppose that the net effect may be
described heuristically in terms of a Lorentzian broad-
ening of the Landau levels. Thus in the analysis of the
present data we shall assume that the effects of the
phase incoherence introduced by dislocations are con-
tained in the experimentally determined parameter Tp.

B. Magnetic-Interaction Effects

A few years ago Shoenberg conjectured® that the
magnetizing field appearing in the final LK result?
should really be the total magnetic induction B rather
than simply the applied field H, and this proposal has
been justified by Pippard® on thermodynamic grounds.
M should thus be determined self-consistently from

17 I.. M. Roth, Phys. Rev. 145, 435 (1966).

18 See, for example, the recent review article by R. W. Stark
and L. M. Falicov, in Progress in Low Temperature Physics,
edited by C. J. Gorter (North-Holland Publishing Co., Amster-
dam, 1967), Vol. V, pp. 235-286.

¥ R. G. Chambers, Proc. Phys. Soc. (London) 88, 701 (1966).

% A. B. Pippard, Proc. Roy. Soc. (London) A287, 195 (1965).

2 R. G. Chambers, Proc. Phys. Soc. (London) 89, 695 (1966).

2 A. B. Pippard, Proc. Roy. Soc. (London) A272, 192 (1963).
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TasLe II. Fourier coefficients in Eq. (2.7), ranked according to the order O(i) of the various contributions.*
Term o) 0(2) 0(3) o4
xkA1d: K42
4
h ' 8
xkA14:
+
a V2
KA 12 KA 1A; KzA 14
P! A g —KZA 12.4 2
2v2 \
kA2 kA1ds KB4
gz +=— + x
2V2 vz 6V2
A 3KA 1A 2
o Y
3kAd 1Ay 3243
s ES T —
2V2 8
K’A 14 2KA |A; KA 22
P4 At _—
V2 V2 )
KAz’ K"A 14 2KA 1Ag
qs +—— + F22A 244
vZ 32

» The subscripts refer to the harmonic number.

the implicit relation®

u i 4 (HZWI‘F . )
= rSin| ———Fir—r¢),
+dxM

=1

(2.3)

where
—-1/2

vITF

H2p12

A
Oky?

0

(2.4)

—r\e(T+Tp)
Xcos(3rgmu) exp [——r—‘:(;;———]

is an approximation to the amplitude of the rth har-
monic in the ideal LK theory for noninteracting elec-
trons*; for simplicity we have taken M and H to be
parallel and the sample is assumed to be in the form of
a long rod parallel to H so that demagnetizing effects
need not be considered. The cosine term in A, arises
from the spin splitting of the energy levels; u is the
cyclotron mass m* expressed in units of the free-electron
mass m; ¢ is a phase factor which will not concern us

# Throughout this paper M refers to the oscillatory component
of the magnetization.

% For most of our experiments AuZ/H22.5 and the factor
1/sinh ("AuT/H) in the LK theory may then be replaced by
2 exp(— Tl /H) w1th negligible error. For the few cases where
this approximation is not valid (in particular for the v oscillations),
appropriate corrections have been made throughout.

in this work ; X and » are constants given by

A=2nmckp/eh=146.9 kG/°K ,
y=4kp(e/hc)¥2/(2m)1/2=1.304X 105 G/2/°K ;

and | 8%4/0ku?|o is a “curvature factor” (CF) which
depends on the geometry of the Fermi surface in the
neighborhood of the extremal area.4,. Since |47 M |<<H,
it is clear that replacing H by B will hardly affect the
slowly varying amplitudes 4, as such; however, even
a small change in the magnetizing field can markedly
affect the values of the sine terms, and the net result
is that the amplitudes 4,” found by self-consistent
solution of (2.3) may in fact differ appreciably from
the ideal LK amplitudes 4,.
For |4rM/H|<K1 we can write (2.3) as

M=% A,sin[r(x—«M)Fir],

=]

(2.5)

where
x=(2xF/H)—¢ and «k=8nF/H?,

and (2.5) can be solved approximately to give M
explicitly as a function of x; we consider here only the
solution under conditions of a weak interaction with
|[kA1| <1, etc., which is indeed the case for the present
measurements. Shoenberg® originally worked out the
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harmonic content (and modification of the fundamental
amplitude) which is introduced when only the first term
M, is considered on both sides of (2.5), and Girvan?
has extended these results somewhat by using a Bessel-
function expansion for the first three harmonic terms
while still keeping only M in the argument of the sine.
However, if the cosine term in 4, happens to be small
for the fundamental term, we expect to find the higher
harmonics playing a role in determining the interac-
tion effects, and thus it seemed desirable to seek a more
general solution of (2.5) in which an arbitrary number
of harmonic terms could be retained throughout. A
general solution of this sort, in which M is given as an
explicit function of x to any desired accuracy, can be
found by means of a scheme of successive approxi-
mations in which we consider the nth approximation
to M to be given by

M®™=Y" A,sin[r(x—«M " )Fir],

r=1

(2.6)

where we set M ©=0. Any expansion of (2.6) will
evidently contain terms which involve various powers
and cross products of the amplitudes 4,, and since the
relative magnitudes of the 4, are determined largely by
the exponential damping factors exp[ —r\u (T4 Tp)/H],
we can classify the various terms in orders O(:) of
small quantities according to the index 7 of the resulting
negative exponentials; thus terms involving A,
A4, or A1A; will all be of O(4). With this classifica-
tion, the iterative scheme (2.6) is particularly simple in
that any approximation M® is exact to O(n); the
next approximation M+ merely adds to M " correc-
tion terms whose order is at least O(z+1), as can be
verified by inductive reasoning.

Various powers and cross products of sines and cosines
are found in the expansion of (2.6) and by means of
elementary trigonometrical manipulations we can
express the nth approximation to M in the form of a
harmonic series:

M(">=n2 [prsin(rxFin)+¢, cos(raFim)]. (2.7)
r=1

The first few Fourier coefficients p, and ¢, can be found
quite quickly and are given in Table IT; the amplitudes
A= (p24¢>)'? for the first three harmonics are then

2% R. F. Girvan, U. S. Atomic Energy Commission Report No.
IS-T-103, 1966 (unpublished). The expansion of (2.5) in terms of
Bessel functions has also been pointed out by D. Shoenberg and
J. J. Vuillemin, in Proceedings of the Tenth International Conference
on Low-Temperature Physics, Moscow, 1966, edited by M. P.
Malkov (Proizvodstrenno-Izdatel’skii Kombinat, VINITI, Mos-
cow, 1967), pp. 67-84.
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given in terms of the LK amplitudes 4, by
A1,=A1+0(3)+ Y

kA2 1(KA12
V24, 2\V24,

3KA1A2 1 3KA1A2 2 1 KAI2
s i)
V243 2\ V24, 2\V24,

+(3;z413>2]"’+0(5)+..._ (2.8)

3

2y 1/2
A2’=A2{1— )‘ +0(4)+---,

Thus for |k4.] <1, etc., the effect of the magnetic
interaction on the fundamental amplitude is expected
to be small, the correction factor being of second order
(relative to A4;) in exponentially small quantities,
whereas for the harmonics the lowest-order interaction
terms are of the same exponential order as the relevant
amplitudes in the LK theory. The relative importance
of the various interaction terms will depend not only
on the Fermi-surface parameters .4 and the CF but also
on the spin factor cos(377gu), and since in most cases
the effective g values are not known, the magnitudes
of the various dimensionless parameters in (2.8) cannot
be determined in advance. If we consider the limiting
case in which the dominant terms are those which
involve only the fundamental amplitude 4, we then
recover Shoenberg’s “strong-fundamental” results

A1I=A1+0(3)+ Tty
A =3AP+0@) 4+,
A =32A540()+ -+,

A/ =334 440(6)+ - -. (2.9)

In this case the temperature dependence of the rth
harmonic should be given by T" exp(—r\uT/H) rather
than by T exp(—r\uT/H) as in the LK theory.

In the above analysis we have considered the ampli-
tudes of M, whereas the measurements to be presented
in Sec. IV actually refer to dM /dt rather than to M itself.
Since M in (2.7) is an explicit function of H, the net
effect of d/dt is to multiply 4,’ by 2xr#FH/H?, which is
just the (angular) time frequency w of the oscillations.
As we shall discuss later, the experimental conditions
are such that w is held constant for all harmonics during
any set of measurements so that the amplitudes 4,’ of
dM /dt are simply given by wd,’.

Modification of the harmonic content is not the only
noticeable effect of the magnetic interaction. Another
consequence of the nonlinear character of the interac-
tion is that the crystal itself behaves like a “mixer”
which can generate combination tones from the various
fundamental terms which arise from different extremal
sections through the Fermi surface, and we would expect
the frequencies of the simplest of these mixed terms to
be sums and differences of the fundamental frequencies.
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Thus if we consider the mixing together of just the
fundamental oscillations from two extremal sections,
we would have

2rF,
—_— —¢a:F%7r]
HA4-4m (M +My)
2nF,
+4 sinl:——————————
H+4n (M, +M,)

M=M.+M,=4. sin[

—¢b:F%1r:l , (2.10)

where the subscripts ¢ and b refer to the two sections.
Since |4rM/H |1, (2.10) reduces to

M=A,sin(x,—kM)+Apsin(xs—xsM), (2.11)

where
Xa, b= (ZWFa,b/H)-tﬁa,bq:‘i‘ﬂ'
and
Ka,b=872F, s/ H?.

Now we have seen that for one frequency alone the
amplitude of the fundamental term remains essentially
unaffected if the magnetic interaction is weak so that
replacing M (B) on the right side of (2.11) by the ideal
LK magnetization M (H) should be a reasonable approx-
imation as far as calculating the lowest-order combina-
tion terms is concerned. We then have

M=A,sin[x;— ka4 s sin(xs) — ka4  sin (xs) ]
+Ab sin[x;,—xz,A,, sin(x,,)—be b sm(xb)] y

and if we now assume that all four products x4 are
sufficiently small so that we may neglect all terms be-
yond the first order in these small quantities, the above
equation can be solved approximately. The amplitude
of the two simplest combination terms with frequencies
F,x£F, are given to lowest order by

Aaibz%AaAb(Ku:{:Kb): (212)

so that the temperature variation of the amplitudes of
these combination tones should be given by

Aoyy< T? exp[—Npatun) T/H].  (2.13)

III. EXPERIMENTAL PROCEDURE
A. Sample Preparation

Since it was believed that dislocations might be the
main cause of the large level broadening observed
experimentally in metals of high purity, one of the aims
of the present investigation was to determine if this
broadening could be appreciably reduced by taking
suitable precautions with the preparation of the samples.
With these thoughts in mind, a considerable effort was
devoted to problems associated with the growing and
handling of very pure lead crystals of high crystal-
lographic perfection. In what follows we give only a
brief account of our crystal growing methods; a more
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detailed discussion of these techniques, as well as of
the experimental procedure in general, can be found
elsewhere.?

Our starting material was zone-refined lead (6NT
Grade) obtained from Cominco Products Inc. Early
experiments with crystals grown on a horizontal
“Kapitza” furnace were found to give unsatisfactory
results on two accounts; back-reflection Laue photo-
graphs of these crystals exhibited appreciable mosaic
substructure, and the dHvA measurements of the
effective broadening temperatures Ip were not repro-
ducible from sample to sample. It was then found that
the crystal quality could be substantially improved if
the samples were prepared by the Czochralski method
of pulling from the melt; very low dislocation densities
have been found in crystals of other materials grown by
this method.?”2 All the lead crystals used for the
measurements which are reported in this paper were
grown by the Czochralski method at a rate of about
1 cm/h and in a vacuum of 10~¢ to 10~7 Torr.

The pulled crystals were in the form of wires 3-6 cm
long and <$0.4 mm in diam, and it was necessary to
develop a technique by which these soft, thin wires
could be removed from the puller and subsequently
cut into 6-mm lengths with minimum damage. The
removal and cutting problem was finally solved with
the help of a simple acid cutting technique. A beaker
containing carbon tetrachloride to a depth of about
8 mm was placed under the crystal wire while it was
still hanging vertically in the Czochralski apparatus,
and the beaker was then slowly raised until a 7-mm
length of the crystal was immersed in the liquid. A drop
of a fast etchant® was added to the CCly, and this
droplet slowly floated towards the wire and finally
surrounded it at the liquid-air interface. The thin layer
of etchant would cut through the lead wire in about
20 min, and the cut portion of the crystal would then
sink slowly to the bottom of the beaker. After cutting,
the 6-mm-long sample was carefully removed from the
beaker, washed, and then gently guided into a small
quartz trough, which was prepared by grinding a piece
of thin quartz capillary along its length. Using the
trough rather than the original capillary as a support
for the crystal not only facilitated the mounting but
also ensured excellent access of liquid helium to the
sample. The crystal was held in the quartz trough with
a tiny spot of either General Electric adhesive varnish
or Corning stopcock grease; of the two, the grease was
found to be preferable since the drying adhesive would
often twist the sample slightly against the walls of the
trough, thereby introducing some strain.

2 R. A. Phillips, U. S. Atomic Energy Commission Report
No. IS-T-170, 1967 (unpublished); a few numerical errors appear
in this reference.

¥ R. S. Wagner, J. Appl. Phys. 29, 1679 (1958).

28 W. C. Dash, J. Appl. Phys. 30, 459 (1959).

% S. Howe and C. Elbaum, Phil. Mag. 6, 1227 (1961).

% 250 cc glacial acetic acid, 187.5 cc distilled H,0, and 62.5 cc
30% H,0;.
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Fi16. 1. Examples of the spectrometer action in impulsive fields
for a [111] lead crystal. Peak field: 165 kG; pulse duration: 21

msec; filter: 135-kHz Butterworth 4-pole. Upper oscillogram:
3.5°K ; lower oscillogram: 1.5°K.

The zero-field resistivity ratios pse°k/py for a
typical crystal pulled by the Czochralski method were
found to be 19000 and 49000 at 4.2 and 1.0°K,
respectively. These values were determined from a
series of careful resistance measurements in both
longitudinal and transverse magnetic fields. From the
absolute value of p; °x we estimate the mean resistivity
relaxation time 7 at 1°K to be 3.7X 1071 sec using the
approximate relation

12722h\? «v
(o)
eksS/ p1°k

where v is the coefficient of the electronic specific heat
and S is the total Fermi surface area,* and from (1.1)
we find that this value of 7 would correspond to a
Dingle temperature Tp==3 m°K.

B. Impulsive Field Apparatus

The amplitude measurements were carried out
between 1.0 and 4.2°K using the impulsive field tech-
nique developed by Shoenberg,:$ in which oscillations
of the differential susceptibility are detected as an
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oscillatory emf induced in a pickup coil surrounding the
sample. This induced voltage was displayed as one
trace on a dual-beam oscilloscope and the field was
measured by monitoring on the second beam the voltage
developed across a standard resistor in series with the
pulse coil ; these two traces were simultaneously photo-
graphed on Polaroid film. Small portions of the dis-
charge could be studied by expanding the time scale,
and bucking techniques were used to obtain more
accurate measurements of the field variations (see
Ref. 4).

Partial separation of the many dHvA components
was achieved with the aid of analog filtering as de-
scribed in Ref. 26; for a given time frequency of the
narrow-band detection circuit, each dHvA frequency F
would appear as a resonance at different portions of the
field pulse. The use of capacitors in parallel with the
pickup coil was not sufficient for optimum analog
resolution and two electronic band-pass filters, each
attenuating at a rate greater than 12 dB per octave
above and below the narrowing passing band, were used
to improve the separation of the dHvA frequencies.
The resolution was improved still further in later
experiments by employing a pair of passive four-pole
Butterworth filters operating in two ranges (center
frequencies of 135 and 50 kHz and with 3- and 2-kHz
bandwidths, respectively).?® Some examples of the
sharp frequency resolution achieved by the use of these
passive filters are shown in Fig. 1. A stationary pickup
coil was used throughout and the noise threshold of the
entire detection system was determined to be less
than 10 nV.

The pulse magnet was rigidly constructed and de-
signed to produce a magnetic field which would be
homogeneous to a few parts in 10° over the length of the
sample. In order to reduce the radial inhomogeneity
near the center of the coil, a coaxial conductor was
used as the outside lead between the compensating
windings; full details of the magnet construction are
given in Ref. 26. The homogeneity of the magnet was
checked with a pair of search coils as well as by direct
NMR measurements, and the field was found to be
homogeneous to 4 parts in 10° over a 9-mm length.
Peak fields in excess of 200 kG were obtained when this
magnet was used in conjunction with a 4320-pf capacitor
bank which could be charged to 3 kV; the rise time
was about 9 msec. The calibration of the magnet will
be discussed in some detail in the following section.

C. Experimental Variables and their Control

Since the various dHvA terms are brought into
resonance at the same time-frequency w, it follows from
(2.4) and the fact that A,'=wd,’~wA,, that the tem-
perature and field dependence of any fundamental

¥ International Telephone and Telegraph Corporation, Ref-
Jference Data for Radio Enmgineers (American Book—Stratford
Press, Inc., New York, 1956), p. 191.
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F1G. 2. Temperature de- -
pendence of the amplitude
(arbitrary units) of the =
[100] B oscillations for ,,q
H=80.0 kG, illustrating
the discontinuity at T, due
to hydrostatic-head effects.
A, uncorrected results; O,
corrected results.
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amplitude in dM/dt should then appear only through
the factor

TH" exp[—Mu(T+Tp)/H]. 3.1)

However, the experimental amplitude A4 is extremely
sensitive to several other experimental factors, and
these factors must be properly controlled or corrected
for if the measured values of 4 are to be meaningful;
here and in what follows we let 4 refer to all experi-
mentally measured amplitudes in dM/di. Most of the
systematic errors which can arise in impulsive-field
experiments have been discussed in some detail by
Shoenberg, and in this section we briefly summarize the
precautions which we have taken to reduce them.
The temperature of the sample was determined from
the vapor pressure of the He bath,® and since the
helium level could not be monitored directly, the
necessary hydrostatic-head corrections above T were
determined by means of a carefully calibrated ger-
manium thermometer placed near the sample. The
equilibrium sample temperature was found to exceed
that indicated by the vapor pressure by as much as
40 m°K (just above T)). In Fig. 2 we illustrate the
effects of this temperature error by plotting In(4/7T)
against T/H for a typical series of fundamental ampli-
tude measurements® between 1 and 4.2°K. A sharp
discontinuity was found at T when T was assumed to
be given by the vapor pressure alone (lower curve;

2 F. G. Brickwedde, H. van Dijk, M. Durieux, J. R. Clement,
and J. K. Logan, J. Res. Natl. Bur. Std. (U. S.) 64A, 1 (1960).

8 The abscissa in the temperature-dependence plots is chosen
to be T'/H rather than simply T since the slopes of the straight
lines are then directly proportional to x and independent of the
(constant) field strength.

30 40

50
& toseKka™

60 70

see also insert), whereas no discontinuity was found
when the corrected values of T were used above T
(upper curve). The bath temperature was always
lowered from one set of measurements to the next, and
an adequate time interval (5-10 min) was allowed to
ensure thermal equilibrium after each change in the
vapor pressure. The temperature could be held constant
to within 5 m°K for extended periods of time by using
a simple manostat* to control the vapor pressure over
the He bath. It is felt that with these precautions and
the above corrections, the error in T should be less
than 10 m°K.

The experimental amplitude 4 was taken to be
proportional to the blip size at resonance and was
measured directly from the Polaroid photographs with
an average accuracy of 1%,. Since 4 would often change
by several orders of magnitude during a series of
measurements, an accurate relatfive calibration of the
various voltage ranges on the oscilloscope was made
each time the range was changed, using an ac standard
set to the particular resonant frequency being used.
The actual field change appearing on the film repre-
sented only a small, but highly amplified, portion of the
total field signal; most of the signal had been bucked
out by an accurately known dc voltage. Calibration
lines at intervals representing about 197 of the total
field were displayed on the oscilloscope and super-
imposed on the photographs, and by interpolating
between these lines the field value corresponding to the
resonant blip could be read to an accuracy of about
0.2%. However, it was necessary to reduce the apparent
readings because of overload recovery problems in the

# The manostat was designed by Dr. C. A. Swenson.



940

oscilloscope amplifiers; in the bucking method, the
amplifiers were driven beyond their operating ranges
during most of the discharge. This correction was
determined to be about 19, by recording the field pulse
with a high-speed digital recording system?®- and super-
imposing time markers at each recording (every 400
usec) on the field trace as it was being photographed.
The corrected voltage readings were translated into
field strengths using a conversion factor determined by
dynamic calibration of the entire apparatus.® In the
process the field readings were corrected by introducing
an experimentally determined time delay 7o=65 usec,
a procedure which is described in detail by Panousis®*;
this correction is given by AH/H== = wroH/2xF (4 sign
for falling field), and it was found in all cases that
AH/HS19,.

Further corrections must be applied to the apparent
field values because of the “gliding-tone” effect, whereby
the maximum response of a narrow-band detection
system to a time-dependent driving frequency occurs
at a value of the instantaneous driving frequency which
differs from the natural resonant frequency of the
circuit; this frequency difference corresponds to a shift
8t in the time at which the maximum response occurs.
According to Barber and Ursell” this time shift is
proportional to a quantity (aw)~*/% and if we make the
simplifying assumption that the amplitude of the
driving dHvA oscillations in dM/dt is a constant, the
results of Barber and Ursell can be translated into the
language of our problem to give

bt =Ca112(Q2426/a?) 112,

where x=2rF/H, w and Q are, respectively, the
(angular) time frequencies of the natural resonance and
the impulsive field (assumed to be an undamped half
sine wave), and C is a constant of proportionality
which depends only on the damping of the system. The
time shift in turn corresponds to a systematic error 6H
in the field value assigned to the maximum amplitude;
the fractional error in the field is approximately
6H/H = (w/x)dt, the true field being greater than the
apparent field under falling-field conditions.

In our experiments the resonant pickup lgircuit was
followed by both active and passive filters?of much
narrower bandwidth than the width of the natural reso-
nance of the pickup circuit alone. Since a detailed
analysis of the response to time-dependent frequencies
would be quite difficult, we have simply assumed that
we can make use of the above functional dependence
on ¥ and w (i.e., for a simple LCR circuit) as far as

# R. F. Girvan, A. V. Gold, and R. A. Phillips, J. Phys. Chem*®
Solids 29, 1485 (1968).

3 P, T. Panousis, U. S. Atomic Energy Commission Report
No. IS-T-175, 1967 (unpublished); P. T. Panousis and A. V.
Gold, Rev. Sci. Instr. (in press).

% N. F Barber and F. Ursell, Phil. Mag. 39, 345 (1948).
Shoenberg (Ref. 5) has given an explicit calculation of the gliding-
tone effect for zero damping and for a resonance near peak field.
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calculating the rather small field corrections is con-
cerned. However, we have used the dHvA effect itself
to make a dynamic determination of the constant of
proportionality C. At [110] the v oscillations exhibit a
two-frequency beating pattern, and it was noticed that
the field strengths corresponding to beat maxima and
minima under conditions of narrow-band detection were
different from those obtained using wide-band circuitry.
From a study of these field shifts C was found to range
from 1.35 to 1.95, depending on the particular experi-
mental conditions used. 6H/H for the other dHVA fre-
quencies was then found to range from 0.5%, to 3.0%,
the correction being least for the highest dHvA fre-
quency F. Once the above corrections were made, it
was felt that the net reliability of the field value assigned
to the peak of any resonant blip was better than 1.

Measurements of the temperature dependence of the
amplitudes can be affected by small variations in the
field at resonance which can occur from pulse to pulse
due to heating in the magnet and to variations in the
capacitor-bank voltage immediately before the dis-
charge. Measurements of the resistance of the magnet
immediately after a pulse showed that the magnet
reached thermal equilibrium with the liquid-nitrogen
bath in 2-4 min. With a 5-10-min waiting period
between pulses and use of a highly stable power supply
for charging the capacitors, variations in the field at
resonance during any particular series of temperature-
dependence measurements were found to be less than
3%-

The dHvA amplitudes may be reduced if there is
appreciable heating of the sample during the pulse.
Shoenberg® has discussed the three main sources of
heat production which might cause the temperature of
the specimen to rise above that of the bath, namely,
(a) eddy-current heating in the windings of the pickup
coil; (b) reversible magnetocaloric effect in the speci-
men holder; and (c) eddy-current heating in the
specimen itself. The possibility of heat transfer to the
sample due to (a) is important only above T and
depends on the thickness of the liquid He layer between
the sample and the former of the pickup coil. Rough
estimates® indicate that the large bore (1.4 mm) of the
pickup coil used in these experiments was more than
adequate to prevent appreciable heat transfer to the
sample from the pickup coil. The heating effects due
to (b) were reduced by using quartz for the specimen
trough, since according to Salinger and Wheatley?
the magnetic susceptibility of quartz is a least 5 times
smaller than that of Pyrex glass. By using split capil-
laries and thereby halving the volume of material, we
estimate that the net heating of the sample due to the
magnetocaloric effect in the quartz is at least an order
of magnitude smaller than Shoenberg’s estimates
(<20 m°K below T, <200 m°K above T)) for his

Pyrex capillaries.

(1;!6?)‘ L. Salinger and J. C. Wheatley, Rev. Sci. Instr. 32, 872
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Since the magnetoresistance in pure lead is fairly
large, eddy-current effects in the thin samples used in
these experiments are not expected to be serious. An
explicit calculation of this effect is difficult but it is
fair to say that the best indication of heating due to
this or any other source would be the appearance of a
discontinuity at T, in the temperature-dependence plots.
However, no discontinuities were observed for most of
the pure lead data although a slight amount of heating
(~50 m°K) was noticed above T) in some of the [111]
samples when very high peak fields were used [see the
plots for the @; and 8, oscillations in Fig. 5(a)]. Since
changes in the sample temperature of about 40 m°K
could be easily detected when making the hydrostatic-
head corrections, it is concluded from the smooth tem-
perature-dependence plots that any temperature rise
of the pure samples due to heating from any source was
usually less than about 20 m°K. Further evidence for
lack of heating effects comes from the fact that no
significant difference was found in the results obtained
from rising and falling fields. On the other hand,
sizable heating effects (~200-500 m°K above T))
were observed in a Pb-0.649%, Sn alloy, and in one
particular run in which a grease block above the sample
prevented good circulation of the liquid He above T,
the amplitudes were observed to increase by a factor
of roughly 20 when the temperature was lowered
below T).

Accidental bending of the sample, due to mishandling
or thermal cycling, can have a profound effect on the
amplitudes and thereby lead to erroneous and irre-
produciable estimates of the broadening temperature
Tp. Despite the precautions taken while growing,
cutting, and mounting the samples, it could not be
claimed @ priori that any given specimen had not been
slightly damaged, and thus a large number of samples
(~60) were studied. As a further precaution, most of
the measurements were made with field directions
corresponding to turning points of the frequencies,
where the effects of bending are expected to be least.®
Inhomogeneities in the magnetic field over the dimen-
sions of the sample can also modify the field dependence
of the amplitudes appreciably, but such effects are not
expected to be serious here since the inhomogeneity of
the magnet was only a few parts in 10° over a 9-mm
length. Care was always taken to center the sample in
this region by moving the sample up and down in the
cryostat and measuring the amplitude variations of
several high-frequency oscillations. Under the con-
ditions of the present experiments (H>50 kG), it was
found that the 6-mm long samples could be moved over
a distance of about =3 mm from the “central”’ position
without appreciable change in the amplitudes. Field
inhomogeneity caused by eddy currents in the samples
can likewise affect the amplitudes and the harmonic
content in these impulsive-field experiments. According
to Pippard? the ratio 4,/A: becomes modified by a
factor which depends on the conductivity and on the
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product 74/, where 7 is the sample radius. By studying
this ratio as a function of w and » (by progressively
thinning two thick samples) we have found that the
observed ratio begins to increase when ry/w22.5 mm
kHz!/2, whereas 7o/w was always less than this number
for the experimental results reported in this paper.
Further confirmation that eddy-current effects were
usually negligible comes from the fact that the field
dependences of the fundamental amplitudes were always
found to be independent of w even for the thickest
samples used in this work. We should point out that
any effects due to sample bending and to magnet
inhomogeneity become reduced as the field strength is
increased, and it is for this reason that the impulsive-
field method is particularly suitable for studying the
amplitudes of the dHvA effect.

When using the resonance method for studies of the
field dependence of the amplitudes, one must consider
possible field dependences which are associated with
the static and dynamic response of the pickup and
detection circuity. In the first place, the value of the
resistance of the copper windings of the pickup coil
was found to increase by 50% in a steady axial field of
60 kG so that one would expect the Q factor of the
pickup system to be field-dependent. Secondly, the
maximum response becomes reduced under gliding-tone
conditions®37; but it would be difficult to calculate the
reduction reliably for the circuitry which we have used.
We have once again adopted a more pragmatic approach
and have carried out subsidiary experiments which
were designed to reveal any spurious field dependences
introduced by the detection circuitry itself.

In experiments performed in collaboration with R. A.
Johnson, the sample was replaced by a tiny driving coil
of the same geometry as a typical sample. This driving
coil was energized by a current of constant amplitude,
which was periodic in 1/H with adjustable frequency F
so that the magnetic moment of the coil simulated a
constant-amplitude dHvA effect; the energizing current
was derived from a oscillator whose time frequency was
controlled by a voltage derived from the magnet current.
For constant detection frequency w, it was found that
the dynamic response of the entire detection and filter
circuitry was essentially independent of changes in the
field at which resonance occurred; this field could be
changed by varying the pulse height, as was done in the
field-dependence measurements of the actual dHvA
amplitudes. Our experiments with the simulated signal
thus indicate that no net field-dependent corrections
need to be applied to (3.1) when analyzing the data.
This finding was corroborated quite independently in
actual dHvA experiments in which no changes in the
field dependence were noticed when the effective Q of
the pickup coil was reduced from about 20 to unity by
means of an external shunt resistor, or when a different
detection frequency w was used for each set of field-
dependence measurements. We might also mention that
the resonance envelopes after the narrow-band filtering
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Fic. 3. Variation of the amplitude (arbxtra.ry units) of the B;
oscillations as a function of the number of times the crystal has
been cycled between liquid-helium temperatures and approxi-
mately 150 °K. The initial reduction and subsequent fluctuations
were not observed in all crystals.

were nearly symmetrical and showed little evidence of
the characteristic gliding-tone beat patterns.®3?
Although the amplitudes were completely reproduc-
ible throughout any run of several hours duration, they
were not always reproducible from one run to the next.
In fact, there were several instances in which the ampli-
tudes were observed to decrease and then fluctuate
after repeated thermal cycling between 1 and roughly
150°K, and an example of this cycling effect is shown in
Fig. 3. In this example the amplitudes suffer a noticeable
reduction at all field strengths after the first thermal
cycle and we believe that this reduction is due to
permanent damage of the sample incurred during the
initial cooling as a result of surface strains introduced
by the twisting of the sample against the walls of the
trough. As long as the sample is maintained at liquid
He temperatures, these surface strains would seem to
be effectively prevented from moving into the bulk of
the material and thus they should hardly affect the
dHvA amplitudes. However, once the sample tempera-
ture has been raised, it seems possible that the surface
strains migrate into the crystal and give rise to a loss
in amplitude upon subsequent cooling. We cannot
attribute the initial reduction in Fig. 3 to temperature
changes per se since for several other samples the ampli-
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TasLE ITI. Summary of effective masses in lead.
o
Cyclotron
Orientation, This work resonance®
oscillation® F (MG)® (H=~100kG) (H=5kG)
[100] « 208 1.5140.03 1.58
[111] « 156 1.12:+0.01 1.15
[110] « 159 1.10-£0.01 1.12
[100] v ~24.1 0.74-0.02 0.75
[111] v 224 0.680.02 0.70
[110] v 18.1 0.560.01 0.56
[100] = 36.0 0.89+0.02 0.924
[100] B 514 1.2240.01 1.23
[111] & 110 1. 19:}:0 01 1.20
[100] « ~232 2.59
[111] ¢ ~365 3.2 :tO 1 .
H=102 k6 [110] w 1.26 or 1.41

» The assignments of the various oscillations to extremal orbits on the
Fermi surface are given in Ref. 4.

b Most of the frequency values reported here are recent determmatlons
made with an NMR probe in the immediate vicinity of the sample (J. R
Anderson, W. J. O'Sullivan, and J. E. Schirber (private commumcanon)]
and these results differ somewhat from those reported in Ref. 4. The
frequency values preceded by a tilde (~) are from Ref. 4 but reduced by

0

¢ References 40 and 41.

d Assignment uncertain.
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F16. 4. Examples of the temperature dependence of the ampli-
tudes (arbitrary units) of the fundamental oscillations for con-
stant field H directed along (a), [100] and (b), [111]. The slopes
of the lines are directly proportional to the effective masses u.
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tudes were found to be quite reproducible after thermal
cycling. Most of the results in this paper were obtained
from samples which were kept continuously at liquid
He temperatures for several days while the entire set of
measurements was being made, and in all cases the
amplitudes were then found to be completely reproduc-
ible from day to day.

IV. EXPERIMENTAL RESULTS
A. Temperature Dependence

We first consider the temperature dependence of the
fundamental amplitudes of dM/dt. If we assume that the
results (2.8) are valid for lead, then the temperature
variation of 4," should be given by (3.1) so that for
constant w and H, a plot of In(4/T) against (T/H)
should yield a straight line® of slope —Au. Typical data
for the temperature dependence of the fundamental
amplitudes® are presented in Fig. 4, and the excellent
straight lines which were found for all the oscillations
in lead indicate that the third-order correction terms
in Ay’ (see Table II) are of little consequence, at least
within the range of fields used in these experiments
(50-160 kG). The effective masses u were found from
least-squares determinations of the slopes, and the
error in any one measurement of x was estimated to be
at most 139, as determined from the standard deviation
(<1%) of the slope and the uncertainty in the assign-
ment of the field values at resonance. Weighted averages
of the results from several samples are presented in
Table III for H~100 kG; also included in Table ITIL
are the corresponding effective masses determined
directly by Khaikin and Mina®4 from cyclotron

TABLE IV. Magnetic-interaction effects in the harmonic masses.*

Orientation, H w/2x
oscillation N P ™ kG)  (kHz)
[100] 8s 2 2.50 2.44 79.5 145

Bs 3 3.67 3.66 88.2 145
[110] vs 2b 1.04 1.12 95.2 50
vs 1 1.50 1.68 110.2 50
v 2 1.96 2.24 119.0 50
[111] vs 2 1.27 1.36 55.1 135
v 2 1.30 1.36 99.4 50
vs 3 2.01 2.04 64.5 135
vs 1 1.92 2.04 111.1 50
o 1 2.28 2.24 150.0 135
5 1 2.32 2.38 141.2 135

* The subscripts refer to the harmonic number 7, and the values of the
fundamental masses u are from Table III, Col. 3. The integer N is the ex-
ponent of T in the ordinate A/TN of the temperature-dependence plots; N
is chosen to give straight lines in these plots with ur=ru, and magnetic
intberéicetion effects are negligibly small when N =1,

text,

# See Ref. 4 for the correspondence between the Greek symbols
for the various dHvA oscillations and the extremal orbits on the
Fermi surface.

“ M. S. Khaikin and R. T. Mina, Zh. Eksperim. i Teor. Fiz.
42, 35 (1962) [ English transl. : Soviet Phys.—JETP 15, 24 (1962)].

4R. T. Mina and M. S. Khaikin, Zh. Eksperim. i Teor. Fiz.
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Fic. 5. Examples of the temperature variations of several
fundamental and harmonic amplitudes (arbitrary units). The
data_points have been plotted according to the exponent N
required by the LK theory (N'=1) or by the strong-fundamental
solutions (2.9) of the magnetic-interaction theory (N =7).
0, N=1; A, N=2; 00, N=3. 8 oscillations, H||[100]; « and &
oscillations, H|[[111]. The field strengths were as follows (in
};G)Mflz, 71.6; B2, 79.5; B3, 88.2; au, 127.3; o, 150.0; 8, 112.8;
2y e

resonance (CR) at H~S5 kG. In all cases the 100-kG
dHvA masses are found to agree well with the corre-
sponding 5-kG CR masses. Even for the v oscillations
of lowest mass, the cyclotron frequency at 100 kG is not
yet high enough relative to the dominant phonon fre-
quencies to reveal any evidence of the field-dependent
reduction in u discussed by Fowler and Prange.©
Besides the temperature-dependence studies of the
fundamental oscillations, a large amount of information
was also gathered about the temperature variations of
the numerous harmonic signals. The exact form of the
temperature dependence of the harmonic amplitudes
will depend on whichever term or terms in the square
brackets of (2.8) are the dominant ones. If we assume
that only one term is dominant, the temperature varia-
tion of the rth harmonic in (2.8) will be given by
TV exp(—r\uT/H), where the index NV is determined
by the nature of the products or powers of the various
amplitude factors in that dominant term; for example,

45, 1304 (1963) [English transl.: Soviet Phys—JETP 18, 896
(1964)]. I ’

© M. Fowler and R. E. Prange, Physics 1, 315 (1965).
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Fic. 6. Temperature-dependence plots for the amplitudes
(arbitrary units) of the lowest harmonics of the v oscillations for
H||[111]. The data points have been plotted according to the
exponent N required by the LK theory (N =1) or by the strong-
fundamental solutions (2.9) of the magnetic-interaction theory
(N=r). 0, N=1; A, N=2; O, N=3. The field strengths were
as follows (in kG): (a) v1, 39.3; v, 55.1; vs, 64.5; (b) 71, 76.2; s,
99.4; v;, 111.1. Note the disappearance of magnetic-interaction
effects for s when the field strength is doubled, i.e., N changes
from 3 in (a) to 1 in (b).

we would have N=2 for terms involving A414; or
A2 Thus N=1 for the ideal LK theory (2.4), whereas
N=r for the limiting case of the strong-fundamental
solutions (2.9), and intermediate values of V are also
possible for the higher harmonics. It then follows that if
N is chosen correctly, a plot of In(4/T") against (T/H)
will be a straight line with slope —Au,, where u,=ru.
Our experimental findings for the harmonic masses
ur and the required values for the index N are sum-
marized in Table IV, and we now proceed with a dis-
cussion of the results for the individual terms.

The temperature variations of the e, and §, ampli-
tudes for H parallel to [1117] are presented in Fig. 5(b);
for the sake of completeness we also show in Fig. 5(a)
the fundamental amplitude variations for the «; and
81 oscillations.®® Good straight lines are obtained for
both harmonics by setting V=1, and the slopes of the

4 Heating effects become noticeable above T\ for H||[111]
and at the high values of the peak field (and hence of dH/di)
which were necessary for studying the harmonic amplitudes; no
heating effects are apparent for the data in Fig. 4(b) which were
obtained for much lower peak fields.
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lines yield values for the harmonic “masses’ u, which
are very close to fwice the respective fundamental
masses g, i.e., u2 and u scale by the harmonic number
r=2. The choice N=1 thus appears to be the correct
one, which implies that the magnetic-interaction effects
are of negligible importance for these particular oscil-
lations, at least for the high field strengths used here.
The temperature dependence of the 8, amplitude for
H parallel to [100] is presented in Fig. 5(c). When the
results for 3, are plotted assuming N =1, the light curve
drawn through the points exhibits considerable curva-
ture. On the other hand, a plot of the data assuming
N=2 results in a good straight line (heavy curve) and
the slope of this line yields a value for u, which is very
nearly equal to 2u=ru. Thus the choice N=2 appears
to be the correct one, which implies that Shoenberg’s
strong-fundamental results (2.9) are appropriate. In
Fig. 5(d) we show the temperature variation of the
B3 amplitude at the same orientation. As for B, the
light curve for N=1 shows considerable curvature,
whereas the heavy curve for N=3 is an excellent
straight line, and the effective mass u3 calculated from
the slope of this line is almost exactly 3u=ru. Thus the
limiting results (2.9) are found to be obeyed to high
accuracy for the Bi, B2, and B; amplitudes, and this

| I |
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Fi1c. 7. Temperature dependence of the harmonic amplitudes
(arbitrary units) for the y oscillations for H||[[110]. The data points
have been plotted according to the exponent N required by the
LK theory (N=1) or by the strong-fundamental solutions (2.9)
of the magnetic-interaction theory (N=r). 0, N=1;4,N=2; v,
N=2, as explained in the text. The nonlinear temperature de-
pendence for v, shown by the light curve for N=1 appears to
reflect a transition from the interaction behavior at high tem-
peratures to the ideal case at low temperatures, which can be
accounted for by taking higher-order interaction terms into
account. Harmonic-interaction effects are apparent in the data
for 4 since the correct slope is obtained by choosing N to be 2
rather than 1 or 4. The field strengths are given in Table IV.
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Fi16. 8. Temperature dependence
of the amplitudes (arbitrary units)
for several combination oscilla-
tions for constant field H directed
along (a) [100] and (b) [111].
0, N=1; A N=2, as required by
the magnetic-interaction theory
in its simplest form. The field
strengths were as follows (in kG):
(a) a—p, 119.2; a—7, 125.3; a+,
156.8; (b) 56—+, 104.6;a—7, 134.1;
a+35, 147.0.
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conclusion is fully supported by measurements of the
harmonic content (to be discussed later).

Thus far we have been able to account for the tem-
perature dependences of the harmonic amplitudes in
terms of the two extreme cases, the ideal LK theory
(@ and & oscillations) and the strong-fundamental
interaction theory (8 oscillations). On the other hand,
a variety of regimes appear in the temperature de-
pendences of the data for the harmonic amplitudes of
the v oscillations. Because of the low values of u for
these oscillations, it was necessary to take into account
the full sinh dependence of the amplitude coefficients*
and the appropriate corrections have been applied
throughout when making the 4/T¥ plots. These correc-
tions are largest for the fundamental oscillations but
can also lead to serious modifications for the harmonic
amplitudes if interaction effects are important since
various powers of A, appear in the interaction results.

The temperature dependences for the fundamental
and harmonic amplitudes of the v oscillations at [111]
are presented in Fig. 6 for two different field strengths.
In Fig. 6(a) the N=1 plot for v, shows noticeable devia-
tion from a straight line at low T, whereas at the much
higher field strength used for the data shown in Fig.
6(b) there are no significant deviations from linearity,
and it is believed that the apparent amplitude reduction
in Fig. 6(a) is due to slight eddy-current damping at
this low field strength. Turning now to the 7. oscilla-
tions at [111], excellent straight lines were obtained at
both field strengths by setting N =2, and for both plots
the experimental values for u, are close to 2u, indicating
that the results (2.9) are appropriate. The two plots
for the 4; oscillations are of special interest since two

different values of &, depending on the field strength,
are required if the slopes are to be similar with u;=3pu.
Thus for low H we find the temperature dependence of
the v; amplitudes satisfying an N=3 plot while for
large H the ideal theory with N=1 appears to be valid.

In Fig. 7 we show the temperature dependences of the
various harmonic amplitudes of the v oscillations at
[110]. The data for the second harmonic v, exhibit a
marked change in slope in the plot for N=1 (light
curve), the slope of the low-temperature data being
consistent with us=2u. This suggests that the departure
from linearity at the higher temperatures might be due
to a change in the relative importance of the various
interaction terms, and indeed we have been able to
achieve a linear fit to the vy, data with u,~2u over the
entire temperature range (heavy curve for N=2) by
taking into account the 4* terms in the fourth column
of Table II in addition to all the second-order terms in
the second column. Although this explanation in terms
of higher-order interaction terms seems plausible
enough, it requires a definite choice of values for the
temperature-independent parts of the two parameters
3§24 +% and kA4*/V2A4,. 1t is impossible to comment on
whether our choice was reasonable because of lack of
information about the relevant g factor and because
further higher-order terms should probably be included.
The linear fit to the v; data for N=1 in Fig. 7 with
w3=3u confirms that the strong-fundamental approxi-
mation is not valid for the ¥ oscillations at [110], and
indeed it was necessary to choose N=2 for the tem-
perature dependence of the v, amplitude in order to
obtain us~4u. This latter result suggests that the
harmonic-interaction terms are the important ones for
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Fi16. 9. Field dependence of the amplitudes of (a) the = oscil-
lations at [100] and (b) the & oscillations at [111] for several
bath temperatures. The dashed curves indicate the slopes expected
for a broadening temperature of 1°K.

the v, oscillations at [110], with the 4,2 term in Table II
most likely being the dominant one.

Finally, we consider the temperature dependences of
the amplitudes of the most prominent of the combina-
tion terms. According to (2.13) a plot of In(4/T¥)
against (T/H) should result in a straight line if N=2,
and this is indeed borne out by the data in Fig. 8.
The apparent effective masses pq35 found by dividing
the slopes of these plots by A are given in Table V, and
as is predicted by (2.13), the values of uqy; are found
to be in close agreement with the sums of the masses
of the two fundamental components; in particular, we

TaBLE V. Apparent effective masses poys for the sum and
difference combination terms.*

Orientation, H w/2x
oscillation Haxd patuo (kG) (kHz)
[100] a—r 210 225 125.3 145
a—pB 2.72 2.73 119.2 145
a+B 2.71 2.73 157.1 145
[110] a+vy 1.61 1.66 1344 50
a—y 1.61 1.66 135.1 S0
[111] a—vy 1.79 1.80 1341 135
d—~y 1.85 1.87 104.6 135
a+d 2.42 231 147.0 135

® Hgand #» are the appropriate fundamental masses from Table I1I, Col. 3.

R. A. PHILLIPS AND A. V. GOLD

178

TABLE VI. Summary of maximum and minimum broadening
temperatures for pure lead.®

w/2r Top
Orientation Oscillation (°K) (kHz) (°K)
[100] Sample Pb-100-60A (smallest T'p)
T 1.01 50 —0.010.07
a 2.94 145 —0.09+0.07
B 1.04 81 0.08+0.05
Sample Pb-100-50B (largest T'p)
T 1.04 50 0.98-+0.06
a 2.33 145 0.87+0.14
B 1.03 81 0.414+0.05
[110] Sample Pb-110-11 (smallest T'p)
] 3.99 135 —0.010.07
Sample Pb-110-10 (largest T'p)
a 418 145 0.26+0.20
v 1.01 50 0.30+0.10
[111] Sample Pb-111-10 (smallest T'p)
a 4.00 135 —0.010.09
8 4.00 135 —0.020.06
Sample Pb-111-1 (largest Tp)
a 4.16 100 0.84+40.14
3 4.00 100 0.68-+0.10

s The values of Tb quoted for the 8 and v oscillations could be in error
by a factor of 2 due to the complicated beat character of these oscilla-
tions. A complete listing of the individual results from over 20 samples is
given in Ref. 26.

have been able to verify that usis=ps—s for two pairs
of sum and difference terms.

B. Field Dependence

We now turn our attention to the field dependence of
the fundamental amplitudes. As we have seen, the
fundamental amplitudes are not noticeably affected by
interaction effects, and thus according to the arguments
presented in Sec. III C the field variation of 4," should
be given by (3.1) without further modification, i.e., for
constant w and 7T, a plot of In[4H'2 exp(\uT/H)]
against 1/H should be a straight line of slope —AuTp.
Linear plots were indeed found for most of the crystals,
excluding, of course, the data for the 8 and v oscillations
which exhibit an intrinsic beat structure (660 and 42.5
cycles per beat for 8 at [100] and for v at [110], re-
spectively), and representative field-dependence plots
are shown in Fig. 9. The probable error for each determi-
nation of Tp was estimated from the standard deviation
of the slope and the uncertainties in the absolute values
of u, T, and H, and the maximum and minimum values
of Tp found for each set of oscillations are summarized
in Table VI.

Although Tp was found to vary from sample to
sample, the lowest values for each set of oscillations
were found to be essentially zero within an accuracy of
less than 0.1°K, whereas we have seen that the low-
temperature broadening due to ordinary collisions is
expected to amount to only 0.003°K and is thus eclipsed
by our experimental uncertainty. Since the correspond-
ing Landau-level widths for the better samples turn out
to be less than 19, of the level separation /. for H~100
kG, we conclude that the large spread of Tp values
found for samples pulled from the same melt arises
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TaBLE VII. Absolute amplitudes |x4;]| of the fundamental oscillations at 100 kG and 1.0°K.

Orientation, w/2w To Possible g valuesd
oscillation |CF|» (kHz) (°K) |xd,|® |cos(3mgu) |° for 1.5<g<6.0
Third-zone electron surface
[100] = 2.75 50 0.00 0.011 0.14 3.27, 3.48, 5.52, 5.72
S0 0.00 0.012 0.15 3.26, 3.48, 5.50, 5.73
B8 0.07 50 0.08 0.33 0.33 2.28, 2.63, 3.92, 4.27, 5.56
50 0.15 0.33 0.30 2.30, 2.62, 3.94, 4.26, 5.58
[111] 7.20 135 0.00 0.12 0.39 2.32, 2.71, 4.00, 4.40, 5.68
[110] v 2.30 50 cos £0.14° oo
[111] v 50 ~0.00 ~0.34 et
Second-zone hole surface
[100] « 48 135 0.08 0.045 0.21 1.90, 2.08, 3.22, 3.40, 4.55, 4.72
145 0.08 0.033 0.16 1.92, 2.06, 3.24, 3.38, 4.57, 4.70
145 0.00 0.028 0.11 1.94, 2.03, 3.26, 3.36, 4.58, 4.68
[110] 220 135 0.00 0.11 0.28 2.56, 2.89, 4.38, 4.71
[111] a 6.00 135 0.00 0.11 0.16 2.59, 2.86, 436, 4.65

» CF values computed from a revised model for the Fermi surface which is based on a nonlocal pseudopotential [J. R. Anderson (private communica-
tio;l)]; these values differ from those obtained from the simpler model of Ref. 4.

he values of
common field strength of 100 kG.

|xA1| were measured at different field strengths, and the field dependence of the LK expression (2.4) has been used to adjust them to a

¢ Required to give exact agreement between theory [Eq. (2.4)] and experiment.

d The italicized g values are the lowest ones which appear to be common to all orbits on each sheet of the Fermi surface, while the lowest g values fo
g>1.5 are those for which the product gu takes on its lowest common value for all orbits (between 2.78 and 2.93).

e Value of |xA1| at H =94.6 kG, which is the field at which the Y3 amplitude was measured (Fig. 7).

1 Detailed comparison with theory hampered by complex beat structure.

from the introduction of appreciable dislocation
densities in some crystals but not in others, as discussed
in Secs. IITA and III C. Our findings are thus in
keeping with the idea that broadening due to the
lattice potential is negligibly small in metals for which
magnetic breakdown does not occur. Unfortunately, we
have not been able to make a direct correlation of the
observed Tp values with the actual dislocation densi-
ties since the standard metallurgical techniques for
counting dislocations do not seem to be immediately
applicable to our thin lead samples. We should also
point out that Tp was found to be independent of tem-
perature between 1 and 4°K, as illustrated for the =
oscillations in Fig. 9(a). However, as is shown in
Figure 9(b) for the & oscillations, a slight temperature
dependence was found for the high-frequency oscilla-
tions at [1117, but this apparent variation is believed
to be due to either eddy-current effects® or the presence
of strong combination terms whose frequencies are close
enough to the fundamental frequencies to introduce a
spurious temperature dependence in Tp for the funda-
mental term (e.g., the frequency of the terms a—2y
and a—1. differs by less than 19 from that of the é
oscillations).

C. Absolute Amplitudes and Harmonic Content

We now turn to the measurements of the absolute
amplitudes k4; of the fundamental oscillations in
4wdM /dB. The amplitude of the observed resonant blip
can be expressed as the voltage

dM,|dB wH?
-

V=K|4r—|—= ,
2rF

dBla

where the conversion factor K takes into account the
sample volume, effective number of turns of the pickup
coil, end effects, and the effective response of the entire
circuitry. It was possible to determine this factor
dynamically with the aid of the simulated constant-
amplitude signal described in Sec. ITI Csince the driving
coil was designed to have approximately the same
dimensions as those of a typical sample.# The observed
blip height from the test signal of frequency F, mea-
sured at the same time as frequency w, then becomes
V'=K|4rdM'/dt|, where M’'=nl/c is the equivalent
magnetic moment per unit volume associated with
a current I flowing in a coil with # turns per unit
length. Thus the absolute amplitude is given by

TasLE VIII. Absolute amplitudes of combination oscillations.*

éAaAbKag:b
From
Orientation, H o/2r T |4xdMa..s/dH| observed
oscillation (kG) (kHz) (°K) Observed Ay Ap
[100] a+B8 944 145 2.1 2.4X10°% 2.2X10°®
a—Bf 904 145 2.1 1.0X10°2 0.6X1072
[110] at+y 1344 50 40  3.8X10%  2.2X10°
a—y 1351 S50 4.0 3.2X107® 1.4X10°®
ety 1344 50 1.0 5.6X107 3.4X102
a—y 1351 50 1.0 5.3X10°2 2.1X10°2
[111] a+& 147.0 135 3.6 5.0X10™ 3.6X10
147.0 135 1.0 1.4X102 1.0X10?

» The field dependence of the LK expression (2.4) was used to adjust the
observed values of the relevant fundamental amplitudes 4. and As to
correspond to the field strength H at which the amplitude of the combina-
tion term was measured; in so doing, allowance has been made for the beats
in the g and v oscillations.

4 The driving coil was 5.74 mm long and consisted of 179 turns
of No. 50 A. W. G. wire wound on a mandrel of 0.34-mm diam.
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TaBLE IX. Harmonic content for e, 8, and § oscillations.

[nAn/A1]

Lifshitz- Magnetic-
Oscilla- T Kosevich interaction
tion (°K)  [«k41|expt® Experiment theory® theory®

Noninteraction case: a[1117; H (a1) = 130.8 kG, H (as) =150.0kG,
135 kHz, Tp=0.00°K

W/ aTr=
a; 3.5 1.3X1072 6.1X102 6.1X1072 1.3X107?
1.0 5.3X10° 7.3X1071 7.6X1071 53X107?

Noninteraction case: 8[1117]; H(8;) =117.0 kG, H (5;) =141.0 kG,
/2w =135 kHz, Tp=0.00°K
8y 3.5 1.3X1072 2.5%X1072 2.0X10°* 1.3X1072
1.0 7.6X1072 2.1X101 3.6X1071 7.6X107?

Strong-fundamental case: 8[100]; H (8,) =61.8 kG,
H(B3) =794 kG, H (Bs)=87.7 kG,

w/2r=145 kHz, Tp=0.08°K
B2 21 1.0X107! 1.0X107! 2.6X107* 1.0X10!
1.0 6.1X107! 3.4X101 2.6X10t 6.1X107!
Bs 21 1.3X107? 2.6X107% 2.2X107% 1.8X1072
1.0 6.0X107! 1.7X1071 4.7X1072 4.0X107!

s The field dependence of the LK expression (2.4) was used to adjust the
observed value of |kA1].

b Values of g were assumed to be 5.6 for the 8 oscillations and 4.7 for
the a and & oscillations (see Table VII). Values of 4 were taken from
Table III, Col.

¢ Calculated from the strong-fundamental solutions (2.9) and using the
adjusted experimental values of |xA1]; knowledge of the g values is not
required for the results in this column

|kA1| =«(V/V")nlo, where I, is the (constant) ampli-
tude of the current in the driving coil (in abamperes).
Since the net amplification of the circuitry depends on
which resonant frequency is used and which filters are in
the circuit, it was necessary to calibrate each particular
arrangement used in the actual experiments, and cor-
rections were made for samples which were larger or
smaller than the driving coil. Although this method of
calibration should be reliable to better than 109, there
remains the possibility that the samples were not always
centered within the pickup coil (in both a radial and an
axial sense), and indeed the absolute amplitudes from
different crystals were found to vary by as much as 50%,.
The measured values of k4| for several oscillations
are listed in Table VII, and in all cases |«4]| is found
to be less than unity at the high fields used in these
experiments. Although the values of |k4,| were actually
measured at different field strengths, the field depend-
ence of the LK expression (2.4) was used to adjust the
amplitudes to a common field of 100 kG.

According to the results of our temperature-de-
pendence studies, the fundamental amplitudes should
be correctly given by the ideal LK theory. All but three
of the parameters required to evaluate |x4;| from
(2.4) and (2.5) are known from this work, and values
of F and the CF were taken from the recent results of
Anderson, O’Sullivan, and Schirber (private communi-
cation; see Tables III and VII). Since nothing is known
about the values of the remaining parameter g for the
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various orbits, the theoretical results are presented in
Table VII in the form of the magnitude of the spin-
splitting factor cos(3mwgu) which would be required to
give exact agreement with the experimental amplitudes.
In most cases the magnitude of cos(3wgu) is fairly small
so that the fluctuations of the observed amplitudes from
sample to sample have little effect on the lowest value
of the argument of the cosine factor. The g values
inferred from the spin factor using the values of u given
in Table III (Col. 3) are found to differ appreciably from
the free-electron value of 2.0023, as might be expected
on account of the strong spin-orbit interaction in lead,?
and it seems that the lowest common g factor for all
orbits on the third-zone electron surface (monster) is
about 5.6 whereas that for the second-zone hole surface
is about 4.7. On the other hand, if we pick the lowest g
values for g>1.5, the product gu for all orbits on both
sheets of the Fermi surface turns out to remarkably
constant, varying between 2.78 and 2.93.

Values of the absolute amplitude |47dM .ys/dB]|
for several combination terms were also measured and
are given in Table VIII, and it can be seen that the
amplitudes of some of these terms are almost as large
as some of the fundamental amplitudes (Table VII).
We have also calculated the values of the combination
amplitudes expected from (2.12) using the experimental
values of 4, and A,, and these calculated amplitudes
are found to agree nicely with those observed directly.

The observed strengths of several harmonics are
presented relative to the fundamental amplitudes in
Table IX, where they are compared with the harmonic
content expected from the ideal Lifshitz-Kosevich
theory on the one hand [Eq. (2.4)], and the strong-
fundamental solutions of the magnetic-interaction
theory on the other [Eq. (2.9)]. The harmonic content
for the « and 8 oscillations is found to agree well with
the former, whereas that for the 8 oscillations is best
explained by the latter (especially at the higher tem-
peratures), and these findings are completely consistent
with our deductions from the temperature-dependence
results in Sec. IV A.
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