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Irreversibility in Heisenberg Spin Systems. III. Kinetic Equations for
the Autocorrelation Function at Finite Temperature

P. RksIsoIs ~ M. DE LEENER*

Umversite Libre, Brussels, Belgium

(Received 14 August 1968)

Recently the authors have derived kinetic equations describing the behavior of the spin autocorrelation
function I', (t) in a Heisenberg system at ininite temperature. In the present paper, this derivation is ex-
tended to 6nite temperatures (above the critical point). It is shown that, in the gneiss limit where the
number of neighbors Z —+~, the eGects of the equilibrium (Ornstein-Zernicke) correlations present in the
system at the initial time can be entirely incorporated within an eBective temperature-dependent inter-
action which governs the temporal behavior of the autocorrelation function (af). A non-Markman kinetic
equation is obtained in which the kernel is highly nonlinear in the complete af j.~(t); this contrasts with the
in6nite-temperature case, where the kernel was a functional of the direct af only. This new feature leads to
simple approximations near the critical point, as will be discussed in detail in the next paper of this series.

I. INTRODUCTION

'N two recent papers, ' ' the authors have analyzed the
~ - spin autocorrelation functions (af)

of a Heisenberg system of spins s=-,' in the high-
temperature limit. Here, 5, (/) denotes the Heisenberg
representation of spin component a(a=+, —,s) at
lattice point a, and the bracket indicates the average
over the equilibrium distribution.

Exact kinetic equations were obtained, in the limit
of a large number of neighbors, by a systematic re-
organization of the perturbation series for r, l, s(f).
More precisely, it was shown that the direct af r(t)
tr(/)—=4r,*'(/)j obeys the nonlinear equation

Blr(/) =— Co(1"
i r)r(t —t')dt',

while the Fourier transform r~(t) of the af is given by

a,r, (t) = pC, (r'i r)—G,(t'i r)]r, (r—~')dt', (l.3)

which is linear once r (/) has been determined from (1.2).
In these equations, the non-Markoflian kernel G, (t~ r)
is a nonlinear functional of I" and, as such, satis6es the
condltlon

&,(~lr) 0 (~ ).
Although this kernel is dered as an in6nite series of
terms, simple approximations have been proposed,
wlllcll allow the kmetlc eqllatlolls (1.2) alld (1.3) to
be solved explicitly.

The main results thus obtained can be summarized
as follows:

*Charge de Recherches au Ponds National de la Recherche
Scienti6que de Selgique.' P. Resibois and M. De Leener, Phys. Rev. 152, 305 (1966)
(hereafter referred to as RDL I).

'M. De Leener and P. Resibois, Phys. Rev. 152, 318 (1966)
(hereafter referred to as RDL II).

(1) r(/) starts with a Gaussian behavior but 6nally
approaches zero through damped oscillations. The
origin of this behavior can be found in the non-Markof-
6an nature of Eq. (1.2), where the characteristic decay
time of the kernel Co(l!~r) is of the same order of
magnitude as the decay time of the function r(f) itself.

(2) In the small-wave-number limit q -+ 0, Eq. (1.3)
tends asymptotically to a MarkofIIan diffusion equation
because we then have a complete separation between the
characteristic time of r(t) (and thus of I G, (t~ r)
—Co(3~r)j) and the very large decay time ( g ') of
r, (~).

Although these results are interesting as such and
can be applied to a variety of experimental situations, '
there remains the very important question of generaliz-
ing them to 6nite temperature. In particular, we wou/d
like to discuss in a similar frame the behavior of (1.1)
near the critical point, where traditional theories run
into severe difIlculties. In this paper, we derive formal
kinetic equations for the af valid at any temperature
above the Curie point T~. Approximate solutions of
these equations for ferromagnets near T& will be
presented in the next paper of this series.

The method used has already been discussed in
detail in RDL I. It is based on a formal solution of the
I.iouville-von Neumann equation as developed by
Prigogine and co-workers in their study of nonequilib-
rium processes in quantum gases. ' In Sec. II, we briefly
recall the basic formulas of this approach; however,
the equations there are mainly quoted for further use
and the reader is urged to refer to RDL I (Sec. II
mainly) for further explanations.

The main diQerence between the present calculation
and the in6nite-temperature case is the existence of
equilibrium correlations which wi11, or course, influence
the dynamical evolution of the system; in the gneiss

' See, for instance, P. R5sibois, P. Borckmans, and D. Walgraef,
Phys. Rev. Letters 17, 1290 (1966).

4 See W. Marshall, Natl. Bur. Std. (U. S.), Misc. Publ. 273,
135 {1966).' I. Prigogine, Foe Equilibrium Statistica/ Mechanics (Inter-
science Publishers, Inc., 5'ew Vork, 1962); P. Rdsibois, Physica
27, 541 (1961).
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limit (Z~ ~, where Z is the number of neighbors),
they are described by the well-known Ornstein-Zernicke
law and become of long range near T~.' In Sec. III,
we build the density matrix which describes our spin
system at time t=0, taking these correlations into
account.

Section IV is devoted to a generalization of the
diagram technique introduced in RDL I. We represent
by graphs the formal perturbation expansion of (1.1),
including the equilibrium part.

Using this diagram technique, it is fairly easy to
determine which contributions dominate in the Weiss
limit; this is the object of Sec. U.

In Sec. UI, we analyze in detail the e6ect of the
equilibrium Ornstein-Zernicke-type correlations on the
dynamics of the system: Limiting ourselves to the Weiss
limit, we show that they can be entirely incorporated in
a so-called "vertex renormalization" which replaces the
exchange coupling between the spins by an effective
temperature-dependent interaction.

With this result, we are then left with a purely
dynamical problem, which presents the same difhculty
as its infinite-temperature limit. Namely, straight-
forward perturbation calculus is not possible because
the lowest-order transition probability between two
given spins grows like t' instead of t as in the usual
scattering problems. A key to this problem is given
which parallels closely the indnite-temperature case
discussed in RDL I. It is suggested that one is not
allowed to consider a given 6nite number of spins as
isolated, since they are imbedded in the rest of the
system, i.e., in a "bath" which dissipates the magnetiza-
tion put on these given spins. We develop in Sec. UII
a renormalization scheme that expresses this idea;
however, this scheme is slightly more general than in
the in6nite-temperature problem. There, indeed, the
renormalization was done with the help of the direct af
I'(1) Lsee (1.1), (1.2), and (1.3)], which essentially
describes the short-distance behavior of the system.
Although formally correct, this procedure is not
adequate in general since, near the critical point, we
expect long-range effects (in both space and time) to
be essential; it thus appears natural to renormalize
the graphs in terms of the complete af

I', (t) =I', (~)/r, (0).

Once this program is achieved, it is fairly easy to
derive a kinetic equation for P, (t). We show in Sec. VIII
that I', (t) obeys a nonlinear non-Markof5an equation
of the following form:

(1.5)

where the kernel C~ is now a nonlinear functional of

'R. Brout, Phase Transitions (W. A. Benjamin, Inc. , New
York, 1965).

(for all q') itself. Rules are given which allow to
compute this kernel as an in6nite series of terms, each
obeying a property analogous to (1.4); note that this
kernel is, of course, temperature-dependent, a fact
which has not been explicitly exhibited in the notation
used in (1.5).

A few formal proofs have been relegated to appen-
dices; moreover, we have not detailed any explicit
calculation obviously analogous to a similar develop-
ment given in the inhnite-temperature case.

~a,ps(~
~
b) =X(a,ps(~

~
b)],

subject to the initial condition

~'(0lb) =s '~",
p" being the canonical distribution (P= 1/kT):

p'~ = expL —PH]/TraceLexp —PH] .

(2.2)

(2.3)

(2 4)

Note that in Eq. (2.2) we have introduced a counting
parameter X, which we shall set equal to one at the end
of the calculation (see Ref. 10).

In order to solve (1.2), we introduce the following
representation for the matrix elements of any operator
A in the localized spin representation

with
(m~2 ~m')=A„(M),

p=m —m', M=-,'(m+m') .

(2 5)

(2.6)

Here, as well as in all further formal expressions, we
use the compact notation m= {mc&m2, ',mx},
= {pz,pn, . ,p~}, etc. In this representation, the formal
solution of Eq. (2.2) leads to the following expansion
for the matrix elements»~(M; t~b) of the operator
p&(t ( b) [see RDL I (II.21)]:

n

»'(M ~lb)= 2 —. d~" ZOIC~(M)]" l~')
n~o

X» ~(M; Oi b), (2.7)

where the "Liouville-von Neumann operator" is dered
by

(piX(M) I p')=g&'B„„.(M)q & g I"B„„,(M)q-~. —(2-.8)

' Except when explicitly mentioned, we follow the notation of
RDL I and II.

II. FORMAL PRELIMINAMES

We have shown~ in RDL I that the af (1.1) can be
written as

I', ~ ~(t) =Trace/S, ps(t j b)], (2.1)

where the operator p~(t~b) is the solution of the von
Neumann equation
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In this expression, we used the displa, cement operator
y+&, which acts on an arbitrary function of M in the
following way:

rt+&f(M) =f(M+,'p').- (2.9)

The decomposition of the Heisenberg Hamiltonian in
transverse and longitudinal pair interactions, induces a
similar separation of the operator X:

which becomes, in the particular case P= s,

p„*(M; OIb)= (MI+2tsI)&M+2pI p"I M ,'p)—
= (M~+2p~)p (M) (3.2)

Since Mg ——0 when pg ——~j., while p, g
——0 when Mg~o

Lsee (2.6)j, this result can still be rewritten as

& I3:(M)Ip')=ZL&pl3'" Ip')+&pl3";**Ip'&j (2 10) p *(M'OIb)=(M&'&' '+'»~'~' '» "(M).

and the two-body operators Ã;;~ and X; * obey fairly
simple selection rules; their explicit form, already
established in RDL I (II.16) to (II.19) is reproduced
in Appendix A.

In RDL I, we also established the following results:

I'., *(t)=p*(M.=-,'; tIab) (2.11)

Similar formulas hoM for p„+(M;OIb), which will,

however, Qot. be needed here.
FIGII1 (3.3), I't ls obvlolls that the ollly pl'oblelll II1

the calculation of the initial state p„(M; OIb) is the
explicit evaluation of the canonical density matxix p".
In principle, we should start from the general expansion

I'.I,
+ (t)=p (M.=o; tIab), (2.12)

p"= g —(—B)" Trace g —(—B)" . (3.4)
e-0 ~! =0 N!

p (M, ; t
I
ab) = p p l. (M; t

I ab) . (2.14)

Note that the information given by (2.11) and (2.12)
is redundant, since the rotational invariance of (1.1)
implies that

I'.,+-(t) =2r.,**(t)=-,'I'.,(t), (2.15)

the last equality defining the function I;1(t).
We shall also be interested in the Fourier transform

of these functions fol lnstRncc

I', (t) =g expI iq(a —b)$1'.I, (t) . (2.16)

Since it is known that the equilibrium correlation
function I'~(0) has a singular behavior for g

—+ 0 at the
critical point, it is useful to separate this singularity

by dc6ning a normalized af

I', (t) =1,(t)/1, (0), (2»)
such that I', (0)=1. Similar definitions hold for P,"(t)
Rlld P~ (t). Ill configuratlonal spacer Eq. (2.17) ls
cqulvalcDt to

I', 1, (t)=P I'..(t)1'.I,(0).

Let us write the initial condition (2.3) in the ts M—
variables. We have, from (2.3),

pu'(M oI b) =&M+kp'I ~I'p"
I
M 2p), (3 1)—

where thc redgced density matrices appearing on the
right-hand side are partial traces of the matrix elements
given by (2.7):

p'(M tIab)= P p *(M tIb) (213)

Krb Kr}g $ Kr (3 3)

where the sum runs over all possible distinct mays of
dividing the system into nl pairs of spins (ij), n2 pairs
of spins (st) and 1V—2(nl+nl) remaining spins n
The functions q„and qq, respectively, describe the
transverse and longitudinal pair correlations in the
Weiss approximation:

y (M. M )=pC "Sir. 0KrBls OK'.
q e(M;,M, )= 2PC;;M~M;,

(3.6)

%C should then generalize to our time-dependent
problem thc tcchniqucs developed fox' thc equilibrium
situation and establish a linked cluster expansion for
the spin Rf. Then llmltlng oursclvcs to the Wciss
approximation Z —+ , wc should look fox the leading
terms in an expansion in powers of Z '. These tedious
though simple manipulations have been accomplished
in detail bUt 1Q oldcx' to Rvold supcrQUous lcIlgthlncss
wc shRll usc R Shol"t-cut thc vRlldlty of which should
become cvldent ollcc lt 18 notlccd thRt the dimcnsloIlless

parameters appcRrlng 1D thc cxpRQsloDS of the dynam™
ical ( t) and of the equilibrium ( P) parts are dif-
ferent. From what is known in the equilibrium theory
(see Ref. 6), we may infer that, in the 8'eiss timit and

for T&To, the dominant terms in the eggitibrinm density
matrix correspond to pair correlations, described by the

Ornstein Zernich-e tale, both for the diagonal and for the

og diagonal -matrix elements.
Under these conditions, we thus write
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(2) (3)
(0)

(4)

Fxo. 3. Diagrammatic representation of the
equilibrium correlations: (a) longitudinal;
(b) and (c) transverse.

() (b) (c:)

where

(b)

FIG. 1. The elementary dynamical vertices:
(a) transverse; (b) longitudinal.

1
C" = Z—4.expo((i i)—3,E (f

y,=JJ(1—~Pe,),

(3.7)

(3.8)

IV. DIAGRAM TECHNIQUE

Equations (2.7), (3.3), and (3.5) furnish a well-
delned expansion for the evaluation of the spin af.
To analyze this expression, it is very useful to generalize
the diagrammatic representation introduced in RDL I.

%e 6rst draw a vertical line which corresponds to
t=0. On the left of this line, we then represent the
various contributions to the dynamical expansion (2.7)
as in the in6nite temperature case. In this expansion,
starting from the initial state ~tr'), the sequence of
operators describes a series of transitions which bring
the system through the states ~tr')~ ~tr")-+ to
the final state (tr). Each of these states is represented by
horizontal arrowed lines corresponding to the various
p,,/0, a plain line j with an arrow pointing to the left
(or right) describing a state with p;=+I (or —1).
Each interaction X(M) then introduces a transition
represented by a vertex, either transverse or longi-
tudinal. Transverse vertices involve a loop while
longitudinal vertices involve a dot; these vertices are
shown in Fig. 1 and their analytical contributions,

and J~ denotes the Fourier transform of the exchange
interaction.

Let us stress once more that Eq. (3.5) can be proved
in the Weiss limit. Its physical content is, however,
self-evident; moreover, the function C;; appearing in
(3.6) and (3.7) is well known from equilibrium theory,
while the M-dependent factors in these equations are
easily verified by computing the matrix elements of (3.4)
to first order in p, in the tr —M variables.

From (3.5), one can easily check that the equilibrium
correlation functions have the usual Weiss form
Lsee (2.1, 2.3 and 2.15)]:
I'o s(0)=41' b**(0)=2I', + (0)

=6., ,K+(1—S., sK)-;PC., (3.9)

a
X" 10&0 +&&%&WAO

I

0 5)(oeaos
lS

b

already established in RDL I, are recalled in Appendix
A. In addition to the arrowed lines, we also introduce
semiconnection (dotted) lines, which appear whenever
a spin i is in a state p,;=0, between two vertices where it
interacts. Finally, both specified spins b and a Lsee
(1.1)j are represented by a cross, drawn respectively
on the vertical line (at t=0) and at the left end of the
graph (at time t); whenever spin b (or a) starts (or
ends) in a diagonal state ps=0 (or p, =O), we link the
corresponding cross to its first {or last) interaction in
the dynamical part by a semiconnection line. An
example of the dynamical part of a diagram is given in
Fig. 2.

Of course, we also need a diagrammatic representation
of the particular initial state (3.3) and (3.5) which
appears in a given contribution. This will be drawn on
the right of the vertical line and, because (3.5) only
involves independent pair correlations, the graphs will
be fairly simple. For each longitudinal correlation
p~(M„M, ) we draw a loop with spin indices s and t at
its ends )see Fig. 3(a)]. Similarly, an arrowed plain
loop with two spin indices i and j represents a transverse
correlation y„(M;,M;). Note that the two cases where
the arrow points either from j to i or from i to j must
be considered distinctly, since they correspond to the
two terms of (3.5) where, respectively, tr;= —1, tr;=+ 1,
and p;=+1, p;= —1 (see Fig. 3b). Uncorrelated spins
are not represented.

In order to build the complete graphs, with both
dynamical and equilibrium parts, we match together
the lines (and their spin indices) appearing on the right
and on the left of the vertical line; we have, however,
to extend slightly the notion of semiconnection bond.
If a spin is in a state of longitudinal correlation (p;=0)
at t=0 and has some dynamical interaction at time
t'(t')0), we draw a semiconnection line for this spin
between 0 and t'. Examples are given in Fig. 4.

At this stage, we should prescribe the rules giving
the contribution associated to a given graph. Ke shall,
however, postpone the formulation of these rules and
first establish the following theorem which considerably
reduces the number of graphs to be considered.

Fzo. 2. A typical dynamical graph of
order 3 ({p,'}= ib, —1;, {0}'). (a)

Fro. 4. Two contributions to pal(M; t (b).
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i t i
KorJ) &(orj)

(CI) J j

~J
i i

(b) r
J
~ r

J

j N~r j

Fro. S. Elementary vertices with semiconnection bonds: (a) one
semiconnection bond; (b) two semiconnection bonds.

Theorem I: For T&Tg, the orIly rIorieaeishirig con-
tributions correspond to graphs built with vertices involving
at least one semiconnection line Sim. ilarly, any spin
diferent from b appearing in a longitudinal equilibrium
correlation must be semiconnected to the dynamical part
of the graph.

The proof of this theorem is based on the observation
that we are interested in the reduced density matrix
(2.13) and (2.14) and thus have to take a trace over all
spin variables (M;„,). The erst part of the theorem is
then exactly analogous to the Theorems I and II
established in RDL I. The second part is based on the
remark that if spin j appears in a longitudinal correla-
tion, we obtain from (3.7) a factor

ape(M;, M;) = 2PC@M;Ms. '(4.1)

Ifj does not appear in the dynamical part (as is implied
by the absence of semiconnection), we may shift the
trace over M; in front of (4.1), and we get

P qs(M;, M;)=2PC@M; Q M;=0.

This, of course, does not occur if j=—b, because in this
case we have an additional M t, factor coming from (3.3).
As an illustration of this theorem, the graph of Fig. 4(a)
gives zero, because the starred vertex involves no
semiconnection line.

Because each vertex has to be at least once semi-
connected, it is convenient to consider the semiconnec-
tion bonds as integrant parts of the vertices. We have
then the elementary vertices represented in Fig. 5,
where the arrows have not been indicated. Note that
the vertices corresponding to the last three graphs of
Fig. 1(b) have no counterpart in Fig. 5. From Theorem
I, the contribution of graphs involving these vertices
identically vanish.

Although we shall later find stronger restrictions on
the type of graphs when going explicitly to the Weiss
limit Z —+ ~ (which until now has only been taken in
the equilibrium part), let us now state the rules for
calculating p'(M„ t(ab) Pand hence I',b"(t) from Eq.
(2.»)j'

Rules 2: (1) Draw all possible graphs ending at time
t with a crossed dotted line e, consistent with the
initial condition (3.3) and (3.5) and with the vertices

' To make tedious things as short as possible, we limit ourselves
to the ss component of the af. There is no difBculty in extending
the present rules to the grgngvt;rye component.

of Fig. 5. Each equilibrium correlation must be con-
nected or semiconnected to the dynamical part (except
for spin b).'

(2) For each graph, associate a factor 2PM, M,C,&

to each longitudinal correlation (st) and a factor
Pcs, Ox'b~, 0K'C@ to each transverse correlation (ij)
Lsee (3.6)7.

(3) Associate a factor hsr, ,
ox' to each plain line (see

the remark in Appendix A).
(4) Associate a factor M~ if the cross at time t=0

is on the dotted line b, or a factor —,p~ if it is on a plain
line with index u~ Lsee (3.3)j.

(5) Associate a factor (—J;,)g;; to each transverse
vertex and a factor ( 2J;,)(—u;M',+u;M;) to each
longitudinal vertex. The operator g;; introduced in
Appendix A is defined as

~
—1g'~+ 1g' ~+1g'~—1g' (4 3)

(l)'2 2 I
—. «'( ~-)'Ln--b~. ,o"'b~. , o '~-j

tt M„Mf,

X2MBM PpC'e~ (4 4)

V. WEISS LIMIT

The diagram technique developed in Sec. IV is of
little practical use for an arbitrary number of neighbors.
Moreover, it should be kept in mind that the equilibrium
correlations have already been expressed in a form which
is only correct in the Weiss limit Z ~ ~.In this section,
we establish the order of magnitude of an arbitrary
graph in this same limit and extract therefrom the
dominant contributions.

, b

(a)

~ ~~ ~

J
i i,r

, (2)

(b) (c) (&)

FIG. 6. Basic components of the dominant graphs in the Weiss
limit: (a) elementary vertices; (b) equilibrium correlations;
(c) nonequilibrium initial states for ReF,&", (d) nonequilibrium
initial state for ImF q*' (arrows are not indicated).

For longitudinal correlations, this is a consequence of Theorem
I; for transverse correlations, this condition has to be satisfied
because we need at least one transition to bring the system from
the nondiagonal initial state {p;&0}to the Gnal diagonal state
{s'=0}.

Operators and M-dependent factors should be ordered
as they appear in the graph.

(6) Multiply by (-,') "(X/i)"J'dr" for a graph of order
e involving m spins, including a and b.

(7) Take the trace (P~,. ~q ) over all spins
appearing in the graph and diferent from a.

(8) Sum over all dummy spin indices.

From these rules, one easily verifies that the con-
tribution associated with Fig. 4(b) is
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~0. 7. Simple examples of dominant graphs:". (a} for Rel' ~"I't};
(b) for Imr, g'*(t).

In principle, our problem involves 6ve parameters,
t, Z, P, I and the lattice distance d. This latter quantity
is, however, of no use in the present discussion. More-
over, Z, p, and I cannot be considered as independent.
Indeed, for temperatures close to the critical point Tg,
we have (see, for instance, Ref. 6):

(5.1)

about the structure of the d.ominant graphs. To
formulate this information, it is useful to extend slightly
our nomenclature by introducing the concept of a
Ros8gMl'Sf'ss5$ cssHGl $$818. In the initial condition
(3.3), spin b plays a special role because it is the only
one which has been taken out of equilibrium. Two
cases may occul:

(a) Spin b is not involved in any correlation at t=0
I »g 6(c)(1)3

(b) Spin b is involved in a transverse LFig. 6(d)j or
a longitudinal LFig. 6(c)(2)j correlation; these we caD
nonequilibrium initial correlations. These three possible
pieces of graphs describe the nonequilibrium initial
state of the system. On the contrary, all the remaining
correlations, which involve pairs of spins both diGerent
from b, colTcspoIld to cqulllbllu111 COITclRtloIls I Flg.
6( )(1) and 6(b)(2)j

%'hence lt ls easily shown that

(5.2)

Kith these de6nitions, it is shown in Appendix 3
that the real part of r, t,"(t) Lsee, also, (2.11)), which
behaves like

Since, in our problem, p only enters in the combination
PC;;, we may disregard this parameter completely and
estimate it with the help of (5.2). Thus, although the
function C;; is itself a complicated expression in J
Lsee (3.7) and (3.8)], we may limit ourselves in analyz-
ing the J dependence of the dynamical part only. In
this part, J has been scaled by the parameter ~ and we
are thus left with the problem of analyzing the (X,Z, t)
depend. ence of the graph 'o

When the temperature is far above To, (5.1) is, of
course, replaced by

(5 3)

and we should, in principle, introduce this new smallness
parameter. Ke shall, however, limit ourselves in
estimating the graphs in regime (5.1) since this tempera-
ture region is by far the most interesting one. Moreover,
our results can be easily applied to the situation (5.3)
by expanding them in powers of a.

In the Weiss limit Z~ , the following theorem
holds.

Theorem II: (a) Among the even terms in X, Iohich are
all purely real, the dominant graphs are of order )I

&((),~Z)" It'" for -the indirect af (ahab) and of order
(X'Z) "tm" for the direct af

(b) +mong the odd terms in X, Iohich are all purely
imaginary, the dominant graphs are of order k'()I'Z)" '
X t2~+I for the indirect af and of order X(X'Z) "tm"+Ifor the
d'erect af.

(5 4)

is the sum of all graphs built only with the elementary
vertices of Fig. 6(a), the equilibrium correlations of
Fig. 6(b) and the nonequilibrium initial states of Fig.
6(c).An example is given in Fig. 7(a). On the contrary,
thc IIIIRglllR1'y pal't of rgb (t) bellavcs llkc

Imr. ,**(t)= P P —() 'Zt')" (axb)z (5.5)

and is constructed with the elements of Fig. 6 L(a),
(b), and (d)); an example is shown in Fig. 7(b).

From (5.4) and (5.5), it is apparent that the time
behavior of the af will be governed by the characteristic
tlQle

re~ (Z't9) (5.6)

r = t/r& () QZ)t= t/QZ—— (5.7)

remainsfnite. Under these conditions, (5.4) and (5.5)
become

ReI' t,'*(t) —P rr„r'",
Z nM

(5.8)

Thus, we shaH be interested in the formal expansions
(5.4) RIld (5.5) fol' 'tIIIlcs t of tllc order of (5.6). SIIlcc
from (5.1), the Weiss limit implies the double limiting
procedure Z + ~ and X ~ 0, with (XZ) h To 6nite,
we have to take the limit t ~ Oo such that

The proof is a generalization of that given in RDI. I
for P=0. It has been relegated in Appendix 3, where we
also show that Theorem II furnishes precise information

co

Imr. ,* (t)- P P,2.+I
g312 n-o

(5 9)

' This analysis motivates the introduction of a formal counting
parameter X in the von Neumann equation (2.2}.%ith this trick,
the order in ) gives the order in J for the dynamical part only.

This result indicates that in aH cases where the real
part of I',y" contributes to a physical property, we are
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FIG. 8. Example of effective interaction: (a) purely dynamical
graph; (b) effect of equilibrium correlations; (c) non-freely
propagating equilibrium correlations.

allowed to neglect completely the imaginary part. In
this paper, we limit our discussion to this situation
and, except when otherwise stated, we shall henceforth
use the notation

I',b**(t)—=ReI', b*'(t) . (5.10)

However, in the next paper of this series, we shall
compare our theory with previous work on the subject
and, to this aim, we shall also consider ImI', bec(t),
which can be calculated along the same lines; note that
these imaginary and real parts are not independent
quantities since they are related through the exact
Quctuation-dissipation theorem.

VI. VERTEX RENORMALIZATION

For the sake of the discussion, let us consider the
simple graph of Fig. 8(a). According to Rules A, its
contribution to F,bee(t) is

We shall now show that it is indeed possible to 6nd
such an e6'ect by absorbing all equilibrium correlations
in the de6nition of effective temperature-dependent
interactions; in this way the new initial condition will
involve, at most, the non equilibrium correlation
involving spin b. To illustrate this on a simple example,
let us evaluate the contribution of Fig. 8(b). From
Rules A, we get

p), ot2

P 0"(') I (») =
I

—. —2 2 L(-J..)n..bM. ,
0"'

2! c,d Mc, Md, Mb

/x) 't'
P b*'(t)

I «b) =
I

—. I

—2 2 ( &..)~..&M—., 0 '&M, , ox g.(2) 2! c Mb, Me

XLZ( ~ d)2PC'do7 PC' bluff Wbo(2)2I M, )t2, =(63)

where the displacement operator g, is dehned as

g
—

g
—&c ~+&c (6 4)

If we use the following identity, easily established
from (3.7) and (3.8),

Xt)Mc, o /cd( J'cd)7t)Md, o PC'de

X2pC, bM', 3Eb2(2')' I M. ,to. (6.2)

The displacement operations and summation on M~ can
be explicitly performed, with the result

(l 2/2

P. **(t)I =I — —Z Z L(—~-)'~-b .,
'

2! e MeMb

C'-=& +Z &.d2PC'd. , (6.5)

X~M„0 '2)~72pC"bM'. ~b'(2)2IM. =)t2 (61)

l
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Fro. 9. Graphical formulation of Theorem III.

Two diQiculties of difterent natures are apparent in
this expression:

(1) Precisely as in the in6nite temperature case, the
Born approximation (6.1) gives a transition probability
which grows like P instead of the t dependence of usual
scattering problems. The solution to this problem will

be obtained in Sec. VII by an adequate reorganization
of the perturbation scheme.

(2) Another weakness of Eq (6.1) is. thatexc, ept
for the nonequilibrium initial state, which involves

PC,b(P), no temperature dependence appears. In partic-
ular, the dynamical operator, which has been put
between brackets in (6.1) has exactly the same form
as:for P=O. However, we expect physically that the
equilibrium correlations present at t=0 should aGect
the dynamical evolution of the system.

and if we notice that, in (6.1), the operator 2)„may be
replaced by 2), (because there is no 3E;dependent factor
on the right), we can combine Eqs. (6.1) and (6.3) and
Gnd

X~'t'
P b'*I«.+»)= —.

I

—E Z L(—~-)(—c )g..&M„o '
z 21 c 3IIb)3fc

Xt)Mc02)e72pC'e ,b&cMb (2) I M 1/2 . (6.6)=

As announced, the e8ect of the equilibrium correlation
has been included in the effective interaction C„(P),
replacing in (6.6) one of the exchange interaction J„
of (6.1).

The generalization of this result is, of course, very
desirable. But it is clear that the reorganization that we
have accomplished on the graph of Fig. 8(b) was
possible only because of its particularly simple topology.
Indeed, reading this graph in the direction of increasing
times (from right to left), we see that the correlated
spins a and d "propagate freely, "i.e., do not participate
in any interaction between the initial time t= 0 and the
time t~ at which spin d is connected to the nonequilib-
rium initial state. This is essential in the derivation
of (6.6).
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Figure 8(c) shows a simple example where this is
not the case; here the equilibrium correlation e-d is
modified by a dynamical interaction at a time t2 before
t&. In this case, the equilibrium correlation cannot be
absorbed immediately in an eGective interaction, as
was done for Fig. 8(b). Fortunately, this difhculty is
only apparent because all unpleasant graphs of this
type combine to give zero t In other words, the following
theorem holds:

Theorem III (of propagation of equilibrium): In the

Weiss limit, the af 1',&'*(t) is given by the sum of the

contributions associated with the only graphs where all
equilibrium correlations propagate freely until the time at
Rhich they connect to the noneguilibriws &vitiate state.

(a) (b) (c)

- 'A
&II,. 'i(i,.

2'hl. J(ik)-s(j I()]p((i, M

0 l -pi().
, )

J('kl)x

M~,Q Me-, g

-&4.p. ~.
'J J

)iPba J(kJ)Ms(j) tl)

Fxo. 10. Effective temperature-dependent vertices: (a) graphs
to be combined; (b) eGective vertices; (c) analytical contribu-
tions. The effective vertices (4) and (6) are drawn in the same way,
because they always appear together; their contributions must
then be added.

The physical content of this theorem is clear: In the
Weiss limit, the Heisenberg Hamiltonian propagates the
equilibrium Ornstein-Zernicke correlations. The formal
proof of this result is very simple, but tedious. Let us
consider, for example, a graph involving a longitudinal
correlation between spins i and j and where the first
dynamical interaction leads to the new state u;=+1,
p&= —1, p;= 0. As shown in Fig. 9, we can combine this
graph with two other contributions leading to the same
state u;=+1, u, = —1, p.;=0 after one dynamical
interaction. Using Rules A, it can be verified explicitly

F&G. 11. Nonrenormalizable vertices: the analytical contribution
of each vertex is given just below.

x——
f ())a b

X—"--
a

J
'I

Lib

(4 (b)

Fzo. 12. Elimination of the nonequilibrium initial state.

"The existence of such a time t&, for any equilibrium correlation
is a consequence of Ref. 9.

"Except for case (2), we have given the contributions for one
given direction of the arrows. Changing the direction of the
arrows only modi6es the sign of the analytical term.

that the sum of these three graphs vanishes. The other
cases are treated similarly.

We can now generalize the result of Eq. (6.6), i.e.,
incorporate any freely propagating equilibrium correla-
tion in an eGective temperature-dependent dynamical
vertex at time tj, where t~ is the time at which this
equilibrium correlation connects to the nonequilibrium
initial state of the graph. "In Fig. 10,"we have indicated
how the various eGective vertices are defined. The first
column gives the graphical structures which are
combined to give the different eGective temperature-
dependent interactions; these are represented by the
new square vertices in the second column. The third
column gives the analytical contribution associated to
them.

The calculations leading to these results run as in the
example of Fig. 8(a) and (b) and will not be reproduced
here. Let us just notice that in certain cases, the eGective
vertex involves three different spins; this case oGers,
however, no particular difhculty and, as readily seen
from the third column of Fig. 10, leads to a vanishing
result in the infmite-temperature limit P -+ 0.

Note that the renormalized vertices that we have
just introduced do not exhaust all possibilities. Indeed,
the elementary vertices of Fig. 11, which involve two
lines going in from the right, must be considered as
nonrenormalizable vertices and will, of course, appear
as such in our diagrammatic expression.

With the temperature-dependent renormalization of
the vertices, we have thus eliminated all equilibrium
correlations from the diagrammatic expansion for the
af. The initial condition then merely reduces to the
nonequilibrium initial state where spin b may eventually
be involved in one correlation. More precisely, the most
general structure of a diagram is given either by Fig.
12(a) or by Fig. 12(b), where the box represents the
sum of all possible diagrams starting and ending with
one semiconnection line.

These two structures are easy to combine; if we
denote by %(3I„Mi) the contribution of the box, where
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a (e)
X 'b X

Indeed, it was shown that an in6nite resummation of
graphs leads to the following modification:

(a) (b)

FIG. 13. Example of a skeleton: (a) graph; (b) skeleton.

]2 t tl t tj

dt's dhb ~ dtb dhbi"(tb —t2)~t
2. p p p p

the trace has been taken over all dummy spins, the sum
of these two terms can be written as (see Rules A)

Mi

X2pc', b~,7 Q ~b'(-', )'( br.=ihb
My +1/2

=P P% (M.,M;)M;(-,')' (6.7)

Xgt, b +(1 ~ , 1b)2PC'jb7~M~=1/& ~

Comparing with (3.9), we get

I b**(t)=4K(Z %(M Mh)Mh(k) l~o=ghb)Phb**(0).

VII. PROPAGATOR RENORMALIZATION

In RDL I, we discussed one method for getting rid
of the unphysical P factor in expressions of the type
(6.1). It was recognized that this factor can be inter-
preted as resulting from the arbitrary long duration of
the collision between two neighboring spins. Under
these circumstances, it is not physically satisfactory to
consider only two isolated spins and the interaction
with the "bath" made of the remaining spins has to
be taken into account explicitIy. Because of this
interaction, the information put on two given spins a
and b at time t& diffuses away and, at time t2, the remain-
ing information on each of these spins is only I'(t&—t&).

a o.- - j tl
+ ~ oe

b - . b b,.-" b
+ =~= ~+ =='=-= + ~ ~ ~

a J
a " -J'

b
b

i0
7E " --,)+9-- + ~ ~ ~

b b

Pro. 14. An example illustrating Theorem IV.

(6.8)

From the defLnitions (2.15) and (2.18), we then discover
that the normalized af I",b(t), which is of main interest,
is given, up to a factor of 4, by the contributions of the
graphs of the type given in Fig. 10(a) only.

All correlations have thus now been eliminated from
our general expansion and this leads to a considerable

simplification of the diagrammatic technique. Indeed,
f', b(t) can be calculated (up to a factor of 4) from Rules
A, except that the vertices are now the renormalized
and nonrenormalizable vertices of Figs. 10 and 11 and
that all equilibrium correlations can be omitted.

Once a t-growing transition probability can be dedned,
it is easy to derive kinetic equations according to
well-known techniques (see Ref. 5). In the in6nite
temperature limit, this led to the results (1.2) and
(1.3). This rernormalization procedure was shown to be
exact in the Weiss limit, although the kernel G, (t~I')
was de6ned through an infinite series of graphs. How-
ever, its interest originated in the possibility of ending
simple and soluble approximatioms for this kernel.

We shall use a similar method here. However, we
shall generalize it in such a way that it leads to results
where simple and soluble approximations can be found
even near the critical point. In the inlnite-temperature
case, the renormalization was done with the direct af
I'(t), our motivation being that, in that limit, the dif-
fusion mechanism is fairly fast while the exchange inter-
action J(i j)'i—s of short range; we then expect little
interaction between the fractions L1—I'(t)7 of the
information on spins a and b, which spread over the
bath. These effects were then classified in "higher-
order" terms in the series expansion for the kernel
G, (t j I").

Near the critical point, two new physical eGects throw
suspicion on this argument: (1) DifFusion processes
are known to be slow near Tg, although one of the
dBBculties in the classical theories is precisely that they
predict too slow a diffusion. (2) The effective interac-
tion, described in the present theory by the renormalized
vertices, has a very long range (the Fourier transform

g, diverges at Tc when q-+ 0). We thus expect that the
interaction between the parts of the information which
have diffused from spins a and b may become important
near T~. We shall now show how a different resumma-
tion procedure can be developed, leading to expressions
where this eGect is clearly apparent and where sensible
approximations appear very naturally.

To this aim, we deGne the skeletons of a given graph
as the diagram which is obtained by cutting oG the
self-energy insertions on all the plain and dotted lines
which are not isolated. Here, a self-energy insertion is
defined as a part of graph which starts with one plain
(dotted) line and ends with one plain (dotted) line, the
two lines carrying spin indices which can be either
identical or diferent"; we also deane an isolated line
by the fact that cutting it makes the diagram fall in
two pieces.

"These definitions are more general than in RDL I and II.
Moreover, we use the nomenclature familiar from many-body
theory although the analogy is purely topological and has no
physical significance.
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Fio. j.5. Irreducible renormalized

skeleton parts: (a) example; (b) general
structure of I' q(t).

jX-—- W %W e eeax

4M,I'g (tt ts) M; . — (7.3)

The first part of this theorem is of purely topological
character and is established precisely as in RDL I
(Theorem III); it is illustrated in Fig. 14.

The second part is more dificult to prove because,
according to Rules A, self-energy insertions are still
operators which, when inserted in a skeleton, act on
whatever stands on their right. Note that this fact is
explicit in (7.2a). However, the calculation parallels
closely that given in RDL I for P=O and will not be
reproduced here. For the sake of illustration, one case
is treated in detail in Appendix C.'4

Vln. DERrVaTlom oz THE KrmETrc
EQUATIONS

In Secs. V-VII, we have derived a series of formal
theorems, valid in the Weiss limit, which considerably
simplify the series expansion for the normalized af
I', s(t). Theorems I and II tell us that the dominant
graphs can be built using only the basic components of
Fig. 6. Theorem III and Eq. (6.8) allow us to eliminate
all initial correlations, by the introduction of renormal-

'4 The reader who wants to prove Eq. (7.2) should first general-
ize Rules A to the transverse component F,q~(t} (see Ref. 8).

An example is given in Fig. 13, where the asterisks
denote the two isolated lines; note that, in contrast with
the definition given in RDL I and II, the skeleton of a
graph is generally not itself a graph appearing in the
expansion of I' s(t), because some lines carry two
diGerent spin indices. However, except for these indices,
each skeleton is topologically identical to a graph
contnbuttng to I'.s*'(t).

We then have:

Theorem IV (of propagator remorma/isatiom): Im the

Weiss limit, the whole series of graphs for I', b(t) may be

obtaimed by takimg the sum of a// skeleton graphs, ie.
ske/etoms where a// momiso/ated p/aim amd dotted lines are
rcp/aced by correspomdimg heavy limes represemtt'mg the sum

of a//self energy im-sertioms The .correspomdimg orna/ytica/

comtributiom is obtaimed as for ordimary graphs (imc/udimg

vertex remorma/isatiom) except that (u) to each p/aim line,
startimg at time tt with spim i amd ending at time ts uith
sPim j, we mow associate a factor

28M,. sx'rt+'~$~. e 'I'@(t& ts) (i—&j), (7.2a)

';I;(t, t,) b, ,, I-(i=j); (7.2b)

(b) to each he@ay dotted line, we associate o factor

ized (temperature-dependent) vertices. Theorem IV
further reduces the number of relevant graphs: Only
skeletons should be considered, with, however, the
renormalized (time-dependent) propagators of Eqs.
(7.2) and (7.3).

At this stage, it is worthwhile to formulate the rules
which give the exact formal expression for I', s(t) in
terms of renormalized quantities.

Eu/es I3: L(1)7 Draw all possible renormalized skele-
tons (see Sec. VII) starting with a crossed dotted line b
at time 0 and ending with a crossed dotted line a at
time t. These graphs are constructed with the renormal-
ized vertices of Fig. 10 (column b) and from the non-
renormalizable vertices of Fig. 11.The plain lines and
the nonisolated dotted lines can carry one or two spin
indices.

(2) Associate a factor 2bsr, ,sK'tt+'~bsr, sK'I';;(tt —ts)
(i&j) or b~, ,s 'f';;(tt —ts) (i&j ) to a heavy Plain line
starting with spin j at time t2 and ending with spin i
at time t~. Similarly the contribution of a heavy dotted
line is 4M;M;I';, (tt ts)—

(3) To each vertex, associate the contribution
indicated in Figs. 10 and 11.Associate a factor M~ to
the cross b at t=0. Operators and M-dependent factors
are ordered as they appear in the graph.

$(4)] Multiply by a factor 4(-', )m( —X')"J'drs" for a
skeleton of order 2m involving m distinct spins (includ-
ing a and b).

(5) Take the trace (+sr,.=~tls ) over all spins
i&a and set M, = -', once all operations are performed.

(6) Sum over all dummy spin indices.

The great similarity with the Rules of RDL I for the
in6nite temperature case should be recognized. All the
features brought in by the Gnite temperature are
contained in the more complicated analytical contribu-
tion associated with vertices and lines. Yet, in the
derivation of formal kinetic equations, the major role is
played by the topological structure of the graphs and
not by the explicit analytic expressions. We are thus
able to use, without any deep modi6cation, the scheme
developed in RDL I; this will allow us to be very
brief.

We erst de6ne an irreducible rerIormalised skeletons

Part ij as a renormalized skeleton starting at tr with an
isolated dotted line j and ending at t2 with an isolated
dotted line i, with no intermediate state involving one
isolated line. We denote the contribution associated
with one irreducible skeleton part ij (numbered m) by

(8.1)
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where the functional dependence on I'„has been
exhibited, and n;; denotes the spins, diferent from i
and j, which appear in 6;;&"~. This quantity is an
operator, acting on whatever stands on its right;
moreover, no trace is taken over the quantum numbers

3f;, M;, 3f „.. It thus cannot be directly calculated from
Rules 8, although it is readily obtainable therefrom as
was shown in an analogous case in RDL I. We shall not
need the explicit form of (8.1) here.

The sum of all such irreducible skeleton parts ij is
schematically denoted by the "bubble" of Fig. 15(a)

and the corresponding contribution is written as

6;;(I,—t„bf;,mt, gr. ..}~
f„)

=Q G;;&"&(tr—t2, 3E;PI;,PI „}iI'„). (8.2)

With these definitions, it is readily seen that the most
general renormalized skeleton contributing to I',2(t)
has the structure indicated in Fig. 15(b).

The analytical expression for I',&(t) is then easily
seen to have the following form:

I'.~(t) =4 E
&2m-y

dtr dt2 ~ dt2„G.,(tt—tei M, = -2, , Mt, (bf~„}~
I'et)

0 Q

&&6;,(tt—t4,'3l;)3ll„{M~;,}~
I'~„) Gt2(t2~2 —t2„i Mt, M2, (M~„}~

I'g„)M2(2), (8.3)

where, for convenience, we have summed over all

~;~ and introduced a factor (2)~, in such a way that
for any spin P which does not appear explicitly in

(8.3), we have PM, —,
' = 1.Note also that no exclusion is

imposed on the spin indices i, s, ~ ~ ., l, because this
would introduce corrections of order Z—' and would be
negligible in the Weiss limit.

The analogy between Eqs. (8.3) and RDL I (5.3) is

complete. The method followed in this latter paper to
reduce the formal solution for I', 2(t) to a kinetic
equation can be followed step by step. We shall thus
not reproduce this calculation and merely give the
formal result. The following equation is obtained":

the sum of all renormalized skeletons. As a consequence,
the rules for constructing G, t, (tr —t2~1', t) will be again
Rules B except that the bracketed points $(1)$ and
P(4)j should be modified as follows.

r, (t)=g I'.2(t) exp&&(o—b)j (8.7)

Rules C: (1) Draw all possible trreducible renormal-
ized skeletons

(4) Multiply by a factor 4p22)"(—X')" J;,'rdr " '
for a graph of order e involving m distinct spins
(including a and b)

It is often convenient to work with the Fourier trans-
form of I', 2(t),

a,l'. ,(t) =P
Q

«'G.t(t—t'lf'. t)»~(t'), (84)
If we deGne

where the kernel G„(t t'j I'«) is a f—unction and not an

operator, delned by
G, (t

~
P,.)=p G.b (t

~
I'„)expftq (a—b)g, (8.8)

with

G.t(t—t ~1„)=P G.t&.i(t—t'~ r„),
(n)

(8 5) Eq. (8.4) transforms at once into

G.t&-&(t ~1.,)=4 Z
la~;} (M~ .} M&

a,l', (I)= C, (t—t'~ I',.)I', (t')dt', (8.9)

g t&.&(t; bI.=-', , tie„(tM...}~1.,)tie;(-.') ™+2; (86)

here m denotes the number of spins in the set 0„.
Because the kernel G„(t

~

I'„) plays a central role in

applications of the theory, it is very helpful to have

prescriptions which allow to calculate it directly, without

using the auxiliary operator 6,&"&. These rules are
immediate to obtain once the formal similarity between

Eqs. (8.5) and (8.6) and Eq. (6.8) is noted. The only
difference lies in the fact that G, g corresponds to irredlc-
ible renormalized skeleton parts while I',2(t) is given by

&6 Although G is larger by a factor Z than any other G &(a~b),
we have not found it convenient here to separate this term, as was
done in RDL I.

which is the final form of our kinetic equation for the
af in the Heisenberg spin system at finite temperature.

Let us stress once more that this result is exact in the
Weiss limit only; although we hope that this equation
will still approximately describe the behavior of a
realistic system, where Z is finite, we do not know
whether an equation of the same structure" can be
derived exactly in the latter case. Precisely as in the

"Of course, using a projection operator technique )see, for
instance, R. Zwanzig, Phys. Rev. 124, 983 (1961)j, it is trivial to
derive a kinetic equation of the type 8&I'2(t) = JpC, (t—t')I', (t')dt'
independent of the value of S. However, the important feature of
the kernal of Eq. (8.9) is its exPlicit dePendence on F,', which has
only been established in the Weiss limit.



I RREVERSI BILITY IN HEISENBERG Sp I N SYSTEMS. I I I

in6nite temperature case, we expect, of course, that

I'p($) -+ 0, i-+ oo, (8.10)

although, for small enough g, the characteristic time of
this decay can become very large. This in turn should
imply a property analogous to (1.4).

The reorganization of the perturbation series for
I',p(t) with the help of renormalized vertices and
propagators leads thus, hopefully, to a kinetic equation
in which all quantities are well behaved in the limit of
long times. This is the basis for an explicit though
approximate calculation of f'o(t), as will be discussed in
the next paper of this series.

3

jP2
+o
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APPENDIX A. MATRIX ELEMENTS OF THE
LIOUVILLE-VON NEUMANN OPERATOR

For the sake of reference, we list here the matrix
elements of the Liouville-von Neumann operator, as
derived in RDL I Eqs. (II.19).The only nonvanishing
transverse matrix elements are the following Lsee Fig.
1(a) (1)-(4)):

(c)

mrna

am Q lI weave

2@=2 L =0 g 2=2l2 l3

p;=0, p,;=0:

Ps= 1) Pp=

Ps= 1) Pg=0:

@ =0 p.= —1'

(0',0,{~}'I3". l
—1*,+1, ( }')

J(p —g)gob—~, , p 'bM, p
' (Ai)

(1', —4, ( }'I&a~(0'0J,( }'&

J(i j—)4g, ,p—K'b~, ox'gg, (A2)

I0'4( }'&

J(i —j)boy—oK'rl b.lr. ox' (AB)

(o' —4 ( }'l3'a~I —1'0i f~}'&

J(i j—)bjr;—o~gagbor, ; oK', (A. 4)

Fzo. 16.Topological indices: (a) elementary vertices; (b) equilib-
rium correlations; (c) nonequilibrium initial states.

into account that the cross describes the given spin b;
this imposes further restrictions expressed by the
topological indices Z~O=Z ', Z~~ ——0, Z~2 ——Z ', Zja —-Z ',
according to the possible initial states, as indicated in
Fig. 16(c).

Consider an arbitrary graph with e&b, made of
m; (m;~&0) elements of type i (i=i, ~ ~ ~ 13), with the
restriction

where g;; is the displacement operator de6ned by (43)
and J(i—j) denotes the exchange interaction between
spins i and j. The longitudinal matrix elements obey
Lsee Fig. 1(b))

(g(3'.;,"(M)
~
p&= —J(i—j)(M;p;+M;p;). (AS)

It should be noted that the Kronecker functions in
(Ai) and (A4) appear on the side where the correspond-
ing p index is not vanishing. This property is important
for justifying Rules A, where these Kronecker functions
are associated with the plain lines and not with the
vertices.

(31)

T

Og ——P m;. (33)

because there is only one cross per graph.
From the dednition of the topological index, the order

in Z of the graph, denoted by Og, is immediately found
to be

Oz ——mg+mp —mp —mp —mgp —m)p —m„, (32)
while the order in X, denoted by O~, is simply

In analogy with RDI, I, we introduce the topological
index Z; of a vertex i; it is equal to the number of spins
over which we may sum freely, at this vertex, if we read
a graph from right to left. There are seven types of
elementary vertices, denoted by i (i=i, 2, ~ ~ 7),
which are indicated on Fig. 16(a). Similarly, we de6ne
the topological index for each equilibrium pair correla-
tion: Z8——Z—' for the transverse correlations and Z9
=Z ' for the longitudinal ones; these values follow from
the estimate (5.2) t see Fig. 16(b)). Similarly, we take

Ke remark that each plain line which is created has to
disappear; this implies that

2(mg+mp) =2(m, +m, +m,).
A similar condition for the dotted lines leads to

(34)

1+m p+ m 3+2m p+m Jg

=mg+m4+2mp+2mp+mgo. (35)
Combining (32, 33, 34 and 35), we get'

Oz ———,'Og-$ ——,'(mp+mp+mp)+-, '(mgp+mn) . (36)
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Two cases are to be discussed separately'.

(A) 0&, is even: The order Oz obviously has to be an

integer; the largest possible order is thus obtained by
choosing

(B7) &= Z. 4,, oK'(—h)g;ie(K, 3f;)
Sf'

m]Q ol m] J 1

fairly long, and we limit ourselves here to the case of
Fig. 17.

Schematically, the contribution C of an arbitrary
graph involving I'ig. 17 as a part can be written as

ms= m6= m7=0. (B8) X (—At)tioi&~j, oK' " (C1)

We then get
0 ~'x=-'0 —1 (B9)

and

This leads to

my=ms=mv ——0

m)p ——mjg=0.

Oz ' =-,'0),—~

(B10)

while, comparing (B1) and (B11),we see that

and we also see that, among all a priori possible struc-
tures, the graphs of largest order are constructed with
the basic components of Figs. 6(a)—6(c) only.

(B) Oi, is odd: The largest integer order Oz is here
obtained by choosing

In this equation, the dots indicate both the time
factors (which are trivial to handle) and the part of C
which is not the particular insertion we discuss;
%(3E;,3II;) is the most general self-energy insertion
starting with spin j and ending with spin i; it depends,
of course, on a set of dummy spin indices {a;;),but all
operations with these spins are formally considered as
performed; %(M;,M;) is thus simply an operator
depending on g+" g+'~' 3f;, and M;.

Because of the factor bM, pK', this operator 4' does not
act on the dots on the right, although they depend on
3E; Lsee RDL I, Eq. (A3)7; similarly, because of the
factor bM, ,pK', the dots on the left do not operate on
%(M;,M;), although they depend on rt+".

From Eqs. (6.8) and (2.18), we see that

mz3=1 ~
4 g e(M;,M;)3E;(-', )'~ jr,.=uo ——r;;. (C2)

It is easily veriied by combining graphs di8ering only

by the direction of the arrows that the structure
13 of Fig. 16 always gives zero for an odd-order graph.
We thus conclude that, in case 0~ is odd, the graphs are
constructed with the basic components of Figs. 6(a),
6(b), and 6(d).

The case u=b is treated similarly; the time depen-
dence of a graph and its real or imaginary character are
trivial to obtain.

APPENDIX C. AN EXAMPLE OF PRO-
PAGATOR RENORMALIZATION

We discuss here the effect of the self-energy insertion
drawn in Fig. 17(b) and show that it amounts to
weight the heavy dotted line of Fig. 17(a) by a factor
4M,M, I';;(t~ to) Note th—at in. this figure, the vertices
at times t~ and t2 have been speciied. The general
proof of Eq. (7.3) thus requires all possible vertices to
be considered. This makes the complete calculation

Moreover, symmetry considerations allow us to
deduce from (C2) that

/see RDL I, Eq. (III.10) for a similar example).
Let us then perform explicitly the displacement

operations in Eq. (C1); from the definitions (2.9) and
(4.3), we get

lihg+1 j ot+li~ lid (1 L)rt loot+1 j rt 1irt—+1i

X+( L x)~+lib~ 1i+~+'4-~ 1t@(L X)—~+lo~—Iij

X4r, o"' . ,(C4)

Using (C3), this result is easily seen to be identical to

C= P. 4f;,oK'(—&'i)rt*i

X43E;MiI ai( Joi)rjoi4r;, oK', (—CS)

FrG. 17. An example of self-energy insertion.

as may be checked by direct evaluation. Comparison
between (C1) and (C5) then establishes the required
result.


